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poset — simplicial complex

Order complex A(P) of a poset P is the simplicial
complex whose faces are the chains of P.

P A(P)




Part I. Applications and Connections

enumerative combinatorics
hyperplane & subspace arrangements
complexity theory

group theory

Lie algebras

knot theory

commutative algebra

algebraic geometry

homotopy theory



Enumerative combinatorics

Mobius function: u: P X P — Z used in MObius inversion.

For all x <y in P,

p(z,y) = X(A(z,y))

Interval (x,y) :={z€ P:x <z <y}

Reduced Euler characteristic
dim(A) . dim(A) |
X(A) = ) (1) fi(A)= D> (1) Bi(A)
fi = # i-dimensional faces of A

Bi(A) = dim H;(A; C)



Hyperplane arrangements
Let A be a finite collection of hyperplanes in R"

L(A) := poset of intersections ordered by reverse inclusion




Zaslawsky (1975): # bounded regions = |u(L(A) U1)|

# regions = )  |u(0,z)
xeL(A)




Braid Arrangement  Ap i={x; =z;:1<i<j<n}

L(Ap) = My

Partition Lattice Ty := poset of partitions of [n] := {1,2,...,n}
ordered by merging blocks

T9 = T3 123

T = I3 T] = I 9 /I\

12-3 13-2 23-1

N/

1-2-3
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14/ 23

124/3 134 /2 1/234 12/ 34 13/24

123 /4

13/2/4 1/23/4 14/2/3 1/24/3 1/2/34

12/3/4

1/2/3/4



Orlik & Solomon (1980): Let A be a hyperplane arrangement in
C". Complement M4 = C" —UA. Then Vi, H'(M4) is free and

x € Ly
dim®(z) =n —



Orlik & Solomon (1980): Let A be a hyperplane arrangement in
C". Complement M4 = C" —UA. Then Vi, H'(M4) is free and

Bi(M4) = > (0, )]

x € Ly
dim®(z) =n —

Goresky & MacPherson (1988): Let A be a subspace arrange-
ment in R". Complement M4 = R" —UA. Then Vi

M2 P Hy dime2-i(A0,2)).
zeL 4\{0}



Complexity Theory

Given n numbers x1,xo,...,zn € R, hOW many comparisons ¢ does
the best algorithm need (in the worst case) to decide whether

e k of the numbers are equal
e cach element appears an even number of times

e cach element appears at least k£ times
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Complexity Theory

Given n numbers z1,xzo,...,zn € R, hOow many comparisons ¢ does
the best algorithm need (in the worst case) to decide whether

e k of the numbers are equal

e cach element appears an even number of times

e cach element appears at least k£ times

Bjorner & Lovasz (1994)
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Complexity Theory

Given n numbers x1,xo,...,zn € R, hOW many comparisons ¢ does
the best algorithm need (in the worst case) to decide whether

e k of the numbers are equal P =11, "
e cach element appears an even number of times

e cach element appears at least k£ times

Bjorner & Lovasz (1994)

zeP

> log i
n [
= 3 3k
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Complexity Theory

Given n numbers x1,xo,...,zn € R, hOW many comparisons ¢ does
the best algorithm need (in the worst case) to decide whether

e k Of the numbers are equal P =11, "
e cach element appears an even number of times P = T$Ven

e cach element appears at least k£ times P = I‘IilC

Bjorner & Lovasz (1994)
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Complexity of Graph Properties

Let p be a monotone graph property (isomorphism invariant and
closed under addition or removal of edges).

Examples:
e property of having at least 2 edges
e property of being connected
e property of containing a perfect matching
e property of having degree at most b

An algorithm for deciding whether a graph G with n nodes has
property p checks the entries of the adjacency matrix until a
determination can be made.

p is said to be evasive if best algorithm needs to check all <g>
entries (in the worst case).

Evasiveness Conjecture (Karp): Every nontrivial monotone graph
property is evasive.
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Kahn-Saks-Sturtevant (1984) Evasiveness conjecture true when
n IS a prime power.

The proof makes use of topology of A(P), where P is the poset
of nonempty graphs on node set [n] := {1,2,...,n} having mono-
tone graph property p, ordered by inclusion of edge sets.

o H.(A(P)) #0 == p is evasive.

e Fixed point theorem of Oliver (1975) is used to show
H.(A(P)) =0 when n is a prime power.
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Group theory and group cohomology

Let G be a finite group.

Sp(G) = poset of nontrivial p-subgroups of G
Brown (1975): H*(G)(m = H, (A(Sp(G)))(p)

Quillen Conjecture (1978): A(Sp(G)) is contractible «<— G has
a nontrivial normal p-subgroup.
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Part II. Tools

lexicographical shellability
bases and generating sets
discrete Morse theory
discrete Hodge theory
group actions on posets
recursive techniques
computer generated data

poset operations and maps

17



Lexicographic shellability - Bjorner and MW

-~

Let P be a poset with a minimum 0 and a maximum 1.
An EL-labeling of P is a labeling of the edges of the Hasse

diagram of P so that the lexicographically first maximal chain of
each interval is the only increasing maximal chain of the interval.

18



Bjorner and MW: If P has an EL-labeling and P = P\{0,1} then

(ii) A(P) has the homotopy type of a wedge of spheres.

# 1-spheres = # decreasing maximal chains of length ¢+ 4+ 2

(iii) The decreasing chains form a basis for top cohomology.

19



EL-labeling for partition lattice I1,: If y is obtained from x by
merging blocks By and B». Label edge = <y with max B1 U B>

Increasing chain from 0 to 1: (We write only the nonsingleton
block.)

0<{1,2} <{1,2,3} < ---<{1,2,...,n} =1

Decreasing chains from 0 to 1:

0<{n,o(1)} <{n,o(1),0(2)} < ---<{n,0(1),0(2),...,0(n-1)} =1

for all c € 6,,_1
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So A(My) has the homotopy type of a wedge of (n-1)! (n — 3)-
spheres.

Basis for top cohomology - comb basis

o 0o(n-1)

o(2)

n 0'(1) o€ 672—1

{n,c(1)} <{n,0(1),0(2)} < --- <{n,o0(1),0(2),...,0(n—2)}

21



Dual basis for homology - splitting basis. For each o € G, let
[y be the subposet of Il,, obtained by splitting o in all possible
ways.

4231
4 /231 42/ 31 423 /1

4/2/31 4/23/1 42/3/1

~L

4/2/3/1
4231



Dual basis for homology - splitting basis. For each o € G, let
[y be the subposet of I, obtained by splitting o in all possible

Wways.

4 /231 42/ 31 423 /1

4/2/31 4/23/1 42/3 /1
[M4031

My is isomorphic to the lattice of subsets of [n — 1] =
A(My) is homeomorphic to an (n — 3)-sphere.

Let p, be the fundamental cycle of A(IMy)



Dual basis for homology - splitting basis. For each o € G, let
[, be the subposet of I1,, obtained by splitting o in all possible

Wways.

4 /231 42/ 31 423 /1

4/2/31 4/23/1 42/3/1

4031

My is isomorphic to the lattice of subsets of [n — 1] =
A(My) is homeomorphic to an (n — 3)-sphere.

Let p, be the fundamental cycle of A(My)
Basis {ps : 0 € Gy, 0(1) =n}
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Symmetric group S,, acts on partition lattice Ny,

(2,3) [134 — 58 — 267] = [124 — 58 — 367]

Stanley (1982) As symmetric group representations

E’n—3(|=|’n) %Gn e2mi/m TCZ ® sgng,

Isomorphic to multilinear component of free Lie algebra - Barcelo,
MW
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The odd block size partition poset

Nodd = subposet of M, consisting of partitions with odd block

Sizes.

12345

s

123-4-5||124-3-5||125-3-4 | (134-2-5|(135-2-4 | |145-3-4 | |234-1-5||235-1-4 | |245-1-3 | |345-1-2

S\

1-2-3-4-5

A(N299) has homotopy type of a wedge of 9 O-spheres.
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Bjorner, Stanley (1983): A(f1899,) has the homotopy type of a
wedge of

(2n —3)112 = (1-3---(2n — 3))?

spheres of dimension n — 3.

Calderbank-Hanlon-Robinson (1986) computed representation of
symmetric group on homology

Hanlon-MW (1995): Lie k-algebras, brush basis for cohomology
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For any node z, let m(x) = largest leaf in the tree rooted at x.

A k-brush is a k-ary tree on a totally ordered leaf set such that
for each node y, the child of y with the smallest m value is a leaf.

A 2-brush is a comb.

The number of 3-brushes on leaf set [2n + 1] is (2n — 1)!12.

32



051/8/3/7/6/2/4 < 95183/7/6/2/4 < 95183/762/4

Hanlon & MW (1995): The 3-brushes form a basis for cohomol-
ogy A" 3(A(R899,))

Is there a splitting basis for homology of 1899, 7?

What do the cycles look like?
33



The no-perfect matching poset - Linusson, Shareshian &
Welker (2003)

NPM-,,, = poset of nonempty graphs on node set [2n] with no

perfect matching.

Order relation is inclusion of edge sets.
34
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

1
0,009,0,0,0,0

, 0,0,0,0,0,0, 225,0,0,0,0,0,0,0,0, ...
o,0000000,0,11025,0,0,0,0, ...

5 3 35 5
Il
g WN
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

12

0,0, 0,(1-3)%,0,0,0,0
,0,0,0,0,0,0, (1-3-52,0,0,0,0,0,0, ...
0,0,0,0,000,0,0, (1-3-5-7)2, 0,0, ...

5 3 35 5
Il
o WN
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

12

0,0,0,(1-3)% 0,0, 0,0
,0,0,0,0,0,0,(1-3-5)2,0,0,0,0,0,0, ...
0,0,0,0,0,0,0,0,0, (1-3-5-7)2, 0,0, ...

5 3 5 5
|
o WN

Linusson, Shareshian & Welker: A(NPM-,,,) has the
homotopy type of a wedge of

(2n —3)11%2 = (1-3---(2n—1))?
spheres of dimension (3n — 4).
Proof technique: discrete Morse theory and Gallai-Edmonds struc-

ture theorem
38



Bjorner-Stanley 4+ Linusson-Shareshian-Welker implies

ﬁn—3(|=|87cvi,c—il) = ﬁ3n—4(NPM2n)

Question: Is there an equivariant isomorphism?
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Shareshian & MW: As G5,,_1-modules
Az,_4(NPMy,) |22 n® H,_3(N3%9,)
3n—4 2n l62n—1 sgn ® Hyp_3(M5p71

112

Symmetric group G5,, acts on the poset NPM,,, by relabeling

graph nodes.

(2,3 _

Proof technique: discrete Morse theory and bases
40
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Discrete Morse Theory - Formin (1998)
Let P have a Morse matching with ¢; critical points of rank ¢ for

each 7. Then A(P) has the homotopy type of a CW-complex
with ¢; cells of dimension .
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Linusson, Shareshian, Welker: critical cells are critical triangle
trees on leaf set [2n — 1] together with isolated node 2n.

* 20

17 11

The number of critical triangle trees on node set [2n — 1] is
(2n — 3)112.
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Let FC»y,,_1 be the poset of factor critical graphs on node set
[2n — 1]

Shareshian and MW/:

(a) H3zy,—4(NPM>yy,) lg;g_l = sgn @ AYP(FCpy,_1)

(b) A™P(FCo,—1) = A, 3(N857 )
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Let FC»y,,_1 be the poset of factor critical graphs on node set
[2n — 1]

Shareshian and MW/:

(a) H3zy,—4(NPM>yy,) lg;g_l = sgn @ AYP(FCpy,_1)

(b) ﬁtOp(FCQn—l) = ﬁn—3(|—|8291)

To prove (b): Basis for H©P(FCs, 1),

v | TeCTTo, 1},

CTTop,_1 := set of critical triangle trees on node set [2n — 1].
45



Triangle splitting basis for i, _3(M899,)

For T'e CTTo,_1, split T by choosing some triangles of 1" and

removing all the edges of these triangles. This disconnects the

graph. The components induce a partition in Mg99 ..

2 g
2 < / N\ 7
5 19
9
14 10
16
4

1
18
1 6 13
17 11
3 15

1,4,14—12,5,2,8,7 —10,18,19—17 —3,15,11,13,16,9,6
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Let I be the subposet consisting of all the partitions obtained
by splitting T'.

M+ is isomorphic to the lattice of subsets of [n — 1]. So A(MN7)
is homeomorphic to an (n — 3)-sphere.

pr := fundamental cycle of A(ly)

e {pr| T €CTTy, 1} is a basis for H, 3(M899,)

e The bijection pp +— v determines an &,,,_1-module isomor-
phism

ﬁn—3(ﬁ8291) — ﬁtop(FCQn—l)

a7



Tree poset Vogtmann (1990)

T, = poset of trees on leaf set [n] where all internal nodes have
degree > 3.

T < T"if T can be obtained from T’ by contracting internal edges.
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A(7,) has the homotopy type of a wedge of (n —2)! (n — 4)-
spheres.

So A(7,41) = A(MNy)

Robinson and Whitehouse (1996)
As &,-modules

- S,
Hy_3(Tpt1) Lg"™

n

112

ﬁn—3(nn)

As &,,41-modules

112

~ 677, _
A, 3(Mp) 16" —Hy—o(My41)

n

ﬁn—3(7;7,—|—1)
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Other occurrences of Whitehouse module:
e Cyclic Lie operad - Kontsevich (1993)

e Not 2-connected graph complex - Vassiliev (1997), Bab-
son, Bjorner, Linusson, Shareshian, Welker (1997), Turchin
(1997)

e Kernel of Varchenko operator - Hanlon & Stanley (1998)
e Bounded block size partition poset - Sundaram (1998)

e Nonmodular partition poset - Sundaram (1999)
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Analogue of Whitehouse Module - Hanlon (1996)

75V®" = subposet of 7, consisting of trees in which all internal
nodes have even degree.

e As G5,,_1-modules

Gn ~Y r 7
Ay (750" 12 2 H,_3(N35%y)

e As Go,-modules

~ Sop
Hy-3(T5°") = H,3(NS791) 182" | — Hao(N35Y)

Another Occurence: Cyclic Lie 3-Operad - MW (1998)
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Shareshian & MW:

~ 6 n
H3n—a(NPMoy,) 122"

Conjecture: As Go,,-modules

H3p, 4(NPMyy,)

112

112

F]n_3(7—2even

n

ﬁn—3(7’2efr\L/en)

)l

62n
Sop—1
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