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Corrigendum

Corrigendum to ‘‘Modeling the transmission dynamics and control
of Hepatitis B virus in China’’ [J. Theor. Biol. 262 (2010) 330–338]

Lan Zou a, Weinian Zhang a, Shigui Ruan b,n

a Yangtze Center of Mathematics and Department of Mathematics, Sichuan University, Chengdu, Sichuan 610064, PR China
b Department of Mathematics, University of Miami, Coral Gables, FL 33124-4250, USA

In this note, we provide corrections to a theorem and its proof
in our paper Zou et al. (2010) and make some additional remarks.

1. Corrections

Theorem 2 in our paper Zou et al. (2010) states that the

endemic equilibrium En of model (2.1) is a stable node if it exists.

Both the statement and the proof were incorrect. We realized the
mistake right after the publication of the paper and a correction of
the statement and its proof was presented in the Ph.D. Thesis of
the first author in March 2010 (Zou, 2010, Theorem 5.1.2, pp. 65–
66 and Appendix III, p. 95). The following corrections are adapted
from Zou (2010).

In order to discuss the steady states of model (2.1) of Zou et al.
(2010), we only need to consider the following system, which is
(3.1) in Zou et al. (2010):

dS

dt
¼ moð1�nCÞþcV�ðm0þbIþebCþg3ÞS,

dL

dt
¼ ðbIþebCÞS�ðm0þsÞL,

dI

dt
¼ sL�ðm0þg1ÞI,

dC

dt
¼ monCþqg1I�ðm0þm1þg2ÞC,

dV

dt
¼ mð1�oÞþg3S�ðm0þcÞV :

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

As defined in (2.2) of Zou et al. (2010), the basic reproduction
number is given by

R0 ¼
mðcþm0oÞ

m0ðm0þg3þcÞ
sb

ðm0þg1Þðm0þsÞ
1þ

qg1e
m0þm1þg2�mon

� �
:

It is proved in Zou et al. (2010) that the system has an endemic
equilibrium En

¼ ðSn,Ln,In,Cn,Vn
Þ if R041, where

Sn
¼
ðm0þm1þg2�monÞðm0þsÞðg1þm0Þ

ðm0þm1þg2þeqg1�monÞbs
¼

S0

R0
,

Ln
¼

m0ðg3þm0þcÞS
n
ðm0þm1þg2Þðg1þm0ÞðR0�1Þ

ðm0þcÞs½bSn
ðm0þm1þg2þeqg1�monÞþmonqg1�

,

In ¼
m0Sn
ðg3þm0þcÞðR0�1Þðm0þm1þg2�monÞ

ðm0þcÞ½bSn
ðm0þm1þg2þeqg1�monÞþmonqg1�

,

Cn
¼

m0ebqg1ðm0þg1Þðg3þm0þcÞðS
n
Þ
2
ðR0�1Þ

ðm0þcÞ½bSn
ðm0þm1þg2þeqg1�monÞþmonqg1�

,

Vn
¼
mð1�oÞþg3Sn

m0þc
:

Theorem 2 in Zou et al. (2010) should be replaced by the
following result.

Theorem 2. Assume that R041. Then the endemic equilibrium En is

locally asymptotically stable if

(i) b1b2�b340,
(ii) b3ðb1b2�b3Þþb1ðb5�b1b4Þ40,

(iii) ðb1b2�b3Þðb3b4�b2b5Þ�ðb5�b1b4Þ
240,

where bis are given as follows

b1 ¼
sLn

In
þ

qg1In

Ln
þ
ðbInþEbCn

ÞSn

Ln
þcþbInþebCn

þg3þ2m0,

b2 ¼
1

LnInCn
½InSnCn

ðInþCneÞ2b2
þðSneCnIn

2
qg1þ2m0SnIn

2
Cn

þeCn2
Ln2sþSnIn

3
qg1þSneCn2sLn

þeCn2m0LnInþ In
3
Lnqg1

þeCn2cLnInþg3SnIn
2
Cn
þg3SneCn2

InþeCnLnIn
2
qg1

þ In
2cLnCn

þcSnIn
2
Cn
þcSneCn2

Inþ2m0SneCn2
Inþ In

2m0LnCn

þ InLn2sCn
Þbþg3Ln2sCn

þm2
0LnInCn

þ2m0Ln2sCn
þcLn2sCn

þg3m0LnInCn
þm0cLnInCn

þ2m0LnIn
2
qg1

þg3LnIn
2
qg1þLn2sqg1InþcLnIn

2
qg1�,

b3 ¼
1

LnInCn
ðm2

0Ln2sCn
þ2m0Ln2sqg1Inþm2

0bSnIn
2
Cn

þ2b2In
2m0SneCn2

þbIncLn2sCn
þbIn

3cLnqg1

þebCncLnIn
2
qg1þe2b2Cn3

SnsLn
þe2b2Cn2

SnIn
2
qg1

þebCnLn2sqg1InþbIn
2
Ln2sqg1þm2

0bSneCn2
Inþe2b2Cn3m0SnIn

þebCn2m0Ln2sþm0cbSnIn
2
Cn
þm0cbSneCn2

Inþm0cLn2sCn

þm0cLnIn
2
qg1þebCnm0LnIn

2
qg1þe2b2Cn3cSnIn
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þebCn2cLn2sþg3m0bSnIn
2
Cn
þg3m0bSneCn2

Inþg3m0Ln2sCn

þg3m0LnIn
2
qg1þm2

0LnIn
2
qg1þb

2sLIn
2
SnCn
þb2In

3m0SnCn

þg3bSnIn
3
qg1þg3bSneCn2sLn

þg3bSneCnIn
2
qg1þcbSnIn

3
qg1

þg3Ln2sqg1InþcbSneCnIn
2
qg1þcbSneCn2sLn

þcLn2sqg1InþbInm0Ln2sCn
þbIn

3m0Lnqg1þb
2In

3cSnCn

þb2In
4
Snqg1þ2b2In

2cSneCn2
þ2m0bSnIn

3
qg1þ2m0bSneCn2sLn

þ2m0bSneCnIn
2
qg1þ2b2InSneCn2sLn

þ2b2In
3
SneCnqg1Þ,

b4 ¼
1

LnInCn
ð2b2sLn2

qg1CneSn
þ2b2IncSneCn2sLn

þ2b2In
3cSneCnqg1

þ2b2Inm0SneCn2sLn
þb2sLnIn

3
Snqg1þb

2In
4cSnqg1

þbsLnIn
2
qg1Cnmonþb2sLnIne2Cn2

qg1Sn
þbsLnIneCn2

qg1mon

þbIn
2m0Ln2sqg1þbIn

2cLn2sqg1þm2
0bSnIn

3
qg1þb

2In
4m0Snqg1

þm2
0bSneCn2sLn

þm2
0bSneCnIn

2
qg1þebCncLn2sqg1In

þg3m0bSnIn
3
qg1þm2

0Ln2sqg1Inþe2b2Cn3m0SnsLn

þe2b2Cn2m0SnIn
2
qg1þebCnm0Ln2sqg1Inþe2b2Cn3cSnsLn

þe2b2Cn2cSnIn
2
qg1þm0cLn2sqg1In

þg3m0bSneCn2sLn
þg3m0bSneCnIn

2
qg1

þg3m0Ln2sqg1Inþm0cbSnIn
3
qg1þm0cbSneCn2sLn

þm0cbSneCnIn
2
qg1þb

2sLnIn
2m0SnCn

þb2sLnIn
2cSnCn

þ2b2In
3m0SneCnqg1Þ,

b5 ¼
1

LnInCn
ðbsLnIneCn2cqg1monþb

2sLnIne2Cn2cqg1Sn

þbsLnIneCn2m0qg1monþb
2sLnIne2Cn2m0qg1Sn

þb2sLnIn
3cSnqg1þb

2sLnIn
3m0Snqg1þbsLnIn

2m0qg1Cnmon

þ2b2sLnIn
2m0qg1CneSn

þ2b2sLnIn
2cqg1CneSn

þbsLnIn
2cqg1CnmonÞ:

Proof. The Jacobian matrix of the system at En is

JðEn
Þ ¼

�m0�bIn�ebCn
�g3 0 �bSn

�mon�ebSn c
bInþebCn

�m0�s bSn ebSn 0

0 s �m0�g1 0 0

0 0 qg1 mon�m0�m1�g2 0

g3 0 0 0 �m0�c

0
BBBBBB@

1
CCCCCCA
:

Its eigenvalues satisfy the following characteristic equation:

Fn
ðlÞ :¼ l5

þb1l
4
þb2l

3
þb3l

2
þb4lþb5 ¼ 0:

By Routh–Hurwitz criterion, we know that every root of

Fn
ðlÞ ¼ 0 has negative real part if and only if every determinant

of the matrix Hi is positive, i¼ 1, . . . ,5, where

H1 ¼ ðb1Þ, H2 ¼
b1 1

b3 b2

 !
, H3 ¼

b1 1 0

b3 b2 b1

b5 b4 b3

0
B@

1
CA,

H4 ¼

b1 1 0 0

b3 b2 b1 1

b5 b4 b3 b2

0 0 b5 b4

0
BBBB@

1
CCCCA, H5 ¼

b1 1 0 0 0

b3 b2 b1 1 0

b5 b4 b3 b2 b1

0 0 b5 b4 b3

0 0 0 0 b5

0
BBBBBB@

1
CCCCCCA
:

Note that all bi40 (i¼ 1, . . . ,5) since all parameters are positive.

Hence, condition (i) of the theorem implies that the determinant

of H2 is positive; condition (ii) ensures that the determinant of H3

is positive; and condition (iii) guarantees that the determinant

of H4 is positive. Finally, the determinant of H5 is positive if and

only if

b5½ðb1b2�b3Þðb3b4�b2b5Þ�ðb5�b1b4Þ
2
�40,

which follows from the fact that b540 and condition (iii).

The conclusion thus follows. &

2. Remarks

The conditions (i)–(iii) can also be expressed as

D :¼ ðb5�b1b4Þ
2
ðb2

3�4b1b5Þ40,

max
b3

b1
,
b2

3�b1ðb5�b1b4Þ

b1b3
,
b3ðb1b4þb5Þ�

ffiffiffiffi
D
p

2b1b5

( )
8>><
>>:

ob2o
b3ðb1b4þb5Þþ

ffiffiffiffi
D
p

2b1b5
:

Define NðtÞ :¼ SðtÞþLðtÞþ IðtÞþCðtÞþRðtÞþVðtÞ. We obtain that

dNðtÞ

dt
¼ m�m0NðtÞ�m1CðtÞ,

which implies that

NðtÞr
m
m0

þe�m0t Nðt0Þ�
m
m0

� �
-

m
m0

as t-þ1. Thus, for any choice of parameter values satisfying our
assumptions, ðSðtÞ, LðtÞ, IðtÞ, CðtÞ, RðtÞ, VðtÞÞ will fall into the set
fðS, L, I, C, R, VÞAR6

þ : 0oSþLþ IþCþRþV rm=m0g in a finite
time t.

3. HBV is endemic in China

We would like to point out that in Section 5 in Zou et al.
(2010), we numerically simulated the data on acute hepatitis B
reported by the Ministry of Chinese Health from 2003 to 2008
using the parameter values in Table 1. Since our simulation
matched the reported data well, based on the model and the
used parameter values, the basic reproduction number was
estimated to be R0 ¼ 2:406: We then stated: ‘‘This indicates that
hepatitis B is endemic in mainland China: it stabilizes and is

Table 1
Reported hepatitis B data in China, 2009–2010 (MOHC, 2012).

Year 2009 2010 2011

Cases 1 179 607 1 060 582 1 093 335
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Fig. 1. Hepatitis B data reported by the Ministry of Health of China from 2002

to 2011.

L. Zou et al. / Journal of Theoretical Biology 317 (2013) 425–427426



Author's personal copy

approaching its equilibrium.’’ This conclusion (and those pro-
posed control strategies) was made based on the evaluation and
sensitivity analysis of the basic reproduction number and numer-
ical simulations using reported data while the stability of the
positive equilibrium En was never used.

The hepatitis B data reported by the Ministry of Chinese Health
from 2009 to 2011 are available now (MOHC, 2012), see Table 1.

Fig. 1(a) in Zou et al. (2010) showed the hepatitis B data
reported by the Ministry of Health of China from 2003 to 2008.
Adding the data of 2002 and new data from 2009 to 2011 in
Table 1 into Fig. 1(a) in Zou et al. (2010), we obtain the incidence

numbers of HBV in China since 2002 (Fig. 1), which further
confirms our conclusion that hepatitis B is endemic in mainland
China: it stabilizes and is approaching its equilibrium.
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