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Abstract

In this paper, we propose a susceptible-infective-recovered (SIR) epidemic model to
describe the geographic spread of an infectious disease in two groups/sub-populations
living in a spatially continuous habitat. It is assumed that the susceptibility of indi-
viduals for infection and the infectivity of individuals are distinct between these two
groups/sub-populations. It is also assumed that the infectious disease has a fixed la-
tent period and the latent individuals may diffuse. We investigate the traveling wave
solutions and obtain complete information about the existence and nonexistence of
nontrivial traveling wave solutions. We prove that when the basic reproduction num-
ber Ry(SY,59) > 1 at the disease free equilibrium (S?,59,0,0), there exists a critical
number ¢* > 0 such that for each ¢ > ¢*, the system admits a nontrivial traveling
wave solution with wave speed ¢, and for ¢ < ¢*, the system admits no nontrivial
traveling wave solution. When Ry (S, 59) < 1, we show that there exists no nontriv-
ial traveling wave solution. In addition, for the case Ro(SY{,S59) > 1 and ¢ > ¢*, we
also find that the final sizes of susceptible individuals, denoted by (S1,0,52,0), satisfy
R (S1,0,52,0) < 1, which means that there is no outbreak of this infectious disease
anymore. Finally, we analyze and simulate the continuous dependence of the minimal

speed c¢* on the model parameters.
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1 Introduction

Various factors, such as biological invasion, global warming, environmental degrada-
tion, increased international travel, and economic development, continue to provide more
opportunities for the emerging and re-emerging of many infectious diseases, and the spatial
spread of the infectious diseases has become a subject of continuing interest to both the-
oreticians and empiricists (Gao and Ruan [23], Hethcote [28], Martens [46], Murray [47],
Rass and Radcliffe [48], Ruan [49]). To better understand the geographic spread of in-
fectious diseases, spatial effects have been extensively included into mathematical models
and have been quantitatively studied. In general, an epidemic model with spatial effects
can give rise to a moving zone of transition from an infective state to a diseases-free state.
Hence, traveling wave solutions play a key role in studying the spatial spread of infectious
diseases. In the last three decades, there have been many studies on establishing the ex-
istence of traveling wave solutions and discussing the asymptotic speed of propagation in
epidemic models, see Aronson [2], Ai and Albashaireh [1], Anderson and May [3], Bar-
bour [4], Brown and Carr [7], Diekmann [11,12], Ducrot [13], Ducrot et al. [15,16], Fu
and Tsai [22], Huang [31,32], Hosono and Ilyas [30], Kenndy and Aris [37], Li et al. [40],
Murray [47], Rass and Radcliffe [48], Ruan [49], Ruan and Wu [50], Smith and Zhao [51],
Yang et al. [66], Zhang et al. [67,68], Zhang and Xu [69], Zhao and Wang [70], and the
references therein.

On the other hand, many infectious diseases have latency, namely, the infected indi-
viduals do not infect other susceptible individuals until some time later, see Anderson and
May [3], Guo et al. [27], Jones et al. [34-36], Li and Zou [38], Lou and Zhao [43], Wang
and Zhao [61], Xu and Zhao [64], Zhang and Xu [69], and the references therein. During
the latent period the individuals may drift from one spatial point at one time to another
spatial point at the other time, and may disperse from a domain to a larger domain. In
order to construct more realistic models, the factors of latency of the infectious disease
and mobility of the individuals in the latent period should be incorporated into the model.
Li and Zou [38] derived a reaction-diffusion system with non-locality and discrete delay by
incorporating these two factors into a SIR disease model in a spatially continuous environ-
ment. They proved the existence, uniqueness and positivity of solutions to the initial-value
problem for the system. In particular, they investigated traveling wave solutions of the

system and obtained a critical value which is a lower bound for the wave speed of the
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traveling wave fronts. However, their discussion is rough and there is no rigorous proof.
Ducrot and Magal [17] also studied the existence of traveling wave solutions for a class of
epidemic models structured in space and with respect to the age of infection. They ob-
tained a necessary and sufficient condition for the existence of traveling wave solutions for
such a class of problems. Wang and Wu [58] further considered a general class of diffusive
Kermack-McKendrick SIR models with nonlocal and delayed transmission and showed
that the existence and non-existence of traveling wave solutions is completely determined
by the basic reproduction number. In particular, they gave the minimal wave speed and
discussed how the model parameters (such as the latent period of disease, non-local inter-
action between the infective and susceptible individuals, and the diffusion rate of infective
individuals) affect the minimal wave speed. Besides the above mentioned studies, recently
there have been many other papers studying the spatial dynamics of epidemic models with
diffusion and latency, see Ducrot and Magal [18], Gao and Ruan [23], Guo et al. [27], Li
et al. [41], Li and Zou [39], Lou and Zhao [43], Wang and Wu [59], Wang and Zhao [61],
Xu and Zhao [64], Zhang and Xu [69], and the references therein.

As reported by Bonzi et al. [6], Guo et al. [26], Hyman and Li [33], Yang et al. [65]
and so on, genetic variability of susceptible individuals may lead to their differentiation in
susceptibility to infection. Similarly, individuals may admit differentiation in infectivity.
Moreover, many other factors can lead to multi-group epidemic models, such as different
social behaviors, different species, different geography and nature, different genders, etc.
In fact, many diseases with multiple groups have been described by ODE models or PDE
models, for example, HBV, HIV, syphilis, human respiratory syncytial and avian influenza,
see Bonzi et al. [6], Cai et al. [§], Demasse and Ducrot [10], Fitzgibbon et al. [20,21], Hy-
man and Li [33], Li and Zou [38], Magal and Mccluskey [45], Martcheva and Li [44],
Vaidya et al. [55], van den Driessche et al. [56,57], Yang et al. [65], and references cited
therein. Furthermore, such models can better reflect the variance of within group trans-
mission rates and the transmission rates between different groups. Recently, there have
also been some studies concerned with traveling wave solutions of diffusive epidemic mod-
els with differential susceptibility and differential infectivity. Weng and Zhao [62] proved
the existence of the spreading speed and traveling waves for a multi-type SIS epidemic
model. Wang et al. [60] established the existence and nonexistence of traveling waves of a
reaction-advection-diffusion epidemic model, which describes the spatio-temporal spread
of H5N1 avian influenza in an ecosystem involving the virus in the environment and a wide
range of bird species. Ducrot et al. [19] studied traveling wave solutions for a multigroup
age-structured SIR epidemic models and proved that the existence and nonexistence of

traveling wave solutions of the system is also determined by the basic reproduction num-
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ber. Their results can be applied to the crisscross transmission of feline immunodeficiency
virus and some sexual transmission diseases (Fitzgibbon et al. [20,21]).

The purpose of this paper is to incorporate the latency of the disease, the mobility of
individuals in the latent period, and differential susceptibility and differential infectivity
of individuals into a SIR disease model in a spatially continuous environment. Without
loss of generality, we only consider the spread of an infectious disease in two groups/sub-
populations living in a one-dimensional spatial domain R. It is also assumed that the
infectious disease has a fixed latent period and the latent individuals diffuse. In Section
2, we derive a reaction-diffusion system with non-locality and time delay. In Section 3,
when the basic reproduction number RO(S? ,S89) > 1 we prove that there exists a positive
number ¢* such that for each ¢ > ¢*, the system admits a nontrivial traveling wave solution
with wave speed c. In particular, we prove that the final sizes of susceptible individuals,
denoted by (S1,0,52,0), satisfy Ro(S1,0,52,0) < 1, which means that the infectious disease
cannot break out again. In Section 4, we prove the nonexistence of nontrivial traveling
wave solutions when Ry(SY,S59) < 1 or Rp(59,59) > 1 and ¢ < ¢*. In Section 5, we
analyze and simulate the continuous dependence of the minimal wave speed ¢* on the

model parameters. In section 6, we give a brief discussion.

2 Model formulation

Assume that an infectious disease spreads between two groups/sub-populations liv-
ing in a one-dimensional spatial domain R. In the following we always denote the two
groups/sub-populations by subscripts 1 and 2, respectively. Assume that the infectious
disease has a fixed latent period and the latent individuals diffuse in the domain. The
fixed latent period can be treated as an approximation of the mean latency, denoted by 7.
More precisely, newly infected individuals do not infect others immediately but do so after
a period 7. We divide each group/sub-population into four sub-groups: the susceptible
group, the latent group, the infectious group, and the removed group. The susceptible
group consists of individuals who can be infected by the disease; the latent group consists
of those who have been infected and do not have an influence on other susceptible individ-
uals; the infective individuals include those who are capable of infecting others; and the
removed group includes recovered ones with full immunity, or isolated, or sadly dead. We
denote the densities of four groups at time ¢ and location x by S;(t,x), Li(t,z), Ii(t, x)
and R;(t, ), respectively, where i = 1,2 and (t,z) € RT x R.

Let Fi(t,a,z) and Es(t,a,x) be the densities of the two groups/sub-populations at
the time ¢ > 0 with infection age a > 0 and location x € R. Dj;(a), vi(a) and o;(a)
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represent the diffusion rate, the disease induced mortality rate and the recovery rate at
the infection age variable a, respectively. Then the functions Fi(t,a,z) and Es(t,a,x)
satisfy the equations

OF; OF; 0?E;(t,a,x)

- =D,
5 (taa)+ S (taw) = Di(a) =5

and the following boundary conditions

— (oi(a) +7i(a))Ei(t,a,x), i=1,2 (2.1)

Ei(t,a,+00) < oo and E;(t,oo,z)=0, i=1,2.
By the definitions of L;(t,z) and I;(t, x), we can conclude that
i(t, ) / Ei(t,a,x)da, L;(t,x) :/ E;(t,a,x)da, i=1,2. (2.2)
0

Here oo is just a notation which can be replaced by a finite number larger than 7. Differ-

entiating (2.2) with respect to t yields

%{f"_ T aaEt(tax)da
_Ey(t, ) + / h [Di(a)(W ~ (03(a) + 7i(a)) Ei(t, a, 2)] da
and
‘98[;" -/ 88Et (t,a,2)da
_E(t,0,2) — Ei(t, 7 2) + /0 " [Dia )aEa(thax)—(Ui(a)+'yi(a))Ei(t,a,x)]da.

Here we have used the fact that E;(t,00,2) =0 (i = 1,2), which has a realistic meaning.

To process further, we assume that D;(a) = D;, oi(a) = oy, vi(a) = ~; for a €
(1,00). Assume that the two groups/sub-populations can be crisscrossly infected due to
the interactions between infectious individuals and susceptible individuals. In addition,
we adopt the mass action infection mechanism that the lost of susceptible individuals by
infection is at a rate proportional to the number of infectious and susceptible individuals.

Let constants §;; (i, j = 1,2) be the infection rates, then we have the following conditions
Eq(t,0,2) = 115111 + B12S112, Ea(t,0,x) = 215211 + B2251 2. (2.3)
Thus, the disease dynamics can be described by the following equations
(95168) _ g ASy(t,x) — B Silt, )Ty (t,2) — BnSi(t x)Ia(t, ),
OLilbo) — g,y 85(t, @) I (¢, ) + BiaSi(t, @) (¢, ) — Ei(t, 7, x)
+ Ji [Di(a) =52 — (03(a) + 7i(a)) Ei(t.a, )] da. (24)
OLlte) — DALt x) — (07 + 7i) Li(t, 7) + Eilt, 7, ),
8Ri37(f’x) = Dp,AR;(t,z) + fOT rr,(a)Ei(t, a, x)da — v 1;(t, ) — d; R;(t, z)
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whenever ¢ = 1,2. The remaining task is to derive the explicit expressions of E;(t, T, x).
Let
wi(t,x) = Ei(t,t —s,x), i=1,2 (2.5)
for any fixed s > 0 and s <t < s+ 7. By (2.1), we can obtain that
0w;(t,x) OE;i(t,t —s,x) N OFE;(t,t — s, x)

o ot da
2.6
P (t.) : 2
and the corresponding boundary conditions
| wi(t,£00) |[< 00, i=1,2. (2.7)

Using the standard theory of Fourier transform to (2.6) and (2.7), we can show that

st = [ hsw)ew (-] 7 2Di(a) + ox(a) + alda) e, (29

—00

where i = 1,2. By (2.3) and (2.5), we have that

+o0 .
Bi1Si(s,x)I1(s, ) + Bi2Si(s,x)I2(s,x) = Ei(s,0,z) = / ki(s,w)e” "“*dw.
—o0o
Therefore, we obtain
1 +oo .
ki(s,w) = 27r/ (BirSi(s,y) 11 (s, y) + BiaSi(s,y) I2(s, y)e™“Vdy
—0o0
by the inverse Fourier transform.
For simplicity, we make the following assumptions
Di(a):DLi(a):DLi? Ui(a):ULi(a):OLi7
%(a) - 7Li<a) = TL;» M; = OrL; +VL;s
T
o = / Di(a)da = TDL“ € — €_MiT
0

for i = 1,2 and a € [0, 7]. Then we have

Ei(t,T,2) = w7 (t,s)

— /+oo ki(t — T, w) exp <— /OT [w?Dp,(a) + M;] da> e du

+oo 1 +oo
/ / (BaSilt =7, 9)1t = 7.9) + BuSilt — T )bt 1)y (5

X exp ( / w ’Dr.(a) + M;] da> e dw
0

_ (z—y)?

o [51151@ - T, y)Il (t -7, Z/) + 622SZ(t - T, y)I2(t - T, y)] dy

€ oo
= e
Vara; J_ o
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Plugging (2.9) into the I; equation of system (2.4) results in

I (t, )
ot

:DZ'A[Z'(t, l‘) — Tifi(t, w)

+oo
+/_ file —y)[BirSi(t — 7, 9) 1 (t — 7,y) + B2 Si(t — 7,y)12(t — 7,y)]dy

_(@=p)?
where i = 1,2, fi(x —y) = \/%e Tor and r; = o0; + ;. Similarly, the L; equation
becomes
OL;(t, x
Za(t) =D, AL; + [Bi1 Si(t, ) [1(t, x) + BiaSi(t, w) I2(t, x)] — M; Li(t, =)

+o0o
— / filz —9)[BaSi(t — 1, y)[1(t — T,y) + BiSi(t — 7,y) 2(t — T, y)]dy.

—0o0

Therefore, the full model (2.4) becomes (i = 1, 2)

851-(%,1:) - dZASl(t, LE) - ﬁilSi(t, IL')Il (t, ZE) - ﬁiQSi(t, CE)IQ(t, l‘),
OLiLs) — Dy ALy + [BnSilt, 2) 1 (t, ) + BinSi(t, @) o (t, )] — MiLi(t, z)

— [T file — 9)[BuSi(t — T, y) [1(t — T, y) + Bi2Sa(t — T, y) Ia(t — 7, y)]dy,
w = DZAIZ — riIi(t,x)
+ 72 file — ) [BaSi(t — 7, y) [ (t = T, y) + BSi(t — T,y) L (t — 7, y)]dy,

ORlLT) —  Dp ARy(t,2) + [§ r1,Ei(t,a,x)da — viIi(t,x) — dRi(t, ).

(2.10)
From (2.10), it is obvious that the equations for S;(¢,z) and I;(¢,x) are fully decou-
pled from L;(t,z) and R;(t,z) (i = 1,2). Thus, we only need to consider the following

subsystem:

(9516) _ 4, A8 (t,2) — BraSi(t 2) Ty (F x) — BraSi () Lo (1, ),
P52(62) 4y ASy(t,3) — Bon Sa(t, &) Iy (£, ) — BasSa(t, x) I (t, ),
OL(Le) —  DIAL —ri]i(t, )

+ 72 file = ) Si(t — 7, y) [Buli(t — 7y) + Brala(t — 7,y)] dy,
ORUT) = DyAL —rolo(t, )

ot
+ [T o — ) Sa(t — 7, y) [Bur Li (t — 7, y) + Baala(t — 7,)] dy.

(2.11)

3 Existence of traveling wave solutions

In this section, we establish the existence of traveling wave solutions of model (2.11). The

main strategy of the proof comes from Ducrot and Magal [17] and Ducrot et al. [19], see
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also Wang and Wu [59] and Wang et al. [60]. A traveling wave solution of (2.11) is a
special solution with the form (S1(€), S2(£), I1(£), I2(£)), £ = x + ¢t € R. The parameter ¢

is called the wave speed. For any u € C(R), define the convolution

+oo

Substituting the ansatz into (2.11), a traveling wave satisfies the following systems of

second order differential equations

.

d1.57(§) — eS1(&) — B1151(§)11(€) — B1251(§)12(§) = 0,

d255 (&) — ¢55(€) — B21.52(€) 11(§) — B2252(€) 12(€) = 0, feR (31)
DiI{ (&) — eI (§) — rili(§) + (f1 * (BurSilt + B125112))(§ — eT) = 0,

DalI5(§) — cIy(§) — rala(€) + (fa * (B215211 + B225212)) (€ — cT) =0,

Let (59,59,0,0) be the initial disease-free equilibrium with S > 0 (i = 1,2). We
intend to find a traveling wave solution (S1(§), S2(€), 11(§), I2(€)) of (3.1) which is non-

negative and satisfies the following boundary conditions
Si(—o00) = 82, Si(+00) = Sig, Ii(+00) =0, (3.2)

where SZ-O > S;0and i =1,2.

The corresponding kinetic system of (2.11) is as follows

B0 — 511 S1 (1)1 (1) — BraSa (1) Da(h),

dsjt(t) —B2182(t) [1(t) — P252(t) I2(1), (3.3
WD = e161181(t — T)I1(t — 7) + e1B12S1(t — T)Ia(t — 7) — 11 (t)

) = 28218t — T)11(t — 7) + €2 Sa(t — T) Ia(t — 7) — 12 1a(t).

Let
_ B11SYer  PraSler v ™ 0
Ba1S%€r Ba2S%er )’ 0 ro
From [57], we know that the basic reproduction number of system (3.3) at the disease-free
equilibrium (59,.89,0,0), denoted by Ry(SY?,59), can be calculated by

Ro(SY,83) = p(V™'F),

where p(V ~1F) denotes the principle eigenvalue of the matrix V~1F. It is not difficult to
show that Ry(S?,59) = p(V~1F) too.
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Linearizing the I; equations of (3.1) at (S9,59,0,0), we obtain the linearized system

Dy (&) — cu (€) — riua (&) + ST ((f1 * (Brrur + Prausg)) (€ — e7) =0,

e
Dauy (&) — cub (&) — raua(€) + 59 ((fa * (Barur + Pazus)) (€ — 1) =0,
Letting (Z;Eg) =eM (Z;) yields the characteristic equations
Dim A% — emA + SY (Biim + Bianz) Ji(A,¢) —rim = 0, (3.4)
DamaX? — cnpX + S8 (Barm + Baz2nz) Ja (A, ¢) — ramp = 0,
where J;(\, ¢) = fj;o fi(y)e =T dy, i =1,2. Denote
_ D _ .
A= 1 0 ’ B c 0 ’ D= T1 0
0 .D2 0 c 0 T2
and
P BuSYIi(A,¢)  B12SYJi(A, ¢)
B2159J2(N, ) B2259J2(A, )
Let ©(\,¢) := A2A — AB — D + F. Then system (3.4) reduces to
@@mmm>:o (3.5)
2
Define A= D'A, B=D"'Band F = D~'F. Then (3.5) becomes
(=AN + BA+ 1) tFy =0, (3.6)

where 1 = (Z;), mi(\,¢) = =DA% +cA+7; (i = 1,2) and

/3115(1){1(/)\70) 5125?{1(;\70)

2 -1 _ A, A,

(AN +BAX+1)'F = EQIZ'E)JQ(C)\,C) 52$§J2(C>\,C)
mZ(Avc) m2(>‘7€)

Let M(\,c) = (—AX? + BA+ I)"1F, then (3.6) turns to
M(X, c)n = .
etV/EHDI gy

Let p(A, ¢) be the principal eigenvalue of M (A, c) and A(c) = min;—; o
¢>0and X € [0, \(c)), a straightforward computation shows that

_1 BuStIi(\ ) | BazSya(A, c)
P(A,c)—2{< Moo T om0 >
BuSYi(Ne)  BnSSh(Ne))
" |:< mi (A, c) ma(A, c) > (3.7)

48128215059 J1 (X, ) Ja (A, c)] é}
my (A, ¢)ma(\,c) :

We have the following results.
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Proposition 3.1 We have the following statements
(i) A(c) is strictly increasing in ¢ € [0,00) and im0 A(¢) = +00.

(ii) p(0,c) = Ro(SY,SY) for any c € [0,00), p(\,0) is strictly increasing in A € [0, A(0));
and limy_, (¢)—o p(A, ¢) = +oo for any ¢ > 0.

(iii) %p()\, c) <0 for A € (0,A(c)).

Proof. We only prove (ii) and (iii).
Fix A € (0, A(c)). Differentiating p with respect to ¢ yields

2 (st (20) - st (209)]

+p(Ac) (6115? n‘?l(a’fc)) ~ 253 fg(a’,cc)) > 2
+451259 52159 {ff& c>) n{;((/}\,,cc))} b } ’ 9
where
o [t (200 g2 ()
Vn“iﬁi% Qﬁiﬂ
a9 (BB 1 e 00 (09)

Furthermore, (3.8) reduces to

2 foustg (2290 o +none)

de ) mi (A, c)
o) (200 ) — i)
0 Jl()\,C) JQ()\,C)
sammststy (255 ) 253
0 J1(A, )2 J2(A, ¢ Nt
et A G w I I
where
Ji(\c) J2(A; )
n(A,c) = ﬂllSOmll()\, )—,322 ma(h o)
and
Ti(M ) Ta(h o) \ 2 o Ji(A0) Ja(A )2
pl()‘ C) |:(B11 1()\70) _ﬁQQSSmQ()\,C)> +4512521505’2 1()\,6) mz()\,c) .
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Since m;(\,¢) > 0 and J;(A,¢) > 0 for A € (0,A(c)), we have that pi (A, ¢) +n(\ c) > 0,
p1(A\,¢) —n(A ¢) >0 and

O (SN Ly 10 e) (rms(hne) 1) (ms(h @) 2 < 0, i=1,2.
e \mi(\, c)
Consequently, we conclude that % < 0, which implies that (iii) holds.

It is obvious that p(0,c) = Ro(Sy,S9) for any ¢ > 0. Differentiating p(),0) with
respect to A € (0, A(0)) gives

ap()\ 0)
{51151 a)\<J1 (A.0) ) (p1 n(A,0)) +522528)\(J2 (A0 ) (P1(A,0) —n(A,0))
i Jo(X,0) . 0J1 >\ 0) 8 [ Js(\,0)
+ 28128219799 B (ml > 200 0) + 231282157 Sy 8)\(m2( 0) >
0 1A, 0) 0 J2(2,0) ) om 0) H(\0) ]2
X {2[<5115 NEY _622527712()\,0) + 481252157 9 100 0) ma(h, 0 )} }

0)
Since m;(A,0) > 0, p1(A,0) +n(A,0) > 0, p1(A,0) —n(A,0) >0 and

o () = 2 00D 0.0+ 22000 0.0 0

we have %()\, 0) > 0 for A € (0, A(0)). Due to the fact

1 1
I : — for ¢>0,
Hiﬁiﬁ—omax{mlu, &) ma(h ) } e o es
it is easy to see that limy_,()—o p(), ¢) = +00. This completes the proof of (ii). O

Following from Proposition 3.1, we define

Alc) = AEI[Ri)\I%c))p(A7 c) for ¢>0.

Then we have A(0) = Ry(S?,59), lime—oo A(c) = 0 and A(c) is continuous and strictly
decreasing in ¢ € [0,00). Assume Ry(S?,S59) > 1. It follows that there exists a c¢* > 0
such that A(c*) =1, A(c) > 1 for c € [0,¢*) and A(c) < 1 for c € (¢*,00). Let

A = Inf {X € [0, A(c")) : p(A, ") = 1}.
It follows that p(A., ¢*) =1 and p(\s,¢) < 1 for any ¢ > ¢*. Define
A(e) =sup{X € (0,A) : p(A,¢) =1, p(N,c) > 1 for any X' € (0,A)}.

Since p(Ay, ¢) < 1 for any ¢ > ¢*, we have the following lemma.
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Proposition 3.2 Assume Ry(Sy,S9) > 1. Then there exist ¢* > 0 and A € (0, \(c*))
such that

(1) p(A\,e) > 1 forany 0 <c<c* and X € (0, A(c));
(i) p(As,c®) =1, p(A,c*) > 1 for A € (0, \s) and p(A,c*) > 1 for X € (0, \(c));

(iii) for any ¢ > c*, there exists Ai(c) € (0,s) such that p(Ai(c),c) = 1, p(A,c) > 1
for X € (0,A1(c)) and p(Ai(c) + en(c),c) < 1 for some decreasing sequence {e,(c)}
satisfying limy, o0 €, = 0 and e, + A1(c) < ¢ for any n € N. Especially, M\i(c) is

strictly decreasing in ¢ € (c*,00).

Since the matrix M (A, ¢) is nonnegative and irreducible for A € [0, A(c)), using the

Perron-Frobenius theorem yields the following proposition.

Proposition 3.3 Assume Ry(S),S59) > 1. For ¢ > c*, there exist positive unit vectors
n(e) = (m(e),m2(e)" and ¢"(c) = (¢{'(¢), &))" (n € N) such that

M(M(e),e)n(e) = nle), M(Ai(e) + en(c), )¢ (¢) = p(Aile) +enlc), ¢)¢"(c), neN.

In the rest of this section, we always assume that Ro(S7,S59) > 1. Fix ¢ > c*. Let
A (), n(c) = (mlc),m(e)’, en(c), and ¢*(c) = (P(c), 3 ()T (n € N) be defined in
Propositions 3.2 and 3.3. For simplicity, we denote Aj(c), n(c) = (m1(c), m2(e)?, enlc),

and ("(c) = (¢1(¢), (5(e))T (n € N) by A, n = (m,m)", e and (" = (¢F,¢5)7 (n € N).
Since p(A1 + en,¢) < 1, it follows from Proposition 3.3 that

{ —mi(A1,¢)m + 87 (Bum + Bramz) Ji(Mi, ¢) =0, (3.9)
—ma (A1, )z + 89 (Barm + Bazmz) Jo(Mi,¢) = 0
and
{ —mi(A1 + €n, )¢ + ST (BLCT + B12¢) J1 (A1 + en,¢) <0, (3.10)
—ma(A1 + €n, €)' + 59 (Ba1CT + P2288) Jo (M1 + €n,¢) <O

for any n € N.

Lemma 3.4 The vector function P(€) = (p1(€), p1(€))T with p; (&) = n;eM¢ satisfies

;

Dy (&) — ep (&) + BuiSY [T far(y)pr1 (€ —y — eT)dy
+81250 [T far(y)p2(€ — y — er)dy — rip1 (€) =0,
Daply(€) — cph(€) + PS8 [ Far(y)pr(€ —y — e7)dy
+B2283 [T fa2(y)p2(& —y — er)dy — rapa(€) = 0.
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Lemma 3.5 There exist 0 < a < % small enough and o > max {SO, 59, 1} large enough

such that the vector value map Q&) = (q1(€),q2(€))T defined by q;(¢) = max{S?(1 —
oet®),0} satisfies

dig; (§) — cq;(€) — Bunai(§)p1(§) — Biai(§)p2(§) 20, i=1,2 (3.11)
for any &€ < éln%.

The proofs of the last two lemmas are similar to those of Wang and Wu [59, Lemmas
2.1 and 2.2] and Wang et al. [60, Lemmas 3.2 and 3.3], we omit the details.

Lemma 3.6 Fiz 0 < ¢ < § with € = &,, for some ng € N. Denote the eigenvector

(" = (G, 60" by = (C1,¢)" Then the function H(&) = (hn(€), ha(€))" with hi(€) =
max{n;eM¢ — MGeMt98) 0} satisfies

chy < Db —rihi+ B (fix(qh)(E—cer)+Bia(fix(qiha))(E—cT), €< ! n- (3.12)

e MG
and
chy < Dohly—roho+B21(f2(g2h1))(E—cT)+Baa(fax(g2he))(E—cT), €< %111 ML;, (3.13)

where M > 0 is large enough so that min {% In J\;[?fl , % In %} > éln .

Proof. Firstly, we show only the inequality (3.12). When £ < %ln ]\7[21, hi(¢) =
meMé — M¢eMT9E To prove (3.12) for € < %ln ]\7[21, it is sufficient to show the fol-

lowing inequality

—CiMmy (A1 + €,¢) €M1 4 pimy (A, €) €M — (f1 ¢ (Brigiha + Biaqiha)) (€ — er) < 0.

(3.14)
Using the first equality of (3.9), the inequality becomes (3.14)

—GMmi(\ + €,0)eMFTIE 189 (8111 + Brama) €M1 (A, )
—(f1 * (Brrqihy + Pr2qihe))(§ —c7) < 0.
Since 59 — q1(€) < SV0e and n;eM€ — h;(€) < GMePMToE for all € € R, we obtain that
1 1 j J J

Br; St Ty (A1, e) — Buj(f1 * (q1hy)) (€ — eT)

400 400
= b5t / Fly)eM v dy — By;80 / fiy)h;i(§ —y —cr)dy
+o0
+ 51;‘5?/_ Si()h;(§ —y — eT)dy (3.15)

+oo
By / Fr@)a1 (€ — y — er)hy(€ —y — er)dy

—00

IN

B SYGM Iy (Ar + €, )M T 4 B850, 11 (M + a, ¢) e,
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where j = 1, 2. Due to the inequality (3.15), we need only to show the following inequality

M [=mi(A\1 + €,¢)¢1 + 57 (B1161 + Br2éa) Ji(M1 + €, 0)]

(3.16)
+0S8 (Brim + Branz) Ji(M + e, ¢)el®9 <0

for £ < ¢ from the first inequality of (3.10) that
—m1(A1 +€,¢)C1 + Y (B + Braa) Ji(A1 + €, ¢) < 0.
For £ < & cIn we have that

MC’

_a—e _9

ela=98 < (JWQ) < (]\4@) —0 as M — oo.
m m

Thus the inequality (3.16) holds for M > % large enough. This completes the proof. O

Now, we consider the system (2.11) on a large bounded domain [-X, X| with X >
max { In M& 1y MC2 } Let

m e

I'x = (Xl(')vXZ(')’QOl(')7902(')) € C([*Xv X]7R4)

It is easy to see that I'x is closed and convex. Define

A o, f<x ol6), <X,
i(€) = d @i(€) = =1,2
%) {qxs), g>x A0 {hi@), g>x

for any (x1(£), x2(§), p1(£),v2(€)) € I'x. Then we consider the following boundary value
problem

;

—d15] x +¢S1 x + Br1p151,x + Piaw2S1,x =0
—daSy x + ¢Sy x + Ba1p152,x + Biap2Se x =0,
=DiI{ x +elf x + il x = Bua(fi * (X1¢1))(§ — e7) + Bra(f1 * (Xap2)) (€ — e7),

—DaIy x +cly x + 12l x = Bar(f2 * (X291))(§ — e7) + B2a(f2 * (X292))(§ — c7T)
(3.17)

with
Si’X(:i:X) == qi(j:X), IL)((:*:X) == hl(ﬂ:X), = 1,2. (318)

Note that the problem (3.17)-(3.18) admits a unique solution

(S1,x,5,x, 11 x,12.x)
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satisfying S1 x, 52 x, [1,x,Io.x € W*P ((—=X,X),R) N C ([-X, X],R) for any p > 1 (see
Gilbarg and Trudinger [24, Corollary 9.18]). By the embedding theorem (see Gilbarg and
Trudinger [24, Theorem 7.26]), we have S; x(-), Iix(-) € W?P(-X, X) — C*[-X, X]
for some a € (0,1) and ¢ = 1,2. Therefore, we can define an operator T = (71, T2, T3, Ta) :
Tx — C[-X, X] by

Six = Ti(x1, x2:01,92), Lix = Tiva(X1,x2, 01, 92), V(x1(-);x2(-), 01(-), v2(-)) € I'x,
and have the following result.
Theorem 3.7 The operator T maps I'x into I'x.

Proof. It is obvious that 0 is a subsolution of the first equation and the second equation
of (3.17) on [—X, X], respectively. In addition, SY and S9 are supersolutions of the first
equation and the second equation of (3.17), respectively. Using the maximum principle
(see Gilbarg and Trudinger [24, Theorem 9.6]), we have that 0 < S; x(£) < SY for any
¢ € [-X, X], where i = 1,2. Tt follows from (3.11) that ¢;(¢) = S?(1 — 5e®¢) satisfies

0

v

—d1q{ (&) + cq1 (&) + Br1a1(E)p1(€) + Braqi (§)p2(€)
> —d1q] (&) + cq1 (&) + Brie1 ()@ (§) + Braw2(£)q1(€)

for ¢ € [-X,X’] with X’ = 11In 1, which implies that ¢1(¢) is a subsolution of the first
equation of (3.17) on [—X, X']. Since S; x(—X) = ¢1(—X) and S x(X') > ¢:(X’) =0,
we obtain that ¢;(§) < S1 x(§) for € € [—X, X'] by using the maximum principle. Thus,
q1(€) < S1.x(€) < SY for € € [-X, X]. By a similar argument, we have ga(£) < S, x(€) <
S9 for any ¢ € [-X, X].

We consider I} x (&) and I3 x(€). Firstly, we obtain that I; x(§) > 0 and Iy x(§) > 0
for any ¢ € [-X, X]. Since ¢;(§) < Xi(€) < S and hi(€) < ¢i(€) < pi(§) for any € € R,

one has

(fi * (B XiPr + BiaXip2)) (€ — 1) < B SY(fi + p1) (€ — e7) + BiaSP (fi * p2) (€ — eT)

for ¢ € R and i = 1,2, which combing (4.6) implies that p;(§) and p2(§) are supersolu-
tions of the last two equations of (3.17), respectively. Consequently, using the maximum

principle yields
Lx(§) <pi(§),  Lx(§) <p2Af), V¢ € [-X, X].

On the other hand, since

(fi * (BirXip1 + BiaXip2)) (€ — 1) > (fi * (Bangihi + Bizgih2)) (€ — cT)
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for £ € R and i = 1,2, using the maximum principle and combining (3.12) and (3.13) we
obtain that
Lix(§) =2 h(§), DLx(§)=h(f), VEe[-X, X]

Thus, we have that

p1(§) = Lix(&) = (), p2A8) = Iax(§) = ha(§), VEe[-X, X]

This completes this proof. O
Theorem 3.8 The operator T : I'x — I'x is completely continuous.

Proof. Firstly, we obtain that 7 is compact by using the globally elliptic estimate and
the embedding theorem.
It is obvious that 73 and 7, are continuous. Consider 77 and 73. Assume that

(X1()sx3(), 01(), 03(-)) € Tx and (x1(-), x3(-), ¥1(-), ¥3()) € I'x. Let
SiX :%[Xia)(%a(p{:@%]v 27.]: 1a2
Then we have that
—d[S] x — ST x]"(€) + c[S1 x — ST x]'(€)
+ Bt QIS x — S5 x1(€) + B2z (§)[St x — S5 x1(§)
= Bule} — 115t x (&) + Bi2l3 — 3] ST x (€)

for any ¢ € (=X, X). Since 1, @%,S%,X € I'x are uniformly bounded in C ([-X, X]), we
have that the operator 7T; is continuous on I'y by using the globally elliptic estimate (see
Gilbarg and Trudinger [24, Lemma 9.17]) and the embedding theorem again. Similarly,
we can show that 75 is also continuous on I'x. This completes this proof. |

Now applying the Schauder’s fixed point theorem to the operator T yields that there

exists a vector function (St x,S2,x,I1,x,12,x) € I'x such that
(S1,x,52.x, 11 x,I2,x) =T (S1,x,5,x,11,x, 12.x)
on [—X, X]. Next, we give some estimates for S; x and I; x, i = 1,2.
Theorem 3.9 There exists a constant Cy > 0 such that
1Sixlles—x,x) < Co, i xllos—x,x) < Co, i=1,2

or any X > Xp := max lln%,lln% . In particular, one has (S1 x) < 0 and
Y € m '€ 72 ’

(S2.x) <0 for any § € (—X, X).
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Proof. Firstly, we have that

— d1SY x(§) + ¢S1 x (&) + Binl1 x (§)S1,x (&) + Prala x (£)S1,x(§) =0,
— 259 x(€) + ¢Sy x (&) + B 1 x (€)S2,x () + Pazla,x (£)S2,x (§) =0,
— DiI{ x (&) + el x (&) + 1 x(€) = <f1 * (511§1,Xf1,x + 51231,Xf2,x>> (§ —cT),
| — D2l x(§) +clh x(§) +r2l2,x(§) = <f2 * <ﬁ21§2,xf1,x + 52232,Xf2,x>> (& —cT)
(3.19)
for a.e. £ € (—X,X), where
& SZX(&)? |§| <X’ - IlX(£)7 |€’ <X7
S; — ' I; = ’ =1,2.
x©) { S { hi(€), 1€l > X,

Since S; x,L; x € WP ((—=X,X),R) N C°([-X, X]|,R) for any p > 1, the embedding

theorem implies that S; x, I; x € C1T%[—X, X] for some a € (0,1), i = 1,2. Consequently,

we have S; x,I; x(§) € C*T*[—X, X] (see [24, Theorem 6.14]), i = 1,2. Due to the

differentiability of fi(-), we further have S; x, S2.x, 1 x (&), Iz x(£) € C3[- X, X].
Following (3.19), we know that

—d157 x (&) + ¢S1 x (&) + Pr1l1,x (§)S1,x(€) + Prala x (€)S1,x(€) =0, (3.20)

which reduces to

(6_;155{,)((5))/:dlle_dclg(ﬁnh,x(f)+51212,X(€))51,X(5) Ve e [-X, X].  (3.21)

Integrating the equality (3.21) from £ € [—X, X] to X leads to

1x(&) = eii(X%)Si,X(X) - dll /EX e 672) (Br1l1,x(2) + Bialz x(2)) S1,x(2)dz.
Since 51 x(§) > 0 = 51 x(X) for £ € [-X, X] and S| (X) < 0, then ] y(§) < 0 for
£ € [-X, X]. In particular, 5] () # 0. Similarly, we get S5 (§) < 0 and S} x(§) # 0
for € € [-X, X].

Since S1 x(—X) < SY and S1.x(=X)
that

WV

¢y (—=X), integrating (3.20) on [—X, X| yields

X X
511/X S1,x(§)11,x (§)dE + Bia /X S1.x (&) I x (€)de

=d; [Si,X(X) — LX(—X)] — C[SI,X(X) _ S1,X(—X)]
< cS) — dig) (—X).
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By the definitions of 5'1 x and IAZ-, x, we can show that

oo R -X X
511/_ S1.x(€) N, x()dE = 511/_ Q1(€)h1(§)d§+511/_X S1.x (&)1, x(§)dE
%ln%ﬁl

811 / ()R (€)de + cS? — di g (—X)

— 00

IN

and
_ 1y M
€ n2

Biz / S1x () ax (€)d€ < / 01 (O)ha(€)de + ¢80 — drg) (—X).

Since I} (X) < 0, I} y(=X) 2 By (=X) > 0, I; x(—X) = hi(—=X), L,x(X) = hi(X) =0
and fj;o fi(y)dy = €1, integrating two sides of the third equation of (3.19) over [—X, X]

we have
X
r1 /—X I x(§)d¢ = D [I{,X(X) *ILX(fX)] fc[ILX(X) *Il,X(*X)]
X
+611 /X (fl * (S’L)(IAL)()) (& —er)d€

+B12 /_); (fl * <§1,Xf2,x>> (§ —er)d

c G

IN

chi(—X) +511€1/ q1(§)h1(§)d¢

—00
1 2

+Bier / M L (O)ha(E)de + 2689 — 2y (- X).

o0
Therefore, there exists a constant C; > 0 independent of X > X such that

+oo

X R R X
/ S1.x(E)Tix (€)dE < O, / 8 x(6)Tx (€)de < O, / Lx(E)de < Cy, i=1,2.
—X —-X

—0o0
Similarly, we have

+o0

b R R b
/ Sox(€)Tix (€)de < O, / o x ()1, x (€)dE < 1, / Lx(€)de < Ch, i=1,2.
-X —-X

—00

Since I] x(—X) > 0, there exists § € (=X, X) such that

ILX(&)) max II,X(g)-

N §e[—X,X]
Integrating both sides of the third equation of system (3.19) from —X to &, we have

chix(§) = —Dilix(—=X)+cly (=X)+ Bu /_ EX (fl* (S1f1)> (€ — er)de
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+pB12 /i <f1 * (5'1f2)) (§—cr)d§ — 1 /i I x(§)d¢

< (o
for some Cj > 0 independent of X > Xy. By a similar argument we obtain

I < C
ey ) < O

for some Cy > 0 independent of X > X.
Integrating the first two equations of (3.19) from —X to £ € [-X, X], we get

—d;iS; x(§) = —diSi x(—X) —c[Six(§) — Si(—X)]
B / 2 S x (2) T x (2)dz — Bio / €X S: x () Io.x (2)dz
< —digi(—X) +cS)
for any ¢ € [~ X, X], which implies that

max max [S]x()] < Co

for some Cj > 0 independent of X > Xj. Following the inequality

S < 7 1591 + BuS0ITLx(©)] + s x O]

we know that there exists Cy > 0 such that ”SLXHCQ([,X“)(]) < Cp for any X > X and
i=1,2.
Integrating the last two equations of (3.19) from —X to &, we have that

£
DiIly(6) = Dill x(—X)+ e(Lix(€) — Lix(—X)) + 1 / RECE
3 A
— 4 i* Sz — d
ﬂl/x (f ( ,Xh,X)) (x — er)dx

—Bi2 /£X (fl * (&',XE,X)) (x — er)dx

which implies that there exists Cy > 0 independent of X > X, such that [z(, (&) > —Cy for
any £ € [—X, X] and ¢ = 1,2. Similarly, integrating the last two equations of (3.19) from
¢ to X, we have that there exists Cy > 0 independent of X > X such that Iz{,X(é) < Cp
for any £ € [-X, X] and i = 1,2. Thus, we have |I] ()| < Co for any ¢ € [-X, X].

Combining the previous estimates we obtain

111x|lc2-xx1 < Co,  |[T2.x(§)lc2—x,x7 < Co
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for some Cjy > 0 independent of X > Xj.
Differentiating both sides of equations of (3.19), noting that [*°_|y|fai(y)dy < oo, and

combining the previous estimates we further get

1Six (Olles—x,x) < Co, [ ix(E)llez(-x,x) < Co,  i=1,2,

where Cy > 0 is independent of X > X. This completes this proof. O

Now, we show the existence of the nontrivial traveling wave solution of system (2.11)
with wave speed ¢ > ¢*. Let {X,} be an increasing sequence such that X, > X
and lim, o X;, = +00. Then the solutions (51 x,, 52 x.,11.x,,12.x,) € I'x, satisfy
Theorem 3.9. We can extract a subsequence from the above sequence, still denoted by
(S1,x,,52,x,,, 11, x,, 12,x,,), such that there exists a vector function (51, S2.x, [1,, I24) €
C?(R) satisfying

. 2
S1.x, = St S2.x, = So, Lix, = s, I2x, = I2. in Cp(R).

The Lebesgue’s dominated convergence theorem implies that
o [e.9]
Bz’j/ fil€ =y —e1)Six,, (W) x, (y)dy — Bij / fil€ =y — e7)Sin(y) L (y)dy
— 0 —00

as n — oo for any £ € R, where 4,j = 1,2. Especially, the function (Si«, 52, I1 %, [2,+)
satisfies the system (2.11) and

6i(€) < Six(€) <57, hi(§) < Lin(§) <min{Co,pi(€)}, VEER,

where Cj is a positive constant, ¢ = 1,2. Due to Si,Xn < 0 and Sé7Xn < 0, we have that
S1.(€) <0 and Sy (&) <0 for any £ € R.
Let S; «(+00) = S; 0, i = 1,2. Then we have the following theorem.

Theorem 3.10 Let (SY,59,0,0) be the disease-free equilibrium of (2.11). Assume that
Ro(S9,89) > 1. Then there exists ¢* > 0 such that for all ¢ > c*, system (2.11) admits a

nontrivial traveling wave solution
(S1(x+ct), Sou(x +ct), 1 «(x + ct), Io (2 + ct))
satisfying

(51,*)/(6) < 07 (Sl,*)/(g) < 07 v£ € R7
Siw(—00) = 8Y,  S;u(+00) =Si0< S, i=1,2,
& CcE;

I,y*(:lzoo) = O, / 117*(§)d§ = T (S? - SZ‘70) ; 1= 1, 2, (322)

oo i

L:(6) < e (SY—S10), Lu(é) <ex(S9—S20), VEER,
Ro(Sl,o, 5270) < 1.
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Proof. We only prove the inequality Ry(S1,0,52,0) < 1, the others can be proved by the
arguments similar to [58, pp. 253-254] and [59, pp. 690].

We prove the inequality Ry(S1,0,52,0) < 1 by contradiction. Assume on the contrary
that Ry(S1,0,52,0) > 1. Then there exists a vector P = (ﬁl,ﬁg)T € R? with p; > 0 and
P9 > 0 such that

€1f81151,0 €181251,0 P h
62527“1152,0 62,321;152,0 ~ = RO(SLO’ Sg,o) ~ :
2 T2 D2 D2
By virtue of Ry(S1,0,52,0) > 1, it follows that

{6151151,0 B 1} B+ 6151251,0]52

1

S S
>0 and €221 205 1 [€2ﬂ22 20 1] _
1 T2 T2

which reduces to

€151151,0 1> €131251,0 P2 and €232252,0 1> €232152,0 P1
- = - - - = - =

- (3.23)
1 1 b1 T2 T2 D2

Note that [;.(+c0) = 0, I ,(+00) = 0 and (514, S2,x, [1,x, [2,+) satisfies system (3.1).
Integrating both sides of the third equation and the forth equation of (3.1) satisfied by

(S1,%, 52,4, I1 5, I2.+) from —oo to oo we get

[T (1811514 (6) — 1] T+ (€)dE + [T €181251 4 (€) Lo, (€)dE = 0,

J253 €2B2182, ()14 ()€ + 27 [eaPa2S2.(€) = r2] I (€)dE = 0. .
Since S; ,(£) < 0 and I; +(§) > 0 for any £ € R, it follows from (3.24) that
[22uBte ] [0 (g + 2225 [T g (6)ag <0, 525
2PuShn [T 1 (§)dg + |20 1) [T 1 (€)dg < 0. |
Plugging (3.23) into (3.25), we have
—2 [2 3 L ()€ + pr [T T2 (€)dE <0,
Do [T N (6)dE — 1 [T . (€)dE < 0,
which is a contradiction. This completes the proof. O

4 Nonexistence of traveling wave solutions

In this section, we show the nonexistence of traveling wave solutions of system (2.11)
for two cases: (i) Ro(SY,99) < 1; (ii) Ro(S?,59) > 1 and ¢ € (0,c*).
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4.1 Ry(S7,55) <1

Theorem 4.1 Assume that Ro(SY,S9) < 1. There is no monnegative traveling wave
(S1(z + ct), So(z + ct), [1 (x + ct), Ia(x + ct)) of (2.11) satisfying (3.22).

Proof. We prove the theorem by contradiction. On the contrary, assume that there
exists a nonnegative traveling wave solution (S1(x + ct), Se(x + ct), I1(x + ct), Ir(z + ct))
satisfying (3.22). In the following we consider two cases Ro(SY,S9) < 1 and Ry(S?,59) =
1, respectively.

Assume that Ry(S?,S9) < 1. Note that I;(¢) satisfies

Dili' (&) — cIi(&) — rili(§) + (fi * (B Sili + Bi2Sil2)) (€ —eT) =0 (4.1)
for any 5 € R, where 1 = 1,2. Let Ail = %3;4%, Aig = w, pPi = DZ(AQ —

2D;
A1), i = 1,2. Then one has

{/E M ED) (fix (B1Silh + BinSily)) (¢ — er)dx
—oo (4.2)

+ /+OO A2 (s (B1SiTy + BiaSil2)) (¢ — CT)d33}
3

for any £ € R and ¢ = 1, 2. Integrating both sides of the equality (4.2) yields

+o0 1 +o0 0
/ I;(§)d¢ = </ ATy +/ eA”””dx>
—00 % 0 —0o0

400
x / (fi * (BinSilh + Bi2Sil2)) (§ — cT)dE
- (4.3)

)/ e (B + i) (e

o\ M A ) )
e o [+ 26i o [T
eigo [ nigae+ P2isp [ ey

i —o0o Ty —oo

<

which implies that
23 (€)dg ) <yip ( J23 T(€)de >
( T2 )de ) T2 ()de )

Note that the matrix V~1F is nonnegative and irreducible, and p(V1F) = Ry(SY,59).
The Perron-Frobenius theorem implies that there exists a vector P = (p1, pg)T € R? with
p1 > 0 and pg > 0 such that V- 1FP = Ry(SY, S9)P. Tt is obvious that there exists a large

constant ¢ > 0 satisfying
+oo
f_fc?o L(§)d¢ < oP.
o I2(6)dg
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Consequently, we have

+00 +oo
( e ) <(v-ipy < e ) < o(V-IF)"P = oRY(SY, SP = 0

as n — 00, which contradicts the fact that fj;o L (§)d¢ > 0 and fj:oo I(§)d¢ > 0. This
completes the proof of the case Ry(SY,S9) < 1.
Now consider the case Ro(S?,S9) = 1. In this case there exists P = (p1,p2)’ € R2
with p1 > 0 and py > 0 such that V"1FP = P. It follows that
Br2SYe1par

B215%€apiro
re= 5115?61 +— T2 = 5225862 N e
pire par1

By virtue of I;(+£o00) = 0 and I/(f£o0) = 0, integrating both sides of (4.1) from —oo to oo

we obtain

Bii€1 /OO (S(l) — S1(z)) [i(z)dz + Broer /00 (S? — S1(z)) I(z)dz
0 00 00
+ﬁ17422i;1161 <r1p2 /OO I (z)dx — ropy /OO Ig(x)dx> = 0
and
52162 /OO (Sg — Sz(l’)) Il(a:)dm + ,32262 /oo (Sg — Sg(x)) Ig(x)dx
0 0o 00
+ﬁ2;1i2262 <T’2p1 /OO Iy(z)dz — r1p2 /Oo Il(a;)dx> = 0.

Since S;(&) < S? and I;(€) > 0 for any ¢ € R, it is impossible that the last two equalities
hold at the same time. This completes the proof. O

4.2 Ry(SY,59) > 1 and c € (0,c")

.q0 . Q0
Let R;o := ﬁlﬁ;’Sl + 62’87??52, i = 1,2. The characteristic equation of the matrix V~1F is
given by
0.

615115?> (/\ B 6252258> _aeffnSs)

f(A) . <A - ! 2 r1r2

It is easy to see that both roots of the characteristic equation are real. In the following

we first show some relationships between Ry(SY, S9) and R; .

Proposition 4.2 If Ry(S?,59) > 1, then at least one of R1o and Rag is greater than 1.
Moreover, we have: (i) Ro(SY,59) =1 if Rig =1 and Rao = 1; (ii) Ro(S?,S9) < 1 if
Rl’(] <1 and RQ}O =1, (iii) Ro(S?,Sg) <1if Rl,O =1 and R270 <1
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Proof. We prove the first part of the lemma by contradiction. On the contrary, assume
that R19 <1 and Rpo <1, that is
€18115) + €2215% < €18125) + €2225% <

<1 and < 1.
71 T2

Using the above inequalities, we have
€2/322.59

€232159 P afusy and €151257 <A— VA>1

1 | T2 T2

which imply that

616115?) <)‘ — 6252253> 1028126215753 >0, YA> 1

™ T2 rir

s =(2-

Therefore, we have Ro(S?,59) < 1. This contradicts the fact that Ry(SY,S9) > 1. Thus,
we completes the proof of the first part of the lemma.

Similarly, we can prove the other cases. This completes the proof. O
Proposition 4.3 If Rig > 1, Rog > 1, and Ry oRao > 1, then Ro(SY,59) > 1.

Proof. Assume Rio > 1, Rog > 1 and Rip > Rao. Let [ := R1p — Ra0 > 0. Then we

have
F(Ruo) = €2321.59 (61ﬁ125? n l1> B €1€95126215959 .
E 2 r17T2
and
f(RQ,O) = <626218’8 _ l1> 61/81259 _ 6162ﬂ12ﬁ21S?S§) - 0’
" 2 172

which imply that there exists zg € (R0, R1,0) such that f(zo) = 0. Therefore, Ro(S?, S9) >
1.

The other cases can be treated similarly. This completes the proof. O
Proposition 4.4 Assume Ro(S9,59) > 1. If Rio <1 or Rag < 1, then f(1) < 0.

Proof. We only consider the case Rag < 1. Since Ro(S89,89) > 1, it follows from
Proposition 4.2 that in this case there must be R > 1. To prove the proposition, we

assume f(1) > 0 on the contrary, which implies that

<1 - 61B115?> (1 _ 6252258> _ a6B128x 7S]

1 T2 rr2

> 0.

€282259
T2

€1ﬁ115?> ()\ _ 6252258> ae2B126215)59

™ 2 rr2

€181159)

Since R < 1, we have 1 — > (0. Consequently, 1 — >0 Thus, we have

o = (a-
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1 T2 172

(1 615115?) (1 _ 6252258> _ae2f1221575)
0

(AVARNAVS

for all A > 1, which implies that Ry(Sy,S9) < 1. This contradicts with Ry(Sy,S9) > 1
and completes the proof. O

Lemma 4.5 Assume Ry(SY,59) > 1. For any ¢ > 0, if equation (2.11) admits a non-
trivial traveling wave solution (S1(z+ct), So(x+ct), [} (x+ct), Io(z+ct)) satisfying (3.22),
then there exists some pog > 0 such that
sup{I;(x)e ""} < +o0, sup{|Li(z)|le "} < 400, sup{|I/(z)le """} < +o0, i=1,2.
zeR zeR zeR
Proof. Fix ¢ > 0. Assume that (S1(z+ct), Se(x+ct), 1 (z+ct), [2(x+ct)) is a non-trivial
traveling wave solution of (2.11) satisfying (3.22). Using the fact that S;(—o0) = S? and
Si(€) < 0for & € R and the definition of f;(x), we know that there exists M > 0 sufficiently
large such that

“+o00
/ fily)dy >1—v and S;(&) > Sio(l —v), V&€ (—o0,—2M),
M

where v € (0,1) is a small constant which will be determined later. For { < —2M, we

have
—+oc0

chi(§) = Dil{(&) +efu / S h(§—y —cer)Si(§ —y —cr)dy
+o0o
+e1812 i) h(§ =y —c7)S1(§ —y —er)dy — ri11(§)

—+o0
> lef(f)Jrﬁlﬁn/M Jiy)S1(E+ M —cer)1(§ —y — cT)dy
+oo
teifh / A@SE+ M —er) (€ —y — en)dy —n1i(©
M
tefu / FL©)S1(E —y — er) L (€ —y — cr)dy
-
teiBus / F@)S1(E — y — er)Ia(€ — y — er)dy
+oo
> DO +amsii-v) [ AWHE -y - erdy
-M
+oo
+e18128Y (1 — V)/ fiy)2(§é —y —er)dy — 11 (§)
M
+o0o
> D) +aBus{l-v) [ A (€ -~y - er) — L(E)dy
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+o00
+erfrot1 =) [ A (s —y = er) ~ 1l6) dy
+ (615115?(1 — I/)2 — 1"1) Il(f) + 61512510(1 - 1/)212(5). (4.4)
Let J; (¢ fg I;(n)dn for any £ € R and i = 1,2. It is easy to see that fg (fixL;)(n)dn =

(frxJ; )( ). Integrating both sides of inequality (4.4) from —oo to £ with £ < —2M, we
have

(e8P (1 —v)* —11) Ji(€) + e B1257 (1 — v)* o ()

+oo
< DO+ ehi(€) — 1 SY(1 —v) / Al (€ -~y = en) = h©)dy
+oo
—apust-v) [ ) (€~ = o) = B(O)dy (4.5)

In view of

/_g /mfl(y)(Jn y —c7) = Ji(n)) dydn
= lim //mfl Ji(n —y —c7) = Ji(n)) dydn

Z—r—00

= lim —/ /+OO (y+er)fi(y / i(n—0(y + c1))dOdydn

Z—r—00

. / (v + ) fi(9) / Ji€ — 0y + er))dbdy
M

0

for i = 1,2, integrating both sides of inequality (4.5) from —oo to £ (§ < —2M) leads to

3 3
(e SY(1 —v)* — 1) / Ji(n)dn + 181257 (1 — V)2/ Ja(n)dn + D111 (§)
_Oioo 1 -
< ehi(©) + afn S / (y+er)fi(y) / J(E — 0y + cr))dbdy
—M 0
“+00 1
e1B1aSD / (v + e fily) / Jo(€ — 0y + cr))dody.
—M 0

Since (y + ¢7)J;(§ — 0(y + ¢7)) is non-increasing on 6 € [0, 1], we have

3 3
(1B SY(1 — 1) — 1) / Ty (n)dn + 112831 — v)? / Jo()dn + DiLy(€)

< ei(€) + (er + A)er S ST i () + (e + Ar)erS1257 2 (€), (4.6)
where A1 = fo y)ydy > f A J1(y)ydy. Similarly, for £ < —2M we have

¢ ¢
€2 82159 (1 — V)z/ Ji(n)dn + (e262255(1 — v)* = 12) / Ja(n)dn + DyI5(§)

—0o0
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< cJo(&) + (1 + A2)eaBarS9J1(E) + (cT + A2)eaBa2 S Jo(€), (4.7)

where Ay = f0+°° fo(y)ydy. In the following we firstly show that there exist positive

constants a1, as, b1, and bs such that

a /£ Ji(n)dn + az /5 Jo(n)dn < biJi(€) +b2J2(E), V&< —2M. (4.8)
—o0 —00
Because Ro(SY,59) > 1, it follows from Proposition 4.2 that there must be €311y +
625215’8 —7r1>0o0r 6262253 + 615128? —rg > 0. Therefore, we prove (4.8) by considering
the following five cases.

Case 1. 616115? —r1 > 0. In this case we take v € (0,1) small enough so that
€18115Y(1 — v)? —r; > 0. Due to (4.6), it is sufficient to take a1 := €181159(1 — v)? — rq,
ag := €181250(1 — )2, by == c + (e + A1)e1 f11S) and by == (e7 + Aq)e15125Y.

Case 2. €332259 — ro > 0. Due to (4.7), the proof is completely similar to Case 1.

Case 3. 615115? —r <0, 625225’8 —1ry <0, elﬂHS? + 62,82158 — 71 > 0 and
€15125Y + €262259 — ro > 0. In this case we take v € (0,1) satisfying ;81157 (1 — v)? +
€282159(1 — v)2 —r1 > 0 and €1 51259 (1 — )2 + €282259(1 — v)2 — ro > 0. By adding two
sides of inequalities (4.6) and (4.7) respectively, we have that

€
[615115?(1 — )2+ €81 55(1 —v)? — 7] / J1(n)dn

—00
3

+ [e282255 (1 — v)* + €112 (1 — v)? — 1y / Ja(n)dn

—00

<c (J1(§) + JQ(f)) + [(CT + Al)elﬂuS? + (CT + Ag)egﬁglsg] J1(§)
+[(er + Ar)erB12SY + (e7 + As)ea2289] Jo(€)

for any & < —2M. Then it is sufficient to take a; := 616115?(1 —V)2+62,621SS(1 —v)%—ry,
as 1= 6262258(1 —v)?+ 61B12S?(1 —v)2 =19, by i=c+(cT+ Al)qBHS? + (e + Ag)egﬁngg
and by := c+ (c7 + A1)e1B81250 + (e + A2)ea 32259,

Case 4. elﬁHS? —r1 <0, 615115? —i—engng —r;>0and 615125’? +€2,32258 —re9 < 0.
Following Proposition 4.4, in this case we have f(1) < 0, that is

1 (615115? n 6252253> L ae (B11Ba22 — Br12B21) SVSY <0

™ T2 rir2

We take v € (0,1) such that 615115?(1 —v)?+ 62,32158(1 —v)2 —r; >0 and

(1-v)t<0. (4.9

- (615115(1) n 6252258) (1—p)? 4 92 (811822 — B12B21) 5755

™ T2 rr2
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Set
_A _ 61ﬁ118(1)(1 — Z/)2 — 71 61ﬁ125?(1 — I/)2
6262158(1 — V)2 Egﬁggsg(l — I/)2 — T2
It is obvious that the inequality (4.9) implies |A4] < 0.
Note that €1 51159 (1 —v)% —r1 < 0 and €252259(1 — )2 —ry < 0. Multiplying two sides
of (4.6) and (4.7) by €2822589(1 — v)2 — ro and —e18125Y(1 — v)? respectively, and adding

up the corresponding terms, we obtain
£
—|A|/ Ji(n)dn < (C2Bs — CyBy) J1(§) + (C2By — CuB2) J2(§), V&< —2M,

where By := ¢+ (e + Al)elﬁnsg, By = (em + Al)qugS?, Bs = (em + Ag)ég,@glsg,
B4 = c+ (CT + Az)ég,@gzsg, CQ = 615125?(1 - I/)2 and 04 = 62B2288(1 - l/)2 — T9.

Similarly, we have
3
—’«4’/ Jo(n)dn < (C3B1 — C1B3) J1(§) + (C3B2 — C1By) J2(§), V< —2M,

where C1 := €181150(1 — v)2 — 71 and C3 = €62159(1 — v)2. Now let a; := —|A|,
ag == —|A|, by ;== Cy3Bs+C3B; —C1B3s — Cy By, by := O3By + C3By — C1 By — CyBy. Then
(4.8) is proved.

Case 5: €225 — 12 <0, 18115 + €282159 — 71 < 0 and €1 81259 + €282259 —r2 > 0.
This case can be treated by a similar argument to Case 4. We omit the details.

Now we are in the position to prove the main result of the lemma. Let J(§) = J1(€) +
J2(&). Then inequality (4.8) implies that there exist constants a > 0 and b > 0 such that

3
a/ J(n)dn <bJ(€), VE<—2M.

—00

Consequently, we obtain that

0
o[ serminspie. ve<-au

—00

Since J(-) is increasing, we have that anJ(§ —n) < bJ(§) for any £ < —2M and any n > 0.
Therefore, there exist 19 > 0 large enough and wy € (0, 1) satisfying

J(&—mno) SwoJ(€), VE<—2M.
Let w(z) = J(z)e™ % with pg = n% In wio > 0. Then, we have

w(§ o) = J(€ = mo)e T Sw (e = w(€), £ < -2M,



Traveling waves in a two-group epidemic model 29

Since w(§) — 0 as £ — 400, we have that there exists a constant xg satisfying
w(z) < kg, VreR,

which implies that J(z) < kpefo® for any = € R. Consequently, there exists ¢o > 0
satisfying ffoo Ji(n)dn < goeto® for any x < 0, i = 1,2. It follows from inequalities (4.6)
and (4.7) that there exists pg > 0 such that

Ii(z) < ppet*®, VYV zx eR.
Finally, using (4.4) and (4.5), we obtain that

sup{[y(z)e "} < 400,  sup{|[j(z)[e”""} < +oo,  sup{|[{(z)le""*"} < +o0.
Tz€R zeR zeR

Similarly, we have
sup{lz(z)e "%} < 400,  sup{|l}(z)|e "} < +oo,  sup{|[5(z)]e H"} < +o0.
z€R z€eR z€R

This completes this proof. a

In the following we prove the main result of this subsection.

Theorem 4.6 Assume that Ry(S?,59) > 1. For ¢ € (0,c*), there exists no non-trivial
traveling wave solution (S1(z + ct),Sa(x + ct), 1(z + ct), [a(x + ct)) of system (2.11)
satisfying (3.22).

Proof. We prove the theorem by contradiction. Fix ¢ € (0,c¢*). Suppose on the contrary
that there exists a non-trivial traveling wave solution (S1(z+ct), Sa(z+ct), I (z+ct), o (x+
ct)) of system (2.11) so that (3.22) holds. By Lemma 4.5, there exists pg > 0 such that

sup{;(z)e "%} < +oo, sup{|[j(z)|e "*} < 400, sup{|I/(z)le” """} < 400, i=1,2.
zeR z€R zeR

Consider Ry (€) := Sy — S1(¢). Integrating
S1(§) = d1S7(§) — B1151(€)11(§) — P1251(€) I2(€)

from —oo to & yields

£ 13
e(S1(€) — 8Y) = duS}(€) — Bur / Sy ()L () — B / Sy ()T () di.

Let E1(§) = Bl ffoo S1(n)I1(n)dn + Bz ffoo S1(n)I2(n)dn for any £ € R. It is not difficult
to show that Fy(£) < Cpreto¢ for any € € R, where Cjy > 0 is a constant. Due to the
definition of R;(&), we have

diRy(§) — cRi(&) = —E1(§), E€R.
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Solving the last equation yields

A 1 < 0 _ .

Ra(€) = Core®* o+ e®® [ amE ()
1 3

where Cyy = R1(0). Since E1(€) = O(eM€) as € — —oo, it is easy to see that Ry(£) =

O(etof) as € — —oo, where ) = min{ o, T4t Inview of 0 < Ry (§) < 59, we have

sup{ Ry (z)e "0"} < +oo.
TeR

Let Ry(w) := S9 — Sa(z), » € R. Similarly, we have

sup{ Ry (z)e "0*} < +o0.
T€R

In view of sup,cp{li(x)e """} < +o00, we define the one-sided Laplace transform of I;
by

Li()\):/_o e NI(6)de,  i=1,2.

Here we only consider A € R;. Since [;(§) > 0 for any £ € R and L;(+) is increasing in
its domain, for each i = 1,2, either there exists a positive constant v; > pg such that
L;(A) < 400 for any 0 < X < v; and limy_,,,_oL;(\) = 400, or L;(\) < +oo for any
A > 0. Now we further define the two-sided Laplace transform of I; by

We only consider A € Ry. Since I;() is bounded in R, we have f0+oo e NI (€)dE < 400
for any A > 0. Thus, £;(\) shares the same property with L;(A) in A > 0, that is, for each
i = 1,2, either there exists a positive constant v; > pg such that £;(\) < 4oo for any
0 <X <y and limy_,,,—o £i(X) = +00, or Lij(A) < 400 for any A > 0.

For each i = 1,2, we denote v; = 400 if £;(\) < +oo for any A > 0. In the following we
first show that indeed 11 = +00 and vy = +00, namely, for both i = 1,2, £;(\) < +oc for
any A > 0. We prove this claim by a contradiction argument. Without loss of generality,
we suppose 0 < v; < +o00 and v; < 19 < 400 on the contrary. We consider two cases:
1)0< v <y <+00;2)0 < v =1y < 400. We first consider the first case. Assume
0 <11 <vy <+oo. In view of

DyI{ (&) — eI} (&) — L1 (&) + BuSY(f1 + I1) (€ — er) + B12SY(f1 x I2) (€ — c7)
=B [f1* ((S] = S)I1)] (€ = er) + Bra [f1* ((S) — S1)I2)] (€ —e7)
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and

+o0
/ e N (f1* L) (€ — er)dE = Li(N)J1(N, ©),

—0o0

we have
L1(A) (D1A* — eX — 11 + BuiSYTi(A, €)) + La(N)BraSY T (A, €)

= /+OO €_>\5511 [fl * ((S(l) — Sl)Il)] ({ — CT)df (410)

-
+/ e M Bua [f1* (ST — S1)I2)] (€ — cr)dé.
Similarly, we have
L1(N)B2189J2(A, €) + La(X) (DaA? — e — 19 + B2259 (A, ¢))

=S /+OO 6_)\6521 [fg * ((Sg — 52)11)] (5 — CT)df (411)

—00

“+o00
—|—/ 6_/\§622 [fg * ((Sg — SQ)IQ)] (f — CT)df.
Since 0 < 59— $;(¢) < S0 for any € € R and sup, e { (S? = Si(€)) e % } < +o00, we have
that

/+°° e B [fix ((S? = S))11)] (€ —er)dé < 400, ¥ A€ (0,01 + pp)

—00

and

+o00
/ e Bia [fi + ((S? — Si)I2)] (€ — cr)dé < +oo, VY A€ (0,10 + pf)) -

00
In view of 11 < v, letting A\ — 11 — 0 in (4.11) yields a contradiction because the first
term tends to infinity and the other terms have bounded limits as A — vy —0. This implies
that the assumption 0 < 11 < vy < 400 is impossible.

Consider the second case, namely, 0 < v; = vy =: 1y < 400. If one of inequalities
Dlug —cvg — 11+ F1159J1 (10, ¢) > 0 and Dgug —cvg — 19 + (2259J2 (1, ¢) > 0 holds, then
letting A — 1 — 0 in (4.10) or (4.11) yields a contradiction. If both inequalities

Dlyg — vy — 711+ 1181 (ng,¢) <0 and Dgyg — vy — 19 + 228905 (p,¢) < 0 (4.12)
hold, then we can rewrite (4.10) and (4.11) into
h1(N)
L1(A L1(A O
v [ DO) (B (g ) ae o),
La(N) La(N) W)
where h;(\) = 2j=1,2 fj;o e By (fZ * ((SZQ — Si) Ij)) (& — er)d€. Tt is obvious that
1o < A(c) due to (4.12). Since ¢ € (0,¢*) and Ry > 1, it follows from Proposition 3.2 that
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infae(0,0] P(A; €) > 1. Since the matrix M (A, c) is positive, it is not difficult to show that
either

B11SYJ1 (A, c)
ml(/\7 C)

B1259J1(), ¢)

Li(N) + (v 0)

Lo(A) = p(A,e)L1(A), A€ (0,10)

holds, or

B2159 J5(A, c)
mZ()‘a C)

holds. Hence, for any A € (0,1p), there holds either

B2259 Ja (A, c)

L1(N) + ma(h, 0)

ﬁg()\) > p()\,c)ﬁg()\), A€ (0, V())

o0 - < M (4.13)
(p(\,¢) — 1) La(N) < m’:"’(?c). (4.14)

Since inf (g ) Mmi(A, ¢) > 0 and h;(N) is well defined in [0, vo + pug), letting A — vo — 0
in (4.13) and (4.14) yields a contradiction due to limy_,,—o £i(A) = +00. Thus, we have
proved that the assumption 0 < v; = vy =: vy < +00 is also impossible.

Now we complete the proof of the theorem. Note that we have proved that for each
i1 =1,2, L;(\) < +oo for any A > 0. It follows from (4.2) that

/ * (Bi1SiIh + Bi2Sil2)) (v — cT)dx

+p/ A=) (5 (B SiTy + BinSila)) (x — er)dz, ¥ € € R, (4.15)
i JE

where i = 1,2, Ail = ° +4Dm Alg = %5;4% and pPi = Dz(AZQ - Azl) Let A :=
max{—A11, A1, —Agl,AQQ}. Usmg (4.15) we can show that for each ¢ € R, I;(£ 4 y)e™ ™

is decreasing in y € R and I;(€ 4 y)e™V is increasing in y € R. Consequently, we have

DI} (&) = eL}(€) — rili(€) + B S (fi ¥ Tn) (€ — e7) + BiaSy (fi + I2)(§ — c7)
+8i1 (fix (S = Si) 1)) (€ — e7) + Bz (fi * ((S7 — Si) I2)) (€ — e7)

+oo
< gg/_ Fi(y) By (€ — cr — y) + BiaLo(€ — cr — y)) dy

—CT

+8? Ji(y) (Bird1(§ — cm —y) + Binla(§ — e —y)) dy

+oo
= Szo/ Fiy) Mt e M) (8 I (€ — (1 +y)) + Bia Lo (€ — (eT +y))) dy

250 [ fy)e NN (81 (€ — (7 + 1)) + Bala(€ — (cr + 1)) dy

—00
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+oo
<57 Fi()e ) dy (B 1 (€) + Biaa(€))

—CT
—CT

+57 Fi()e ™ M) dy (B 11 (€) + Biala(€))

< 2800;,™ (Bin11(€) + BiaI2(€)) (4.16)

for any £ € R, where g; = fjoooo fi(y)eMdy, i = 1,2. Using inequality (4.16) we obtain
+00
/ eI (€) (=mai(X ) + Bi11SYTi (A ¢) — 25?@15116071\) 3
—o0

+oo
+/ e M D(€) (B12S) T1 (N, ¢) — 257 01B12e™) dE < 0
and

+00
/ L) (B SOTa(A ¢) — 2500281

—00

—+o00
+/ e ML (€) (—ma(\, €) + B22SYJa (A, ) — 25909822 ™) d€ < 0.

Adding up the last two inequalities, we obtain
“+00 —+00 5
[ enenamds+ [T e e <o, (4.17)

where
X1(N) == —mi(\, ) + B11SYTi (N, €) + B21S5 Ja (N, €) — 257 01811 — 255028216,

x2(A) i= —ma(\,¢) 4+ B12SYT1 (A, €) + £22S9J2(\, €) — 25701 B12e™ — 259 09 Ba0e ™.

However, letting A — +o00 in (4.17) yields a contradiction because limy_ o xi(A) = +00.
This completes the proof. O

5 Dependence of the minimal speed ¢* on the model param-

eters

In this section, we focus on the dependence of the minimal wave speed ¢* on the
parameters of system (2.11). By virtue of (3.7), it is easy to see that the minimal wave
speed ¢* which is defined by Proposition 3.1 depends on the diffusion rates of the infectious
individuals D;, the transmission rates 3;;, the removed rates of the infectious individuals

r;, the diffusion rates of the latent groups Dy, the removed rates of the latent groups M;
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and the time delay 7, where i, j = 1,2. For the sake of convenience, we denote p(A,c) by
p, where p(\, ¢) is defined in (3.7). In addition, we always assume Ry > 1 in the following.

(A) We consider the continuous dependence of the minimal wave speed ¢* on the
diffusion rates of the infectious individuals D;(i = 1,2). For ¢ > 0 and A € (0,\(¢)), i # j

and 4,7 = 1,2, a straightforward calculation yields

1 ((pl()\,c) + (™A )i, 251262&?%(%0)) NSPINe)

oD; 2 p1(A,¢) p1(A, ¢)mj(A, c) m2(\, c)

where J;(\, ¢) = e(PLiX*=A=M)T 5(0) (X, ¢), n(A, ¢) and ms(A, ¢)(i = 1,2) are defined in
Proposition 3.1. Using this observation and Proposition 3.1 (iii), we have that ¢* = ¢*(D;)
is increasing on D; > 0(i = 1, 2), which means that the diffusion of the infection individuals

can increase the spread speed of the disease, see Figure 1(a).

Di——c' D, --c

Di DLi
@ ()

Figure 1: Numerical simulations of the continuous dependence of the minimal wave speed
¢* on D; and Dy, for i = 1,2. Here the parameters are as follows: SY = S§ = 50,
B11 = Bog = 0.24, B1o0 = 821 = 0.08, 11 =19 = 1.1, M1 = My = 1 and 7 = 1. In addition,
Dj=1.2and Dr, = Dy, =11in (a), and Dy; =1 and D; = Dy = 1.2 in (b) for i # j and
1,7 = 1,2, respectively.

(B) Similar to (A), for ¢ > 0 and X € (0, A(c)), we can easily get

ap ) op ..
>0,1=1,2 >0,1475=12
oDy, 0By J
Op _ op .
—<0,1=1,2; <0,1=1,2
87”1/ ) 7/ ) ) aMZ ) Z 9 M

which together with Proposition 3.1 (iii) imply that ¢* is increasing on f;; and Dy, and

is decreasing on r; and M;, see Figure 1(b), Figure 2 and Figure 3.
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1'90 01 0.2 0.3 %: 05 0.6 0.7 0.8 0 0.1 0.2 0.3 E: 05 06 07 0.8

(a) (b)
Figure 2: Numerical simulations of the continuous dependence of the minimal wave speed
¢* on Bj(i,j = 1,2). The parameter values are as follows: SY = S =50, D; = Dy = 1.2,
r="r9 = 1.1, DL1 = DL2 = 1, M1 = MQ =land 7=1. In addition, ,812 = 521 = 0.08
and f; = 0.24 in (a) and Bj; = 0.08 and (11 = S22 = 0.24 in (b), where 4,j = 1,2, i # j,

respectively.

r--c M --c
245 T T T T T T T T T 2.8

r. } M 4
(a) (b)

Figure 3: Numerical simulations of the continuous dependence of the minimal wave speed
c* on r; and M; for i = 1,2. For a convenience, the parameter values are as follows:
S9 =89 =50, Dy = Dy =12, D, = Dy, = 1and 7 = 1, B11 = B2 = 0.24 and
P12 = P21 = 0.08. In addition, r; = 1.1 and M; = My = 1 in (a) and M; = 1 and
r1=re=1.11n (b), i,j = 1,2, i # j, respectively.
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T T
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Figure 4: Numerical simulations of the continuous dependence of the minimal wave speed
c* on 7. The parameter values are as follows: S? = Sg = 50, B11 = P2 = 0.24, B2 =
Ba1 = 0.08, 1 =ry = 1.1 and My} = My = 1. In addition, 1.5 = D; > Dy, = 1.3 and
1.5=Dy > Dy, =131in (a), 1.3 =D; < Dy, = 1.5 and 1.3 = Dy < Dr, = 1.5 in (b),
1.5=D; < Dp, =17and 1.5=Dy > Dy, =1.31in (c¢), and 1.5 = D; > Dy, = 1.3 and
1.5 =Dy < D, = 1.7 in (d), respectively.



Traveling waves in a two-group epidemic model 37

(C) We consider the continuous dependence of the minimal wave speed ¢* on the time

delay 7 > 0. For the sake of convenience, take

S? = Sg = S(], Dl = D2 = D’ DLl = DL2 = DL (DL < D)’ (51)
Bi1=Pap=p", Pra=pBa=B", ri=rp=r, Mi=My=M. (52)

Let m()\,¢) = DA? — e\ — r. Fix 79 > 0, then there exists a unique pair of \.(79) > 0

and ¢*(79) such that p(\,c¢*) = 1 and % o) = 0, from which we have Dp\2(7y) —

c*(10) A«(10) < 0. Rewrite p(\, ¢) as p(A, ¢, 7). Then we have

Ip(Ai(10), ¢ (0), 70 + V)
ov v=0
(8% + B7)SY(DLA2(70) — ¢*(10) Au(T0) — M)e(PrA2(0)=¢" (70)A+ (70)=M)o
m(A«(70), ¢*(70))

< 0,

which implies that ¢* is a decreasing function of 7 > 0. Due to the mathematical difficul-
ties, here we only handle the special case as (5.1) and (5.2). For the general case, we can

find that c¢* is also decreasing on 7 > 0, see Figure 4.

6 Discussion

In this paper we have constructed a reaction-diffusion system (2.10) with non-locality
and time delay to describe the spatial spread of an infectious disease in two groups/sub-
populations. It is assumed that the susceptibility of individuals for infection and the
infectivity of individuals are distinct in these two groups/sub-populations, the infectious
disease has a fixed latent period, and the latent individuals of the populations diffuse in
the spatial domian. Our results indicate that the existence of traveling wave solutions
is determined by the basic reproduction number Ry(SY,S9), a threshold evalued at the
disease-free equilibrium. When Ry(SY,S9) > 1, there exists a positive number ¢* such
that for each ¢ > ¢*, the system admits a nontrivial traveling wave solution with wave
speed ¢; when Ry(SY,59) < 1or Ry(SY,59) > 1 and ¢ < c*, there is no nontrivial traveling
wave solution. Thus, once one subpopulation is infected by the infectious disease, it will
be spread geographically to the other subpopulation.

Here we would like to emphasize that when Ro(S?,59) > 1, the existence of traveling
wave solutions of the system with speed ¢ = ¢* is not established. Following from Theorem
3.10 and its proof, we know that for the traveling wave solution (S1(z+-ct), So(x+ct), I (z+
ct), Iy(x+ct)) of the system with speed ¢ > ¢*, the susceptible components S; () and Sa(+)
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are decreasing (front type), but the infective components I;(-) and I(-) are not monotone
(pulse type), which make it very difficult to establish the existence of traveling wave
solutions of the system with speed ¢ = ¢* by taking a limit for a sequence of traveling
wave solutions with speeds ¢, (¢, > ¢* and ¢, — ¢* as n — o0). It needs to mention
that Wu [63] recently established the existence of traveling wave with critical speed for a
discrete diffusive epidemic model of the Kermack—Mckendrick type by a delicate analysis
of traveling waves with super-critical speeds and the limiting argument. We expect that
the argument of Wu [63] can be applied to our model and leave it as a future work.
In addition, considering the spreading speed for solutions of our model that the initial
values of infective components have compact support is very meaningful. Recently, there
were some studies focusing on such topic in infection models for one group without vital
dynamics (births and deaths), and with or without latent period, see Beaumont et al. [5],
Ducrot and Giletti [14], and Jones et al. [34-36]. In [5,14,34-36], it was always assumed
that the susceptible individuals are immobile, which lead to that the systems studied
by [5, 14, 34-36] can be induced to a single scalar equation and hence, the theory on
the spreading speed developed by Liang and Zhao LZ2007, Thieme [52,53], Thieme and
Zhao [54] can be used. However, since our model has two groups and the diffusion rates
dy and dy are positive, it seems to be impossible to induce system (2.10) to a cooperative
system with two components, and hence, the method used in [5,14,34-36] could not be
applied to the current system. Therefore, the existence of the spreading speed for system
(2.10) (even for a system with one group) is a challenging and open problem.

Note that Fitzgibbon et al. [20] used the following reaction-diffusion system with non-
locality and time delay on a bounded domain to model the spread of Feline Immunodefi-
ciency Virus (FIV)

881? = d;Au; — Bituivr — Biouiva,
B = Dildvi = Nvg +wi(7) * (uit = 7,) (Bnvr(t = 7,7) + Biava(t = 7,)). (6.1)
ou;

5. =gt =0, r€0Qt>0,

where i = 1,2, wi(r,z) * y(t — 7,2) = [quwi(T,z — )yt — 7,§)d¢ and w;(t,z) is the
fundamental solution associated with the partial differential operator 0; — d;A — \; and
no flux boundary condition for ¢ = 1,2, see [20, fomulas (3.2a), (3.2c) and (3.11a)-(3.11d)]
and [21]. If we let @ =R in (6.1), then system (6.1) becomes

6 .
g = diAu; — Biruivy — Biauiva,

Wi = DiAv; — Nvi + [ 9i(T, 2 — ) (wi(t — 7,y) (Bavi(t — 7,y) + Bivi(t — 7,y))) dy,

(6.2)




Traveling waves in a two-group epidemic model 39

g2
which is a special case of system (2.10), where g;(t,z) = e_/\itﬁditem, i = 1,2. According
to [9,29], we take u? = ug = 25, d1 = d2 = d3 = d4 = 1, Bll = 006, Bl? = 521 = ,822 =

0.01, Ay = A2 = 0.2, and 7 = 2. Using these parameters, we obtain

5.0272  0.8378
Ro=p > 1
0.8378 0.8378

and ¢* = 1.1543, which implies that the disease will outbreak. It follows from the results
of Sections 3-4 that a best strategy to control the disease is to decrease the transmission
rates (3;; and increase the removed rates \; so that Ry < 1. Otherwise, it follows from
the result of Section 5 that one can decrease the diffusion rates D; and Dy so that the
spread speed of the disease become slower. Of course, the results of this paper can also
be applied to other sexual transmission diseases.

As mentioned in Section 1, Ducrot, Magal and Ruan [19] have studied the following

multigroup age-structured epidemic model

%F;i = dulApZ — Pi Z?:l 0+OO ¢j(ta a, x)daa
Wi i = dyi Ay — pis, (6.3)
vit,0,2) = pi Y5y [y Kig(a)ys(t,a, 2)da.

When K; j(a) = kivjl[Ti,j7OO) (a), pi(a) = p;, where 1, . )(a) denotes the characteristic

function on [ ;,00), K;j > 0, 7;; > 0 and f1; > 0, system (6.3) reduces to

OB = dyilNp; — pi Y1y €70 K Ty A (T st = T ),

| v (6.4)
Qi = dyi Ay — it + pi Sy €T K Ty, A (73 )0 (= T, ),

where Tya (t)p(z) = 2 [T, o(z — y)ef%dztdy. It is obvious that system (6.4) is different
from our system (2.11). In contrast to Theorems 3.10 and 4.6 of this paper, the results
of [19] showed that when the basic reproduction number Ry > 1, there exists a number
¢* > 0 such that for any ¢ > ¢*, system (6.3) admits a traveling wave solution with wave
speed c. In addition, it is different from Theorem 4.1 of this paper, where the nonexistence
of traveling wave solutions of (2.11) for both Ry < 1 and Ry = 1 has been proved, while
in [19] the authors only proved the nonexistence of traveling wave solutions of (6.3) for
Ry < 1 but the case when Ry = 1 remains open. Here we would like to mention that
the methodology used in Section 4 to prove the nonexistence of traveling waves of (2.11)
for Ry > 1 and 0 < ¢ < ¢* can be easily applied to system (6.4). However, to apply the
method to (6.3), it seems difficult due to the presence of the age variable a and needs some

elaborate analysis for the traveling wave solutions of (6.3).
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