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Abstract

A simple neural network model with two delays is considered. Linear stability of the model is investigated by analyzing the
associated characteristic transcendental equation. For the case without self-connection, it is found that the Hopf bifurcation
occurs when the sum of the two delays varies and passes a sequence of critical values. The stability and direction of the Hopf
bifurcation are determined by applying the normal form theory and the center manifold theorem. An example is given and
numerical simulations are performed to illustrate the obtained results. ©1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

There has been greatinterest recently in dynamical characteristics of neural networks or neural nets since Hopfield
[1] constructed a simplified neural network model, in which each neuron is represented by a linear circuit consisting
of a resistor and a capacitor, and is connected to other neurons via nonlinear sigmoidal activation functions, called
transfer functions. Based on the Hopfield neural network model, Marcus and Westervelt [2] argued that the nonlinear
sigmoidal activation functions which connected to the other neurons would include discrete delays and proposed
the following differential equations with delays:

. 1 - .
Ciui(t') = _Fui(f/) + ZTijfj(uj(t’ -1), i=12....,n (1)
l /:1

The variables; (1) represents the voltage on the input of ttteneuron. Each neuron is characterized by an input of
capacitance;, a delayr;, and a transfer functiorf;. The nonlinear transfer functiof («) is sigmoidal. Assume
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that the neurons have the same capacitance, resistance, and transfer functior thkatlis,R; = R, andf; = f,
then system (1) becomes

wi(t) = —ui()+ Y aij fuj(t—1)), i=12....n 2)

j=1

after recalling time, delay, anéi; : + = t//RC,1; = rj/./RC, a;j = RT;;. In the case of a single delay when

T; = 7, Marcus and Westervelt [2] studied the linear stability of system (2) vidagh, ., is a symmetric matrix and
discussed stability for three specific network topologies: symmetric rings of neurons, symmetric random networks,
and associated memory networks. They found out that the delay can destabilize the network as a whole and create
oscillatory behavior .

Inthe case of multiple delays, the dynamics of system (2) could be more complicated and interesting. For example,
Campbell [3] has observed not only Hopf bifurcation but also codimension two and Hopf—Hopf bifurcations in neural
networks with multiple delays. Since an exhaustive analysis of the dynamics of large systems such as (2) is difficult,
Babcock and Westervelt [4] suggested examining carefully the dynamical behavior of some simple networks. One
of the simple networks they studied is the following two-neuron network model with two delays:

d”dlt(t) = —uy(t) + artanh u2(r — )],
3)
d“;(’) = —up(t) + axtanh 1 (t — 11)],

whereas, az, t1, and 1o are positive constants. Babcock and Westervelt showed that system (3) exhibits very
interesting and rich dynamics including underdamped ringing transients, stable and unstable limit cycles, etc.
Equations similar to (3) have been used by an der Heiden [5] and Willson and Cowan [6] to model the neuron
interactions where the delays reflect the finite signal propagation speeds along the dendrites and axons. Gopalsamy
and Leung [7] considered system (3) with= 12 andu; andu, denote the activating and inhibiting potentials,
respectively. They showed that under certain conditions, the delay induces to a Hopf-type bifurcation. Furthermore,
the supercritical property of the Hopf bifurcation and orbitally asymptotically stability of the bifurcation periodic
solutions are studied.

Recently, Olien and Bélair [8] investigated system (2) with two delays fer2, that is,

2
wi(t) = —ui() + Y aij fujt—1))), i=12 4)
j=1

They discussed several cases, suckhas 12, a11 = az2 = 0, etc. They obtained some sufficient conditions for
the stability of the stationary point of (4) and showed that (4) may undergo some bifurcations at certain values of
the parameters. A similar model representing a single pair of neurons with self-connections has been considered by
Destexhe and Gaspard [9]. We refer to Campbell and Shayer [10], Majer and Roy [11], Ruan and Wei [12] and the
references therein for related work on two-neuron networks with delays.

Usually it is difficult to analyze differential equations with multiple delays since the characteristic equation
is transcendental (see Hale and Verduyn Lunel [13]). For instance, Olien and Bélair [8] derived the following
characteristic equation:

(412 — (A + V(o216 "™ + ap0e™™2) + (a11022 — a12021)€ + 72 = 0 %)

in studying system (4). They pointed out that “finding all the parameter values for all the roots of Eq. (5) to have
negative real part is hopeless.” It indicates the difficulty in investigating the distribution of the zeros of Eq. (5).
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One of the purposes of the present paper is to derive some sufficient conditions which guarantee that all roots
of Eq. (5) have negative real parts. Hence, we obtain the stability property for the model (4) with two delays. Our
method is based on Rouché’s theorem (see Dieudonné [14]) and the technique in Cooke and Grossman [15]. These
will appear in Section 2. In Section 3, by regarding= 1 + t2 as a parameter, we study the stability of the zero
solution and the Hopf bifurcation for the non self-connection networks with two delays. In Section 4, based on the
normal form method and the center manifold theory introduced by Hassard, Kazarinoff and Wan [16], we derive
the formula for determining the properties of Hopf bifurcation of the non self-connection networks with two delays,
such as the direction of Hopf bifurcation, stability of the bifurcating periodic solutions and so on. Finally, in Section
5, we give an example to illustrate the results obtained in Section 4. In particular, we find out that under some
conditions, Eq. (3) undergoes a Hopf bifurcation which is supercritical and the bifurcating periodic solutions are
orbitally asymptotically stable. Numerical simulations support our observation.

2. Local analysis of a neural network with two delays

Consider the neural network model with two delays:

ui(t) = —u1(t) + arnf (ua(t — v1)) + araf (u2(t — 12)), ©)
ug(t) = —u2(t) + az1f(ua(t — v1)) + az2 f (u2(t — 72)).
Suppose thaf € C’(R), f(0) =0, and
uf(wu) >0 foru #£0.
It is clear that the origir{0, O) is a stationary point of Eq. (6).
The linearization of Eg. (6) at the origii®, 0) is
ur(t) = —ur(t) + anua(t — 1) + aa2u2(t — 12), @
ug(r) = —u2(t) + az1u1(t — t1) + apou2(t — 12),
wherew;; = a;; f'(0), i, j =1, 2. The associated characteristic equation of (7) is
A+1—ape?n —appe 72 _
det( —(x21e_“1 A+1— Olzze_}‘rz =0.

This characteristic equation determines the local stability of the equilibrium solution: the latter is stable if and only
if all the characteristic roots, the solutions of

(o412 — (A + V(o116 "™ 4 apoe™2) + (a11022 — a12021)€ 7™ = O, (8)

have negative real parts.
In this section, we shall find some conditions which ensures that all roots of Eq. (8) have negative real parts.
For convenience, first of all, we introduce some notations (see Olien and Bélair [8]):

D = an1a0p — a1o021, T = 3(01 + 022). 9)
Then Eq. (8) becomes

A+ 1% — (L + D(a11€ ™ + ag0e*2) 4+ pe*(mtm) — o, (10)
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Denote
a=2—011, b=—ax, c¢c=1—w011, d=D — a.
Whent; = 0, Eq. (10) becomes
A2 4 ar+bre 2 4 ¢+ det2 = 0. (11)

For convenience, we make some hypotheses as follows:
(H) T?2-D<0.
(H)) T2—D>0.
(H3) ¢? < d?.
(Hy) 2>d? b%2—a?+2c¢>0,and(b? — a? + 2¢)? > 4(c — d?).
(Hs) Neither (H3) nor (Hy).

Clearly, whenr; = 72 = 0, (6) becomes a system of ODEs. i) holds, then all roots of Eq. (10) have negative
real parts if and only i’ < 1; if (H») holds, then all roots of Eq. (10) have negative real parts if and orly<if 1
andD > 2T — 1.

In order to study the characteristic Eq. (10) with two delays, we first consider Eq. (11) with onerglely
usingt, as a parameter and employ Rouché’s theorem (in the form of the Lemma in Cooke and Grossman [15]),
we shall find stable intervals fag in which all roots of Eqg. (11) have negative real parts. Then we consider (10)
with 77 in its stable intervals. Use Rouché’s theorem a second time and this time te@ard parameter, we shall
find a stable interval (depending @) for 1. This will be the stable interval for the characteristic Eq. (10).

Now we consider the case when= 0, that is, consider Eq. (11). Applying the Lemma in Cooke and Grossman
[15], we obtain the following results.

Lemma 1. For Eq. (11), we have
1. if (H3) holds andrp = 12(1,2 then Eq.(11) has a pair of purely imaginary root&iw. ;
2. if (Ha) holds andrp = 35 (res.t2 = t5)), then Eq(11) has a pair of imaginary roots-iw, (res. £ iw_);

.

3. if (Hs) holds andr, > 0, then Eq.(11) has no purely imaginary root

where
wi = %(b2 —a?+20)+ [%(bz —a?+2c) — (c2 — dz)]l/z, (12)
A e | @
‘172(2’2 = w—j; cos? {d(wj_jz;zc)—i_—dzgzab} + le—iT (n=0,1,...). (14)
Denote

)\k,n == ak,n (7:2) + iwk,n(TZ)a k = 15 2; n= Oa 1’ 25 e

the root of Eq. (11) satisfying

1 1
a1a(t) =0, win(ryh) = wy

and

2)

2
a2 (ty) =0, wau(ty) = w_.
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To see ifrz(llz andrz(zrf are bifurcation values, we need to verify if the transversality conditions hold. In fact, we have
the following

Lemma 2. The following transversality conditions

dRet1 , (z3) dRez,, (132)
P LS O, _— <

do dro

are satisfied.
Thus, we know the distribution of the characteristic roots of Eq. (11).

Lemma 3. For EqQ.(11), we have the following
1. If (H) and either (1)(H1) andT < 1or (2) (H2), T < landD > 2T — 1 hold, then wherr; € [0, 7)) all

roots of Eq.(11) have negative real parteind whenry > 72(,13 Eqg.(11) has at least one root with positive real

part.
2. If (Hy) and either(Hy) or (H2) hold, then there arek switches from stability to instabilitythat is when

w2 e (), 140, ).n = —1,0,1,... .k — 1,all roots of Eq.(11) have negative real partsvherer}” | = 0,
and when; € [12(2, rz(i)) andrz > rz(l,f n=0,1...,k—1Eq.(11)has at least one root with positive real
part.

Next, we consider Eq. (10) wittp in its stable intervals. Regard as a parameter, we have

Lemma 4. If all roots of Eqg.(11) have negative real partshen there exists a;(r2) > 0, such that when; €
[0, T1(12)) all roots of Eq.(8) have negative real parts.

Proof. Notice that Eq. (11) has no root with nonnegative real part, that is, Eq. (8)zwith O has no root with
nonnegative real part. We regargdas a parameter. It is clear that the left side of Eq. (8) is analyficandr;.

Similar to the proof of the Lemma of Cooke and Grossman [15], we can prove that:

Let f(A, 11, T2) = A2+ aih + axpe 2 4 age—“Z + b1re A 4 hoe T 4 ¢ whereaq, a, as, by, by, c, 11, T2
are all real numbers; > 0, andr > 0. Then, ag varies, the sum of the multiplicities of zeros ffin the open
right half-plane can change only if a zero appears on or crosses the imaginary axis.

Applying this conclusion and noticing that Eq. (8) with = 0 has no root with nonnegative real part, we
obtain that there isf > 0 such that all roots of Eq. (8) witly € [0, rf) have negative real parts. The proof is
complete. O

Summarizing the above lemmas, we obtain the following sufficient conditions for all characteristic roots of Eq.
(10) to have negative real parts.

Theorem 1. Suppose eithefH1) or (H>) is satisfied.
1. If (H3) holds then for anyry € [0, ‘172()18)), there exists a1(t2) > 0 such that when; € [0, t1(12)), all roots of
Eq. (8) have negative real parts.
2. If (Ha) holds then for anyr; € U,’j;l_l(rz(a, f2(,1,2+1) there exists a1(t2) > 0, such that when € [0, 11(12)),
all roots of Eq.(8) have negative real parxsvheretz(’lj). and 12(2]) are defined by Eq13) and(14), respectively

@ _
andr,” ; =0.

3. 1If (H55 holds then for anyr, > 0, there exists aj(2) > 0, such that whem; € [0, 71(z2)) all roots of Eq.(3)
have negative real parts.

Applying Theorem 1, we then obtain sufficient conditions for local stability of system (6).
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3. The non self-connection neural network parameterized by delays

When there is no self-connection in the network, thatis,= a2 = 0, system (6) becomes

u1(t) = —u1(t) + a12f (u2(t — 12)),

. (15)

uz(t) = —u2(t) + az1f(ua(t — 11))

and the characteristic Eq. (8) reduces to
A2+ 2% — ap10106 T +1 =0, (16)

wheretr = 11 + 12.

In this section, we regard the sum of delayss t1 + 2, as the parameter to give some conditions that separate
the first quadrant of théry, t2) plane into two parts, one is the stable region, another is the unstable region, and the
boundary is the Hopf bifurcation curve.

We first consider the characteristic Eq. (16).

Lemma 5. Suppose
aro001 < —1. (17)

Then we have the following:
1. When

et 1 [ 2
r:tfd:ef—[sml (—ﬂ>+2jn] i=012..., (18)
wo 120021

Eq. (16) has a simple pair of purely imaginary roots wg, where

wo = +/|a12021| — 1. (19)

2. For t € [0, t9), all roots of Eq.(16) have strictly negative real parts.
3. Whenr = % Eq.(16)has a pair of imaginary roots-iwg and all other roots have strictly negative real parts.

Proof. fiw(w > 0) is a pair of purely imaginary roots of (16) if and only.if satisfies
—w? + 2w — a12021 COSWT + iaq2021 SiNwt + 1 = 0.
Separate the real and imaginary parts, we have

21— _
{ w 1 120021 COSWT, (20)

2w = —oq021 sinwr.
It follows from (20) that
w? + 2uw? +1= afzagl,

hencew? = —1 = |a1202], i.€.,w = /Ja1pa21] — 1. Itis clear thatw is well-defined iflaq000| > 1.
Denote

wo = /|a1oo1] — 1.

Let

. 1 . 2
-L--]:_I:S”"'_:I-(_$>-|-2j71:i|7 ]:0,1,2,
wo Vo1 — 1
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From (20) we know that Eq. (16) with = 7/(j = 0,1,...) has a pair of imaginary root&wg, which are
simple.
Consider the Eq. (16) with = 0, that is,

22 + 21 + (1 — aq2021) = 0. (21)

It is obvious that all roots of Eq. (21) have negative real parts. Applying the Lemma in Cooke and Grossman [15],
we obtain the conclusion (2) and (3). This completes the proof. O

From Lemma 5 it seems that (j = 0, 1, 2, ...) are bifurcation values. In fact, we have
Lemma 6. Denotei;(t) = «;(r) + iw;(r) as the root of Eq(16) satisfyinga;(t/) = 0, w;(t/) = wo, j =
0,1, ....We have the following transversality condition:
dRe\; (t/
A =0 (22)
dr
Indeed, we can directly compute that

dReL;(r/)  2wd(wi+ 1)
dr N A

where
A=Q2+ a12a21‘cj COSa)o‘L’j)2 + (2wo — a12a21tj Sina)o‘l:j)z.

From Lemma 6, we obtain the following lemma.

Lemma 7. Suppose Eq17)is satisfiedIf t > 0, then Eq.(16) has at least one root with strictly positive real
part.

In fact, by the Lemma in Cooke and Grossman [15] and Lemma 6, we can see thatwhen/, /1),
Eq. (16) has 2/ +1) (j =0, 1, ...) roots with positive real parts.
By Lemmas 5—7, we have the following result on stability and bifurcation in system (15).

Theorem 2. For system(15), we have
1. If r € [0, %), then the zero solution ¢15)is asymptotically stable.
2. If ¢ > 79, then the zero solution of E¢15)is unstable.
3.7/ (j =0,1,2,...) are Hopf bifurcation values for Eq15).

Theorem 2 can be illustrated by Fig. 1, where the shadowed region is the stable domain, Hopf bifurcations occur
atthelinesy + =1t/ (j=0,1,2,...).

4. Direction and stability of the Hopf bifurcation

In Section 3 we obtained some conditions which guarantee that the non self-connection neural network model
with two delays undergoes the Hopf bifurcation at some value ef r1 + 2. In this section, we will study the
direction, stability, and the period of the bifurcating periodic solutions. The method we used is based on the normal
form method and the center manifold theory introduced by Hassard, Kazarinoff and Wan [16].
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T2

T4T,=T!

unstable region

stable
region
—_—

T
T4+1,=1° T4T=12

Fig. 1. The stable diagram in ttie;, t2) plane.

From conclusion (3) of Lemma 5 and Lemma 6, we know that ifro1 = aioa21(f'(0))2 < —1, then all roots
of EqQ. (15) other thar-iwg have negative real parts, and

A7) = a(r) +iw(r),
the root of Eq. (15) satisfying(t%) = 0, w(z°% = wo, has the property

da (%)

0.
dr -

For convenience, let = 0 4+ i, u € R. Thenu = 0 is the Hopf bifurcation value for Eq. (15). Without loss
generality, we assume thaf > 79 and let|u| < ¥ — 2 since the analysis is local, whet8 = 79 + 79 and
v = 70 + (19 + p). Choosing the phase space as

C =cC(-7P,0], R?. (23)

We assume that the functighsatisfies
(P) feC3R), ufw)#0 when u 0.
Then Eq. (15) can be rewritten as

14 O "’ 0
i1(t) = —us(t) + azz <f’<0)uz<t oyt L 2( )2 — )+ L3 - fz)) +0ud),
(24)
4 O "7 0
lip(1) = —uz(t) + az1 <f’(0)u1(t _y+ L 2( )uia _wy+ L 6( )ui(r - r1>) + O(u}).
For¢ € C, let
Lup = —19(0) + B1¢(—12) + Bogp(—11), (25)

wherel is the identical matrix,

(0 ap (0 0O
Bl—<o 0 ) Bz—<a21 O>’

a12 = a1pf'(0), az1 = az f'(0),
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and

/7 20 1" 3/
Flu. ) £7(0) <6112¢>2( Tz)) + £ (0) (a12¢2( T2)> L+ O(lul. (26)

2\ an1g2(-1) 6 \anpi(—m)
By the Riesz representation theorem, there exists a matrix whose components are bounded variation functions
n(@, w) in 6 € [P, 0] such that

0
Lup= [ dn@.mwe®) forgec. (27)

1

In fact, we choose
-1, 6 =0,

n@, w) = { B1d(0 + t2), 0 € [-12,0),

—B28(0 +10), 0e[-70, —1).

Then (27) is satisfied.

Forg e C1([—12, 0], R?), define
dg(6)/d6, 0 € [-77.0),

— 0
Ao = LAt ), =0 )

-
and
0, 0 e [-0,0),
F(u,9), 6=0.

Hence, we can rewrite (24) as the following form:

R(p)¢ = (29)

up = A(us + R(uy, (30)

whereu = (u1, up)", u; = u(t +6) for 6 € [-72, 0].
Fory e C1[0, =], define

—dy (s)/ds, s € (0,7,
* — 0
APE) = f (1,09, s=0,

0

Forg e C[—7?, 0] andy € C[0, 7?], define the bilinear form

0
0

0
w0 = 7090 - [ [ 56 -omeeo: (31)

1
wheren(0) = n(0, 0). ThenA* and A(0) are adjoint operators.
By the results in Section 3, we assume thaig are eigenvalues oA (0). Thus, they are also eigenvaluesAf.
By direct computation, we obtain that

1
_ . iwpf
q0) = ( 1+ Iwoeiworg) gwo
12
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is the eigenvector ol (0) corresponding toug; and
1 — |w0 eiwo.[g

q*(s) =D o012 glwos
1

is the eigenvector o™ corresponding te-iwg. Moreover,
(¢*,9)=1 (¢".4)=0,

where

p=} {[1+rg(1— iwo)] (1 —

. -1
lwg) ;o i 0
e lwot; _i_azﬂ.felworl
12

-1

-1 { (1 — iwo)[1 4+ %1 — iwo)] e_iwofg}
12

Now, we verify that(g*, g) = 1. In fact, from (31), we have
. _ 14+iwo 0.0 . 1
(¢%,q)=D ———e"n ] —1+|w0eiwol’g

di2
Q12

2

0 0 1+iwoeiw0,g T ' 1 _
_/ f 12 e—lon(E—G)dn(g) 1+iwo 1020 e'WoEd;;-
0 Je T gwo
-7 JE=0 1

12
- | 1+iwg ;, -0 0 l+—iw0eiwof§ T ) 1

=2D{ ———¢Wom2 _ a12 ee—lwoedn(e) l+iw0 ) 0

12 _£0 1 elwor2

! @12
i 0 ; 2

_op {10 gueg | A0S g giuor?

012 o12

0 : .
=2D L+ @+ w0+ |w0)einT§ + azﬂfe_iwor{)} =1
@12

Using the same notations as in Hassard, Kazarinoff and Wan [16], we first compute the coordinates to describe the
center manifold’y atu = 0. Letu, be the solution of Eq. (15) whein = 0.
Define

2(t) = (q", ur), W(t,0) = u:(0) — 2Rez(1)q (0)}.
On the center manifoldg we have
W(t,0)=W(z@),z(1),6),
where
2

W(z,z,0) = Wzo(G)% + W11(0)zz + Woz(G)% + Wao

2 ZS

6

z andz are local coordinates for center manifalglin the direction ofy* andg*. Note thatW is real ifu, is real.
We consider only real solutions.

—+ e,
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For solutionu, € Cp of (15), sincex = 0,
2(t) =iwoz + (¢*(0), F(W + 2Re(z(1)q(0)}))
—iwoz + * (0)F(W(z. 7. 0) + 2Rez()g(0)) Ziwoz + 7*(0) Fo(z. 7).
We rewrite this as
z(t) = iwoz(?) + g(z, 2),
where

2 72 7%z

gz, 2) =q" (O F(W(z,z,0) + 2Rez(1)g(0)}) = gzo% + 81122 + go2—= + g21— + - - .

2 2
By (30) and (32), we have

AW — 2Req*(0) Foq (0)}. 6 €[-r0.0)
AW — 2Relg*(0) Fog(0)} + Fo, 6 =0,

W =iy —2q — G =

def _
= AW + H(z,Z,0),
where
2

=2
H(z7,0) = Hzo(é’)% + Hiy(0)27 + Hoz(G)% T

Expanding the above series and comparing the coefficients, we obtain

(A — 2iwg) Wo(0) = —H20(0), AW11(0) = —H11(0), (A + 2iwg) Wo2(0) = —Ho2(0), ---

Notice that
¢*0) =D (1_—iwoe—iwmg, 1) ,
a1
1+iw 1—iwo_
ua(t — 79) = O+ 07+ WP, —1D),
Q12 Q12
and

L0 .
ur(t — ) = W0tz 4 woniz 4 W, —9),

where

2 =2
2 z 2 - 2 <
W, ~19) = Wy (1) 5 + Wit (~19)52 + Wo (—e) 5 + -+

2 -2
1 < 1 - 1 z
WO, —0) = WZ(O)(—rf)E + WD (—td)zz + Wcﬁz)(—rlo)E T

and

Fo— £"(0) (alzu%(t - IS)) . 7(0) (algu%(t - Tzo)) N

2 a21u%(t — rf) 6 azlu?(t - rlo)

We have

265

(32)

(33)

(34)

(35)
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8(z,2)=4"(0)Fo

D

= E |:a12Me'w'T2 <f//(0)142(t - 2) + f 3( ) 3(t - Tz))

tan (f”(0>u%(r—rf>+f © 5, _ °)>]+O<u4)

= Q{aleéw"TO[f%oxMzzz + M%22 + 2[M|22) + (f" (O (MW, (—9)
+2Mw<2>< ) + £ ()| MPM)222] + azl f" (0) (€ 2V 2 4 otz 4 2z7)
+(f" O E"OTW (—1f) + 267 0T WD (—)) + £ (0T 0)22]),

whereM = 1+ iwg/a12.
Comparing the coefficients with (33), we have

g20= D f" (O)aroM3"0% + ape=2oti],
g11= D f"(O)atal MIME™ + apy],
g02= D f"(0)ar2| M[>ME™0 + ape= 207,
g21= D{ap€ 2 [f" O (M PPWE (—10) + 2M>W 2 (D)) + 1" ()| M|>M?]
+anl £ (@0 WL (=10 + 267 0B WD (—10)) + £ (0)e M0},
We still need to comput@-,q(0) andW11(0) for 6 e [—rl, 0), we have

H(z,Z,0) =2Rez"(0) Fog (0)} = —gq(6) — §G(0)

2 72 =2 2
Z - Z _ _ - Z _
(gzo— + g1122 + goz—2 +-- ) q0) — <gzo—2 + 81122+ go2—= + - - ) q9).

2
Comparing the coefficients with (34) gives that

H20(0) = —g20q(8) — 802q(0)

2

and

Hi11(0) = —g119(6) — 8119 (0).
It follows from (35) that

Wa0(0) = 2iwoW20(0) — g209 (0)€™* — g0z (0)e™ 0"
Solving for Wo(6), we obtain

20
Wao(0) = 52

(O)elwoﬁ g?O q(o)e—iwoe + EleZiw;é)’
3iwog
and similarly

Wi0) = £ s11 <0>éw°9 gfq(O)e—‘wOMEz,
0

(36)

(37)

(38)

whereE andEz are both two-dimensional vectors, and can be determined by setting in H. In fact, since

H(z,z,0) = —2Reg"(0) Foq(0)} + Fo,
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we have
— ” M?
H0(0) = —g209(0) — g02¢(0) + f7(0) ( alEZiworo)
az1€
and
- - ” M/?
H11(0) = —£119(0) — g114(0) + f"(0) (azzlz | ) .

From (35) and the definition oA, we have

-1 0 0 0O O .
( 0 _1> Wa20(0) + (O 0?)2) Wao(—19) + (azl 0) Wao(—ro) = 2iwgW20(0) — H20(0)

and

(_01 _01> W11(0) + <8 aé2> Wi (—19) + (021 g) Wii(—10) = —H11(0).

Substituting (37) into (41) and noting that

. L0
( —1—iwp a1 W%

] 0
0p1€ iwoty

)q(O) =0,

-1 —iwg
we have

H 0
—1— 2iwg alze_Z'me o
(aﬂe—zwor{’ 1~ iwg E1 = —£209(0) — g02q(0) — H20(0).

Substituting (39) into this, we get
. _ 2iwnzd 2
—(1+4 2iwg) appe2wor ai;oM
—2iwgt? ; E1=—f"0) —2iwor |
ap1€ W0t (1 + 2iwg) az1€e 1

Solving this equations fo(rEil), Ef))T = E7, we obtain

D F7(O)[a12M2(1 + 2iwo) + azionze~ 2oz +eD)]
1 = . :
A+ 2iw;)2 — 0112a21672'w0(fg+ff)

and

i 0 .
£® _ F"(0)e 2071 [ay1 (1 + 2iwg) + a12021M?]
1= : _ )
(1+ 2iwp)? — azpupre 202+

Similarly, we can get

<_1 O512) Ep = —f”(O) <312|M|2> ’
a1 —1 azi

and hence,

£® _ f"(O)az1 + a12021|M|?]
T2 1— a10021 '

F"(0)[a12l M |? + a12a21]
1— o

@ _
Ey7 =

267

(39)

(40)

(41)

(42)
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Based on the above analysis, we can see that gaéh (36) is determined by the parameters and delays in (15).
Thus, we can compute the following quantities:

C1(0) = = (g20¢11 — 2lg111 — 102D + 522,
2wo 2
__ReC10)
"2 =" Rev(0)
| Im)/
_ _IMIC1O)) + palm O “3)
wo

B2 = 2Re(C1(0)}.

We know that (see Hassard, Kazarinoff and Wan [16])determines the directions of the Hopf bifurcation: if
u2 > 0(< 0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist for
T =11+ 1 > 10 (< 19); B, determines the stability of the bifurcating periodic solutions: the bifurcating periodic
solutions are orbitally stable (unstable)gif < 0 (> 0); andT» determines the period of the bifurcating periodic
solutions: the period increase (decreas@yif- 0 (< 0). In (43),

Ap) = a(u) +iw(p)

is a solution of (15), where = 79 + 4, satisfyinge (0) = 0, w(0) = wo.
For system Eq. (15), according to the properties of the function(tgntve make the following assumption on
function f:
(P2) f(O#0, f"0)=0 and f"(0)#0.

Then we have the main result in this section.

Theorem 3. If (P1)—(P») are satisfied andzlzazl[f’(O)]2 < —1, then there exists a® > 0 such that when

T = 11+ 12 € [0, 10), the zero solution of Eq15) is asymptotically stableVhent = 19, Eq. (15) undergoes a
Hopf bifurcation The direction of the Hopf bifurcation and stability of bifurcating periodic solutions are determined
by signf”’(0)/f'(0). In fact, if f//(0)/f’(0) < O(> 0), then the Hopf bifurcation is supercritical (subcritical) and
the bifurcating periodic solutions are orbitally asymptotically stable (unstable).

Proof. We only need to prove the last part of the theorem. Sjfi@@) = 0, from (36) we havg11 = g20 = go2 = 0,
and

g21= Dlataf" (0)&"% |MIPM? + azo (O™ "0%] = 1" (0) Dlarzl MIPM? + aze™"077]. (44)
Note that
D_1 [(1 —iwo)[1 + 91 — iwo)] —iworoi|
— i e 9
a12

. L2

tf:ro—fg, M=1+Iw0, e_iworozw'
12 120021

From (44), we obtain
[a12lM [2M? + apyeivor’] _ a1
(A+iwe)[1+1°(1 + iwg)] = 2

/(0 (a12| M |2(1+iwo) /a12)+ (az1(1+iwo) /at21)
2 (1479 +itOwg '

(a12l M [2(1+iwo)?/a2,)+(az1(1+iwg)? /a12021)
(1+iwo)[ (1419 +i rOwpq]

(o4 4
go1= 7121‘ '(0)

f/// (0)
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Notice thatwiz = a12f'(0), ap1 = az1 f'(0). Thus, we have

_OMPP+1) 14w
B 21/(0) (1 + 79 +itOwyg

_ O (MP+1)

=70 0 {1+ % + %wd] +i[ @+ % wo — twq]},

where

f/// (0)

A=@+0%+ G Reg= o

1
. Z(|M|2 + 1)1+ 2%+ Owd).

From (43) ancg11 = g20 = go2 = 0, we have

f///(o) . i
'O 4A

From Lemma 6 we know that

Rer1(0) = 1Regor = A+ MPA+ 0+ uwd).

Re\(0) > 0,

and hence, we have

Re(c1(0)} "
=—— " >0(<0when———= <0 (> 0)

ReV(©) O 7o <0

and
"/
B2 = —2R€c1(0)} <0 (> 0) Whenf/—(o) <0(= 0.
10

By the general results of Hassard, Kazarinoff and Wan [16], the conclusion of the theorem follows. O

5. An example

Babcock and Westervelt [4] considered the following simple two-neuron network with two delays:

dua() _ —u1(t) +aytanh ua(t — 12)],
dudt(t) o
(jt = —u(t) + aztanh u1(r — 11)],

whereas, az, 11 andtp are positive constants.
Notice thatf”’(0)/f’(0) = tanh”’/(0)/tanh’(0) = —2 < 0, by Theorem 3, we obtain the following result on
stability and bifurcation in system (45).

Corollary 1. If ajap < —1,then there exists a8° > 0 such that when; + 1> € [0, z0), the zero solution of45)is
asymptotically stable and® = rf + Tzo is a Hopf bifurcation valueA family of periodic solutions bifurcates from
the equilibrium exist when = 71 + 7o > 9 and is orbitally asymptotically stable.

Remark 1. Bakcock and Westervelt [4] showed that whan,; < —1 andr; + 72 is sufficiently small, the origin
of system (45) is stable and the transients spiral toward it. When the total delay increases through a critical value,
the origin becomes unstable and the input and output voltages oscillate in a limit cycle. In Corollary 1, we confirm
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Fig. 2. (A1)—(A3):71 + 2 < 0.8; (B1)—(B3):t1 + 12 > 0.8.

their analysis and mathematically prove that the bifurcating periodic solutions are orbitally asymptotically stable,
that is, the limit cycle they obtained is indeed stable. Hence, Corollary 1 complements their analysis.

Remark 2. Notice that wherr; = 12, system (45) reduces to the model considered by Gopalsamy and Leung [7].
Thus, Corollary 1 also complements their results.

As an example, consider system (45) with= 2 anda; = —1.5. Thentg = 0.8. Chooser; = 0.2, 7 = 0.5,
thent;+ 12 < 0.8. Fig. 2 (A1)-(A3) show that the origin is asymptotically stable. By Corollary 1, a Hopf bifurcation
occurs wherr; + 2 = 0.8, the origin loses its stability and a periodic solution bifurcates from the origin exists
for t1 + 2 > 0.8. The bifurcation is supercritical and the bifurcating periodic solution is orbitally asymptotically
stable. Choose; = 0.325 12 = 0.525, the computer simulations are depicted in Fig. 2(B1)—(B3).
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6. Discussion

Recently, a few applicable sufficient criteria have been established for the stability of neural network models
with delays (see Bélair [18], Bélair and Dufour [17], Gopalsamy and He [19], van den Driessche and Zou [20], Ye,
Michel and Wang [21] and the references cited therein). Bifurcations in neural network models with a single delay
have also been observed by many researchers (see Bélair, Campbell and van den Driessche [22], Gopalsamy and
Leung [7], Marcus, Waugh and Westervelt [23], Olien and Bélair [8], Wu [24] and the references cited therein).
However, there are few papers on the bifurcations of the neural network models with multiple delays (see Campbell
[3]).

In this paper, we have considered a simple two-neuron network model with two delays. The characteristic equation
of the linearized system at the zero solution is a transcendental equation involving exponential functions. As pointed
out by Olien and Bélair [8], it is difficult to find all parameters for all the characteristic roots to have negative real
parts. By using the technique in Cooke and Grossman [15] and Rouché’s theorem, we have derived some sufficient
conditions to ensure that all the characteristic roots have negative real parts. Hence, the zero solution of the model
is asymptotically stable.

In the case when there is no self-connection, we have found that when the sum of the twowdelays+ 12,
varies, the zero solution loses its stability and a Hopf bifurcation occurs, that is, a family of periodic solutions
bifurcate from the zero solution whenpasses a critical value, say. The stability and direction of the Hopf
bifurcation are studied by applying the normal form theory and the center manifold theorem.

Neural networks with delays have very rich dynamics. From the point of view of nonlinear dynamics their analyses
are useful in solving problems of both theoretical and practical importance. The two-neuron networks with two
delays discussed above are quite simple, but they are potentially useful since the complexity found in these simple
cases might be carried over to larger networks with multiple delays.

Acknowledgements

The authors are grateful to the three anonymous referees for their helpful comments and valuable suggestions. The
second author would like to thank J. Bélair for sending reprints and helpful discussion. This research was supported
by the NNSF of China (J.W.), the NSERC of Canada and the Petro-Canada Young Innovator Award (S.R.).

References

[1] J. Hopfield, Neurons with graded response have collective computational properties like those of two-state neurons, Proc. Nat. Acad. Sci.
USA 81 (1984) 3088-3092.
[2] C.M. Marcus, R.M. Westervelt, Stability of analog neural network with delay, Phys. Rev. A 39 (1989) 347-359.
[3] S.A. Campbell, Stability and bifurcation of a simple neural network with multiple time delays, Fields Institute Communications 21 (1999)
65-79.
[4] K.L. Babcock, R.M. Westervelt, Dynamics of simple electronic neural networks, Physica D 28 (1987) 305-316.
[5] U. an der Heiden, Delays in physiological systems, J. Math. Biol. 8 (1979) 345-364.
[6] H.R. Willson, J.D. Cowan, Excitatory and inhibitory interactions in localized populations of model neurons, Biophys. J. 12 (1972) 1-24.
[7] K. Gopalsamy, I. Leung, Delay induced periodicity in a neural network of excitation and inhibition, Physica D 89 (1996) 395-426.
[8] L. Olien, J.Bélair, Bifurcations, stability and monotonicity properties of a delayed neural network model, Physica D 102 (1997) 349-363.
[9] A. Destexhe, P. Gaspard, Bursting oscillations from a homoclinic tangency in a time delay system, Phys. Lett. A 173 (1993) 386-391.
[10] S.A. Campbell, L.P. Shayer, Analysis of a system of two coupled Hopfield neurons with two time delays, preprint.
[11] N.C. Majee, A.B. Roy, Temporal dynamics of a two-neuron continuous network model with time delay, Appl. Math. Modelling 21 (1997)
673-679.
[12] S. Ruan, J. Wei, Periodic solutions of planar systems with two delays, Proc. Royal Soc. Edinburgh Ser. A, in press.



272 J. Wei, S. Ruan/Physica D 130 (1999) 255-272

[13] J. Hale, S. Verduyn Lunel, Introduction to Functional Differential Equations, Springer, New York, 1993.

[14] J. Dieudonné, Foundations of Modern Analysis, Academic Press, New York, 1960.

[15] K. Cooke, Z. Grossman, Discrete delay, distributed delay and stability switches, J. Math. Anal. Appl. 86 (1982) 592-627.

[16] B.D. Hassard, N.D. Kazarinoff, Y.H. Wan, Theory and Applications of Hopf Bifurcation, Cambridge University Press, Cambridge, 1981.

[17] J. Bélair, S. Dufour, Stability in a three-dimensional system of delay-differential equations, Can. Appl. Math. Quart. 4 (1996) 135-156.

[18] J. Bélair, Stability in a model of a delayed neural network, J. Dynamics and Differential Equations 5 (1993) 607-623.

[19] K. Gopalsamy, X.Z. He, Stability in asymmetric Hopfield networks with transmission delays, Physica D 76 (1994) 344—-358.

[20] P. van den Driessche, X. Zou, Global attractivity in delayed Hopfield neural network models, SIAM J. Appl. Math. 58 (1998) 1878-1890.

[21] H. Ye, A.N. Michel, K. Wang, Global stability and local stability of Hopfield neural networks with delays, Phys. Rev. E 50 (1994) 4206—4213.

[22] J. Bélair, S. Campbell, P. van den Driessche, Frustration, Stability and delay-induced oscillations in a neural network model, SIAM J. Appl.
Math. 56 (1996) 245-255.

[23] C.M. Marcus, F.R. Waugh, R.M. Westervelt, Nonlinear dynamics and stability of analog neural networks, Physica D 51 (1991) 234-247.

[24] J. Wu, Delay-induced discrete waves of large amplitudes in neural networks with circulant connection matrices, Trans. Am. Math. Soc.
350 (1998) 4799-4838.



