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Abstract

This paper deals with entire solutions for a general nonlocal dispersal monostable equation with spatio-
temporal delay, i.e., solutions that are defined in the whole space and for all time ¢ € R. We first derive a
particular model for a single species and show how such systems arise from population biology. Then we
construct some new types of entire solutions other than traveling wave solutions and equilibrium solutions
of the equation under consideration with quasi-monotone and non-quasi-monotone nonlinearities. Various
qualitative properties of the entire solutions are also investigated. In particular, the relationship between the
entire solutions and the traveling wave fronts which they originated is considered. Our main arguments are
based on the comparison principle, the method of super- and sub-solutions, and the construction of auxiliary
control systems.
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1. Introduction

In recent years, many reaction—diffusion equations with spatio-temporal delay or nonlocal de-
lay have been proposed and studied to model the interactions of time lag of feedback and spatial
diffusion of biological species. See the survey papers of Gourley and Wu [13] and Ruan [32]. Two
typical and important examples which have been extensively studied are the diffusive Nicholson’s
blowflies equation with spatio-temporal delay [10,11,20]:

a—”—Daz—”—a( 1)+ p(G *u)(x, 1) exp{—a(G xu)(x,1)} (1.1)
ar = axz ux, P u)x, Xp a u)x, , .

and the following equation describing the evolution of matured population of a single species [ 1,
12,33]:

o0 +00
du _ 0% du( t)—i—//G( Y (u(y, t — 5))dyd (1.2)
o — P u(x, x—=y,8)b(u(y, s))dyds, .
0 —o0

where u(x,t) denotes the density of the population at location x € R and time ¢ > 0,
D, 38, p,a,d > 0 are constants, G (-, -) is the kernel function, and

00 +00

(G*u)(x,t)://G(x—y,s)u(y,t—s)dyds. (1.3)

0 —o0

Note that a basic assumption behind (1.1) and (1.2) is that the internal interaction of species
is random and local, i.e. individuals move randomly between the adjacent spatial locations. In
reality, the movements and interactions of many species in ecology and biology can occur be-
tween non-adjacent spatial locations, see e.g. Lee et al. [18] and Murray [29]. Taking this fact
into account, (1.1) and (1.2) can be extended to the following nonlocal dispersal equations with
spatio-temporal delay:

ou

m =D(J xu—u)(x,t) —du+ p(G*xu)(x,t) exp{—a(G *u)(x, t)}, (1.4)
and
a o0 400
a—l: =D xu—u)(x,t) —du —i—/ / G(x — y,s)b u(y,t —s))dyds (1.5)
0 —o0

respectively, where (G * u)(x, t) is defined in (1.3), J * u — u is a nonlocal dispersal operator
and J * u is a spatial convolution defined by

+00

(J*xu)(x,t) = / J(x —yu(y, t)dy. (1.6)

—00
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In the next section, we shall derive model (1.5) and show how such systems arise from population
biology. To the best of our knowledge, it is the first work to derive the nonlocal dispersal model
with spatio-temporal delay.

Due to their significant applications, front propagation dynamics are one of the most im-
portant dynamical issues about biological and epidemiological models. In particular, there have
been many results on the traveling wave solutions for nonlocal dispersal equations, see [2,3,5,0,
30,31,45]. For example, Coville [6] studied the existence and uniqueness of traveling waves of
a nonlocal dispersal diffusion equation with bistable and ignition nonlinearity. Pan [30] and Pan
et al. [31] considered the existence of traveling waves for monostable nonlocal dispersal systems
with delayed reaction terms satisfying quasi-monotonicity and exponential quasi-monotonicity,
respectively. Results in [30,31] were well applied to the Nicholson’s blowflies equation with
nonlocal diffusion (1.4). Yu and Yuan [45] studied the existence, asymptotic behavior and
uniqueness of traveling wave fronts for a general monostable nonlocal dispersal equation with
delay.

Although the traveling wave solution is a key concept characterizing the dynamics of reaction—
diffusion equations, the dynamics of reaction—diffusion equations are so rich that there might be
other interesting patterns, see [7,8,17]. More recently, front-like entire solutions that are defined
for all space and time and behave like a combination of traveling fronts as t — —oo have been
observed in various diffusion problems. These solutions can not only describe the interaction of
traveling waves but also characterize new dynamics of diffusion equations. For the study of such
entire solutions, we refer to [4,14-16,19,23,27] for reaction—diffusion equations without delay,
[22,35,37,42] for reaction—diffusion equations with nonlocal delay, [38,39] for delayed lattice
differential equations with nonlocal interaction, [21,34] for nonlocal dispersal equations with-
out delay ((1.9) below), [28,40,44] for reaction—diffusion systems, and [43] for periodic lattice
dynamical systems. However, to the best of our knowledge, the issues on entire solutions for
nonlocal dispersal equations with spatio-temporal delay have not been addressed, especially for
infinite delay equations. This is the motivation of the current study.

More precisely, in this paper, we consider the entire solutions of the following general nonlo-
cal dispersal equation with spatio-temporal delay:

up =D *u—u)(x,t)+ f(uCx,0), (G*Sw))(x,1)), (1.7)
where (J * u)(x, t) is defined in (1.6), and

00 +00

(G*S(u))(x,t)://G(x—y,s)S(u(y,t—s))dyds. (1.8)

0 —oo

It is clear that (1.7) is a generalized version of the models (1.4) and (1.5). In particular, if
G(x,t) =68(x)8(t), then (1.7) reduces to the nonlocal dispersal equation without delay:

u,:D(J*u—u)(x,t)+f(u(x,t)), (1.9)

which has been studied by many researchers, see e.g. [5,6,21,34].
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For the kernel functions J and G, we impose the following conditions:

G J(=x)=J(x)=0,Gx,1)=GC(—x,1) =0,

+o0 00 400
/ J(y)dy =1, f / G(y,s)dyds =1 (normalized),
—00 0 —oo

and for any ¢, A > 0,

400 o0 400
/ e J(y)dy < +oo and / / e MO G(y, s)dyds < +o0.
—0o0 0 —oo

We also make the following basic conditions for the reaction functions f and S:

(C1) f € C*(I,R), S € C*(0,K],R), F(K,S(K)) =0, f(u,S@w)) >0 for u € (0, K),
f(u,v) <31 £(0,0)u + 3 £(0,0)v for (u,v) € I and 0 < S(u) < §'(0)u for u € [0, K],
where K > 0 is a constant and I = [0, K] x [0, S(K)].

Note that (Cy) implies that £(0,0) = S(0) = 0 and that the nonlinearity of (1.7) is monostable.
As usual, if the following condition holds:

(Cy) S’(u)>0foruc[0,K]and 3, f(u,v) >0 for (u,v) el,

then (1.7) is called a quasi-monotone system; otherwise, it is called a non-quasi-monotone sys-
tem. In the monostable case, the existence of traveling waves of (1.7) can be obtained by the
methods used in [24,25,31,41].

The aim of this paper is to construct some new types of entire solutions for (1.7) with quasi-
monotone or non-quasi-monotone nonlinearity. In the quasi-monotone case (i.e. (C2) holds),
we first establish a series of comparison principles for (1.7) and a related linear equation (see
Lemmas 3.6-3.8). Then, we prove the existence and qualitative features of entire solutions by
using these comparison principles. The relationship between the entire solutions and the trav-
eling fronts which they originated is also considered. In particular, we find some interesting
phenomenon for the nonlocal dispersal equation, which is similar to those obtained in [16] for
the Fisher—KPP equation. The method used for the quasi-monotone case is inspired by the works
of Hamel and Nadirashvili [15,16].

More precisely, the idea is to study the solutions u*(x, 1) of a sequence of Cauchy problems
for (1.7) starting at times —k (k € N), where the combinations of any finite traveling fronts with
speeds ¢ > ¢, (c, is the minimal wave speed) and a spatially independent solution (SIS for short)
of (1.7) are taken as the initial values. In this case, the sequence of functions {uk (x, ) }reN 18
monotone with respect to k. Then, by constructing subsolutions and appropriate upper estimates
and using the comparison principles, some desired entire solutions are obtained by passing the
limit £k — oco. We mention that when ¢ > c,, the upper estimates are constructed via the expo-
nential decay of the traveling wave fronts and SISs at —oco. However, the decay of the traveling
fronts with ¢ = ¢, at —oo is not exponential (see Lemma 3.4). To overcome this deficiency, we
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propose a new concavity assumption on the functions S and f (see the assumption (C3)) and

then obtain an appropriate upper estimate by establishing a corresponding comparison principle.
On the other hand, it is well known that the comparison principle is not applicable for non-

quasi-monotone systems. To overcome this difficulty, we make the following assumptions:

(C3) There exist K* and K with0 < K~ < K < K™ and twice piecewise continuously differ-
entiable functions ST : [0, KT] — Rand f*: 7t — R such that
() feC*IT,R)and S e C*([0, Kt],R), f(K,S(K)) =0, f(u,Su)) >0 for u €
0, K);
() 8 ff e CUT,R), fEKE, ST(KT) =0, fFu,ST(m)) >0 for u € (0, K*),
(%) (0) = S’(0) and 3; f+(0,0) = 3; £(0,0),i =1,2;
(i) S*(u) are non-decreasing on [0, K +]and f*(u,v) are non-decreasing with respect
to the second variable v on It;
iv) 0<S () < Swu) < ST(w) <S8 O)u for u e [0, K], and f~(u,v) < f(u,v) <
F@u,v) <81 £(0,0)u+ 8, £(0,0)v for (u,v) elt;
(v) there exists positive constants L ¢, Lg > 0 such that

FE@,v1) = fEu, ) < Lpmax{0,v1 —v2},  Y(u,v1), ,v2) €T,

SE(u1) — SF(u2) < Lsmax{0, u1 —uz}, Vui,up € [0, K]

Here and in the following, we denote /T := [0, K*] x [0, ST(KT)]. It is clear that f* = f,
St=S,and KT=K if 9 f (u, v) >0 for (u,v) € I and S’(u) > 0 for u € [0, K]. We shall give
some examples on the constructions of f* and ST, see Section 6 for applications.

Based on (Cy)’, we introduce two auxiliary quasi-monotone nonlocal dispersal equations with
spatio-temporal delay to “trap” the original equation, and establish a comparison theorem for
the Cauchy problems of the three systems (see Lemma 5.2). In this case, we consider the so-
lutions U*(x,t) of a sequence of initial value problems of (1.7), where the combinations of
traveling fronts and SISs of the lower system (i.e. the auxiliary system with smaller reaction
term) are taken as the initial values. Due to the non-quasi-monotone nonlinearity, the sequence
of functions {U¥(x, 1)}ren may not be monotone. Thus, we cannot prove the convergence of
{U*(x, t)}ren as k — —oo. An alternative is to prove that there is a convergent subsequence of
{(U*(x, )} ken. Unfortunately, the solution functions {U k(x, 1)} of the nonlocal dispersal equa-
tion (1.7) are not smooth enough with respect to x. To obtain a convergent subsequence, we
have to make {U¥(x, 1)} possess a property which is similar to a global Lipschitz condition with
respect to x (Lemma 5.3). For this, we impose the following assumption:

(Gy) There exists L > 0 such that for any > 0,

+oo o0 +00
/!J(ern)—J(y)!dySZn and //!G(y+n,s)—G(y,s)\dydsfin.
e 0 —o0

It should be point out that in [21,34], the authors proved a similar property for solutions of (1.9)
by making the following assumption:

(G2)* J(-) € C'(R) and J(-) is compactly supported.



2440 S.-L. Wu, S. Ruan / J. Differential Equations 258 (2015) 2435-2470

Clearly, if J(-) satisfies (G2)* and G(x,t) = §(x)8(t), then (G2) holds. Moreover, it is easy to
2

verify that the functions J(x) = \/41?96_?‘_9 and G(x,t) = &(x)8(¢) satisfy (Gz), which implies
that (G) is weaker than (G)*. Here ¢ > 0 is the nonlocal dispersal constant.

The rest of the paper is organized as follows. In Section 2, we derive model (1.5) along with
an explicit formula to calculate G (-, -). In Section 3, we give some preliminaries. First, we state
some results on traveling fronts and SISs of (1.7). Some existence and comparison theorems
for solutions, supersolutions and subsolutions of (1.7) are then obtained. According to the pre-
liminaries established in Section 3, we prove the existence and qualitative properties of entire
solutions of (1.7) with quasi-monotone and non-quasi-monotone nonlinearities in Sections 4
and 5, respectively. Finally, we apply our abstract results to models (1.4) and (1.5) in Section 6.

2. Important particular cases

In this section, we derive model (1.5) and give an explicit formula for the kernel function
G(,).

Consider a single species population with age structure distributed over £2 =R. Let v(x, t, a)
be the density of individuals at location x € R, time ¢ > 0 and age a > 0. Using D(a) and d(a)
to denote the diffusion and death rate of the population at age a, respectively.

In reality, individuals in a population do not necessarily always mature at the same age. There-
fore, in this paper, we assume that there is a probability density function p(a) specifying the
probability of maturing at each age a. Motivated by ecological considerations, we assume that

o0

pa)>0 and /p(a)da: 1.
0

Assume that the spatial dispersal of individuals is isotropic and can occur between non-
adjacent spatial locations. See Lee et al. [18] and Murray [29]. Let J(x — y) be the probability
distribution of individuals moving from location x to location y. Then, we have

+0o0

J(—=x)=J(x)>0 and /J(y)dy:l.

—00
Since only the matured population can reproduce, we obtain

+00
a

—v+ iv = D(a) / J(x — y)[v(y, t,a) —v(x, t,a)]dy —d(a)v(x,t,a),

3t da 2.1)

—00

v(x,t,0)= b(u(x, t)),

where b(-) is the birth function.
Note that the probability of maturing before the age a is F(a) = foa p(s)ds. Thus, the total
number of matured population u(x, ¢) is
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o0

u(x,t):fF(a)v(x,t,a)da. 2.2)

0

Now, we aim to find a differential equation satisfied by u(x, ). Differentiating (2.2) with respect
to t and using (2.1) yields

o0 —+00
%:/F(a)(—aiv—i—D(a) / J(x—y)[v(y,t,a)—v(x,t,a)]dy—d(a)v)da. (2.3)
a

0 o0

As the cost of assuming that individuals may mature at different ages, we need to require that
the diffusion and death rates of the population are age independent, i.e. D(a) = D and d(a) =d
for a > 0, where D and d are positive constants. Then, using F(0) = 0 and the ecologically
reasonable assumption v(x, t, 00) = 0, it follows from (2.3) that

+oo [}
2—? =D / Jx = [uy, 1) —ulx,0)]dy — du + / pla@)v(x,t,a)da. (2.4)
% 0

In order to obtain a closed system for u(x, t), we need to evaluate v(x, t, a). For fixed s > 0,
let

Vi(x,t)=v(x,t,t —s) fors<t<s-+a.

Then, V*(x,s) =v(x,s,0) =b(u(x, s)). Moreover, by (2.1), we have

ad d a
_VS 7t = 7t’ a 7t7
ot e atv(x “ a=t—s * aav(x “ a=t—s
+00
=D / J(x — y)[Vs(y, 1 — Vi, t)]dy —dV:(x,1). (2.5)
—00

Note that the function V*(x, f) can be viewed as the continuous spectral of a function v*(z, 1) by
Fourier transform:

+o00
V(A = f e VS (x, Ddx, (2.6)
—0Q
400
V“(x,t):i / (1, M)d, (2.7)
2
—0oQ

where i is the imaginary unit. Applying the Fourier transform (2.6) to (2.5), we obtain
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+00
0] A
Evs(l,)\.): |:—2D / J(y) Sin2 Tydy—d:|vs([,)\,)

—00

Solving the linear equation, we get

+00
V(A = exp{—ZD(t —5) / J(y) sin? )%ydy —d(t — s)}vs(s, A).

—00

Using the inverse Fourier transform (2.7), we obtain

+o0 +oo
1 . A
Vs(x,t)zz—e*d“*” / e'“exp{—zz)(t—s) J(z) sin? gdz}w(s,)\)d,\.
T
—c0 —00

Since V¥(x,s) = b(u(x,s)), we have

“+00
v (s, 2) = / e b(uy.s)dy.
—00
Thus,
1 o
VS(X, t) — ge—d(l—s) / b(u(y’ S))
—0Q
+00 +oo 5
X / Y exp{—ZD(t —s) | J(z)sin’ jzdz}dld)’-
—00 —o0
Letting t =5 + a, we get
1 i
v(x,t,a) =V (x, 1) = ——e M / bu(y.t —a))
2
—0Q
+o0 +0 5
X / Y exp{—EDa f J(z) sin? jde}d)\d)ﬁ
00 —00

Therefore, the model for the matured population finally becomes

00 +00

uy=D(J xu—u)(x,t) —du +/ / e_dsp(s)Go(x -y, s)b(u(y,t - s))dyds, (2.8)

0 —o0
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where

| +00 +00 N
Go(x,s):E/ei)‘xexp{—ZDs/J(z)sin2 Tzdz}d)»

—00 —00

1 ~+00 +00
=2—e_DS/cosAxexpiDs/J(z)coskzdz}dk.
T

—0oQ —0o0
Let G(x,s) = e‘d“p(s)Go(x, s). Then (2.8) reduces to model (1.5).

If p(s) = &(s — rg) for some positive constant ry, that is, all individuals mature at the same
age ro, then (2.8) becomes

+00
uy=D(J xu—u)(x,t)—du+ e~ 4ro / Golx —y, ro)b(u(y,l - ro))dy. (2.9)

—00

Furthermore, if ryo = 0, then Go(x, 0) = §(x), hence we obtain the nonlocal dispersal equation
without delay

ut=D(J*u—u)(x,t)—du+b(u(x,t)). (2.10)

We note that it is easy to prove that Go(x, 1) = Go(—x, 1) and [;° fj;o Go(y, s)dyds = 1.
It seems difficult to prove Go(x, t) > 0 for general kernel J(-). Nevertheless, in the rest of this
paper, we consider (1.7) for a general kernel functions J(-) and G (-, -) satisfying the assumption
(Gy) in Section 1.

Remark 2.1. Thanks to the referee, we would like to make some remarks.

(1) In the present paper, we do not assume that all individuals become mature at the same age.
As a consequence, we need to require that the diffusion and death rates of the population are age
independent. This is a strong assumption which makes such models only appropriate for certain
kinds of species, perhaps some mammals, where juveniles stay with their parents and are subject
to the same per-capita death rates.

(2) If individuals mature at the same age, say ro > 0, then we only need to assume that the
diffusion and death rates for the mature population are age independent. In fact, by applying the
method used in So et al. [33], we can derive a nonlocal dispersal equation with a discrete delay
which is similar to (2.9).

3. Preliminaries

In this section, we first state some results on traveling wave fronts and spatially independent
solutions of (1.7). Then we discuss the well-posedness of the initial value problem of (1.7), and
establish a series of comparison theorems for supersolutions and subsolutions of (1.7) and a
related linear problem, which will play an important role in constructing entire solutions.
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3.1. Traveling fronts and spatially independent solutions

A traveling wave of (1.7) connecting O and K is a solution of the special form u(x, ) =
¢c(€), £ = x + ct, where the velocity ¢ and the wave profile ¢ satisfy the following functional
differential equation

chp(§) = D[(J % 9)(E) — ¢ (©)] + f(¢c(8), (G * S(@0))(§)) (3.1

with asymptotic boundary conditions
¢c(—00)=0 and ¢.(+00) =K, (3.2)

where (J % ¢0)(€) = [T J (»)¢c (& — y)dy and

00 +00

(G * $(6)) (&) = / / Gy, )S(9el€ — y — cs))dyds.
0 —o©

We say ¢, is a traveling (wave) front if ¢.(-) is monotone.
It is clear that the characteristic function for (3.1) with respect to the trivial equilibrium O can
be represented by

+00

Alc, M) i=ch — D|: / e I(y)dy — 1} — 91 £(0,0)
o0 400
— 3.£(0,0)5(0) / / e MO G(y, s)dyds = 0. (3.3)
0 —o0

From (C1), we see that 3; £(0,0) + 3, £(0,0)S'(0) > 2 (5, 5(X)) > 0. Thus, one can easily
show that the following result holds, see also [45].

Proposition 3.1. Let (Gy) and (Cy) hold. There exist A, > 0 and c, > 0 such that
0
Alcg, Ay) =0 and —ANA(ck, V) =0.
oA A=hy

Furthermore, if ¢ > cy, then the equation A(c A) = 0 has two positive real roots L1(c) and L (c)
with A1(c) < Ay < Ap(0), ac)‘l(c) <0, and Felerr(@)] <.

Now, we consider the traveling fronts and SISs of (1.7) with quasi-monotone assumption.
Here, the SIS of (1.7) means the solution of the following delayed problem:

o] +00
ﬁ(r):f(ﬁ(r),fs(r(r—s)) / G(y,s)dyds), reR. (3.4)

0 —00
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Using similar methods as in [24,41,45], we can obtain the following existence result on the
traveling fronts and SISs.

Proposition 3.2. Assume (Gy), (C1) and (Cp).

(i) For each ¢ > cy, (1.7) has a traveling wave front ¢.(x + ct) which satisfies ¢.(-) > 0,
¢c(—00) =0, and ¢.(+00) = K. Furthermore, for ¢ > ¢y,

Jim ge®)e =1 and go) =M, g eR. (3.5)

(ii) There exists a solution I'(t) : R — [0, K] of (3.4) which satisfies I'(—o0) = 0 and
I’ (+00) = K. Furthermore,

'@ >0, . lim I'®)e " =1 and I'(t)<e! forallt e R,
——00

where \* is the unique positive root of the equation

00 +00

A — 31 £(0,0) — & £ (0, O)S/(O)/ / e M G(y, s)dyds = 0.
0

—00

We can further obtain the asymptotic behavior for any traveling wave fronts of (1.7) by ap-
plying the following version of Ikehara’s theorem, see e.g. Carr and Chmaj [2].

Lemma 3.3. Let u(§¢) be a positive decreasing function and J1(A) := f0+°° e My E)de. If Iy

can be written as J1(A) = J(A)(A + Ag)~ %D where k > —1, Ay > 0 are two constants and
J is analytic in the strip —Ag <Re A <0, then

im u@)  J(=Ao)
E>+oo Eke=405 T (Ag+ 1)’

Lemma 3.4. Assume (G1), (Cy) and (Cp). Let ¢.(&) be any traveling wave front of (1.7) with
speed ¢ > cy.

(i) Forc > cy,
Jim ge@)e™ K =a(e) and  Tm ¢ E)e P =a@h() (36)

(ii) forc=c,
Jim ge©)6 e P = —a(e) and - lim ¢[§)5 e = —a@n(©). (3T

where a(c) is a positive constant.
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Proof. The proof is similar to that of [36, Theorem 4.8] and [2, Theorem 1]. Here, we only
sketch the outline. The proof is divided into three steps.

Step 1. We show that ¢ (&) is integrable on (—oo, £'] for some &’ € R.

Step 2. We prove that ¢.(£) = O(e?¢) as € — —oo for some y > 0. To get the assertion, we
first show that W (&) = O(e¥%) as &€ — —oo, where W (&) := ffoo dc(s)ds.

Step 3. For 0 < Re A < y, define a two-sided Laplace transform of ¢ by L(A) = f_Jrocf ¢ (&) x
e *§dg. Using Lemma 3.3 and a property of Laplace transforms, one can show that for ¢ > ¢y,
limg oo b (E)e 1 = g(c) and for ¢ = ¢y, limg_ _ o Ge(£)ELe™MOE — _g(c).

Furthermore, using (3.1), we can verify that for ¢ > ¢y, limg_, _ (]5;(%')6_)"(0)5 =a(c)r1(c)
and for ¢ = ¢y, limg_, _oo L(E)E e 18 = —a(c)A1(c). This completes the proof. O

3.2. Initial value problem

In this subsection, we consider the initial value problem of (1.7) with the following initial
data:

u(x,s)=¢x,s), xeR, se(—o0,0]. 3.8)

We shall study the well-posedness of the IVP (1.7) and (3.8), and establish a series of comparison
theorems for supersolutions and subsolutions of (1.7) and a related linear problem.

Let X = BUC(R, R) be the Banach space of all bounded and uniformly continuous functions
from R into R with the supremum norm || - || x. Let

Xpo,k1:={p € X: p(x) €[0,K], Vx R}, (3.9)
Cio,k) := C((—00, 01, X[0,k1)- (3.10)

For any ¢ € Cjo,k7, define [|¢|l¢c = supge(—co.0) 9 (@)l x-
As usual, we identify an element ¢ € C as a function from R x (—o0, 0] into R defined by

¢(x,s) = ¢(s)(x). For any continuous function u : (—o0o0,b) — X, b > 0, we define u; € C,
t €[0,b) by u;(s) =u(t +s), s € (—o0, 0]. Define F : Co,xg] — X by

F(@)(x) = (J %9)(x,0) + L19(x, 0) + f(¢(x,0), (G * S()) (x,0)),

where L = max, ey 101 f(u, v)]. It is easy to see that F : Cio,x] — X is globally Lipschitz
continuous. )

Let T(t) = e~ P+LV! Clearly, T'(t) is a linear semigroup on X. The definitions of supersolu-
tion and subsolution are given as follows.

Definition 3.5. A continuous function u : (—oo, b) — X[o, k], b > 0, is called a supersolution (or
a subsolution) of (1.7) on [0, b) if

t

u) = (or T =9)[u)] + [ 7= [Fu]dr

N

for any 0 <s <t < b. If u is both a supersolution and a subsolution on [0, b), then it is said to
be a mild solution of (1.7).
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According to Definition 3.5, we have the following result.
Lemma 3.6. Assume (Gy), (Cy) and (C)).

(i) For any ¢ € Cjo,x], (1.7) has a unique mild solution u(x,t;¢) on [0,00) with 0 <
u(x,t;9) < K for x e R, t > 0. Moreover, u(x,t; @) is a classical solution of (1.7) for
(x,1) € R x (0, 00).

(ii) For any pair of supersolution u™ and subsolution u= of (1.7) on [0, 00) with u™(x,s) >
u=(x,s) for x e R and s € (—o00, 0], one has 0 < u~(x,t) <ut(x,t) < K for (x,t) €
R x [0, 00).

Proof. (i) The first part of this assertion can be proved by using the contracting mapping theo-
rem, see e.g. Fang et al. [9, Lemma 2.8]. It can also be proved by applying the theory of abstract
functional differential equations (Martin and Smith [26, Corollary 5]). Since the process is stan-
dard, we omit the details here. Suppose that u(x, t; ¢) is the unique solution of (1.7) with initial
value ¢ € Cjo, k7. For simplicity, we denote u(x, t; ¢) by u(x, t). From Definition 3.5, u(x, t)
satisfies

t

u(@®)(x) =T ®)[elx) + / T(t —r)[F(uy)](x)dr.

0

Differentiating both sides of the above equation, we obtain

du(x, 1) =—(D + L)e” P o (x) + F () (x)
t

— +L)/T(: P [Fun]wdr
0

= —(D+ L)e" P o (x) 4+ F(uy) (x)
— (D4 Lu(x, 1)+ (D+ L) T ®)[p](x)
=D xu—u)(x,t)+ f(u(x, 1), (G * S(u))(x, t)).

Therefore, u(x, t; ¢) is a classical solution of (1.7) for (x, 1) € R x (0, 00).
The assertion (ii) follows from [26, Corollary 5]. This completes the proof. O

The following comparison theorem plays an important role in constructing upper estimates
for solutions of (1.7).

Lemma 3.7. Let (Gy) and (Cy) hold. Assume further that 3, f(0,0)S’(0) > 0. Let u™t €
C(R?, [0, 400)) and u~ € C(R?, (—oo, K1) be such that ut(x,s) > u"(x,s) forx eR, s €
(—o00,0]. If
u;" > D[(J * u+)(x, 1) —ut(x, t)]
+91.£(0,0)u™t (x, 1) + 32£(0,0)8"(0)(G *u™)(x, 1), (3.11)
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u, < D[(J * u_)(x, t)—u (x, t)]
+ 01 £(0,00u™ (x,1) + 32/ (0,0)S"(0)(G *u™)(x, 1)

forxeRandt >0, thenu(x,t) >u"(x,t) forx e Randt > 0.

(3.12)

Proof. Set w(x,7) = u~(x,1) — ut(x,t) for (x,t) € R2. Then w(x,r) < K for (x,t) € R2.

From (3.11) and (3.12), we have

wy < D(J % w)(x, 1) + (31 £(0,0) — D)w(x, 1) + 82 £(0,0)S' (0)(G % w)(x, 1)

(3.13)

for x € R and ¢ > 0. Note that w(x, s) <0 for x € R and s € (—o00, 0]. Take u = 91 £(0,0) — D.

Since 9, £ (0, 0)S’(0) > 0, it follows from (3.13) that

t

w(x, 1) < w(x,0)et + / MDD *w)(x, s) + 32£(0,0)8 (0)(G * w)(x, 5)]ds

0
' +00
E/e“("‘)|:D / J(y)ymax{w(x —y,s),0}dy
0 —0o0

00 +00

+ 3,10, O)S/(O)/ / G(y,r)ymax{w(x —y,s —r), O}dydr:|ds. (3.14)

0 —oo
Denote [B]+ := max{B, 0} for any B € R. Then, from (3.14), we have

t +00

[w(x’ t)]+ < /el/-(tfx) |:D / _l(y)[w(x -y, S)L_dy
0 —00
00 +00
+ 3£ (0, 0)5/(0)/ / Gy, N|[wkx—y,s— r)]+dydri|ds
0 —o0

for x e R and ¢ € [0, +00). Moreover, set

wx (1) == sup[w(x, t)]+e*“

and w; :=supw,(¢) for A > max{u,0}.
xeR

teR
Then, we have

t

0

o0 400
wy (1) < / e~ A=) |:Dwk(s)+82 £(0,0)8'(0) / / G(y,r)e ™ w; (s — rydydr
0 —o©

which yields that

:|ds,
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t o0 +00
w;, < w;, / e()‘“)(tS)|:D+32 £(0,0)8(0) f / G(y,r)e“dydr]ds

0 0 —c©

IA

t
wj / e~ A=WE=I[D + 3, £(0,0)5'(0)]ds
0

<w[D+8:£(0,0)8" O]/ — ).

Hence, w; < 0 for sufficiently large A. Therefore, u™ (x, ¢) < ut(x,t) for (x,1) € R x [0, +00).
This completes the proof. O

To obtain another comparison theorem which will be used to construct upper estimates, we
need the concavity assumption of the functions S and f:

(C3) S(u) is concave on [0, K] and for any m € Z*, a; € [0, K], b; € [0, S(K)],i=1,...,m,

I:lmin{K, Xm:a,-} + f(min[K, Zm:ai},min{S(K), zm:b,-}>

i=1 i=1 i=1

< Z[Zlai + f(ai. b)).

i=1

We would like to point out that assumption (C3) is not a more restrictive condition. Indeed,
in general monostable nonlinearities satisfy such a concave condition, see Section 6 for applica-
tions.

Lemma 3.8. Assume (G1) and (C1)—(C3). Let m € Z and u?, u® e Coxp i=1,....,m, be
m + 1 given functions with

m
u¥(x,s) < min{K, Zu?(x, s)} forx eR, s € (—o0,0].
i=1
Let u; and u be the solutions of the Cauchy problems of (1.7) with the initial values:
ui(x,s)= u?(x,s) and u(x,s)= uo(x, s), xeR, se(—o0,0], (3.15)
respectively. Then
m
O0<u(x,t) Smin{K,Zui(x,t)} forallx e Randt > 0.
i=1
Proof. Set Z(x,r) := min{K,Y /., u;i(x,t)}, then u(x,s) < Z(x,s) for x € R and s €

(—00,0]. By the second part of Lemma 3.6, it suffices to show that Z(¢)(-) = Z(-,t) €
C((—o00, +00), X|0,k]) is a supersolution of (1.7), i.e.
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t
T(t—s)[Z(s)](x)+ / T(t—r)|[F(Z)]|(x)dr < Z(t)(x) forO<s<t<4o0. (3.16)

S
Since S’(#) > 0 for u € [0, K] and 9, f (u, v) > O for (u, v) € [0, K] x [0, S(K)], we have

t

T(t— s)[Z(s)](x) + / T(t— r)[F(Zr)](x)dr

N
t
Se—(D+L1)(t—s)K+(D+L1)K/e—(D+IZ1)(t—r)dr=K (3.17)

N

for 0 <s <t < 400. Using the concave condition of S(«) on [0, K] and mathematical induction,
we can show that for any d; € (0, K],i =1, ..., m,

S(min{K,d1 + --~+dm}) <8+ + Sdm).
Using the assumption S’(u) > 0 for u € [0, K] again, we have
S(min{K,d1 +-- +dm}) < min{S(K), Sdi)+---+ S(dm)}. (3.18)
Then, by (3.18) and (C3), we have

F(Z)(xX)=( %« Z)(x,r)+ L1 Z(x,r) + f(Z(x, r), (G * S(Z))(x, r))

<D (Jxu)x.r)+L min{K, Zui(x,r)}

i=1 i=1

+ f(mini[(, Zui(x,r)},miniS(K), Z(G * S(u,-))(x,r)})

i=1 i=1

<Y DU xu)(x.r) + Laui (e, r) + f(uiCe,r), (G * Swi) (x,7))]
i=1

Il
NE

F((ui)r)(x).

1

Noting that

t

T(t—s)[u,-(s)](x)+/T(t—r)[F((u,-)r)](x)dr=ui(t)(x), i=1,...,m,

N

for 0 <s <t < +00, we obtain



S.-L. Wu, S. Ruan / J. Differential Equations 258 (2015) 2435-2470 2451

t

T(t—s)[Z(s)](x)+/T(t—r)[F(Z,)](x)dr

N

=

o

t
{T(t —$)[ui(s)](x) + / T(t —r)[F((ui))]x)dr

1 s

1

u;(t)(x) for0<s <t <+oo. (3.19)

Il
.M§

—_

1

Therefore, (3.16) follows from (3.17) and (3.19), i.e., Z(x, t) is a supersolution of (1.7) and the
assertion of this lemma follows from Lemma 3.6. O

4. Entire solutions: quasi-monotone case

In this section, we consider entire solutions of (1.7) in the quasi-monotone case. First, we use
the conclusions established in the previous section to obtain some appropriate upper estimates
for solutions of (1.7). Then, we prove the existence and various qualitative properties of entire
solutions.

Forany k e N,m,n e NU{0}, hy, ..., by, V1, ..., 00, hEeR, c1, ..., Cm, C1, ..., Cn > Cx, and
x € {0, 1} with m +n + x > 2, we denote

..........

..........

where x € R, s € (—00, —k] and t > —k. Let u¥(x, t) be the unique solution of the following
initial value problem

{ ur=D(J *u—u)(x,t)+ f(u(x, 1), (G * S(u))(x, t)), @1

u(x,s) =" (x,s),
for x e R, s € (—oo, —k] and t > —k. From Lemma 3.6, we see that
u(x,t) < uk(x, 1) <K for(x,t)e R>.
4.1. Existence of entire solutions

Using the comparison theorems established in Section 3, we can obtain some appropriate
upper estimates of u¥(x, r). For simplicity, denote

O(x.):=Y ¢ (x+cit+h)+ Y de;(—x + &t +0)) + x 't +h),

i=1 j=1
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Iy(x,t) = Z em(ci)(x+c,-z+h,-)+ Z e;\l(ej)(_x+5j,+§j)_I_Xek*(ﬂrh)’

1<i<m 1<j<n

I : . . A (ci)(x+cit+h;)
Mi(x, 1) = lg;gm{¢c:-o<x+ctof+hm>+ PR
1<i<m,i#iy

+ Z e}xl(éj)(X+5/'l‘+l9j)+xe)n*(t+h)}’

1<j<n

— i _ (— = . M (Cj)(=x+Cjt+1))
IT)(x,t) = 12(1)2n{¢cj0( X+ Cjt + %) + Z . e ji+0j
1<j<n,j#jo

+ Z ekl(ci)(x+cil+hf)+Xek*(t+h)}’

1<i<m

H3(X,l) — Z e)\l(ci)(x+ci[+hi)+ Z ekl(fj)(—x+5j[+19j)_’_XI-V([_’_h)'

I<i<m I<j<n
Lemma 4.1. Assume (G1) and (C1)—(C3). The unique solution uk(x, 1) of (4.1) satisfies
uF(x, ) <u™(x, 1) :=min{K, T (x,1)} for (x,1) e R%.
Proof. The assertion of this lemma follows directly from Lemma 3.8. So, we omit it here. O

Lemma 4.2. Assume (G1) and (C1)—(Cp). If c1,...,¢m, C1, ..., Cn > Cx, then the unique solution
uk(x, t) of (4.1) satisfies

uF(x, 1) <ii(x, 1) :=min{K, To(x, 1)} 4.2)
for (x,t) € R%. If, in addition, the following condition
(Cq) 8 f(u,v) <3 £(0,0) and S'(u) < S'(0) forany (u,v)yel,i=1,2,
holds, then
uF(x, 1) <ii(x, 1) :=min{K, ITy (x, 1), M (x, 1), T3(x, 1)} 4.3)
for (x,1) e R%.
Proof. We first prove (4.3). Since uk(x,t) < K for (x, 1) € R?, it suffices to show that u*(x, 1) <

I;(x,1),i=1,2,3,for (x,1) € R*. We only prove u* (x, t) < IT{ (x, 1) for (x, ) € R?. The other
case can be proved similarly. Given any i € {1, ..., m}. Take

WECe, 1) =1 (v, 1) = ey (x + cigt + hiy)  for (x, 1) € R

Then 0 < W¥(x, 1) < K for (x,1) € R?. Using 8; f (1, v) < 9; £(0,0) and S'(u) < S'(0) for any
(u,v)el,i=1,2, we obtain
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k
% <D[(J * WE)(x, 1) — WK (x,1)]
+ 01 £(0,0) W (x, 1) + 32.£(0, 0)S(0)(G * W) (x, 1), @4)

Wk(x, s) = uk(x, s) — ¢Cio (x + cigs + hiy),

where x € R, t > —k, s € (—00, —k]. Taking

Vx,1):= Z e)»l(Ci)(X+Cit+hi) + Z e)\.](Ej)(*X‘l’Ejl‘Jrﬂj) +Xex*(’+h)

L<i<m,i##iy I<j=n
for (x, 1) € R2. It is easy to verify that

% = D[(J * V)(x, 1) — Vi(x, t)] + 01 £(0,0)V(x,1) + 32£(0,0)S (0)(G * V)(x,1)

where x € R, t > —k. According to Proposition 3.2, we have

WE(x, 5) = " (x, 5) = ey, (x + cigs + hiy)

< Y Galbites+h)+ Y e (—x+Es )+ x (s +h)

1<i<m,i#ig 1<j<n
< Z M@ Gteisthi) | Z MEN(XHE D)) | 3 A5 +h)
1<i<m,i#igy 1<j<n

=V(x,s) forxeR, se(—o0,—k].

Then, it follows from Lemma 3.7 that W¥ (x,t) < V(x,t) for (x,t) € R2, that is,

W (x, 1) < oy (X +cigt T hig)+ Y eM@brarthy
1<i<m,i#igy
+ Z 811(5_j)(—x+5_,-t+19j)+Xe)»*(t+h)‘

1<j<n

Since ig € {1,...,m} is arbitrary, we have u*(x,t) < ITi(x,t) for (x,t) € R2. Therefore,
(4.3) holds. The proof of (4.2) is similar and is omitted. This completes the proof. O

By using upper estimates of Lemmas 4.1 and 4.2, we can obtain the following result.
Theorem 4.3. Assume (Gy) and (C1)—(Cy). For any m,n € NU {0}, hy,..., hy, 01,..., 0y,

heR, c1,...,Cm,Cly...,Cn =y, and x € {0, 1} with m + n + x > 2, there exists an entire
solution @, (x,t) of (1.7) such that

u(x, 1) <@,(x,1) <K for(x,1) € R?, (4.5)

where p := pyn,y = (C1, A1, ..., Cm, hy, C1L V1, ..o, Cpy Oy, xh). Furthermore, the following re-
sults hold.
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(1) If (C3) holds, then ®p,(x,t) < ut(x,t) for (x,1) € R2.
() If c1,...,Cm,Cly ...\ Cp > Cy, then @p(x,t) < U(x,t) for (x,t) € R2. If, in addition, (Cy4)
holds, then ®,(x,t) <ii(x,t) for (x,t) € R%.

Proof. Recall that u¥(x,r) is the unique solution of the initial value problem (4.1). By
Lemma 3.6, it is easy to see that

ux,t) <ufx,0) <" '(x,1) <K (4.6)

for all x € R and r > —k. Then there exists a function @, (x, t) satisfying 0 < @, (x, 1) < K such
that for any (x,7) € R2, there is limg—_ oo u¥ (x, 1) = @, (x,1). For any given ty € R, there exists
k € N such that 7y > —k and u* (x, t) satisfies

t
uk(t)(x):T(z—ro)[uk(to)](x)+/T(r—r)[F(u’;)](x)dr,
fo

where T and F are defined as in Section 3. By Lebesgue’s dominated convergence theorem, we
get

t

@,(1)(x) =T (1 — 10)[ @ (10) ] (x) + f T(t —r)[F((@p)r)]x)dr.

fo

It is clear that @, (x, t) is continuous and differentiable about ¢. Differentiating two sides of the
above equation, it is easy to verify that

HPy(x,1)=D[(JxDp)(x,1) — Dp(x, )]+ f(Pp(x,1), (G *S(Pp))(x,1)).

Therefore, @, (x, t) is an entire solution of (1.7). Moreover, the assertions of (i) and (ii) follow
from Lemmas 4.1-4.2. The proof is complete. O

4.2. Qualitative properties of entire solutions

In the previous subsection, some new types of entire solutions of (1.7) were constructed by
considering a combination of any finite number of traveling wave fronts with speeds ¢ > ¢,
and a spatial independent solution. In this subsection we continue to investigate the qualitative
properties of the entire solutions, such as the monotonicity and limit of @, (x, ) with respect to
the variables x and ¢, and the shift parameters h;, ©; and h.

Theorem 4.4. Assume (G1) and (C1)—(C3). Let @, (x,t) be the entire solution of (1.7) as stated
in Theorem 4.3, then the following properties hold.

(1) 0<Pp(x,1) < K and %cbp(x, 1) > 0 for any (x,1) € R2.
(i) limy— 00 SUPycR [P, (X, 1) — K| =0, lim;— 400 SUP|yj<p |Pp,, o (X, 1) — K| =0 for
any A € R;.
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(iii) If m > 1, then limy_, 4 oo SUP5, |Pp(x,1) — K| = 0 for every a € R; if n > 1, then
limy—, — oo SUp,>, [@p(x, 1) — K| =0 for every a € R.
@iv) If (C3) holds or c1,...,Cm,Cly ..., Cn > Cx, then lim;_ _~ SUDye(A,. Ay] D,(x,1) =0 for
any A1 < As.
(v) For any (x,t) € R?, D, (x,t) is increasing with respect to h;, ¥; and h, respectively,
Vi=1,....mand j=1,...,n.
(vi) Forany A,y € R, @,(x,1t) converges to K
(a) as hi — 400 uniformly on (x,t) € [A, +00) X [y, 4+00), i =1,...,m;
(b) as ¥; — +oo uniformly on (x,t) € (o0, A] X [y, +00), j=1,...,n;
(c) as h — +oo uniformly on (x,t) € R x [y, +00).
(vii) Ifct, ..., Cm,sCly ..., Cn > Cy, then for every x € R,

@y O~ +h)~e T and @, (x,1) = O(efmnti (),

ast — —o0, where cpax := max{max;_—
(viii) Let (Cy) hold.
(a) For any y € R, &, (x,1) converges to @, (x,1) as h — —o0 uniformly on
(x,t) e Ty =R x (—o00,y]
(b) If ciy > c« for some ig € {1,...,m}, then forany A,y €R,

..... mici}, max;=1 . n{c;}}.

D (x, 1) converges 10 Dc; p;sie(l,...m\lio},é;,0;: jell,...n},h) (X, 1)

as h;, — —oo uniformly on (x,t) € (—00, A] x (=00, y].
(c) If cjy > cy for some jo €{1,...,n}, thenforany A,y €R,

D, (x, 1) converges to P; p;;iell
as ¥j, — —oo uniformly on (x,t) € [A, +00) x (=00, y].

Proof. The proofs of parts (ii)—(vi) are straightforward and omitted.
(i) Clearly, 0 < @, (x,t) < K forall (x,1) € R2. Since

uk(x, ) >ulx,t)>ulx,s)=¢x,s)= uk(x,s)

for x e R, s € (—oo, —k] and t > —k, by Lemma 3.6, we have %uk(x, t) >0 for (x,t) e R x
(—k, +00). This yields %(Dp(x, ) > 0 forall (x, t) € R%. Now, we show that %fbp(x, t) > 0 for
(x,1) € R%. By direct computations, we have
31 ®@p=D[(J %, Pp)(x,1) — 0,Pp(x,1)]
+ 01 f (u(x, ), (G * Sw)) (x, )3 Pp(x, 1)
+ 02 f (u(x,0), (G * Sw)(x,1))(G * (S'(@)0,Pp))(x. 1)

where L| = max,,v)el0,K1x[0,5(k)] |01 f (u, v)|. For any r € R, we can obtain
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(@) (x, 1) > (D)) (x, Pe~PFHLDE=D > 0 vy eR, > r. 4.7)

Suppose for the contrary that there exists (xg, fg) € R? such that (& »)i(x0,10) =0. By (4.7), we
see that (@), (xo, ) =0 forall r < fy. Hence @, (xo, ) = D@, (xo, fp) forall # < 9, which implies
that lim,_, o @p(x0,1) = P p(x0, tp). But following from (i) and (ii) of Theorem 4.3, we see that
@, (x0, t0) > 0 and lim;, _ P (x0, 1) = 0. This contradiction yields that %@p (x,t) > 0 forall
(x,1) e R2.

If there exists (xq, 7o) € R? such that & p(x0,10) = K, then

0 < 3P, (x0,0) = D[(J @) (x0,10) — K|+ f(K, (G x S(@p))(x0, 10))
< f(K,S(K)) =0,

which is impossible. Therefore, @, (x, 1) < K for (x,1) € R2.

(vii) When ¢y, ..., ¢y, C1, - - ., Cn > C4, the assertion (ii) of Theorem 4.3 implies that
xI'(t+h) < P pny (x,1) < Z (e xtejt+hj)
1<j<m
+ Z M E(=ateji+d)) | )(e)"*(H_h). (4.8)
1<j<n

The second part of this statement follows from (4.8) with y = 0 and the fact that % [ex1(c)] <O
for any ¢ > cy.

Since lim;_, _oo I'()e " =1, to prove the first part of this statement, it suffices to prove
that cAi(c) > A* for any ¢ > c,. Suppose for the contrary that there exists ¢y > ¢4 such that
cori(co) < A*. Then, from Propositions 3.1-3.2, we have

0 > cori(co) — 1™

+00
=D|: / e MY J(y)dy — 1}

—0o0

+00 +00
+ 82f(0, O)S/(O)[ / / [e_)‘l(co)(}"FCS) _ e—)L*S]G(y’ S)dyds}

0 —oo
+00 400
>82f(0,0)S’(O)/ /e—WO”‘[e—M(CO”‘—1]G(y,s)dydszo.
0 —oo

This contradiction shows that cAi(c) > A* for any ¢ > ¢y, and the first part of this statement
follows.

(viii) We only prove part (a) of this assertion, since the other cases can be considered similarly.
Recall that u* (x, 1) is the unique solution of the initial value problem (4.1). For x = 1, we denote
q)k(x, s) by <pf,m‘n,1(x,s) and u*(x, 1) by u’;,mm‘l(x, t), respectively. Similarly, when x = 0, we
denote (pk(x, s) and uk(x,1) by <pf,m . O(x, s) and u’;m . 0(x, t), respectively. Take
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Zk(x 1) —u (x t) — p no(x t), for(x,t)eR x (—k,+00).
Then, 0 < Z¥(x, 1) < K forall (x,7) € R x (—k, +00). By assumption (C4), we see that

azk

. =D[(J x Z¥)(x, 1) — ZF(x,1)]

+ L, 0, (G S, )0, 0) = fh, 0, (G xSy, ))(x, 1)
<D[(J * ZF)(x, 1) = ZF(x, )] + 81 £ (0,00 ZF(x, 1) + 32 £ (0,008 (0) (G * ZF) (x, 1).

Define the function 2(x, t) = ek*(”h), (x,1) e R2. By Proposition 3.2, we have
7k (x, s)—u L xs) — (x s)<T(s+h)<e 6t =Zx s)

for x € R and s € (—00, —k]. Moreover, it is easy to see that 2(x, t) satisfies the linear equation:

-~

aa—f =D[(J % Z)(x,1) — Z(x, )] + 81 F(0,0)Z(x, 1) + 32 £ (0,0)S'(0)(G * Z)(x,1).

It then follows from Lemma 3.7 that

0 < Z*(x, t)_upm”](x 1 — (x,1) < Z(x,t) ="

pmn()

forall (x,7) € R x [—k, +00). Since limy_, oo u (x 1) = (x,1), we have

pm.n,x
0<Pp,, (6, 1) =Dy, (x,0) < M forall (x,1) € R,

which implies that @, | (x, ) converges to @, , ((x, 1) as h — —oo uniformly on (x, ) € Ty
for any y € R, and the assertion of this part follows. This completes the proof. O

In the following theorem, we establish the relationship between the entire solution @, (x, t)
and the traveling wave fronts which they originated.

Theorem 4.5. Assume (G1) and (C1)—(C3). Let @, (x, t) be the entire solution of (1.7) stated in
Theorem 4.3. Then for any ¢ > cy, the following properties hold.

(i) (a) Ifthere existsio € {1, ..., m} such that c = cj, and c < c; for any i # io, then @ ,(—ct +
x,t) —> ¢’cl‘0 (x + hyy); if there exists jo € {1, ...,n} such that c = cj, and c < cj for any
J # Jo, then @p(ct +x,1) — qﬁ% (x + 1) ast - —o0;
(b) ifc <cjforalliefl,...,m}, then ®,(—ct +x,t) - 0ast — —o0; if c < c; for all
J€l{l,....n}, then @®,(ct +x,1) - 0ast — —oo;
(c) if there exists ig € {1, ..., m} such that ¢ > cj,, then @p(—ct +x,t) > K ast — —00;
if there exists jo € {1, ...,n} such that ¢ > cj,, then ®p(ct +x,t) > K ast — —o0.
(ii) If there exists ip € {1, ..., m} such that ¢ < c;,, then @,(—ct +x,t) - K ast — +o0; if
there exists jo € {1, ...,n} such that ¢ < cj,, then @,(ct +x,t) - K as t — +o0.

All these limits are uniform in x in any compact subset of R.
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Proof. (i) We only prove the statement (a), since the others can be proved similarly. From The-
orem 4.3, we have

0<®p(—ct+x,1) = ¢, ((cip — Ot +x + hiy)

< > ba(xti—ot+h)+ Y ¢e(—x+ @G+t + )+ xI(t+h)

1<i<m,i#ig 1<j<n

and

0<Py(ct+x,1) —¢>5j0((5j0 — o)t —x+19j0)

< Y be(xt@itor+h)+ Y e (—x+ (G — ot +0)+x It +h)

I<i<m 1<j<n,j#jo

for all (x, 7) € R?, hence the assertion of part (i) follows. Similarly, we can prove the assertion
of part (ii). This completes the proof. O

Remark 4.6. Roughly speaking, the convergences in the statements of part (i) of Theorem 4.5
mean that only some fronts, i.e. those with small speeds, can be “viewed” as t — —o0o, the others
are being “hidden”. But, it seems impossible to view any fronts as t — +oo. Similar phenomenon
has been observed by Hamel and Nadirashvili [16] for the Fisher—KPP equation.

5. Entire solutions: non-quasi-monotone case

In this section, we consider the entire solutions of (1.7) in the non-quasi-monotone case. It is
well known that the comparison principle is not applicable for such non-quasi-monotone systems.
In addition to (C)" and (G1), we further make the following assumptions:

(C3) ST (u) is concave on [0, K+] and for any m € Z*, (a;, b)) e IT,i=1,...,m,

mln{ Z }+f+(m1n{K+ Za,} rnln{S+ KJr Z })
= i=1 i=l1
EZ[L}rai+f+(aiybi)]’

where I+ =[0, K*] x [0, ST(KT)] and L :=max, , .+ 131 f T (u, v)|.

Similar to Lemma 3.6, it is easy to verify that for any ¢ € Co g+, (1.7) has a unique solution
u(x,t; @) on [0, 00) with 0 <u(x,t;¢) < KT forx e R, t > 0. Moreover, u(x, t; ¢) is classical
on (0, +00). Here and in what follows, X|o x+] and Cjg g+ are defined as (3.9) and (3.10) by
replacing [0, K] with [0, K*].

According to the assumption (C;)’, we consider the following two auxiliary quasi-monotone
nonlocal dispersal equations with spatio-temporal delay:
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up=D( xu—uw)x,0)+ fH(ux, 1), (G*STw)x, 1), (5.1
u;=D(J xu—u)(x,t)+ f_(u(x, 1), (G * S_(u))(x, t)), (5.2)
where x e R, r € R.
It is clear that A(c, A) = 0 is also the characteristic equation of (5.1) and (5.2) with respect to

the trivial equilibrium. By Proposition 3.2, we have the following result.

Proposition 5.1. Assume (G) and (Cy)'.
(i) Forany c > cy, (5.1) and (5.2) have traveling wave fronts ¢ (€), ¢ (£), & = x +ct, respec-

tively, which satisfy (qbci)/(-) >0, d)ci(—oo) =0 and ¢Ci (+00) = K*. Moreover, if ¢ > cy,
then

Elim dE(E)e M5 =1, o) <M % forall & eR.
——00

(ii) There exist solutions I'*(t) : R — [0, Kt] of the following delayed equations:

00 +0o0

1"’(;)=fi<r(t),/si(r(t—s)) / G(y,s)dyds), 1R, (5.3)

0 —0o0

which satisfy I'*(—00) =0, I'*(+00) = K* and

d * *
E[‘i(t)>0, tlim I'*We™"'=1 and I' 1) <! forallt e R.
——00

Define F, F* :Co.x+] —~ X by

FE(p)(x) :== D(J % ¢)(x,0) + Lo(x,0) + f*(p(x,0), (G x §%(9)) (x, 0)),
F(p)(x) := D(J * ¢)(x,0) + Lo(x,0) + f(¢(x,0), (G * S(9))(x, 0)),

where

O fu,v)|}

O (u, )],

L:= max max{|81f+(u, v)
(u,v)el+

’

It is clear that F¥(-) are non-decreasing in Cj g+ and
F~(p) < F(p) < Ft(p) forgpeCp g+

Moreover, we define 7' () = e~ (P01,
The following two lemmas play an important role in the proof of our main result for the
non-quasi-monotone nonlocal dispersal system with spatio-temporal delay.
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Lemma 5.2. Assume (Gy) and (C2)'. Givenr € R. Let u, u™ € C(R, X0,k +)) be such that

t

u (1) (x) < T(r—r)[u*(r)](x)Jr/T(t—s)[F*(u;)](x)ds, (5.4)
t

u(r)(x)=T(r—r)[u(r)](x)+/T(r—s)[ﬁ(us)](x)ds, (5.5)
t

ut () (x) > T(z—r)[u+(r)](x)+/f(r—s)[F+(uj)](x>ds (5.6)

r

forallx eR, t>randu=(x,s) <u(x,s) <ut(x,s) forx e Rands € (—oo,r]. Then,
u (x,t) <u(x,t) <ut(x,t) forallxeRandt>r.

Proof. We only prove u(x,t) < ut(x,t) for all x € R and ¢ > r, since the other case can be
proved similarly. Let

2, 1) i=u(x, 1) —ut(x,1) for (x,1) € R?.

Note that u(x,s) <u™(x,s) for x € R, s € (—o0, r]. Using the assumption (C;)’, we have for
any x € R and s > r that
F(us)(x) = F*(uf)(x)
< Frug)(x) — FF(uf) (x)
=D(J x2)(x,s)+ Lz(x,s)
+ fH(ux,s), (GxSTW)(x,9)) — fH(ut(x,s), (G*STw)(x,s))
+ Ut ), (G STw)(x,9) — fT(ut(x,5), (GxST(uh))(x,9)
<D x2)(x,5) +[L+ 01 fT(n(x,9), (G*STw)(x,s5)]z(x, s)

00 +00

+LfLSf / G(x —y,r)max{z(y,s —r),O}dydr
0 —o©
+00
<D / J(y) max{O, z(x — y,s)}dy + 2L max{O, z(x, s)}
—0o0
00 +00
~|—LfLS/ / G(x —y,r)max{z(y,s —r),O}dydr, 5.7
0 —o0

where n(x, s) =0u(x,s) + (1 —Ou™(x,s),0 € (0, 1).
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Denote [B]+ := max{B, 0} for any B € R. Then, it follows from (5.5)—(5.7) that

t

2, 1) <T@t —r)[z(n]x) +ff(r — $)[F(us) — F*(u))](x)ds

r

t

§/f(t—s)[l:"(us)—F+(uj)](x)ds

r

t —+00
S/f”(t—s){D/J(y)[z(x—y,s)]+dy+2L[z(x,s)]+

00 +00
+LfLS/ / G(y,r)[z(x —y,8— r)]+dydr}ds,

0 —oo
which implies that
‘ +o0
[z(x,0], < / T(t— s){D f JW[z(x =y, )], dy +2L[z(x, 9],

o0 +00
+LfL5/ [ G(y,r)[z(x—y,s—r)]+dydr}ds.
0

—00

Using the similar method as in the proof of Lemma 3.7, we can show that z(x,#) <0 for x e R
and ¢ > r. Therefore, u(x,t) <ut(x,t) for x € R and ¢ > r. This completes the proof. O

Lemma 5.3. Assume (G1) and (Cy)'. Let u(x, t; @) be the solution of (1.7) with the initial value
(VRS C[O,K*]‘

(1) There exists a positive constant M1, independent of ¢, such that for any x e R and t > 0,
lur(x, 15 9)| < M.

(i) 1f, in addition, (Gy) holds, Ly := max, . cj+ 01 f(u,v) < D and there exists a constant
M > 0 such that for any n > 0, sup, g l@(x + 1) — @(x)| < Mn, then for any n > 0,

sup |uCx+n.t;0) —ulx,t;9)| < M'n,

xeR,t>0
where M' > 0 is a constant which is independent of ¢ and 1.

Proof. Since 0 <u(x,r) < K* for (x,7) e R?, itis easy to see that the first statement (i) holds.

(ii) For any given n > 0, let w(x,t) =u(x + n,t; ¢) — u(x, t; ¢). For simplicity, we denote
u(x+n,t;9)and u(x, t; ) by u(x +n, t) and u(x, t), respectively. Clearly, |w(x, 0)| = |p(x +
n) —@((x)| < Mn for all x € R. It follows from (Gy) that
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+o00
D/[J(x—i—n—y)—J(x—y)]u(y,t)dy—Dw(x,t)

—00

+ fux 4.0, (G *SW)(x +n,0)) — f(ux, 1), (G*SWw))(x,1))
<DK*Ln+[h(x,1)— D]w(x,1)

8w_
ar

00 +00

+L2//|G(x+77—yvs)—G(x—y,S)|S(u(y,t—s))dyds

0 —o0

< Ly+[h(x,1) = D]w(x,1)
for x € Rand t > 0, where Ly = max,, .+ [02.f (u, v)], L=DK"L+LLyST(K"), and
h(x, ) =01 f(Ou(x+n,0)+ (1 —Ou(x,1), (G*Sw)(x +n,1)), 6€(,1).

Simple calculations show that, for x e R and ¢ > 0,

t
A 1
w(x,t) E w(x’o)ef(;[h(x,s)—D]dS +/Lnefr [h(x,r)—D]drds
0

t

t
< MpelolLi-Dlds +fﬁ,7€ﬁ. [Li=Ddr g
0

t
_ —(D—L)t 7. ,—(D—=Ly)(t—s)
= Mne + [ Lne ds
0

= Mne~PEV 4 (1 — e~ P=LOY) /(D — L) := W (1).

Now, let w(x,t) := —w(x,t) =u(x,t) —u(x + n,t). Then we have
+00
ow -
5 =P [Jx—y) = Jx+n—y]u(y,1)dy — D(x, 1)
—0o0

+ fuG, 0, (GxSW)(x,0) — fulx +n,0), (G*Sw)(x +n,1))
<DK*YLn+[h(x,t) — D]w(x,1)
o0 +00

+L2//|G(x+fl—y7s)—G(x—y,s)|S(u(y,t—s))dyds

0 —o0

< Ly+[h(x,t) = D]i(x,1).
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Similarly, we can show that w(x,t) = —w(x,t) < w(t) for x € R and ¢t > 0. Therefore, since
Ly < D, we get

lwx,0)| <w@) <M'n:=[M+L/(D-L)]y forallxeR, r>0.
The proof is complete. 0O
Applying Lemmas 5.2 and 5.3, we have the following results for the nonlocal dispersal equa-

tion (1.7) with monostable and non-quasi-monotone nonlinearity. For the sake of convenience,
we denote

..........

m n
H+(x,t) = Z(f)g:(x +cit + h;) +Z¢;:(—x +Ejt+ﬁj) +XF+(1‘ + h),
i=1 =1

m n
1_7()6, t) = Ze)\l(c,')(x-i-c,'l-‘rh,') + Ze)\l(éj)(—x-l-éjt—‘rﬁj) + XeA*(t+h).
i=1 j=1

Theorem 5.4. Assume (Gy), (Gy), (C2) and Ly < D. For any m,n € NU {0}, hy,..., hy,

H,...,0%,heR c1,....,cm,Cl,...,Cn = Cx, and x € {0, 1} with m +n + x > 1, there exists
an entire solution U, (x, t) of (1.7) such that

Up(x,t) >0 and Q(x,t)fUp(x,t)fK"‘ for(x,t)e]Rz,

where p := pypy = (1, h1, ..., cm, hi, €1, 01, ..., Cu, U,y X H).
Furthermore, the following results hold.

@A) Ifcty...yCmsClynvny Cp > Cx, then
Up(x,t) <U(x,0) :=min{ K+, T (x,1)} for (x,1) € R%. (5.8)
(ii) If (C3) holds, then
Up(x,t) <UT(x,0):=min] KT, T (x,0)} for (x,1) e R%. (5.9)
(iii) If (C3) holds or ¢y, ..., cm,Cl, ..., Cn > Cs, then

lim sup |Up(x,t)| =0 forany AeR,.

[——00 |X|§A

@iv) liminf,_, { infycr Upm,n,l('x’t) > K~ and liminf,_, { o infjy<a Uppno: 1) = K~ for
any A e R,.
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~v) Ifci,...,¢m,Cly ..., Cn > Cx, then for every x € R, as t — —o0,

Upppont (X, 8) ~ N and Uppyno(x,1) = 0(6”“1“)‘1(6““)),
where cpmax = max{max;=1, . m{c;}, max;—1  n{c;}}.

Proof. For n € Z, we denote

" (x,5) = max{ _ ]axm¢c_i(x +cis + h;), _nllaxnd)gj(—x +cjs+0), xI (s +h)},
. Jj=

i=l,.m " j=l.,

where x € R, s € (—o0, —k]. Let U¥(x, 1) be the unique mild solution of the initial value problem
of (1.7) with initial condition:

Uk(x,s)=¢" (x,5), xeRands e (—oco, —k].

Itis clear that U (x,s) = ¢~ (x,5) = Uk(x, s) < KT forx eRands e (—oo, —k]. Since F~(-)
is non-decreasing in Cjg g+, one can easily verify that

t

Unx) <T@ +b[U-K]x) + / T(t —$)[F~(Uy)]x)ds,
—k

t
UKty (x) =Tt + D [U (—](x) + / (1 — )[F(UX)]x)ds,
—k
t
Kt=T@t+hK"+ / T(t—s)[FT(KT)](x)ds
—k

for any x € R and t > —k. It follows from Lemma 5.2 that
U, t)<UMx,n) <Kt forxeR, t>—k.
Now, we prove the following claim.
Claim. Ifc1,...,¢m,C1, ..., Cn > Cx, then
Uk(x,ty<U(x,1) forxeR, t > —k, (5.10)
and if (C3)’ holds, then

Uk(x,t) <UT(x,t) forxeR, t > —k. (5.11)
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We first prove (5.10)._According to Proposition 5.1, if ¢1,...,¢m,C1,...,Cn > C4, then
O~ (x,s) = Uk(x,s) < U(x,s) for x € R and s € (—oo, —k]. By Lemma 5.2, it suffices to
show that

t
Tt +kb)[U(=0]x) + f Tt —)[FTUy](x)ds <U()(x) (5.12)
—k

for x e R and t > —k. Since FT(-) is non-decreasing in Cio,x+1- one can easily verify that

t
T(t+0)[U—k]x) +fT(t —)[FTWUy]x)ds <K (5.13)
—k

for x e R and t > —k. For any ¢ € C((—00, 0], X), define Q by

0(p)(x) = D(J x¢)(x,0) + [L + 91 £(0,0)]p(x, 0) + 32 £ (0,05 (0)(G * ¢)(x,0).
Then, direct computations show that IT(t)(-) = I (-, 1) satisfies the integral equation:

t

O x) =T +k[IT(—k)]x) +/f(t —9)[0UTy)](x)ds. (5.14)

—k

By the assumption (C;)’, we obtain

FrU)(x)=D «U)(x,5)+ LU(x,s)+ fT(U(x,s), (G*ST(U))(x,s))
<D xU)(x,5)+[L+01£(0,0)]U(x,s)+ 8, £(0,0)8"(0)(G % U)(x, s)
<D« M)(x,5)+[L+ 31 f(0,0)]T(x,s)+ d2/(0,0)5(0)(G x IT)(x, s)
= Q) (x).

Then it follows from (5.14) that

t
Tt +kb[U=k]x) + / Tt —)[FT(Uy)]x)ds
—k
t
< T(t+k)[ﬁ(—k)](x)+/T(t—s)[Q(ﬁQ](x)ds:ﬁ(t)(x). (5.15)

—k

Combining (5.13) and (5.15), (5.12) holds and (5.10) follows from Lemma 5.2.
Now, we prove (5.11). Clearly, ¢™ (x,s) = Uk(x,s) <U%t(x,s) for x e R and s €
(—00, —k]. Similar to (5.13), we have
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t
Tt +k[UT(—=b]x) + / Tt —s)[FH(U)]x)ds < K™ (5.16)
—k

for x e R and ¢t > —k. For simplicity, denote

vi(x, ) =gl (et +hy), i=1,...,m,
vm+j(x,t):=¢g;(—x+5jt+l9j), j=1,...,n and vuinp1(x,t)=xI (@ +h).

Note that v; (i =1, ..., m + n 4+ 1) satisfy the following equation:

t

f‘(z+k)[vi(—k)](x)+/f(t—s)[FJr((vi)s)](x)ds:vi(t)(x), t>—k. (517

—k
Since S (u) is concave and non-decreasing on [0, K], we have
ST(UT) <min{ST(KT), ST() + -+ ST Wngns1) }-
Furthermore, using assumption (C3)’, we obtain

FrUN) @) =D(J«UM)(x,8) + LU (x,8) + fH(UT(x,5), (G ST(UT))(x,5))

m+n+1
<D Z (J*v,-)(x,s)+(L—L})U*(x,s)+L;U+(x,s)

i=1

m+n+1
+f+<U+(x,s),min{s+(K+), > (G*S+(vi))(x,s)}>

i=1
m+n+1
< Y [DUxv)E,9) + (L — LT )vi(x,s)
i=1

+ L (e, s) 4+ T (ix,9), (G * ST ) (x, 9))]

m+n+1

= Y FH(w)s) ).

i=1

Then it follows from (5.17) that

t
T +k[UT(—k)]x) + / Tt —s)[FT(U)]x)ds
—k

m+n+1 !

<Y {f<t+k)[vi<—k>](x>+ f T(r—s)[F+(<v,‘)s)]<x>ds}
i=1

—k
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m+n+1

= > v@ =M1 (5.18)

i=1

for x € R and t > —k. Then, (5.11) follows from (5.16), (5.18) and Lemma 5.2.
By the uniform boundedness of d%d)c_ (z) and d%]“ ~(2), it is easy to show that there exists a
constant M > 0 such that for any 1 > 0,

sup|p™~(x + 1) — " (x)| < Mn.

xeR

Then, it follows from Lemma 5.3 that there exists a subsequence {U"* (x, t)} of {U k(x, t)} and
a function U, (x, t) such that lim, o, U"*(x,t) = U, (x, t). For any given fy € R, there exists
k € N such that #p > —k and U* satisfies

t
Uk(t)(x)=T(t—to)[Uk(to)](x)—i-/T(t—r)[F(U,k)](x)dr,

fo

where T and F are defined as in Section 3. Using a similar method as in the proof of Theorem 4.3,
we can show that U, (x, ) is an entire solution of (1.7).

The assertions for parts (i) and (ii) follow from (5.10) and (5.11). Note that cA;(c) > A* and
%[ckl (c)] < 0 for any ¢ > c,. The assertions for parts (iii)—(v) follow from Proposition 5.1 and
(5.8)—(5.9). This completes the proof. O

6. Applications

In previous sections, we study the entire solutions for a class of nonlocal dispersal equations
with spatio-temporal delay. In this section, we apply the abstract results to models (1.4) and (1.5).

Example 1. Consider the Nicholson’s blowflies model (1.4). Let f(u, v) = —8u + pve™ ¥ and
S(v) = v. Itis easy to see that (1.4) has two equilibria O and K = é In g provided that p > §. We
have the following results on entire solutions for (1.4).

Theorem 6.1. Assume (Gy).

(1) If § < p < de, then the conclusions of Theorems 4.3-4.5 hold for (1.4).
(i) If p > 8e and (Gy) holds, then the conclusions of Theorem 5.4 are valid for (1.4).

If 6§ <p<de then K=1m2 <1 8 f@ v)=-8=20£0,0, &fwv) =pd-
av)e ™ < p =9 £(0,0) and 3 f (u,v) > 0 for (u,v) € [0, K]*. Hence (Cy), (C2) and (Cy4)
hold. Let g(v) = pve™@". It is clear that g is concave on [0, K] when p < de. Note that

L= Max, vye[0, K2 |01 f (u, v)| = 6. Thus, for any m € Z%t,a;,bi€[0,Kl,i=1,...,m,

ZlminiK,iai} +f(min{K,ia,},min{S(K),ib,})

i=1 i=1 i=1
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_g<mlni i }) si =§ Lia; + f(ai, b))

that is, (C3) holds.
When p > §e, (1.4) is non-quasi-monotone. Let STw):=u, KT := %maxve[o,m pve~ Y and

K™ e€(0,K]with K™ := %pK+e_“K+. The auxiliary functions ¥ (u, v) are defined as follows:
fru,v):=—=8u+ max pwe *” and [ (u,v):=-8u+ min pwe ¥,
wel0,v] welv,K+]

for (u,v) € [0, KT]%. Direct computations show that L = max, ,cjo g+ 01./ (1, v) =
—8 <D, ft(u,v) <—8u+ pv=2,£(0,0)u+ 3 f(0,0)v for u, v >0, and

f:t(uv U]) - f:t(uv U2) S pmax{ov v — U2}, V(l/l, vl)v (l/l, 02) S [07 K+]2

Hence, (C2)’ holds. Since h(v) = maxyefo,y] pwe "

that (C3)’ holds.

is concave on [0, K], it is easy to show

Example 2. Consider the population model (1.5). Let f(u,v) = —du + v and S(u) = b(u). We
assume that

(A1) be C?0,+00), b(0) =b(K) —dK =0, b'(0) > d, b(u) > du and b’ (u) < b'(0) for u €
(0, K), where K > 0 is a constant.
(A2) One of the following holds:
(a) b'(u) > 0 for u € [0, +00) and b(u) is concave on [0, K].
(b) There exists a number up,x > 0 such that b(u) is increasing for 0 < u < up,x and
decreasing for u > umax, and b(u) is concave on [0, umax].

If (Az)(a) or (Az)(b) holds with K < upqx, then (1.5) is quasi-monotone on [0, K], and it is
easy to verify that (Cy), (C») and (C4) hold. Using the concavity of b, we see that (C3) holds.

If (A2)(b) holds with K > umay, then (1.5) is non-quasi-monotone on [0, K]. Let f*(u, v) =
f(u, v), and define S*(u) as follows:

S(u), u € [0, umax],

S(Umax)s U > Umax,

S(”)’ ue [07 Mmin]’

S(Umin)s U > Upin,

ST(u) = { and S ()= {

where umin € (0, K) satisfies S(umin) = S(S(umax)/d). Let
=SUmax)/d and K~ = S(umin)/d.
Moreover, it is easy to verify that

STwy) — ST(uz) < max b (u)max{0, u; — us}, Vup,uz € [0, K.

u€[0,umax

Thus, (C»)’ holds. Since S(u) is concave on [0, #max], We see that ST () is concave on [0, K],
and hence (C3)’ holds. Moreover, L1 = max, ,cf0.x+p 01/ T (4, v) = —d < D. Therefore, the
following results hold.
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Theorem 6.2. Assume (Gy) and (Ay).

(1) If (A2)(a) or (A2)(b) holds with K < umax, then the conclusions of Theorems 4.3-4.5 are
valid for (1.5).

(i) If (A2)(b) holds with K > umax and (Gy) holds, then the conclusions of Theorem 5.4 hold
for (L.5).
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