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ABSTRACT. This paper is concerned with the following two-species Lotka-
Volterra competition-diffusion system in the three-dimensional spatial space

{ %ul(x, t) = Auy (X,t) + uy (X,t) [1 — ui(x,t) — klug(x,t)] s
%ug(x, t) = dAua(x,t) + rua(x,t) [1 — ua(x,t) — kaui (x,1)],

where x € R3 and ¢t > 0. For the bistable case, namely ki, ks > 1, it is well
known that the system admits a one-dimensional monotone traveling front
P(z + ct) = (P1(xz + ct), Pa(z + ct)) connecting two stable equilibria E, =
(1,0) and E, = (0,1), where ¢ € R is the unique wave speed. Recently, two-
dimensional V-shaped fronts and high-dimensional pyramidal traveling fronts
have been studied under the assumption that ¢ > 0. In this paper it is shown
that for any s > ¢ > 0, the system admits axisymmetric traveling fronts

W (x',x3 + st) = (P1(x', 3 + st), P2 (x', x3 + st))

in R? connecting E, = (1,0) and E, = (0,1), where x’ € R?. Here an
azisymmetric traveling front means a traveling front which is axially symmetric
with respect to the x3-axis. Moreover, some important qualitative properties of
the axisymmetric traveling fronts are given. When s tends to ¢, it is proven that
the axisymmetric traveling fronts converge locally uniformly to planar traveling
wave fronts in R3. The existence of axisymmetric traveling fronts is obtained
by constructing a sequence of pyramidal traveling fronts and taking its limit.
The qualitative properties are established by using the comparison principle
and appealing to the asymptotic speed of propagation for the resulting system.
Finally, the nonexistence of axisymmetric traveling fronts with concave/convex
level sets is discussed.
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1. Introduction. In this paper we study the existence of traveling wave solu-
tions in the following two-species Lotka-Volterra competition-diffusion system in
the three-dimensional spatial space:

{ Dup(x,t) = Aug(x, ) +ur (x, ) [1 — ui(x,t) — krua(x,1)], XERP.£>0
%UQ(X, t) = dAUQ(X, t) + ’I‘UQ(X, t) [1 — UQ(X, t) — kgul(X7 t)] y ’ ’
(1)
where ki, ko, r and d are positive constants, the variables uq(x,t) and us(x,t) are
the population densities of two competing species. In the field of population biology
the Lotka-Volterra competition system is known as a physiological model describing
competing interactions of multiple species. The related kinetic system of (1) is as
follows:
{ gui(t) =ur(®)[1— wi(t) - krua(t)], >0 @)
EUQ(I*,) = ’/‘UQ(t) [1 — UQ(t) — k‘gul (t)] ; ’
We note that systems (1) and (2) are normalized so that they have the equilibrium
solutions E,, = (1,0) and E, = (0,1). Obviously, Ey = (0,0) is also an equilibrium
of systems (1) and (2). When k1,ka < 1 or ki,k2 > 1, there exists the fourth
equilibrium (co-existence state) E, = (E, 1, E, 2), where
k1—1 ko —1
E,1= m» Eio=—F—
In general, the species uy is called a strong (weak, resp.) competitor if ko > 1
(ko < 1, resp.). For the case 0 < k; <1 < kg (or 0 < ko < 1 < kq), one species is
superior than the other. In this case, there is only one stable equilibrium and it is
called the monostable case. For the case kq, ko > 1, both E,, and E,, are stable and
it is called the bistable (strong competition) case. We call the case when ki, ko < 1
the weak competition (coezistence) case. See Guo and Wu [16] and Morita and
Tachibana [38].

Traveling wave solutions of (1) in the one-dimensional spatial space have been
extensively studied in the literature. We refer to a nice survey by Guo and Wu
[16], see also Li et al. [33], Lin and Li [35], Morita and Tachibana [38], Zhao and
Ruan [58] and the references therein. In this paper we are interested in the bistable
case (or the strong competition case), namely, k1,k2 > 1. As mentioned above,
in this case both E, and E, are stable. Following from Conley and Gardner [8],
Gardner [12], Kan-on [28], Kan-on and Fang [31], and Volpert et al. [51], we know
that in the bistable case system (1) admits a one-dimensional traveling wave front
P (v +ct) = (91 (z + ct), P (x + ct)) connecting E, and E,,, where z € R, t > 0,
and the wave speed ¢ € R. The traveling wave front ® (§) = (®1 (§), P2 (§)) with
& = x + ct is unique up to translation and satisfies @} (§) > 0 and @5 (§) < 0 for
any £ € R. In particular, the wave speed c is also unique. It should be pointed
out that though the existence of traveling wave fronts is well known, there are few
conclusions on the sign of the wave speed ¢ of traveling wave solutions of (1) in
the bistable case since it is difficult to determine the sign of ¢. Recently, Guo and
Lin [15] gave some sufficient criteria about the sign of the wave speed under some
parameter restrictions by using the result of Kan-on [28] (see also Alcahrani et al.
[1] for the sign of wave speed for near-degenerate bistable competition models).
For the positive stationary solutions in the bistable case, we refer to Kan-on [30]
for the instability of stationary solutions and Kan-on [29] for the standing waves.
Other than traveling wave solutions, there are solutions with two fronts approaching
each other from both ends of the real line, which are called entire solutions and
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are constructed by Morita and Tachibana [38]. Here an entire solution means a
solution defined for all ¢ € R. Moreover, we refer to Guo and Wu [17] for a two-
component lattice dynamical system derived from strong competition models and
Lin and Li [35] for a Lotka-Volterra competition-diffusion system with nonlocal
delays, respectively.

The above results on the existence of traveling wave solutions of (1) are only
about one-dimensional traveling wave solutions (or planar traveling wave solutions
in high-dimensional spaces). However, it is observed that in high-dimensional spaces
propagating wave fronts may change shape and evolve to new nonplanar traveling
waves. Therefore, it is interesting but challenging to study possible nonplanar trav-
eling waves. In the past decade, multi-dimensional traveling fronts have attracted
a lot of attention and new types of nonplanar traveling waves have been obtained
for the scalar reaction-diffusion equation

%u(x,t) = dAu(x,t) + f(u(x,t)), x e R™, t >0 (3)

with various nonlinearities. For the combustion nonlinearity, see Bonnet and Hamel
[3], Hamel and Monneau [18], Hamel et al. [19] and Wang and Bu [54]. For the
monostable case, see Brazhnik and Tyson [4], Bu and Wang [5], Hamel and Roque-
joffre [22], Huang [27] and Wang and Bu [54]. For the bistable case (in particular the
Allen-Cahn equation), see Fife [11], Hamel et al. [20, 21], Ninomiya and Taniguchi
[40, 41] and Gui [14] for V-form front solutions with m = 2, Chen et al. [7], Hamel
et al. [20, 21] and Taniguchi [49] for cylindrically symmetric traveling fronts with
m > 3, and Taniguchi [47, 48, 49] and Kurokawa and Taniguchi [32] for travel-
ing fronts with pyramidal shapes with m > 3. For traveling fronts with V-shape,
pyramidal shape and conical shape for a bistable reaction-diffusion equation with
time-periodic nonlinearity, we refer to Wang and Wu [56], Sheng et al. [45] and
Wang [53], respectively. For non-connected traveling fronts and non-convex travel-
ing fronts, we refer to del Pino et al. [42, 43]. See also a survey by Witelski et al.
[57] on axisymmetric traveling waves of semi-linear elliptic equations. Other related
works can be found in Chapuisat [6], El Smaily et al. [10], Fife [11], Hamel and
Roquejoffre [23], and Morita and Ninomiya [37].

Recently, there have been important progresses on the study of nonplanar trav-
eling wave solutions in systems of reaction-diffusion equations. By using bifurcation
theory, Haragus and Scheel [24, 25, 26] studied almost planar waves (V-form waves)
in reaction-diffusion systems in which the interface region is close to hyperplanes
(the angle of the interface is close to 7). By developing the arguments of Ninomiya
and Taniguchi [40, 41], Wang [52] established the existence and stability of two-
dimensional V-form curved fronts for bistable reaction-diffusion systems for any
admissible wave speed. In particular, the result of Wang [52] are applicable to sys-
tem (1) with k1, ko > 1 in R2. Furthermore, the existence, uniqueness and stability
of pyramidal traveling fronts of bistable reaction-diffusion systems in R® were es-
tablished in Wang et al. [55] by extending the arguments of Taniguchi [47, 48]. The
result of [55] is also applicable to system (1) with k1, ko > 1 in R®. At the same
time, Ni and Taniguchi [39] also established the existence of pyramidal traveling
fronts of (1) with k1,ks > 1 in R™ (m > 3). We refer to [55, 39] and the next
section for details on the pyramidal traveling fronts of (1).

In this paper we are interested in the axisymmetric traveling wave solutions of
(1) with k1,ks > 1 in x € R?. Though axisymmetric traveling wave solutions in
scalar bistable reaction-diffusion equations have been studied before (see Hamel et
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al. [20, 21] and Taniguchi [49]), here we would like to emphasize that there is no
result about the axisymmetric traveling wave solutions of bistable reaction-diffusion
systems in R? up to now (according to our best knowledge). The purpose of the
current paper is to establish the existence of axisymmetric traveling fronts with wave
speed s > ¢ > 0 for (1) in R? and to show some important qualitative properties
of the axisymmetric traveling fronts. In addition, we will show the nonexistence of
axisymmetric traveling fronts. Now we state the main results of this paper.

Theorem 1.1. Assume that k1,ke > 1 and ¢ > 0, where c is the wave speed of the
planar traveling wave front ® (x-e+ct) = (P1 (x-e+ct),Py(x-e+ct)) of (1)
with ® (—00) = B, ® (+o0) = E,, e € R? and |e| = 1. Then for any s > c, there
exists a function ¥(x) = (V1(x), V2(x)) € C? (R?) satisfying

{ AT, (x) — s%ﬁll(x) + U (x)[1=T(x) — k1 Pa(x)] =0
dAY,(x) — 587:3,\112()() + 7rUs(x) [1 — Ua(x) — ko ¥y (x)] = 0,

xR (4)

In addition, one has
(i) ¥ (x},23) = ¥ (xh,23), V x|, x5 € R? with |[x]| = |x}], 23 € R;
(ii) for any (xh, %) € R? x R with = > m. |x}],

Uy (x' +x0,13) < Uy (x 23 +2%), V(x,23) €eR? xR

and
Wy (x + xp,w3) > Vo (X, 23 + 25), V (X,23) € R* xR,

s2—c2 .
c )

(1i1) 6%3\1/1 (x) >0 and 8%3\1/2 (x) <0 for any x € R3;
w i_llfl x) >0 on x; € (0,00), i_lllg x)<0onz; € (0,00),71=1,2;
ox; ox;
('U) limg; 400 ||\Il(’x3) - Eu”C(R"’) =0 and limg; ”‘Ij(vx3) - EUHCIOC(]RZ) =0y
vi) 20, (x) >0 and 2V, (x) < 0 for any x € R3, where
ov ov
1

—(v1, 19,1
\/1+I/%+I/22( 12 1)

where m, =

V=

; 2 2« 1
satisfies \/vi + vy < .

We call the function ¥(x) satisfing (i)-(v) of Theorem 1.1 an azisymmetric trav-
eling front of (1). As stated previously, it is difficult to determine the sign of the
wave speed ¢ of traveling wave solutions of (1) with kq,ke > 1. For the reader’s
convenience, here we recall some sufficient conditions from Guo and Lin [15] to
ensure ¢ > 0. That is, ¢ > 0 if one of the following conditions holds:

r=dandke >k >1;

2)r<d ki >1andky > (%) ki;

3) r= %, ko > % and 1 < ky < % except (k1,ka) = (g,%).

In the following we evaluate the limits of the axisymmetric traveling front ¥(x)

with speed s > ¢ as s — ¢ and the nonexistence of axisymmetric traveling fronts.

Theorem 1.2. Let s > ¢ and denote W (x) defined in Theorem 1.1 by ¥*(x). Let
U5(0) = ®5(0). Then one has

tim [ (x) — @ (23)l| o) = 0.
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Theorem 1.3. For s > ¢, there is no axisymmetric traveling front ¥(x) of (1)
satisfying (4), limg, 400 ¥(0,23) = By, limg, o ¥(0,23) = E, and

a—Z\II(x) <0 a—Q\IJ(x) >0 i\I'(x)>0 i‘~I/(x)<0
0z? ! w—o  0x? 2 weo O3 B = g, 2 =7

where i = 1,2.

Theorem 1.4. For s < ¢, there is no axisymmetric traveling front ¥(x) of (1)
satisfying (4), limg, 400 ¥(0,23) = E,, limg, ,_o ¥(0,23) = E, and

0? 0? 0 0
@‘Pl(x) >0, @‘Ib(x) <0, ng‘l’l(x) >0, 87933\112()() <0,
7 x'=0 7 x'=0

where 1 = 1,2.

The result of Theorem 1.3 corresponds to Remark 1.7 of Hamel et al. [20] for the
scalar bistable equation, see also Hamel and Monneau [18, Theorems 1.1 and 1.6]
for the combustion equation. As reported by Hamel et al. [20], in the terminology
of Haragus and Scheel [25], there is no exterior corner for system (1), while the
solutions given in Theorem 1.1 are interior corners. Theorem 1.4 further implies
that there must be s > ¢ for an interior corner. See also Haragus and Scheel [25,
Theorem 1.1].

In this paper we prove Theorems 1.1-1.4 by using the results of Wang et al. [55]
and Ni and Taniguchi [39] on the pyramidal traveling fronts of (1). Set uj = 1—uq
and transform system (1) into (for the sake of simplicity, we drop the symbol )

{ %ul = Aug +ur(x,t) [1 — k1 —ur(x,t) + krua(x,1)],
%Ug = dAug + r (1 — uz(x,t)) [kouy (x,t) — ua(x,t)],
Correspondingly, the equilibria E,, = (1,0), E, = (0,1), Eg = (0,0) and E, =
(E«1,Es2) become E! = (1,1), E® = (0,0), E* = (0,1) and E* = (E}, E}),
respectively, where

xR’ t>0. (5)

* kl -1 * k2(k1 — 1)
=it 7 ko1
1R2 152

Let Uy (§) = ®1(€) and Uz (§) = 1 — @3 (§). Then U (§) = (Uy (§),U2(8)) is a
traveling wave front of (5) connecting E! = (1,1) and E® = (0, 0), where £ = x-e+ct,
e € R? with |e| = 1. In particular, U(—c0) = E°, U(+c0) = E!, U] (¢) > 0 and
Uj (&) > 0 for any £ € R. To complete the proof of Theorem 1.1, we need only to
prove that there exists an axisymmetric traveling front W(x) of (5) satisfying (14)
and (ii)-(vii) of Theorem 3.1 in Section 3. In order to obtain such a function W (x),
we use the results of Wang et al. [55] to construct a sequence of pyramidal traveling
fronts of (5), and then take a limit for the sequence of pyramidal traveling fronts.
Thus, the limit function is just the expected solution. This step is similar to that
in Taniguchi [49]. However, due to the effect of the coupled nonlinearity, we cannot
use the arguments of Taniguchi [49] and Hamel et al. [20] to prove qualitative
properties of the axisymmetric traveling front W(x) (namely (ii)-(vii) of Theorem
3.1). Therefore, in this paper we develop a new method to show (ii)-(vii) of Theorem
3.1 in Section 3, where a crucial procedure is to use the comparison principle and
appeal to the spreading speed of solutions of the resulting equations (systems).
The proof of Theorem 1.2 can be completed by using the result of Theorem 1.1.
In Section 4, we prove Theorems 1.3 and 1.4, which imply the nonexistence of
axisymmetric traveling fronts. Before giving the proofs of Theorems 1.1-1.4, we first
show the existence results and some qualitative properties of pyramidal traveling
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fronts of (5) in Section 2. In Section 5, we give the proofs of two important lemmas,
which are listed in Section 4. Finally, in Section 6 we give a discussion on the
obtained results of this paper.

2. Preliminaries. In this section we state the existence results on the pyramidal
traveling fronts of (5) in R3, which has been established by Ni and Taniguchi [39] and
Wang et al. [55]. Then we show some properties of the pyramidal traveling fronts
which are very important to establish the axisymmetric traveling wave solutions in
next section. Suppose ki, ke > 1. Let U(x-e+ct) = (Ur(x-e+ct),Us(x - € + ct))
be the planar traveling wave front of (5) connecting E? and E!. Assume ¢ > 0.

For two vectors ¢ = (¢1,¢2) and d = (dy, dz), the symbol ¢ < d means ¢; < d; for
each i = 1,2 and ¢ < d means ¢; < d; for each ¢ = 1,2. The interval [c,d] denotes
the set of q €R? with ¢ < q < d. For ¢ = (c1,¢2), we denote |c| = y/c? + c3. For
any u € BC (R3,R2), we define

C(R3) — )
[ullo(rsy = sup |u(x)]
x€ER3

where BC (R?’, RQ) denotes the set of bounded and continuous functions defined on
R3. Fix s > ¢ > 0. Assume that the solutions travel towards the —z3 direction
without loss of generality. Take
u(x,t) =vx,z3+st,t), x = (x1,22), x = (x',23) = (w1, 72,23) .

Then we have the following initial value problem

%vl(x, t) = Avi(x,t) — s%vl(x, t) +or(x,t) [1 — k1 — v (x,t) + krva(x,1)],

%’UQ(X, t) = dAva(x,t) — s5-va(x, 1) + 7 (1 — va(x,1)) [kav1(x, 1) — v2(x, )],

v1(x,0) = v9(x), v2(x,0) = vI(x),

(6)

where x € R3, t > 0.
Let n > 3 be a given integer and

2

52 — 2

my =
Cc

Let {A; = (A4;, Bj)}'_, be a set of unit vectors in R? such that

j=1
Aij+1 — Aj+1Bj >0,5=12,--- ,n—1; AnBl - A1B, > 0.
Now (m.Aj,1) € R? is the normal vector of {x € R*| — x5 = m. (A;,x/)}. Set

) n o R A ) A -
By () = m. (A, x') and h(x') = max h; () = m. max (A;,x)

for x € R%  We call {x=(x,23) €R}| —a35=h(x)} a 3-dimensional
pyramid in R3. Letting

Q; = {x' e R*[h(x') = h; (x)}
for j =1,---,n, we have R? = U%_,€2;. Denote the boundary of €2; by 082;. Let
E=U;_,09;.
Now we set
S;={xeR| -3 =h; (x) forx' €Q;}
for j=1,---,n,and call U}_;S; C R3 the lateral faces of the pyramid. Put
ry=5n0984+,In=5N085,j=1---,n—1
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Then I' := U7_, I'; represents the set of all edges of a pyramid. Define
“x)=U (S MY = ¢ (x!
VT 00 = U (S (e +h(x)) = max U (5 (@ +hy (x)).
Define
D(y)={x¢ R3’ dist (x, szlfj) >~} fory>0.
Let v (x,t;v™) = (v1 (X,£;v7),v2 (X,£;v ™)) be the solution of (6) with v¥ = v~.
Then there exists a function V(x) € C? (R?®) such that
V(x) = tliglov (x,t;v7).
The following theorem is obtained by Wang et al. [55, Theorem 1.1], see also Ni
and Taniguchi [39].
Theorem 2.1. For each s > ¢ > 0, there exists a solution u(x,t) = V(x/, x5 + st)
of (5) satisfying V(x) > v7(x), limy 00 SUPxe p(y) [V (X) — v (x)| = 0 and
{ AVy — 52V + Vi(x) [L — ky — Vi(x) + k1 Va(x)] = 0,
dAVy = s Va + 1 (1 = Va(x)) [k2 V1 (x) = Va(x)] = 0,
Moreover, for any u® € C (R3,RY) with u’(x) € [EY,E!] for x € R® and
lim sup |u’(x) - V(x)| =0, (8)

Y7 xeD(v)

x € R3. (7)

the solution u(x,t;u’) of (5) with initial value u° satisfies

tif&’|u(',~,t;u0) _V('7'+8t)||c(R3) =0. (9)

The next two lemmas show the monotonicity of the pyramidal traveling front V.
Lemma 2.2. For any (xo,Y0,20) € R® with zo > h(zo,y0), one has
V(z1 + 0,22 + Yo, x3) < V(21,22,23 + 20) for any (x1,z2,23) € R®.

Lemma 2.3. Let
1 Y1
A B VN

\/1—|—V%+I/22 1

be a given constant vector with \/v} +vZ < --. Then one has

%V(x) >0, VxecR3

The proofs of the above lemmas are similar to those of Taniguchi [49, Lemma
2.5] and Taniguchi [49, Lemma 3.4], respectively. Here we omit them.
It follows from Lemma 2.3 that a‘ZSV(X) > 0 for any x € R3. In the following
we further show that if the initial value v° is even in 21, then the solution v(x,t; v")
is also even in x;. Furthermore, if v is nondecreasing in 1 > 0, then the solution
v(x,t;vY) is also nondecreasing in x; > 0. Here we use a method which is different
from that in Taniguchi [49, Lemma 3.5].

Lemma 2.4. Assume that f(x) € BC([0,00),R) is nondecreasing. Then the
function

1 & 2 2
F(x,t)= e @V [akt | o= (z+y)? 4kt dy, z>0,t>0
(#%) \/47rk;t/o ( )f (y)dy =

is nondecreasing on x € [0,00), where k > 0.
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Proof. Let € > 0. We show that F (z +¢,t) — F (z,t) > 0. We have
F(zx+e,t)— F (z,t)

1 & . »
_ / (e—((L+E)—y)2/4kt +6—((»L+s)+y)2/4kt) F(y)dy
0

Virkt
T+te 2

:\/ﬁ/_ e VM F (@ +e) —y)dy
+\/4ﬁ/f eV (y — (2 +e)) dy

1 Yo fakty 1 006_3’2 Wiy —a
e o [ -y
:wﬁ/ eV f (@ +e) —y) — f (v - y)] dy
+\/4ﬁ/j eV (y— (x4€) — fy— )] dy

1 T+e 5
+\/M/ e/ f (24 €) —y) — f (y — )] dy.

By direct calculations, we have

\/;m/j e VT f (w4 e) —y) — f (2 —y)]dy
- @ / T e G0 f (o 4 y) — £ ()] dy.
\/417%/0: eV F(y — (@ +e)) — fy— )] dy
:*\/me / e e AR [ () F ()] dy
and
r+te 5
\/ﬁ/ eV R [f (24 ) —y) — f (y — 2)] dy
z+5 5
- wﬁ/ e/ f (@4 e) —y) — f (y — o)) dy
1 vre —y? [kt
+m/ﬁ€ eV f (w+e)—y) — fy—a)dy
- \/ﬁ /f e~ R (e — ) — [ (y)] dy
- \/ﬁ /0 e e IR [ (e — ) —  (y)] dy
1

g /05 (e— (w+y)* 4kt _ — (o:+a—y)2/4kt> [ (e —y) — f ()] dy.
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In view of x > 0, we obtain

F(x+e,t)— F(x,t)

_ ﬁ /oo o (I_y)2/4kt e (m+s+y)2/4kt) [f (8 + y) _ f (y)] dy
™ 0

+\/ﬁ O — (at+y)? [kt _ - (ﬂc+€*y)2/4kt> [fe—y)—fy)ldy

> 0.
This completes the proof. O

Lemma 2.5. Assume that v° (x) € C (Rg, [EO,El]) s even in x1, uniformly con-

tinuous in x € R®, and nondecreasing in v, € [0,00). Then there exists a unique
solution v (x,t) € C (R? x [0,00), [E°,E']) N C*! (R3 x (0,00), [E°, E']) of (6)
such that v (x,t) is even in x1 and nondecreasing in x1 € [0,00).

Proof. The proof is divided into three steps.
Step 1. Let X = BUC (R®R?) with norm [|[| (s g2y, Where BUC (R? R?)

denotes the set of bounded and uniformly continuous functlons defined on R3. De-

fine
r o
T(t):<0 F(dt))
by T (t) u =diag(T (¢) uq, (dt) ug) for u(x) € X, where

_(@1—2) (@ =) +(xz—2)2
/// 1t u(z,y, 2) dedydz.
R3 7r

By results in Daners and McLeod [9] we know that T (¢) is a strongly continuous
analytic semigroup of contractions on X which is generated by DA x, where D =

( (1) 2 ) and Ay is the X-realisation of A. In particular, for any u (x) € X we

have
T(Hu—u ast— 0" in X. (10)
w € C([0,00), X) as a function from R? x [0,00) to R?
). Let
w (0) =vY, E® <w(x,t) <E!Vx € R3¢t > 0;
Soo =W (t) € C([0,00),X) w (x,t) is nondecreasing in z; € [0, 00);
w (x,t) is even in z; € R.

We identify an element
defined by w(x,t) = w(t)(x

For any w (t) € S, consider the following initial-valued problem

Lur — Auy + Myuy = Mywy + fi (w1, ws)
a@uQ dAug + Maus = Mows + fo (w1, ws), (11)
ul(o) = ’U?, UQ(O) = US7

Where fl (wl,wz) = W1 (1 — kl — W1 + klwg), f2 (U}hwg) =T (1 — U}Q) (k2w1 — U)Q),
the positive constants M; and My are large enough so that M;w; + f; (wy, ws)
are nondecreasing on w; in [EO,El]7 i = 1,2. The existence and uniqueness of
solutions of (11) are well known. In particular, the solution u (x,¢) of (11) satisfies
the following integral equation

u(t) =e MT(t)v0 + /t e M=) (t — s)H (w (s)) ds,
0
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where e Mi=diag (e~ ", e~ M=) H(w) = (H' (w),H?(w)) and
Since H' (w) are nondecreasing on w;(j = 1,2), it is easy to show that
E’<u(x,t) <E!, VxeR3 t>0.

By virtue of (10), we further obtain that u (t) € C (][0, 00), X).
In view of the evenness of v (x) and w (x,t) in 21, we know that the solution
u (x,t) of (11) is also even on z7 € R. In particular, we have

0
%U(O To,23,t) =0, V(x2,23) € R? t>0.
Consequently, we have that the solution u (x,t) of (11) satisfies the following para-
bolic problem

Btul Aty + My, = Miwy + wy [1—k1—w1+k1w2], xeN t>0,
gug—dAu%+M2u2:M2w2+r(1—w2)[kgw1—w2], xeQ, t>0,
anl(x) = a%ﬂg(x) =0, x€0Q, t>0,

u1(x,0) = v{(x), ua(x,0) = v9(x), = € Q,

(12)

where 2 = {X €eR3 2 > O}, 8% denotes the outside normal derivative. It is known
that the solution u(x,t) = (u1(x,t),Ua2(x,t)) of (12) satisfies the following integral
equation

_ (o= 2+(z3—2)2
Uy (X t = _1\/11 / / / ———e 1Dt
VArD;t

ey w>2 _ ey e 0
% | e 1Dt 4 ¢ 4D;t v; (q:,y72:) dxdydz

—s) _ (@a—y) 2+ (ag—2)2
[
VATD; (t — s) ))

(== m>2 (@1 +@)? )
X | e 2Pit=s) 4 e 4Ditt=s) | H' (w (z,v, 2, )) dedydzds,

where ¢ = 1,2. By the uniqueness of solutions of (12), we have U (x,t) = u(x,t)
on Q x [0,00). Following Lemma 2.4, we know that the solution u (x,t) of (11) is
nondecreasing on x; € (0,00). Define an operator A by u(t) = Aw (t). Then we
know that A maps S, into Sso

Step 2. Fix Ty > 0. Denote

w(x,0) = vO(x), V x € R?;
E’ <w(x,t) <E} VxeR? te|0,Tp;
w (x,t) is nondecreasing on x; € [0,00);
w (x,t) is even in z; € R.

Sy, = w(t) e C([0,Tp], X)

It is obvious that A maps St, into Sg,. Let L > 0 such that

H(¢) -H(¥)| < Ll¢— |
for any ¢, €R?. Take Ty < ﬁ By virtue of

t
u(t)=e ™MT(t)v0 + / e MU (t —s)H (w(s))ds, 0<t<Tp,
0
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we can show that A mapping Sy, into Sp, is a contraction map. Thus, the con-
traction mapping principle implies that there exists a unique u (¢) € St, such that
u () = Au (-), namely,

Dup (x,1) = Aug (x,1) +uy (x,1) [L — k1 — ug (x,t) + krus (x,1)],
Yy (x,1) = dAug (X t) 47 (1 —ug(x,t)) [kour (x,t) —us (x,1)], (13)
x,0

t (%,0) = 09 (%), 112 (x,0) = 00 (x) |

on (x,t) € R3 x (0,Tp]. Consequently, repeating the above procedure on t €
[To, 270, -+, [mTo, (m+1)Tp], -+, we know that there exists u(t) € So such
that u (-) = Au(-), namely, there exists a unique

u(x,t) € C (R? x [0,00) O e (R ), [E%,E'])

satisfying (13).

Step 3. Let v (x,t) := u(xy,xo,x3 — st,t) for any x € R® and ¢ > 0, where
u (x,t) is the solution of (13). Then it is easy to see that v (x,¢) is the solution of
(6). Since u € S, we have that v (x,t) is symmetric on z; and is nondecreasing
in z1 € [0,400). This completes the proof. O

Corollary 1. Suppose that v~ (x) is even in 1 € R and xo € R, respectively. Then
the pyramidal traveling front 'V (x) defined by Theorem 2.1 satisfies

V(x1,x9,23) = V(—21, 22, T3), V(1,20 23) = V(x1, —22,73), V x € R?,

iV(x) >0, Vxe(0,+00)xR?
6331

iV(x)>>07 V x € R x (0,400) x R.

8x2
Proof. Since v~ (x) is even in x; and xs, respectively, it is easy to see that v~ (x)
is nondecreasing in x7; > 0 and zo > 0, respectively. It follows from Lemma 2.5
that v(x,¢;v™) is even in x; and x5 and is nondecreasing in ;1 > 0 and z2 > 0,
respectively. Thus, V(x) is even in x; and xo and is nondecreasing in z; > 0 and
x9 > 0, respectively. By (7), we obtain

A1 (%) = s52-1(x) — [k1 4+ 2Vi(x)] 91 (x)
— [+ k1Va(x)] o1(x) = k1Vi(x)p2(x),
dAps(x) = 552-p2(x) — 2V2(x)p2(x)
= —[1+ k2Vi(x)] p2(x) — k2 [1 = Va(x)] ¢1(x),
©1(0, 29, 23) = p2(0,22,23) =0
for x = (21,79, 23) € (0,+00) x R?, where
p1(x) = iVl( ) >0 and ¢o(x) = ng(x) >0, Vx e (0,4+00) x R,
8$1 81‘1
Therefore, we have
Api(x) = s52-p1(x) = [k1 +2Vi(x)] 91 (x) <0, ¥V x € (0,+00) x R?,
AAp2(x) = 55 2(x) — 2Va(X)pa(x) <0, ¥ x € (0, +00) x ?,
©1(0, 72, 73) = ¢2(0, 22, 23) = 0, V (x2,13) € R?.
By Theorem 2.1 we have ¢1(x) = %Vl(x) Z 0 and p2(x) = dxl Va(x) # 0 in
x € (0,+00) x R2. Applying the maximum principle (Potter and Weinberger [44])
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for the scalar equation yields

0 0
3:E1V1(X) = 1(x) >0, a—leQ(x) = pa(x) >0, V x € (0, +00) x R2.
This completes the proof. O

3. Axisymmetric traveling fronts. In this section we establish the existence
of axisymmetric traveling fronts of (5) in R®. The method is to take the limit of
a sequence of pyramidal traveling fronts. Consequently, we show some important

qualitative properties of the axisymmetric traveling fronts.
Let

2(t—1 2(1—1
h* (21, 22) = m, max aclcos(zi)ﬁ—i—asgsinu , k=1,2,---.
1<i<2k 2k
It is not difficult to show that the plane
20—« 20—
T3 = My | 21 €08 ——p—— + Zg sin —————

is tangent to the rotating surface

T3 = may/23 + 23

for any k € Nand 1 < i < 2*. Replacing h(x’) by h* (x’) in Theorem 2.1, we obtain
a sequence of pyramidal traveling fronts of (5), namely,

vivz ..o vk

bl

where
k — |1 . k,* k7, _ E k /
A% (x)—tlgglov(x,t, v v (x)—U(S (z3+h (x))).
Denote the edge of the pyramid x5 = h* (x’) by T'* and
DF (v) = {x € R3’ dist (X, U?;F?) > 7} for v > 0.

Since v¥~ (x) is nondecreasing in 1 € (0,00) and x5 € (0,00) and is even in 71 € R
and zo € R, respectively, by Theorem 2.1, Lemma 2.3 and Corollary 1 we obtain

Vi<Vvi<...<VF<... VxeR3
in (x) >0, Vxec(0,00)xR?
(91'1

in(x)>>0, ¥V x €Rx (0,00) x R,
81‘2

%V‘f(x)»o, V x € R3,

1 . 2 2 1 .
where v = ————=(v1, 119, 1) satisfies /v# + v5 < —. Since
\/1+Vf+11§( 1, v2,1) L72 = m.

(z1,22) = @1€08 sy + L2 8in oy, xlslnﬁ—f—xgcosw ,

we have
VF (x) = VF (', 23) = VF (Byx', 23), Vx € R?,

where
s

T .
Bk:<COS2k1 SIHW >

—sin Zk% COSs %%1
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Take 7% € R such that § > 257 and V¥ (0,0,2%) = 6, where 05 € (0, E3)
satisfies the following assumption

(H) Assume that 6, = E5 — Ao, where A5 satisfies

V- B +401- B3 B - (1- Ey)
2

0< Ay <min{ B}, (kiks — 1) (1 — E3),

and

mr (B2 -1)a- B,

Let B
VF(x) = V¥ (x/,z5 +2%), vxeR.
By Lemmas 2.2 and 2.3 and Corollary 1 we have that 4 (x) satisfies:
(a) V& (0) = 65;
(b) %Vik (x) > 0 for any x € R3, where i = 1,2; k € N; v = \/ﬁ(yl, ve, 1)
satisfies \/vf + 13 < -

(c) For any (9,0, 20) € R? with 29 > h¥(z0,y0), there holds
VF(xy + 20, 22 + Yo, 23) < VF(21, 29,23 + 20), Y (21,29, 23) € R?;

(d) VF(x',23) = V¥ (Byx, 23) , Vx € R?;

(e) There are %Vik (x) > 0in z; € (0,00) and %Vik (x) > 0in 29 € (0,00),
where k € N, 1 =1, 2;

(f) There exists a constant K > 0 such that H\ka (X)’

<K, VkeN.
C3(R3)

Now we define a function W(x) = (Wy(x), Wa(x)) € C? (R?, [E?, E']) by (up
to an extraction of some subsequence)
V¥ (x) - W (x) in I-llcz sy as k — oo.
Then we have the following theorem for the function W (x) € C? (R3, [EO, El])

Theorem 3.1. Assume that ky1,ke > 1 and ¢ > 0. There exists a function W (x) =
(W1(x), Wa(x)) € C? (R3, [E®, E']) satisfying

{ AW, (x) — s%Wl(x) + Wi (x)[1 — k1 — Wi (x) + k1 Wa(x)] =

0, x €R?
dAW(x) — s52-Wa(x) + 1 (1 = Wa(x)) [kaWi(x) — Wa(x)] = 0, '

(14)
In addition, one has
(i) W2 (0) = 62;
(ii) W (x],23) = W (x5, 23), V x|, x5 € R? with |x}| = |x}|, 73 € R;
(iii) for any (7o, Yo, z0) € R® with 20 > m.+\/22 + y2, one has
W (21 + 20, 22 + Yo, 73) < W(1, 22,23 4+ 20), YV (21,22, 23) € R?;
(iv) %W (x) >0 foranyx € R3, i =1,2;

(v) %W(x) > 0 for z1 € (0,00), %W(X) > 0 for z9 € (0,00);
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(vi) lim [[W(-,23) — E'||c@e) = 0 and lim,, o [[W(:, 23) — E%||¢,, (r2) = 0.

xr3—+0o0

vii) ZW (x) > 0 for any x € R3, where
( ) ED) Y

1 1
v=—=—o——(11,10,1) with V242 <

VT T AR VIS

It can be shown that W (x) satisfies (14) and (i) and (ii) of Theorem 3.1. In view

of h¥ (21, 22) < mu/2? + 23 for any (z1,72) € R? and h*(z1, 29) = ma.\/27 + 23 in
Cioc (RZ) as k — +o00, we can prove (iii) of Theorem 3.1. In the following we prove
(iv)-(vii) of Theorem 3.1 by a sequence of lemmas. Following the properties (a)-(f)
of V(x)*, we have: (I) %Wi (x) >0 for x € R3 i =1,2; (I) %Wi(o,x%xg) =
0 for (z2,73) € R? and %Wi(l’l,(ll’g) = 0 for (z1,23) € R? i = 1,2; (III)
a%Wi x) > 0 for x € (0,+00) x R? and a%Wi(x) >0 for x € R x (0,400) x R,
i=1,2.

Lemma 3.2. W (x) # 01 and Wy (x) # 0 for x € R3, where 0; = W;(0).

Proof. Notice that 0 < W5 (0) = 6, < Ej = (ki—Dks If Wy (x) = 6 for any

*

k1ko—1
x € R? we have koaWi (x) — Wa(x) = 0 for any x € R3. Thus, 0 < Wy (x) =
% < Ef = ﬁ It follows that system (5) admits an equilibrium %’ 02) with

E’ <« (z—z, 92) < E*, which is impossible. Therefore, Wy (x) # 0 for x € R3.
Now we show that Wi (x) # 6; for x € R3. On the contrary we assume that
Wi (x) = 6, for x € R3. In view of 0 < #; < 1, we consider two cases: (a) 61 =0
and (b) 0 < 67 <1.
(a) If 61 = 0, it follows from the second equation of (14) that

dAW,(x) — SiWQ(X> —rWa(x) (1 = Wa(x)) =0, VxeR3
T3

0
Let W(x) = 1 — Wa(x) for any x € R3. Tt follows that Tilﬁ//(x) < 0 for any
x € (0,+00) x R, %W(x) < 0 for any x € R x (0,+00) x R and a—‘;})ﬁ(x) <0
for any x € R3. In addition, we have

dAAW (x) — saiW(x) +rW(x) (1 - W(x)) =0, VYxcR.

€3

Furthermore, let W(x) = WN/(xl,xg,—xg) for any x = (21, 72,73) € R3. Then we

have %W(x) > 0 for any x € R3 and

dAﬁ(X) + S%W(X) + T%(X) (1 - W(x)> =0, VxeR?

which implies that W(Il,IQ,Ig — st) is a solution of the following Fisher-KPP
equation

%u(x,t) = dAu(x,t) + ru(x,t) (1 —u(x,t)), x€R? t>0. (15)
Let
u(x,t) = min {W(l’hl'g,l'g — st), W (a1, x0, —23 — st)}

W(ml,xg, —|z3| — st), Vx=(x1,20,23) € R3.
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Then 7u(x,t) is also a supersolution of (15). In particular, u(x,t) < w(x,0) <
W(O) =1—-0y < 1 for any x € R3. By the classical results of Aronson and
Weinberger [2, Corollary 1] on the asymptotic speed of propagation for the Fisher-
KPP equation, we know that the solution u(x,t;¢) of (15) with initial value ¢
satisfies

lim inf tip)=1 f . 1
t;gg”527g4x7,w) or any 7 € (0,77) (16)

if ¢(-) € C (R?,[0,1]) satisfies that ¢(-) # 0 and supp ¢ is compact, where 7% =
2V dr. However, the comparison principle implies that

u(x, t; @) < u(x,t) <u(x,0) < W(0) <1 for any x € R3, ¢ >0, (17)
if ¢ further satisfies p(x) < u(x, 0) for any x € R3. It is obvious that (17) contradicts
the fact (16). Therefore, 6, # 0.

(b) Assume that W;(x) = 6; and 0 < #; < 1. Then by the first equation of (14)
we have
1—FKk —601+ k‘1W2(X) =0.
Then we have Wa(x) = %;1*1 in R, which contradicts the fact that W»(0) = 605
and Wa(-) £ 6.
Following the above arguments, we conclude that Wy (x) # 6; for x € R®. This
completes the proof. O

In the following we prove (v) of Theorem 3.1. To reach the aim, we first present a
lemma, which will be proved in Section 5. Consider the following reaction-diffusion
system in R

2
{ 2y = Louy + (B} — un) (kytez — ).

; r€eR, t>0. (18)
%'LLQ = daL;UQ —+7r (1 — E; + UQ) (kgul — UQ) s

Lemma 3.3. There exists k* > 0 such that for any k > k™ system (18) admits
an increasing traveling wave front (p1 (x + Kt) , p2 (x + Kt)) connecting the equilibria
E° and E*, and for any k < k* system (18) does not admit an increasing traveling
wave front (p1 (x + Kt), pa (x + Kt)) connecting the equilibria E® and E*.

Now we prove (v) of Theorem 3.1, namely, we have the following lemma.

Lemma 3.4. %Wi(x) > 0 for any x € (0,+00) x R? and %Wi(x) > 0 for any

x € R x (0,400) x R, i = 1,2.

Proof. We first show that it is impossible that a%lWl (x) # 0 and a%lwg(x) =0
for x € (0,4+00) x R2. We prove it by contradiction. Assume on the contrary that
a%lVVl(X) # 0 and %Wg(x) = 0 for x € (0, +00) x R%. Since %Wl(o,xg,l‘g) =0
for (z2,23) € R? and %Wi(x) > 0 for x € (0,+00) x R2, by a similar argument
to that in Corollary 1 we have %Wl (x) > 0 for any x € (0,+00) x R Note that
%Wg (x) = 0 for x € (0,+00) x R% Differentiating with respect to z; the second
equation of (14), we obtain

rka (1 — Wa(x)) ailel(x) =0, VxcR?

which yields that Wy(x) = 1 for any x € R®. This contradicts (i) of Theorem
3.1. Similarly, we can show that it is also impossible that %Wl (x) = 0 and

%Wg(x) # 0 for x € (0, +00) x R2.
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By (ii) of Theorem 3.1, we have %Wi(x, Y, x3) = %@Wi(y, x,x3) for any (z,y) €
R? and z3 € R, where i = 1,2. Following the above arguments, we have that
either %Wi(x) > 0 for any x € (0,+00) x R? and %Wi(x) > 0 for any x €
R x (0,+00) x R, or %Wi(x) = 0 for x € (0,+00) x R? and %Wi(x) = 0 for
x € R x (0,400) x R, where i = 1, 2.

We then prove that it is not true that %Wi(x) =0 for x € (0,+00) x R? and
%Wi(x) =0 for x € R x (0,+00) x R, i = 1,2. For a contrary, we assume that

S W) = 5 Wi(x) = 5 Wal) = - TWa(x) =0, x € R,
which implies that W;(x) only depend on z3 € R. We rewrite W;(x) as W;(x3) and
denote W;(z3) by W;(z) with z = 23, i = 1,2. By Lemma 3.2 we have W, (z) # 0;
and W; (0) = 6;, which implies that LW; (z) # 0 on z € R. It follows from the
maximum principle that %Wi (z) >0 for any z € R, i = 1,2. Let

Wi (—0)=a~, Wi(+x)=at, 0<a <at <1,
Wa (—00) =7, Wa(+oo)=p%, 0<p” <pr <L

In particular, we have = < Ej. In this case we rewrite the system (14) as

{ WY = sW{ + Wi (1= ki = Wi+ kaWs) =0,

AWL — sWE + 1 (1 — W) (kWi — W) = 0. (19)

Obviously, (o=, 87) and (a™, 8T) are the roots of the following algebra equations

{ u(l—ki —u+kov)=0,
(1 =) (kqu —v) =0.

Therefore, we have either (a=,57) = (0,0) and (at,8") = (1,1) or (a™,87) =
(0,0) and (at,8T) = (E7, E3). We argue that it is impossible to have (at, ) =
(1,1). Otherwise, system (5) admits a planar traveling front (Wi (x + st), Wa(x + st))
with wave speed s > ¢ connecting two stable equilibria (0,0) and (1,1), which
contradicts the uniqueness of the planar traveling wave front (U, ¢) of (5).

Assume that (a=,87) = (0,0) and (at,8") = (Ef, E}). Let ¢ (z) = Ef —
Wi (z) and ¢ (2) = Ef — Wy (2) for any z € R. We have

1 =591+ (B — ) (kg2 —¢1) = 0,
dlj]g — ST/Jé +r (1 — E; + 1/)2) (kz’l/il — ”(/JQ) =0.
Let p; (z) = 1; (—2) for any z € R, i = 1,2. Then (p1(2), p2(z)) satisfies
{ i+ spy + (EY = p1) (kip2 — p1) =0, (20)
dpy + spy + 1 (1= E3 + p2) (k2p1 — p2) =0
and
pi(—00) = Ef —W; (+00) =0, p; (+00) = Ef — W,;(—o0) = Ef, i =1,2.

System (20) implies that the system (18) admits an increasing traveling wave front
(p1 (z — st), po (x — st)) connecting E® and E*. Thus, (p; (z + s't), p2 (x + s't)) is
an increasing traveling wave front connecting E° and E* with wave speed s’ =
—s < 0, but this is impossible due to the fact showed by Lemma 3.3. The proof is
completed. O
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Following Lemma 3.4, we have W (z1, 22,0) > W(0,0,0) for any (z1,z2) € R?
with 23 +22 > 0. By (iii) of Theorem 3.1 we have that W (0,0, z3) > W (z1,72,0) >
W(0,0,0) for any z3 > muy/2? + 23 > 0, which implies that %W(x) >0
and %W(X) # 0 on x € R3. Furthermore, the maximum principle yields that
%W(X) > 0 for x € R3. Thus, we have proved (iv) of Theorem 3.1.

In the following we prove (vi) of Theorem 3.1. Since -2-W;(x) > 0 (i = 1,2) for

s
x € R3, we define

(1,2) == lim W(0,0,z3) and (8,02) := l_i)m W(0,0,z3).
xr3 —0o0

Tr3—+o0

Lemma 3.5. One has (B1, 82) = E°, and either (a1, a2) = E* or (a1,az) = EL.
In particular, one has

L31—1>Ir_loo HW<7 .",L‘3) - EoHcloc(RZ) =0

and

lim HW(v '71'3) - (0417 a2)”C(R2) =0.

Tr3—+00

Proof. By (iii) of Theorem 3.1, for any zo > m.\/z3 + y2 we have
W(0,0,J}g) S W($0,y07333) S W(0,0,.’Ifg +Z0) vx?) eR.

It follows that
lim [[W(,-,x3) — (0417042)HC(]R2) =0

xr3——+00
and
lim |[W(,z,+-)— (al’az)HCfDC(R?’) =0

n—+oo

for some sequence {z,} satisfying z, — 400 as n — +4o0o. Thus, the vector
(a1, a2) € R? satisfies

fi(a1,a0) =0 and fa(ag,az) =0.

In view of E? < (a1, a2) < E*, we conclude that either (o, as) = E* or (o, ) =
E!. Similarly, we have (81, 32) = E°,

lim ”W(a 'axB) - (ﬂlv BZ)”cloc(Rz) =0

Tr3—>—00
and
. 0 _
i W) B ) =0
where z, — 400 as n — 400. This completes the proof. O

In order to complete the proof of Theorem 3.1 (vi), we need further to show that

. 1

lim W, 23) — B o) =0. (21)
To do this, it is sufficient to show that there must be (o, az) = EL. Our method is
to assume (a1, az) = E* and derive a contradiction, which is similar to the argument
in Lemma 3.4. To obtain the contradiction, we first consider the spreading speed
for a cooperation reaction-diffusion system, namely, the below (23). Since we are
working in three-dimensional spatial space, the results of Liang and Zhao [34] on the
spreading speed of the monotone semiflow are not applicable, so we use the theory of
Thieme and Zhao [50]. Before presenting the lemma, we introduce some notations,
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which come from Thieme and Zhao [50]. Let o > 0 and u(x, ) : R3x [0, +00) — R2.
Define

liminf wu(x,t) =supinf{u(x,s):s >t |x| <os}
t—o0,|x|<ot t>0

and
limsup u(x,t) = ggg sup{u(x,s):s>t,|x| <os}.

t—o0,|x|<ot
We say that lim;_, o |x|<o+ U(X,t) = u* if and only if

liminf wu(x,t) = limsup u(x,t)=u
t—o0,|x|<ot t—o0,|x|<ot

This is equivalent to the statement that for any € > 0, there exists some ¢ > 0 such
that |u(x, s) — u*| < € whenever s >t and |z| < os.

Let
v (k1k2 (1- E3) _1> 4(1- B3 +A9)°
! 1—Ej+ A, K22 (1—Ep)?
v (k2L E5) ) AL B3+ Ay)
2 1—E} + Ay k2ko (1 — E3)

and E** = (v, v3). It is clear that E** = (v],v3) is the unique positive root of the
equation

kiEfvs (1— 4 ) = Bjw =0,
rho (1 — E3)vy —7r (1 — E} + As)ve = 0.
Recall that Ay = E} — 05, where 05 satisfies the assumption (H). Define

- ky o2
gy = Mlee(uas] |V T AV [ U E 10,951 (22)
infve[v;u) v— 4’2}* v, u > vl

Consider the following system

{ Otul Aul(x t) + k1E19(U2) E1U1, XxER3. +>0

atug—dAuQ(x t) + ko (l—EQ)ul—r(l—Ez +A2)U27 ’ '
(23)

Due to the strict convexity of the function v — 4’;21* v?, we have that E** = (v}, v3) is

the unique positive equilibrium of system (23). In particular, g(-) is nondecreasing
on [0,v5]. Here we emphasize that the reason that we can establish the spreading
speed for solutions of system (23) is that the theory of Thieme and Zhao [50] only
works for scalar nonlinear integral equations and system (23) exactly enables us to

reduce it to a scalar integral equation for the second component us. But it is difficult
to reduce any component of solutions of the original Lotka-Volterra competition-
diffusion system to a scalar integral equation.

Lemma 3.6. Assume that ¢ = (¢1,¢2) € C (R3, [E07E**]) is compactly supported
with ¢1(-) + ¢2(-) Z 0. Let ﬁ(x,t; o) = (51 (x,t;0) ,52 (x,t; gb)) be the solution of
system (23) with the initial value ¢. Then there exists o* > 0 such that

(1) ﬁ(x,t; ¢) € [E®,E**] for any x € R? and t > 0;

(ii) limy_s o0, |x|> 0t u (x,t) = E° for any o > o*;

(iii) Hmy— o0, |x|<ot U (X, ) = E** for any o < o*.
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We postpone to prove the lemma in subsection 5.2. Now we are in a position to
prove (21).

Lemma 3.7. One has

lim [[W(-,- 23) — B||o(e) = 0.

xr3——+00

Proof. As mentioned above, we need only to show lim, 1o W(0,0,73) = E!. By
Lemma 3.5, we have that

either  lim W(0,0,z3) =E! or lim W(0,0,z3) = E*.

xr3——+00 xr3—+00
Therefore, it is sufficient to show that the latter is impossible.
On the contrary we assume that

lim W(0,0,z3) = E*. (24)

x3——+00

Consequently, we have E® < W(x) < E* for all x € R3. Set ®; (z1,2,73) =
Ef —W; (21,29, —x3), i = 1,2. We have
{ A‘il + S%i’l + (Eik - (i)l) (k’l(i)g - (i)l) = 07

3
dA®y + 550 + 1 (1 = B3 + B2) (k21 — $2) =0, TR

By virtue of W;(—x1, 22, x3) = W;(21, 22, x3) and W;(x1, —22,x3) = Wi(z1, 22, 23)
for all (z1,z2,73) € R3, and %Wi > 0 for 1 > 0, %Wi > 0 for x5 > 0 and
%Wi > 0 for any x3 € R, we have that éi(—xl,x%xg) = @i(xl,xz,xg) and
éi(xl, —Z9,x3) = (i)i(l’l,l’g,zg) for all (21,72, 23) € R3, and 8%&)1' < 0 for z1 > 0,
a%(i)i < 0 for z9 > 0 and a%‘i’i > 0 for any z3 € R, ¢ = 1,2. It is obvious that
(i’l(ml, X9, T3 — St), y(1, w9, w3 — st)) is a solution of the following system
By = Aty + (Bf —1y) (k1tiy — 1y) ,
{ Y — drd +(rh - E);(+ in) (kga)l gy, YXERLE>0. (25)

Note that [EO, E*] is an invariant interval of solutions of system (25). Define
D, (x,t) := min {i)i (x1, T2, x3 — st), ®; (1,9, —23 — st)}
for x = (21,72, 73) € R® and t > 0, where i = 1,2. Then
B (x,t) = (1 (x,1), B2 (x.))
is a supersolution of (25). In particular, we have that
0< ®; (x,t) = D; (w1, 0, —|xs| — st) < B; (0,0, —st) < Ef — ;.
Following from (24), we have
Jim ®;(0,0, —st) = Jim B = W(0,0,=st) =0, i=1,2.

Therefore,

~

lim sup ®(x,t) =0. (26)

t—o00 x€R3

Following the definition of ®(x,¢), we have ®(x,0) > 0 for any x € R3. Fix
peC (R?’, [EO,E**]) such that it is compactly supported with ¢1(-) + ¢2(-) Z 0
and ¢(x) < ®(x,0) for any x € R®. Let t(x,t;¢) be the solution of (25) with
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initial value U(x,0;¢) = ¢(x). Because ® (x, ) is a supersolution of (25), we have
u(x,t;¢) < ®(x,t) for all z € R3 and ¢ > 0. It follows from (26) that
lim sup u(x,t;¢) =0. (27)

t—o0 x€R3
Consider the following system

6tu1 Auy + (E1 - u1) (k1172 - 171) s (28)
gtUQ = dA’LLg +7’k2 (1 — E;)ﬂl — 'f‘(l — E; +A2)Eg

This system has two equilibria E® = (0,0) and E = (Ef, %E*) In par-

ticular, system (28) satisfies the comparison principle on [EO,E*]. Notice that
Ua(x,t;¢) < Pa(x,t) < P5(0,0) < Ej —0s = Ay for all x € R and ¢ > 0. By virtue
of

r (1 — B3 +Ua(x,t;0)) (k2tir (X, 15 0) — Uz (X, t; 9))
> vy (1 — B3) G1(%, 6 6) — v (1 — B + Ao) fia(x, £ ),

we have

3@1( t;¢) = Aui(x,t;¢) + (B} — u1(x,t;9)) (krua(x, t; ¢) — ui(x,t;9)) ,
Lls(x,t;0) > dAT(x, ;) + rke (1 — E3) Uy (x, t; qS)
—r (1 — E} + As) ua(x,t; 9),

which implies that U(x, t; ¢) is a supersolution of (28). Let u(x, t; ¢) be the solution
of (28) with initial value ¢(-). By the condition (H), we have Ay < E%Y. Then the
comparison principle implies that U(x,t;¢) > u(x,t;¢) > 0 for any x € R® and
t > 0. Therefore, it follows from (27) that

lim sup u(x,t;¢) = 0. (29)

t—o0 x€R3

Using the inequality

]
where 1 > 0 is a constant, we have
(Bf —u) (kv —u) = kEjv—ku — Efu+ u?
k k
> klET'L}f%’UQ 2w — Efu+4

Setting n = k1, we get
k‘2
(B} —u) (kiv —u) > k1 Efv — Zlvz — FEfu, VYu,v>0.
By the definition of g(-), we have
]{32
(B} —uw) (kv —u) > kEjv-— ZlUQ — Ffu
> kiEfg(v) — Efu

for any (u,v) € [EO,E**] In particular, when (H) holds, one has E** < E7.
Let u(x,t;¢) be the solution of (23) with initial value ¢(-). Then by the above
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inequality and Lemma 3.6 (i) we obtain
%51 (x,t;0) = = Al (x,t;0) + k1 EYg (Ug (x t; qb)) E1 uy (x,t;9)
< A (x,t;0) + (E* - (x, ) (kzluQ x,t; ) — U (x,t;gb)) ,
%52 (x,t;9) = = AT, (x,t50) + kg (1 — EQ) uy (x,t;0)
—’/‘(1 —E2 —|—A2)U,2 (X t QS)

which implies that u (x,1; ¢) is a subsolution of (28). Using the comparison principle
for systems (28), we have

U(x,t0) <u(x,t;¢), VxeR? t>0. (30)
Following Lemma 3.6 (iii), we have

lim u (x,t;¢) =E™ for any o € (0,07),

t—o00,|x|<ot

which implies

u (x,t;¢) — E* in the sense of Ci,. (R?) as t — +o0. (31)
Combining (30) and (31), we get
lim inf u(x,t¢) > E*™ for any fixed R > 0. (32)

t—00 |x|<R

Finally, there exists a contradiction between (29) and (32). This contradiction
shows that (24) is impossible. Therefore,

lim W(0,0,z) =E"

z——+00
This completes the proof. O
Up to now, we have completed the proof of Theorem 3.1 (vi). Theorem 3.1 (vii)
can be easily proved by using the results of Theorem 3.1 (ii)-(v) and the maximum

principle. Here we omit the details of the proof. Thus, we have completed the proof
of Theorem 3.1.

Theorem 3.8. Let s > ¢ > 0 and denote the azisymmetric traveling front W (x)
defined in Theorem 3.1 by W?*(x). Let U3(0) = W5(0) = 05. Then one has

lim [[W*(x) = U(zs)l|c2_s) =0,

s—rc+

where (U, ¢) is the planar traveling wave front of (5) connecting E® and E!.

Proof. Note that there exists K > 0 such that [[W?(-)|[gegs) < K for any s €
(c,e+1). Let {s,} satisfy s, < spp1 < c+ 1 and s,, — ¢ as n — oo. Then there
exists a function U(-) € C? (R, [E%, E']) such that

W*(0,0,-) — U(-) under the norm || - ez ®) asn— oo

By (iii) of Theorem 3.1, we have

W5 (0,0, 23) < W* (21,29, 73) < W5 (0,0,963 +ml\/ a3+ x%)

2 _p2
for any (21, 2, x3) € R?, where m!" = /== Due to m} — 0 as n — oo, we have

that W*n(x1, 29, 23) converges to ﬁ(.’IIg) uniformly in any compact set Q C R3
as n — oo. Consequently, we have that W*»(x1,z9,23) converges to U(xs) in
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the sense of || - |lc2 (rs) as n — oo. Thus, we have that U() = ((71(),[71()) €
C? (R, [EO,El]) satisfies

U7 (z) — Ul (z) + Uy () (1 —Ui(x) - klﬁg(x)) —0,
AUy (z) — cUY(x) + 7 (1 - [72(:10)) (kgﬁl(x) - ffg(x)) —0,

z e R.

In view of Us(0) = 0 and U!(z) > 0 for any = € R, similar to the proof of Theorem
3.1 we can show that U(+o0) = E!, U(—o00) = E° and U/(z) > 0 for any z € R ,
where ¢ = 1,2. It then follows from the uniqueness of planar traveling wave fronts
of (5) connecting two equilibria E® and E! that ﬂ(w) = U(z) in z € R. This
completes the proof. O

4. Nonexistence of axisymmetric traveling fronts. In this section we prove
Theorems 1.3 and 1.4, which imply the nonexistence of axisymmetric traveling
fronts. Here we give only the proof of Theorem 1.4. Theorem 1.3 can be similarly
proved.

Proof of Theorem 1.4. We prove it by a contradiction argument. On the contrary, we
assume that for s < ¢, there exists an axisymmetric traveling front ¥(x) satisfying
(4), limg, 400 ¥(0,0,23) = By, limg, o ¥(0,0,23) = E, and

2 2

%\Pl(x) > O, aaxlquQ(X)

%

0 0
<0, = .
<0, axgllll(x) >0, Bs Us(x) <0

x1=x2=0 x1=x2=0

Let Wi(x) = Wy(x) and Wa(x) = 1 — Wy(x) for any x € R®. Then W(x) =
(W1(x), Wa(x)) satisfies (14), limg, 100 W(0,0,23) = EL, lim,, , o W(0,0,23) =
E° and

82
9x?

2

0
20, 53 —Wa(x) > 0.

0
> R
0 Wi(x) > 0, s

Wa(x) 20 5

W1 (X)

x1=x9=0 x1=x9=0

Let U(z3) = W(0,0, 23) for any 25 € R. Then we have
U} (w5) — sU{ () + Us(w3) (1 — k1 — Ur(w3) + k1[72($3))

= - 72W1(X)

and

dﬁél($3) — Sﬁé(ﬁg) +7r (1 - (72((E3)> (kQUl 1‘3 UQ x3 )

2 2
— 0 L ) —a L )

<0,
ox? 023

ZE1:132:O Xr1=T2= 0

which imply that u™(z,t) = (uf (z,t),u] (z,1)) with u (z,t) = Ui(z+st) (i = 1,2)
is a supersolution of the following system

d o2 i i i
{ Sl (z,t) = st (z,t) + (2, ) (1 — (2, 1) — kytia(w, 1)), r€R,t>0.

F) 1
Lag(2,t) = dZstn(,t) + 1 (1 — ta(2,t)) (kotiy (2, t) — 12(z, 1)),
(33)
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On the other hand, following Wang [52, Lemma 4.2] (see also Lin and Li [35]), we
obtain that the function

u (z,t) = U(m—i—ct—f_—pé(l—e_'gt))
—0e~"tQ (a:—i—ct—f*—p(S(l—e*ﬁt))

is a subsolution of (33), where p,d, 8 are appropriate positive constants, Q(-) €
C? (R, Ri) is a monotone vector-valued function and satisfies Q(£o0) >0, ¢~ € R
is an arbitrary number. In view of

u (2,0)=U(z —€¢7)—0Q(z —&£7), ut(—o0,0)=E® and u'(+00,0) = E',

there exists a sufficiently large £~ > 0 so that u™(z,0) < ut(z,0) for all z € R.
Applying the comparison principle (see also Wang [52, Sections 2 and 5]), we have

u (z,t) <ut(z,t) =Ux+st), YzeR, t>0.
It follows that
E' > U(0) =ut(—st,t)
u (—st,t)
= U((c—s)t—¢& —pd(1- efﬁt))
—de "'Q ((c—s)t—& —pd(1— e_ﬁt))
— E! as t — 400,

v

which is a contradiction, this completes the proof of Theorem 1.4. [

5. Proofs of Lemmas 3.3 and 3.6. In this section we prove Lemmas 3.3 and

5.1. Proof of Lemma 3.3. Counsider system (18), namely, the following reaction-
diffusion system

S = 387;2“1 + (B —u1) (kruz —w1), (34)
%UQ = d%UQ —+1r (]. — E; + UQ) (k2u1 — Ug) .
For the corresponding ODE system
{ %ul = (Eik - ul) (k1u2 - Ul); (35)
%UQ =r (1 - E5+ UQ) (k2u1 - UQ) R

the equilibrium E° is unstable and the equilibrium E* is stable. Following Volpert
et al. [51, Theorem 4.2] and Liang and Zhao [34, Theorems 4.3 and 4.4] we know
that there exists k* € R such that for any x > k*, system (18) admits an increasing
traveling wave front (p; (z + st), p2 (¥ + kt)) connecting the equilibria EY and E*
and for any x < k*, system (18) does not admit an increasing traveling wave front
(p1 (z + Kt), pa (x + Kt)) connecting the equilibria E° and E*. To complete the
proof, it is sufficient to show that x* > 0.
By Volpert et al. [51] we know that £* := infyecxc ¥* (¢), where

¥* (¢) := max {sup O (@) + [ (e(@)  dof () + fa (¢ (2)) }

z€R ¢/1 (93) ,zGR ¢/2 (x)

and

K={¢(x)=(¢1(x),02(2)) € C* (R, [E°, E*])| ¢} (x) > 0,i =1,2}.
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But it is difficult to show k* > 0 via k* := infyexc ¥* (¢). Therefore, we use the
setting of Liang and Zhao [34] to show x* > 0.

It is not difficult to show that the hypothesis (A1)-(A6) and (C1)-(C6) of Liang
and Zhao [34] hold in [E? E*| for system (18). Linearizing system (18) at E® =
(0,0), we obtain a linear systern

{ atul aIQ uy — Elul + k1E1u2, (36)

Dy = d2gus + ks (1 — E3)ur — 7 (1 — E3) up
For any o € R, let u; (z,t) = €**n; (¢), ¢ = 1,2. Then we have
{ %771 (t) = (&® = Ef) m (t) + k1 Efnaz (1), (37)
St () = rka (1= E3)m (8) + (do® —r (1= E3)) n2 (¢).

Namely,

where

_( m(® _ (- Ef k1 EY
1= (0 ) = a0 =0T e raom )
It is obvious that the matrix A («) is cooperative and irreducible (see Smith [46,
page 56]). Let A(a) := s(A («)) be a simple eigenvalue of A («) with a strongly
positive eigenvector p («) = (p1 (@), p2 (@) > (0,0). A direct calculation yields

/\(a):—[r(l—Eg*)—&-El*— (1+d)a?] + F
2

where
Ia) = [r(1-E;)+Ef—(1+d)a?]
—4 (B} — o?) (r (1 — E3) — do?) + drki k2 Ef (1 — E3) .
Define
By, (n") = My (n"e™*%) (0) = 0 (t:n") = exp (A (a) ) 1°,

where M, is the linear solution map defined by (36) and 7 (t7 770) is the solution of
(37) with 7 (0) = Y. Therefore, B, is the solution map associated with (37) on R?,
and hence, B?, is the strongly positive matrix for each ¢ > 0. Since 1 (¢;p (a)) =
exp (A (a)) p («), we have

B, (p(a)) =n(t;p(a)) = exp (A (a)t) p(a) = exp (A(a) ) p(a),
which implies that exp (A () t) is the principle eigenvalue of B, and p («) is the
associated strongly positive eigenvalue. Let ¢t = 1. Then v («) := exp (A («)) is the
principle eigenvalue of B, := B. Define a function
@ (a) = 1y () = 2.

A direct verification yields that:

(1) @ () = +o00 as o — 0

(2) ® ( ) is decreasing near 0;

(3) @’ (a) changes sign once on (0, +00);

(4) limg— 400 © () = +00.

In the following we prove that x*
A(0) > 0, we have v (0) = exp (A (0))
and Zhao [34] is satisfied.

(07

infaso® (o) = infaso @ In view of

>
> 1. Therefore, the condition (C7) in Liang
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For § > 0, denote Cs = { ¢ = (1, ¢2) € BC(R,R?) |O < i(-) <4, i=1,2}. For
any € € (0,1), there exists a § > 0 such that O <, (x,t;0) < wu;(t;0) < e for any
z €R, t€[0,1] and ¢ € Cs, where i = 1,2, u(x,t;¢) = (u1 (x,t;0) ,us (z,t;0)) is
the solution of (18) with initial value ¢ € Cs and u (¢;6) = (u1 (¢;0), uz (¢;9)) is the
solution of (35) with initial value u(0) = (¢,4). Thus, u(z, t) = u (z,t; p) satisfies

gtul > aazul Efuy + ki (Ef — €) ug,
atug >d 2uQ+rk2(1—E2)u1 —r(l—FE}+¢€)ug
for any © € R and t € [0, 1].
Let Mf,t > 0, be the solution map associated with the linear system

%’Ul = 687;22’01 — Eikl)l + kl (E‘ik — 6) V2,

%1}2 = d%vg +rko(1—E3vy —r(1—E3+¢€)vs.
The comparison principle implies that Mf (¢) < Q; (¢) for any ¢ € Cs and ¢ € [0, 1],
where @; is the solution map associated with system (18), namely, Q; (¢ )() =
u(-,t; ). In particular, M5 (¢) < Q (¢) := Q1 (¢) for any ¢ € Cs5. As we did for

M, a similar analysis can be made for My. It then follows from Liang and Zhao
[34, Theorem 3.10] that

i < g* .
ér;f()tbe(a)_m ,Vee(0,1)

Letting € — 0, we obtain £* > inf,~o @ ().

Now we show that inf,~o® (o) > 0. First, we have ® (0+0) = +oo and
® (+00) = 4o00. Therefore, it suffices to show that A(a) > 0 for any @ > 0.
We consider three cases in the proof.
Case i. (Ef —o?) (r(1— E3)—da?®) > 0 and Ef — a? < 0. In this case we have
—[r(1 = E3)+ Ef — (1+d) a?] > 0, which implies that A () > 0.
Case ii. (E} —a?) (r(1 - E3) — da®) < 0. By the fact that

Ia) = [r(1—E3)+Ef—(1+d)a?]’
—4 (Ef —a®) (r (1 — E3) — do?) + 4rk: ko Ef (1 — E3)
= [(r(1 = E3) — do®) — (Ef — o®)]” + 4rkiko B} (1 - E3),
we obtain A (a) > 0.
Case iii. (Ef —a?) (r(1— E}) —da?) > 0and Ef —a? > 0. In this case we have
drkikoEY (1 — B3) > 4rEf (1 — E3) > 4 (BEf —o®) (r (1 — E3) — da?) .

Therefore, we have

~[rQ-E3)+Ef-(Q+d) o]+ |r(1-E3) +Ef — (1+d)a?

-

Aa) >
(@) :

Combining the above cases (i)-(iii), we obtain k* > inf,~o @ (o) = inf,>0 %a) >
0. This completes the proof of Lemma 3.3. O

5.2. Proof of Lemma 3.6. In this subsection we prove Lemma 3.6 by using the
theory of Thieme and Zhao [50]. For the reader’s convenience, in subsection 5.2.1
we state some results of Thieme and Zhao [50] on the spreading speed for scalar
nonlinear integral equations, which are needed in the next subsection. In subsection
5.2.2, we use these results to prove Lemma 3.6 in details.
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5.2.1. Spreading speed for scalar nonlinear integral equations. Consider the follow-
ing nonlinear integral equation

u(x,t) = up (x,1) —l—/o RnF(u (x—y,t—r),y,r)dydr, (38)

where F' : Ri x R™ — R is continuous in u and Borel measurable in (y,r), and
ug @ R™ x Ry — R, is Borel measurable and bounded. We further impose the
following assumptions on F':
(A) There exists a function k:R™ x Ry — Ry such that
= [ Jan b (x,t) dxdt < oo;
(A2) 0 < F(u,x,t) < uk(x,t), Yu,t >0, x € R™;
(A3) For every compact interval I in (0, 00), there exists some € > 0 such that

F(u,x,t) > ek (x,t),Vu eI, t>0,x R
(A4) For every € > 0, there exists some d > 0 such that
F(u,x,t) > (1 —e)uk (x,t), YVu € ]0,9],t >0, x € R™;
(A5) For every w > 0, there exists some A > 0 such that
|F (u,x,t) — F (v,%,t)] > Alu—v|k(x,t), Vu,v € [0,w], t >0, x € R™.

Consequently, we make a couple of assumptions concerning the function k:
(B) k R” xRy — Ry is a Borel measurable function such that
= [ Jpn b (x, 1) dxdt € (1,00);
(B2) There exists some )\ > 0 such that fooo Jgn €71k (x, 1) dxdt < oo;
(B3) There exists numbers g3 > g1 > 0, p > 0 such that

k (X,t) > 07 vt e (Qla 92) ) |X‘ € [Ovp) ;
(B4) k (x,t) is isotropic on x for almost all ¢ > 0.
To consider the special case F (u,x,t) = f (u)k (x,t), the function f needs to

satisfy the following assumptions:
(C) f (u) : Ry — Ry is a Lipschitz continuous function such that

(C1) f(0) =0 and f (u) > 0 for any u > 0;

(C2) f is differentiable at w = 0, f'(0) =1 and f (u) < u, Yu > 0;

(C3) limy o % =0;

(C4) There exists a positive solution u* of u = k* f (u) such that k*f (u) > u
for u € (0,u*), and k*f (u) < u for u > u*.

It is clear that if (B) an ) hold, then (A) holds. Define

d (
(o, N\) / / (or=21) k(z,t)dzdr, Yo >0, A >0
and

o*:=inf{o >0: K (0,\) <1 for some A > 0}.

We say that ug is admissible if for every o, A > 0 with K (o, A) < 1, there exists
some v > 0 such that

up (x,t) < yeMet=IxXD e >0, x € R™.

Now we state two theorems of Thieme and Zhao [50].
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Theorem 5.1. (Thieme and Zhao [50, Theorem 2.1]) Let (A) and (B) hold. Then
for every admissible ug, the unique solution u (x,t) of (38) satisfies

lim  w(x,t)=0

t—o0,|x|>0t
for each o > o*.

Theorem 5.2. (Thieme and Zhao [50, Theorem 2.2]) Let F' (u,x,7) = f (u) k (x,7).
Assume that (B) and (C) hold, and f is monotone increasing. Then for any
Borel measurable function ug : R" x Ry — Ry with the property that ug (x,t) >
n > 0, Vt € (t1,t2), |x| < n, for appropriate to > t; > 0,n > 0, there holds
liminf,_, o |2j<ot u (X, 1) = u*, Yo € (0,0%).

5.2.2. Concrete proof of Lemma 3.6. Let

f(u):{ g(“)’ UG[O’U§]7

g(v3), u> s,

where g(-) is defined by (22). Then f (u) is increasing and satisfies the assumption
(C). In particular, v} is the positive solution of v = k* f (u) and satisfies k* f (u) > u

for w € (0,v3) and k*f (u) < u for u > v}, where k* = kky(1-57)

T—E3+A; -
Consider the following system

%U1(X7 t) = Aui(x,t) + k1 ET f (ua(x,t)) — Efui(x,1),
Lus(x,t) = dAus(x,t) + 1k (1 — B3) ui(x,t) — r (1 — B3 + Ao) ua(x, 1),
(39)
where x € R3 and ¢t > 0. System (39) has two equilibria E® = (0,0) and E** =
(v}, v3). Therefore, the interval [E?, E**] is invariant for the solution semiflows
of system (39). System (39) also satisfies the comparison principle on (u1,uz) €
[0, +00)>.

Lemma 5.3. Assume that ¢ = (¢1,¢2) € C (R?, [E°,E**]) satisfies that ¢1(-) +
d2(") Z 0 and for every py > 0, there exists some ps > 0 such that ¢q(x) +
Pa(x) < poe F1 Xl for any x € R®. Then there exists 0* > 0 such that the solution
u(x,t; ) = (u1 (X, 650) ,ua2 (X, t;0)) of (39) with initial value ¢ satisfies:

(i) u(x,t;¢) € [E°,E**] for any x € R® and t > 0;

(ii) limy_s o0, x>0 U (X, 1) = E° for any o > o*;

(iii) Hmy—y o0 jx|<ot U (X, 1) = E** for any o < o*.
Proof. By (39), we have

uy (x,t) = e P (1) ¢y (x) + k1 B /0 e FIU=D (1 — 8) f (ug (x,8))ds  (40)

and
up (x,1) = e "ITFEETRIT (dt) gy (x)

t
ks (1— E) / e~ A=BEHAET (g (£ — 8)) g (x, 5) ds,
0

where
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Consequently, we have

us (x,1)
t 2
= ud (x, 1) + rki ko EF (1—E;)/ e-r<1—Eé‘+A2>(f-S>/ (drdt) "2 ¢~ T
0 R3

X e Eils=m)p (s=71)f(ue (x—y,7))drdyds
0
ly]2

t
= ud (x,t)+rk1k2E;<1_E;)/ e—r<1—E5+A2>(t—S>/ (4rdt)” 2 e~ T
0 R3

2
></ o~ Ei(s— r)/ (47t)~ 3o e f(uz(x—y —z,71))dzdrdyds
0 R3

t 12
=u (x,t) + ki ko 5 (1 — EQ)/ e (- Bz t+Az)(t=9) / (4dmdt)™ 3 emmate=n
0 R?

lz—y|2

X e_Ef(S_T) / (47T(S — 7-)) 2 e 4s—7) f (’U,2 (X — Z T)) dZdede,(41)
0 R3

ug (X, t) _ e—r(l—E;-‘r/\z)tI‘ (dt) Do (x) + rko (1 - E;)
t
x [T IT @ 1 - ) (e BT (5) 61 () ds
0
* Y 2
- e—T(l—E2+A2)t/ (47rdt)7% 6_%¢2 (x—y)dy
R3
t
+rk (1 —ES)/ O
0
_3 2 *
% / (47rd(t _ 8)) 3 e 0= (efElSF (3) 01 (x - y)) dyds
R3
* Y 2
— e*T(1*E2+A2)t/ (47rdt)_% ef%db (x —y)dy
R3
+ . vI2 *
brky (1= B7) [ 0B [ (amd(e - ) e B
0 R3

P z|2
X / (471'5)7% 6_%(251 (x —y — z) dzdyds
R3

2
= e_r(l_E2+A2)t/ (4dmdt)™ 2 2 P2 (x—y)dy
R3

t
ks (17E§)/ e*’“<1*E$+A2><t*S>/ (drd(t — 5))~F e~ 9 o~ Eis
0 R3

></ (47rs)7% e ¢1 (x — 2) dz dyds.
R3

In the following we define appropriate k(x,t) so that we can rewrite us(x,t) in
the form of (38) with the special case F(u,x,t) = f(u)k(x,t). In particular, we
show that assumption (B) holds in this case and u3(x,t) is admissible. Following
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(41), we have

lyl|?

t
rkiko B} (17E’2“)/ e*r<1*E5+A2><t*S>/ (drmd(t — )2 e T
0 R3

s zey|2
« / e Pl / (4m(s — 7)) "% & 50 f (up (x — 2, 7)) dadrdyds
0 R3

[SI[)

t s
= rkiko BT (1—E§)/ e—’"<1—E5+A2><t—S>/ e—Ef<s—T>/ (4m(s — 7))~

0 0 R3

|yl
t

3 2 lay]?
X / (4md(t — s)) PRI P e dy f (ug (x — z,7)) dzdrds
R3

t t
— ko (1= B) [ [ errteBa e B [ (s - 7))
0 Jr R3

ly|? |z—

v 2
X / (4md(t — 5))_% o~ i ¢~ dy f (ug (x — z,7)) dzdsdr
R3

t t—7
= rhikoEf (1 - E3) / / o~r(1=B5+Aa) (t=s=7) =B s / (drs) ™
0 Jo R3

2
|yl |lz—y|?

X / (Amd(t — s — T))ig e wt-s—ne” 2 dyf (uz (x — z,7)) dzdsdr
R3

t t—T1
= rhikeBi (=) [ [ | [T eroem e
0 R3 0

e

Nl

-2t ¢~ T
X /3 3 zdyds| f (uz (x — 2, 7)) dzdr.
R (Vdrs) ( drd (t — s — 7'))
Let
‘ _lz—yl? _%
k (z,t) :/ e*r<1fE;+A2><t—s>e*Ei‘s/ c = € sdyds.

0 R3 (\/‘E)B ( drd (t — s))

A direct calculation yields
1

k (z.t) dzdt = .
/0 /Rs (2,1) dz rE7 (1 Ej + M)

Set
t) =rkikoE] (1 — E3) k (2,1).
It is easy to show that t) satisfies the assumption (B). In particular, we have

k* = [ [ps (2, 1) dzdt = % > 1 due to the assumption (H).

k (z,
k (z,

Let
K(o,)) = / / e Motk (1) dadt
0 R3
o T‘kilk'gEik (1 — E;)
T (Bf + Ao — %) (r (1 — B + As) + Ao — dA?)
and

Aﬁ(a):mm{wr 02+ 4B} o+ /o2 +4dr (1 — Ej + Ay)

5 , 2d } for o > 0.
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Then we have K (0,)) < 400 for A € (0,M\(0)) and K (5,A) — +00 as A —
M (o) — 0. In particular, we have K (0,0) = k* > 1 for any o > 0 and

_ ’I"klkgET (1 — E;)
K0,4) = (Ef — ) (r(1—E3 +As)—ar2) =%

for any 0 < A < mm{,/E;,\/ra o +A2)/d}. By Thieme and Zhao [50,
Proposition 2.3], there exist a unique o* > 0 and A* > 0 such that

d
K (o,)) and d)\IC (o,\) =0

Now we show that u§ (x,t) is admissible. Note that

uj (x, )
2
_ e—r(l—E2+A2>t/ (4mdt) ™% e % gy (x — y) dy
R3

ly|?

t
+rky (17E’2“)/ e*r<1*Eé‘+A2><t*S>/ (4md(t — s5)) "2 e Tt Bl
0 R3

z—y 2
X / (47rs)7% e~ = o1 (x — z) dz dyds.
R3
It is easy to see that

uy (x,t) < ve

—r(1-Bj+Aa)t | ko (1 — E3) v} |:67E1‘t eI E3 A0
r(1—Ef +Ay) — B}

for any x € R? and ¢ > 0, which implies that u9 (x,t) converges to 0 uniformly in
x € R? as t = +00. Give o > 0 and X € (0, (o)) with K (o,\) < 1. In this case
we have d\2 — Ao — 7 (1 — E5 + As) < 0 and A\ — Ao — E} < 0. It follows from the
assumption of the lemma that there exists v > 0 such that ¢ (x) + ¢a(x) < ye Al
for any x € R®. For any e € R? with |e| = 1, we have ¢;(x) + ¢2(x) < ye*e™ for
any x € R? due to the inequality —|x| < e -x < |x|. Consequently, we obtain

* Y 2
e—r(1-F+h2)t / (4mdt) ™% e~ H7 gy (x — y) dy
R3

y|?

< e—r(l—E;+A2)t/ (4ﬂ_dt)*%e—m7€Ae~xe—Ae~ydy
R3

* _3 _y?
ZWeAe'xe_T(l_EﬁAz)t/ (4mdt) ge‘ﬁe—’\yld}’
R3
_ ,ye)\e»xe(d/\er(le;JrAQ))t

< ,ye)\(at-f—e-x)
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and
t 2
rks (1—E§)/ e_T(l_E;H\Q)(t_S)/ (Amd(t — )~ 3 e~ atitn o~ Bl
0 RS
x/ (471'5)_% ~ eyl ¢1 (x — z)dz dyds
R3

t

< rk2(1—E;)/ e*r<1*E5+A2><t*S>/ (drd(t — 5))~F e~ 9 e~ Fis
0 R3

—3 =y
x/ (4ms) 2 ety yereXem A2z dyds
R3

y?

t
= rko (1—E§)’ye>‘e‘x/ e_r(l_E;+A2)(t_s)/ (4rd(t — s))~ Femam Bl
0 R3

x/ (47’1’8)_%67 ‘243‘ “N1dg dyds
R3
t
= 1k (1 _ E;) ,ye)\eqc/ e—r(l—E;—i-Ag)(t—s)edAQ(t—s)e—El*se)\zst
0
¢ " 2
< Tlﬂg (1 _ E;) ,Ye)\ex/ eAa(t—s)e—Else)\ 5ds
0

< ryks (1 — E§)€A(at+e-x)

Ef 4+ Mo — )2
for any x € R? and ¢t > 0. Letting e = —ﬁ yields
0 ks (1 — E3) Aot—|x]) 3
UQ(X,t)§<’Y+W e , VxeR? t>0,

which implies that u9 (x,t) is admissible.
Let F(u,x,s) = f(u)k(x,s). It is easy to show that the assumption (A) holds.
In addition, we have the integral equation

uz(x,t): (x,1) //Ra (y,t —7)f (ue (x —y, 7)) dydr. (42)

It follows from Thieme and Zhao [50, Proposition 2.1] that for any bounded u9(x, t),
the integral equation (42) has a unique solution which is bounded on (x,t) € R3 x

[0+ oc0). It is obvious that the second component us(x,t) of the solution of system
(39) is a solution of (42). Thus, the result of the lemma for us(x,t) follows from
Theorems 5.1 and 5.2. Consequently, the result of the lemma for wu;(x,t) follows
from an argument on (40), see [50, Theorem 4.4]. This completes the proof. O

Now we prove Lemma 3.6.
Proof of Lemma 3.6: Assume that ¢ = (¢1,¢2) € C (R3, [E®, E**]) is compactly
supported with ¢1(-) + ¢2(-) Z 0. It is easy to show that ¢ satisfies the condition
of Lemma 5.3. By the comparison principle, we have u(x t; @) € [EO,E**] for any

x € R? and ¢t > 0. By the definition of f, we have that the solution ﬁ(x,t;qﬁ) of
(23) is also a solution of (39). Applying Lemma 5.3, we know that the conclusions
of Lemma, 3.6 hold. This completes the proof of Lemma 3.6. O

6. Discussion. Under the assumptions that k1,k; > 1 and ¢ > 0, in this paper
we have established the existence of axisymmetric traveling fronts of a two-species
Lotka-Volterra competition-diffusion system in R? for any s > ¢ and demonstrated
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some important qualitative properties, such as monotonicity, of the axisymmetric
traveling fronts. When s tends to ¢, we showed that the axisymmetric traveling
fronts converge locally uniformly to the planar traveling wave fronts in R3. Fur-
thermore, we showed the nonexistence of axisymmetric traveling fronts with convex
level set. Note that the nonexistence results of Theorems 1.3 and 1.4 remain valid
for two-dimensional V-shaped traveling fronts and high-dimensional pyramidal trav-
eling fronts.

Due to the effect of the coupled nonlinearity, in this paper we did not consider the
behavior of level sets of the axisymmetric traveling fronts at infinity. We conjecture
that the level set admits an asymptotic behavior similar to that for the scalar
equations, see Hamel et al. [20, 21] and Taniguchi [49]. Another natural problem
is the uniqueness and stability of the axisymmetric traveling fronts. We leave these
for our future studies. In addition, in the current paper we only considered the case
¢ > 0. For the case ¢ = 0, it is expected that there exist more complex dynamics,
such as those obtained for the balanced Allen-Cahn equation. This case is very
interesting and remains open.
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