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Abstract. This paper is concerned with entire solutions of a class of bistable delayed lattice
differential equations with nonlocal interaction. Here an entire solution is meant by a solution
defined for all (n,t) € Z x R. Assuming that the equation has an increasing traveling wave
front with nonzero wave speed and using a comparison argument, we obtain a two-dimensional
manifold of entire solutions. In particular, it is shown that the traveling wave fronts are on the
boundary of the manifold. Furthermore, uniqueness and stability of such entire solutions are
studied.
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1. Introduction

Lattice differential equations have arisen from different scientific disciplines, such as biology (Bell and
Cosner [2], Keener [28], Weinberger [46]) and material science (Bates and Chmaj [1], Cahn et al. [§],
Taylor et al. [41]), and have attracted attention of many researchers (see Cahn et al. [9], Chow [18]
and the references cited therein). In addition, many lattice differential equations can be viewed as the
discretization of partial differential equations along a lattice, but exhibit much more complicated and
richer dynamics, see Chow and Shen [19] and Mallet-Paret [34].

In population biology, lattice differential equations have been usually used to model population growth
over a patchy environment (Kyrychko et al. [29] and So et al. [39]). Since the influence of maturation
period and the random walk of individuals in space, time delay and global interaction have to be taken
into account (Britton [7], Gourley et al. [24], So et al. [40], Wang et al. [42,43]). Recently, Weng et al.
[47] derived a lattice delayed differential equation with global interaction for a single species with two age
classes distributed over a patchy environment consisting of all integer nodes of a one-dimensional lattice.
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The lattice equation takes the form

ul, = D [ups1 + un—1 — 2uy] — du, + i J (@) b (up—i (t—7)). (1.1)

i=—00
Eq. (1.1) is a discrete analog of the delayed reaction-diffusion model

—+o0
v :Dvm—dv—i—/ h(x—y)b(v(y,t —7))dy, (1.2)
— 00
which was proposed by So et al. [40]. Due to its important biological significance, traveling wave solutions
of (1.1) have widely been studied, we refer to Ma and Zou [33] for the bistable case of (1.1), Ma et al.
[31] and Weng et al. [47] for the monostable case of (1.1). See also Cahn et al. [9], Mallet-Paret [34]
for traveling waves of spatially discrete bistable dynamical systems, Chen et al. [11] and Chen and Guo
[12,13] for traveling waves of spatially discrete monostable dynamical systems, and Wu and Zou [49]
for the existence of traveling waves in mixed functional differential equations. For related results on
two-dimensional spatial lattices, we refer to Cheng et al. [17] for the monostable case and Shi et al. [37]
for the bistable case.

From the dynamical points of view, the long-time behavior of solutions of evolution equations under
consideration is determined by global attractors (or the maximal invariant sets) which are invariant
under the flow governed by the evolution equations. In particular, a global attractor consists of entire
solutions, defined for all time variable ¢t € R. In fact, traveling wave fronts of (1.1) are entire solutions and
consist of two 1-dimensional manifolds, namely, u,}! (¢;0) := ¢(n + ct + 0) and u,, (t;0) := ¢(—n + ct +6),
where 0 varies in R (note that the wave speed ¢ is unique in the bistable case). For reaction-diffusion
equations with continuous spatial variables, Chen and Guo [14], Chen et al. [15], Crooks and Tsai [20],
Fukao et al. [23], Guo and Morita [25], Hamel and Nadirashvili [26,27], Morita and Ninomiya [35] and
Yagisita [50] showed the existence of new types of entire solutions other than the traveling wave type by
using the well-known results of planar traveling wave solutions. As reported by Hamel and Nadirashvili
[27, Theorems 1.7 and 1.8], reaction-diffusion equations usually have more types of entire solutions in
high dimensional spatial spaces, which even includes some other classes of solutions of traveling wave
type other than planar traveling waves. See also Berestycki et al. [5] and Berestycki and Nirenberg [6]
for traveling curved fronts in a straight infinite cylinder, Chen et al. [16] for cylindrically symmetric
traveling waves in n-dimensional spaces (n > 3), and Ninomiya and Taniguchi [36] for traveling curved
fronts in 2-dimensional spaces. For more details, we refer to Berestycki and Hamel [3,4] and the references
therein. Recently, Li et al. [30] and Wang et al. [44] considered entire solutions of nonlocal reaction-
diffusion equations with delayed nonlinearity (which covers (1.2)) for the monostable and bistable cases,
respectively. For equation (1.1), Wang et al. [45] studied the existence and uniqueness of its entire
solutions under the monostable assumption. But for the bistable case, the existence of entire solutions of
lattice differential equations (1.1) other than traveling wave solutions still remains open.

In this paper, we study entire solutions of (1.1) with the bistable nonlinearity other than traveling
wave solutions. More precisely, we construct a 2-dimensional manifold of entire solutions of (1.1) and
show that the two 1-dimensional manifolds of entire solutions of traveling wave type are on the boundary
of the two-dimensional manifold. Here an entire solution of (1.1) is meant by a solution defined for all
(n,t) € Z x R. In section 2, we state the main results of this paper. In section 3, we describe the precise
exponential asymptotic behavior of traveling wave fronts near +0o. According to the asymptotic behavior
of traveling wave fronts, the conclusions given in section 2 are proved in section 4. Finally, a discussion
is given in section 5.

2. Main Results

In this section we state the main results of the paper. Throughout this paper, assume that J has a
compact support and satisfies J (i) = J (—i) > 0 for any i € Z and >..7°°__J (i) = 1. For simplicity,

i=—00
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we always assume that there exists an Ny € N such that J(i) = 0 for any ¢ € Z with [i| > Ny. We also
assume that the birth function b € C? (R) and there exists a constant K > 0 such that

b(0) = dK — b(K) = 0.

Furthermore, make the following assumptions:

(H1) b (u) >0 for u € (0, K);

(H2) d > max{b' (0),b' (K)};

(H3) w* :=sup{u € [0,K);du=">b(u)} =inf{u € (0, K];du =b(u)} and ¥’ (u*) > d;
(H4) v (0)u < b(u) < b(K) + b (K)(u— K) for u € (0, K).

A specific function which has been widely used in the mathematical biology literature is b (u) = pu?e= 2%

with p > 0 and a > 0, which satisfies the above conditions when parameters p and « satisfy % <d< X,
see Gourley et al. [24] and Ma and Zou [33, Fig. 1].

We now define a new function b, : R — R by

B b(u) u € (—OO>K]7
by (u) = {b(K)+b’(K) (u—K)ue (K,+o0).

In the sequel, we replace the function b(-) by b.(-) and still denote b.(-) by b(-). We note that this
replacement does not affect the main results of this paper (Theorems 2.4 and 2.5) since the definition of
b(-) on [0, K] does not change. Then, it is obvious that b(-) satisfies

b/ (u) — ' (v)] < m{g};ﬂ [b"(w)| |u —v| for any wu,v € [0,2K]. (2.1)
we|0,

Now we give two definitions and then, establish an existence and comparison theorem.

Definition 2.1. A sequence of continuous differentiable functions {v,, (t)} te[-7,1),1>0,is called

a supersolution (subsolution) of (1.1) on [0,1) if and only if

new’

[ee]

o (1) 2 () D onrs () +vact (6) =200 O] = dvn (O + 3 T@b(vai(t—=7))  (22)

for all t € [0,1).

Definition 2.2. A sequence of continuous differentiable functions {vy, (t)},cz, t € (—00,0), is called a
supersolution (subsolution) of (1.1) on (—oo,T) if and only if for all T < T, {w, (t)},cz defined by

Wy, (t) = v, (t+T7) for t € [—T, T - T') is a supersolution (subsolution) of (1.1) on [0,7 —T").

Lemma 2.3. For any ¢ = {pn}, ey with ¢, € C([-7,0],[0,2K]), (1.1) admits a unique solution
u(t; o) = {un (t;9)},en on [0,+00) satisfying un, (s) = ©n (s) and 0 < u, (t) < 2K for s € [—7,0],
t € [~7,4+00) and n € Z. For any pair of supersolution w,’ (t) and subsolution w,, (t) of (1.1) on [0,+00)
with 0 < w,, (t) < 2K, 0 < wl (t) < 2K fort € [-7,400), n € Z, and w;} (s) > w,, (s) for s € [-7,0],
n € Z, we have w; (t) > w,, (t) fort >0, n € Z, and

w () = wy, (1) > e CPFDEN " (0f (19) —wy; (to))
keZ

+o00 2j+|n—k|

j [D (t —to)]

XZOQJ'HH*H 2+ n— k]! (2.3)
=0

foranyn e Z andt >ty > 0.
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The proof of Lemma 2.3 is completely similar to that of Lemma 4.1 of Ma and Zou [33]. In the
following, a traveling wave front of (1.1) connecting the equilibria 0 and K always refers to a pair (¢, ¢)
such that ¢(n + ct) satisfies (1.1) and the boundary conditions ¢(—oc0) = 0 and ¢(+o00) = K. We call
¢ the profile of traveling wave and ¢ the wave speed. From Theorem 1.1 of [33], we know that system
(1.1) has a strictly monotone traveling wave front ¢(n + ct) with wave speed ¢ under the assumptions
(H1)-(H3). In particular, the traveling wave front ¢(n + ct) is unique (up to a translation) when ¢ # 0.
In [33, Theorem 1.2], Ma and Zou showed the occurrence of pinning phenomenon (propagation failure),
that is, the wave speed ¢ = 0. In this case, the traveling wave front is simply an equilibrium and only
the discrete values on the lattice are relevant. Therefore, in this paper we only consider the case ¢ # 0.
Now we state our main results in this paper.

Theorem 2.4. Assume that (H1)-(H4) hold and (1.1) admits an increasing traveling wave front ¢ con-
necting the equilibria 0 and K with speed ¢ > 0. Then for any given constants 61 € R and 05 € R there

exists a unique solution @ (t;01,02) = {Pp (t;01,02)},,c5 of (1.1) defined for allt € R such that

lim {Sup Py, (t;601,02) — & (n+ ct + 01)| + sup [y, (t;01,602) — ¢ (—n + ct + 92)|} =0.
n<0

t——o0 n>0

Furthermore, we have

(i) For allt €R andn € Z, 0 < &, (t;61,02) < K and D), (t;01,062) > 0.

(i3) limy o0 SUP, ez, |Pn (t501,02) — K| = 0 and limy—, — oo SUp, < v [P (;01,02)| = 0 for any N € N.

(i) For each a € R, limpy| 00 [P (361,02) — K|l (4 100) = 0

(iv) @, (t;01,02) converges to (a) ¢ (n+ ct+ 01) in the sense of the topology Ty as 03 — —oo, that is,
for any compact set S C 7 x R, ®,(t;601,02) converges uniformly in (n,t) € S to ¢(n + ct + 61) as
Oy — —o0; (b) ¢ (—n + ct + 03) in the sense of Ty as 01 — —oo; (¢) 0 in the sense of Ty as 01 — —oo
and 0y — —o0; (d) K in the sense of Ty as 61 — 400 and 02 — —oc0 or as 61 — —o0 and 03 — +00;
and (e) K in the sense of Ty as 01 — 400 and 0y — +o0.

(v) For anyt € R and n € Z, ®,, (t;01,02) is increasing with respect to (01,62) € R2.

(vi) The entire solution @ (t;61,02) depends continuously on (01,02) € R? in the sense of the topology To.

(vii) For any (01,02) € R? and (0},0%) € R?, there are no (no,to) € Z x R such that

Dy, (t501,02) = Ppyn, (E+10;07,05) for any (n,t) € Z X R,
unless
(01 — 02) — (07 — 03)
2

(viii) The entire solution ® (t;01,02) is Liapunov stable in the following sense: For any given € > 0,
there exists & > 0 such that for any ¢ = {pn},cq with ¢, € C([-7,0], [0,K]) and sup,;
[[on (+) = Prn, (to + ')”Loo([—-r,o]) < 0, there is

€ Z.

[un (£ ¢) — Prtn, (t+t0)| <€
for anyn € Z and t > 0, where ng € Z and ty € R are two real constants.

Theorem 2.5. Assume that (H1)-(H4) hold and (1.1) admits an increasing traveling wave front ¢ con-
necting the equilibria 0 and K with speed ¢ < 0. Then for any given constants 61 € R and 62 € R there
exists a unique solution @ (t;01,02) = {Pp (t;01,02)},,c5 of (1.1) defined for allt € R such that

t_l)im {sup@n (t;01,02) — ¢ (—n + ct + 61)| + sup |P, (t;01,92)—¢(n+ct+92)|} =0.
— (n>0

n<0
Moreover, (c)-(e) of (iv) and (v)-(viii) in Theorem 2.4 still hold. Furthermore, we have
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(i) Forallt e R andn €Z, 0 <P, (t;01,02) < K and P, (t;601,02) < 0.

(ii)" 1imy 00 SUP, e [P (L501,02)] = 0 and lim;_, o inf), <7 [Py, (t;01,02)] = K for any N' € N.

(iti) For each a € R, limy,|e0 [|Pn (1301, 02)|| oo (4, 400y = O

(iv) @ (t;61,02) converges to ¢ (n+ ct + 6s) in the sense of Ty as 6 — —oo; D (t;01,02) converges to
@ (—n+ ct+601) in the sense of Ty as O — —cc.

Remark 2.6. Under the assumptions (H1)-(H3), it follows from Ma and Wu [32] and Wang et al.
[43] that (1.2) admits a strictly increasing traveling wave front ¢ (z 4 ct) satisfying ¢ (—o0) = 0 and
¢ (+00) = K with wave speed ¢ € R. When ¢ # 0, we know from [44] that for any (61, 02) € R?, there
exists a unique entire solution U (z,t) := U (x,t; 61, 02) with 0 < U (z,t) < K for all (z,t) € R? such that

lim {sup|U(x,t)—<p(x+ct+91)+Sup|U(x,t)—<p(—x+ct+92)}:0 (2.4)
t==00 (2>0 <0
if ¢ > 0, and
hm {sup|U(x,t)—<p(—a:+ct+91)|—|—sup|U(x,t)—<p(x+ct—|—02)}zO (2.5)
— (z>0 <0

if ¢ < 0. Furthermore, for any (61,60y) € R? and (67,03) € R?, there exists (z0,%9) € R? such that
U(x,t;01,00) = U(x+ x0,t+to;07,05) for any (x,t) € R? which implies that the entire solution
U (x,t;01,02) of (1.2) satisfying (2.4) or (2.5) is unique up to spatial-temporal translation. But (vii)
of Theorem 2.4 says that for the lattice equation (1.1), corresponding to the discrete analog of (1.2),
the uniqueness up to spatial-temporal translation is not valid. In general, in contrast to the situation
of reaction-diffusion equations with continuous spatial variables, the propagation failure of lattice dif-
ferential equations occurs on a larger range of parameters, see [9,18,34]. It is well-known that if we
assume that h(y) = 6(y), then it is easy to verify that for (1.2), wave speed ¢ = 0 occurs if and only if

—du + b(u)] du = 0. But for lattice equation (1.1) with >_.,, J(i) = 0, wave speed ¢ = 0 occurs not
0 1#0
only for fo [—du + b(u)] du = 0 but also for

1 . du — b(u) b(u) — du
D < - —_— s — 2.
=g {u?ﬂoaf*] K—u uchirk)] u (2:6)
and
d>sup {b'(v) :ue0,u”)U(ut K]}, (2.7)
where

=inf{u € (0,K]: 2D(K —u) < du —b(u)},
ut =sup{u € [0,K) : 2Du < b(u) — du} .
For the delayed reaction-diffusion equation (1.2), we [44] established the existence and uniqueness of

entire solutions behaving as two traveling fronts coming from opposite directions and approaching each
other except for fOK [—du + b(u)] du = 0. However, the existence of entire solutions of (1.1) is unknown

not only for fOK [~du + b(u)] du = 0 but also for D and d satisfying (2.6) and (2.7).

3. A Priori Estimate of Traveling Wave Fronts

In this section, we show a priori decay rate of traveling wave fronts of (1.1) at infinity. Our method is
similar to that of Carr and Chmaj [10] which has been used by Wang et al. [44] (see also Diekmann and
Kaper [21]).
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Define two complex functions Ag (A) and A; (A) by

+oo
Ag(N) =DM e =2l —eh—d+V (0)e ™ Y J(i)e ™,

+oo
AN =D[er+e?—2] —eA—d+V (K)e ™ Y J(i)e ™,
where A € C. Note that for A € R,
32A A =D A -2 blO — et = - 2J N — )\ 0
BV o(A) =D [e*+e | +b(0)e i;m(z+cr) (i)e ™ >0,
aQAA—DA —A b’K‘“T+OO j 27 (i) e >0
Sz (V) =D [+ e +V(K)e i;oo(wm) (i)e ™ >0,

and

Ao(0) = —d+ b (0) <0, A 0)=—d+b (K)<0,

it is easy to see that the following result holds.

Lemma 3.1. The equation A;(X\) =0 has two real roots Aj; <0 and \;2 > 0 such that

> 0 for A < N1,
Al(A) = < OfOT' A E ()\ila)\i2)7 1=1,2.
> 0f0’f’>\ > /\Z‘g,

In the following, we first provide a technical lemma about the asymptotic behavior of a positive
decreasing function, which can be found in Carr and Chmaj [10, Proposition 2.3].

Lemma 3.2. Let £ (\) = [~ u(£) e=2d€ with u (€) be a positive decreasing function. Assume that ¢ has
the representation
EX)

k+1°
)

=

where k > —1 and E is analytic in the strip —a < Rel < 0. Then

L oou(§) _ E(=o)
ELHJPOO Ehe=o&  I(a+1)

Theorem 3.3. Assume that ¢ (n+ct) is an increasing traveling wave solution of (1.1) satisfying
P(—00) =0 and ¢(+00) = K with wave speed ¢ # 0. Then

(i) lim, oo e 22%h(z) = ag, limy, e 227 (Jx¢)(z) = ape 2272 J(i)e 2" and
lim, o e 202%¢/ (z) = Aggag, where ag > 0 is a constant. Here and in what follows, (J x ¢)(x) =
S Iz —i—cT).

(ii) limy_oo e M7 (K — (J % @) (z)) = are 1732 J(i)e 0, lim, o0 e M%(K — ¢(2)) = ay
and lim, o, e~ *17¢/(x) = —\j1a1, where a; > 0 is a constant.
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Proof. Note that ¢ is increasing and lim, , . ¢(x) = 0, there exists zp < 0 such that
maxy,eo,x] [b" (u)| ¢ (x 4+ No + [c|T) < % [d—¥'(0)] for all x < xy. By

¢’ (x) = D (z+1) + ¢(z — 1) - 26 ()]

o0

=—dp(x)+ Y J()b(¢p(x—i—cr))

1=—00

< —d¢ (z) + b (0 ZJ ¢(r—i—cr)+ rrfg>}<q|b |ZJ Y$? (x —i — cT)

i=—00 i=—00

g—%(d—b’(ow() (d+b'(0 lZJ f”‘i‘c”“i’(x)]

1=—00

—fd v (0 ZJ ¢(x—i—ecr)

1=—00

+ max_[b" (u)] ¢ (z+ Ny —c7) Z J(@)p(x—i—cT)

we[0,K] Pt
<3 =B ()6 (@) + 5 (d+V (0 [_ZJ xiw)fb(x)],
it follows that
%(dfb%o»qb(x)sfc¢'<x>+D[¢<x+1>—¢<x>1
d+b’ [ZJ x—i—m)—gb(x)]. (3.1)

Note that

/- [Z I —i—cT)—qs(y)}dy

1=—00

= [0 Z ()16 (y—i—er)— o (y)]dy

z

:—ZLimOO i+er)J //qS y—0(i+cr))dldy
= — Em i+cT) //qﬁ y—0(i+cr))dydd
— lm Z (i +CT)J()/ [6(z— (i +cr) — é (= —0(i+cr))] do
z—>—ooi__oo 0
1
= i+er)J o (x—0(i+cr))
i=—o00 0
< ¢ (z+ No+c|T) Z (Il + lef ) T (2)

1=—00
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and

x

/I 0+ 1) =0y = Tin_ [ ol+1)=0@ldy

zZ——00

1
= lim / / ¢ (y+t)dtdy = lim [p(x+1t)—@(z+1)]dt

Z—>—00 Z—>—00 O
g/ bzt t)dt = (z+1),
0

integrating both sides of the inequality (3.1) from —oo to z with « < x, we have

5@-v0) [ oy

o0

SICI¢(9€)+D¢($+1)+%(d+b’(0>)¢(w+No+|C|T)‘Z (lil + le| 7) J ()
|c\—|—D—|— (d—l—b’( ))Z (|i|—|—|c|T)J(z')]¢(x+N0+|c|7').
Thus, for any r > 0 and = < xg, we have
g(d—b’(o))qﬁ(w—r e[+ D+ 5 (d+b’( ))'Z (iI+ICIT)J(i)]¢(w+No+ICT)

Obviously, there exist r¢o > 0 sufficiently large and 6y € (0, 1) such that ¢ (x — ro) < 0p¢ (z + No + || T)
for any x < xg, namely, ¢ (x — Ny — |c| T —10) < ¢ (x) for any = < xg + No + |¢| 7. Let p(z) =

- _ 1 1
¢ (x) e~ 7% where vy = NoFTelrFro In 5- > 0, then

p(x—No—le|7—r0) = ¢ (x— Ny — |¢| 7 — rg) e~ 0@ No=lelr=ro)
1 , =
= ;0@ = No—lelT=r0)e ™™ <6 (2) e = p(a).
By virtue of lim,_, y o ¢ (x) e 7% = 0, we have that there exists My > 0 such that ¢ (x) e~ 70" < M, for
any x € R.

Next we prove that lim,_, o, e"*02%¢ (x) exists. For A with 0 <Re) < o, define a two-sided Laplace
transform of ¢ by

LN = /_00 e ¢ (z)dx

Since
/ (ZJ x—i—m')dx— ZJ / e ¢ (x—i—cr)dr
Z e )\(z+cr)J / —A(ac—i—c¢)¢(x_l-_c7_) d.%‘:L‘()\) Z e—Mi-ﬁ-m—)J(i)
and
—c¢ (2) +Dp(x+1)+¢(x—1)—2¢ (x)] —do (z) + b (0 Z J(@)p(x—i—cT)
= ’O)Zj(i) x—1i—cT) ZJ ¢(x—i—cr)),
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we have
Ag (N L) = / e A [b’ Z J(@)p(x—i—cT) Z J (i (x—i— c7’))1 dx. (3.2)
In view of

’O)ZJ(Z') x—1i—cT) ZJ x—i—c7’))|

1=—00 i=—00

< a b// J 2 g
< g 0 3 S0P ien

1=—00

N b// s
< ¢ (x+ No+|c|T) m(z)ix |Z J(@) g (x—i—cr),

1=—00

it follows that the right-hand side of equality (3.2) is defined for A with 0 < Re)\ < 2v. In particular, it
follows from the assumption (H4) that the right-hand side is negative. Now we use a property of Laplace
transforms (Widder [48, p58]). Since ¢ (z) > 0, there exists a real number p such that £ (\) is analytic
for 0 < Re\ < p and has a singularity at A = p. Hence, £ () is defined for 0 < ReX < Ape.

We rewrite (3.2) as

/_Oooqﬁ(w)e_)"”dm = —/O+OO¢($)6_’\3:CZ:E+A01()\)/_OO e [bl Z J(D) ¢z —i—er)

0 i=—00

- Z J(i)b((é(x—i—m'))] dx.

i=—00

Note that f0+oo # (z) e dz is analytic for ReX > 0. Also, the equation Ag () = 0 does not have any
zero with Rel = Mg other than A = A\go. In fact, let A = Ap2 + i, then Ag (A) = 0 implies

b (0) e~ MozeT [sin act Z J (k) e=2F sin ak — cos aer Z J (k) e 02 cos ak]
k=—o00 k=—oc0

= De™? cosa 4 De % cos v — 2D — ey — d (3.3)

and

b (0) e~ rozeT [COS acr Z J (k) e=2* sin ak + sin aer Z J (k) e 02 cos ak]
k=—oc0 k=—oc0

= De*2sina — De 2 sinav — ca. (3.4)

By Ao (Aoz) =0, (3.3) reduces to
b (0) e~ MozeT Z J (k) e 2" [1 — cos (aet + ak)] = D (e + e %) (cosa — 1) .

k=—o0

Since 1 — cos (aer + ak) > 0 and cosa — 1 < 0, there are b’ (0) [1 — cos (aer + k)] = 0 and o = 2k7
(ke Z). ItV (0) =0, then o = 0 follows from (3.4). If &’ (0) > 0, then it follows from 1—cos (et + ak) =
0 that cosaer = 1, which implies that o = 0 via (3.4), too. Thus, we have shown that the equation
Ap (A) = 0 does not have any zero with ReA = A\gy other than A = Aga.
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Now let ¢ (z) = ¢ (—z). Then limg_, o0 ¢ (2) 2027 = E(Z202) () due to Lemma 3.2, where

T(hoa+1)
-1 00 B
B (~Ags) = W/ e ST (@) [ (0) ¢ (5 — i — er) — (6 (z — i — o)) da-
dax o )’,\:,\02 e i=—o0
Hence, lim,_, o ¢ (z) e 2027 = qq := 1]?((/\_0;121))' From Lebesgue’s dominated convergence theorem, we

know that

lim e 2% (Jx¢) () = lim e 027 Z e 021 ] (1) e o2 (BIme) g (1 — o)

r—r—00 Tr—r — 00
1=—00
—+oo
= age~N02¢T Z e Mo2t J (j).
i=—00

Since as x — —o0,

ZJ(i)b((b(x—i—CT)):b'(O)ZJ(Z') r—i—ct)+0(1 ZJ 2(x—i—ecT),

we have n
Jim e~ ho2® Z J ()b (¢ (x —i—cr)) = agh (0) e~ Po2¢T Z e 2020 ] (4)
Consequently,
lim e (@) =+ Tim {e D g +1) + 0z — 1) — 26 (1))
% lim_ {erzx [_dgb (z) + ; J@) b (¢ (x—i— CT))] }

—+o0
o A Y / —Aozer —Xozi 7 (s
—_ D 02 02 __ 2 _ d b 0 02 02 J — )\ .
B { (e +e ] +b'(0)e i;me (’L)} agAo2
We have completed the proof of (i). The conclusions in (ii) can be proved by similar arguments. This
completes the proof. O

4. Existence of Entire Solutions

In this section, we always assume that (1.1) has an increasing traveling wave front ¢ connecting the
equilibria 0 and K with wave speed ¢ > 0. We note that the proof of the existence of entire solutions is
motivated by Chen and Guo [14] and Guo and Morita [25]. By Theorem 3.3, there are positive constants
m, M, p and 7 such that

me*® < ¢ (x) < Me ", mero2® < (J x¢) (x) < M " (2 <0), (4.1)
mme <o (x) < ¢ (x), qme " < (T *¢) () < ¢' () (¢ <0), (4.2)
npe® < (K — ¢ () < &' (x), nue’® < (K — (I ¢) (2)) < ¢' (z) (z>0). (4.3)

Let

P> max |V (u)| - max
u€[0,K]

{2M 2K M M262’\02(N°_CT)}
Lo nm '
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Consider the following ordinary differential equation:

d
Zp(t)=c+ Perozrt) <, (4.4)
where \go is defined in Lemma 3.1. Let
1 r
=0— —1Inq 14 —e2et. 4.5
o= om{is Dol (4.)
Throughout the remainder of this paper, set ¢ = fmln (1 + ) < 0. Obviously, the equality (4.5)
determines an increasing map w = w(p) : (—00,0] = (—o0, . In particular, the map is invertible and

w(0) = 9. Thus, for any w € (—o0,?], there exists an unique p = p(w) € (—o0,0] such that p = p(w) is
increasing and (4.5) holds. Now let p (0) = p(w) < 0, then by solving this equation explicitly, we obtain
the solution as . P
p(t;w) = o(w) + ct — . In {1 + —eo2e®) (1 — e“\“’?t)} : (4.6)
02 c

Furthermore, for any @ € (—o0, 9] we set

1 p
@(Wa@) =w+ ln{1+ e)\ozg(w)}
)\02 C

and

p(tw, @) = o(w, @) + ct — /\— In { Pe/\ow(“’) (1- ec’\ozt)} . (4.7
02

It is easy to see that p(t;w) and p(t;w,®) are increasing on t € (—o0,0], and for every ¢ € (—o0,0],
p (t;w) and p (t; w,w) are increasing on w € (—o00, 9] and & € (—oo0,¥]. From the identity

1 recor! P o)
ttw)—ct—w=p(tw,w) —ct—w=——Inq1— — ¢, T =—e"0 ,
p(t) B (t0,2) wm{i- T =t
it follows that 0 < p (t;w) — ct —w = P (t;w, D) — et — & < Rpe o2t (¢ < 0) for some positive constant Ry
independent of w € (—o0,¥] and & € (—o0, V).

Obviously, if @ < w, then ¢ (w,®) < p(w) and hence, p(t;w,w) < p(t;w). Now given any wq,ws €
(—00,0). If wy < wa, let pa(t;wi,ws) = p(t;w) and py(t;wi,we) = P (tw,d) with w = wy and © = wq. If
wo < wy, let py(t;wr,we) = p(t;w) and pa(t;wi,we) = p(t;w,w) with w = wy and & = wy. For the sake
of convenience, we denote p;(t; w1, wsz) by p;(t) in the following, where ¢ = 1, 2.

Lemma 4.1. There exists T < 0, independent of w1 and wa, such that {w, (t)}
d(n+p1(t)+ ¢ (—n+p2(t)) is a supersolution of (1.1) on (—oo,T).

nez defined by uy, (t) =

Proof. Without loss of generality, assume that w; < ws < 9 and hence, py (t) < po () for all ¢ < 0. For
(n,t) € Z x (—0,0), we have

N [w,] (t) : =1, (t) — D [ng1 (¢) + Up—1 (t) — 2y, ()] + du, (¢ Z J (@) b (Up—; (t — 7))
=[Py ) =) ¢’ (n+p1 (1) + (P2 (t) —c) ¢’ (—n +p2 (1))]
+oo
—|—‘Z J(@)b(d((n—1i)+p1(t) —cr) Z J (i —(n—1i)+p2(t) —c1))

+oo
— > TG (=) +p1(t=7) + (= (n—i) +ps(t—7)))

= [0/ (n+p1 (1) + &' (=0 +p2 (1)) P22 — R (n,1),
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where
“+o0o
t):‘Z J@)b(d((n—3)+p1(t—7)+¢(—(n—1i)+p2(t—7)))
+o0o
= > b ((n =) +pa (1) = e7) ZJ i) 4 pa(t) — o).
In view of

1 1 4+ Eeroze(ws) (1 _ eckozt)
Di (t — T) = P; ( ) cT + )\702 In 1 4 %6/\029(“}2) (1 _ ec)\ogt) + gekozg(wg)ec/\ogt (1 _ e—c)\ozT)

<p;i(t)—cr
and (2.1), it follows that
R (n,t)

+o0
< D J@b(e((n—i)+p1(t) —er) + & (= (n—i) +pa(t) —c7))

+oo
- Z J(0)b(¢p((n—1)+p1 () —er) Z J (i —(n—1i)+pa(t) —er))
ZJ / & ((n— )+ 1 (£) — er) + 06 (— (n— i)+ pa () — er))

X ¢(—(n—1i)+p(t)—cr)dl

— Z J (i / V' (0p(—(n—1)+p2(t) —cr)) o (—(n—1i)+p2(t) —cr)dd

1=—00

_ureng);(] b (u |l_ZOOJ (n=i)+p1(t)—cr)p(—(n—1)+p2(t) —cT)
+oo
Sug%gﬁ]\b”( u)| ¢ (n+p1 (@);J(i)¢(—(n—i)+?2(t)—CT)
+ max b () ¢ (~n+p2 (¢ Z_Z_:OOJ (n—1i)+pi (1) —cr)

< max B () [a»(nm (1)) (% 6) (= + pa (1))

u€[0,K]

+o(=n+p2 (1) (J*8) (n+p1 (D)) |,

see Theorem 3.3 for the notation J % ¢. Note that p; (t) < 0 for all ¢ < 0. For (n,t) € Z x (—o0,0), define

R (n,t)

T = i @)+ 0 (cnt e ()

Now we estimate I (n,t).
Case I: A\go > —A11. We divide Z into 3 parts.
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(i) p2(t) <n < —pi(t). By (4.1) and (4.2), for n € Z with 0 < n < —p;(t), we have

2max,¢o, k) [0 (w)| M (e’\ﬂz(*nﬂ?z(t))) _ 2max,co, k) | (w)| M

I(n,t) < < e’\ozm(t), 4.8
(n,t) ) , (4.8)
and for n € Z with ps(t) < n <0, we have
Aoz (n+ t
Int) < 2max,eo,x) [V (u)| M (e 02 (n+p1( ))) - 2max,co,x] |0 (u)] Me/\mp?(t)’ (4.9)

n n

(i1) n < pa(t). It follows from (4.3) that

maxyeo,x] 0" (u)| K (¢ (n+p1 (1) + (J * @) (n+p1 (1))

I(n,t) <
-0 F(n+p2 (0
- 2max,eo,x] |0 ()] K Mero2(ntpi(t)) - 2maxyeo,x] |0 (u)] K MeMozpz(t)
- nMeAll(—n“'iD(t)) - nue(—ku—)\w)nekupz(t)
Qmaxue[OJ{] |b// (u)‘ KMG/\O2P2(t)_ (410)
- e

(iii) n > —p1(t). By a similar argument as in (ii), we have

2maxyeo, k] [V (u)| KM
ny

I(n,t) < erozpa(t) (4.11)

Thus, combining (4.8)-(4.11) yields N [@,] (t) > 0.
Case IT: 0 < A2 < —A11. Note that Ago and Aq; satisfy

“+o0
D [ + e 22 — 2] —chgy —d + b (0) e 027 Z J (i) e o2t = 0,

i=—00

+oo
D [eA“ +e M- 2] —chi1 —d+ b (K) e~ Auer Z J (i) e 1t = 0.

i=—00
Since et 4 7M1 > ero2  e7r02 and
+oo —+oo
6—>\110T E J(Z) e—All’L > e—)\ozc‘r E J(l) e—>\()27,7
i=—00 i=—00

we have

+oo —+oo
b (0) e~ rozeT Z J (i) e 202t > (K) e~ MozeT Z J (i) e~ o2t
i=—00 i=—00

which implies &’ (0) > o' (K) > 0.

Since V' (u) is continuous on [0, 2K], there exists §; € (0, K) such that for any u € (K — 61, K + 1],
b (u) € [0,V (0)]. We translate ¢ (x) along the z—axis so that for any © > —Ny —c7, ¢ (z) € (K — 61, K].
Take T} < 0, which is independent of pa(¢), so that ¢ (2p2 (t) + No — 1) < 61 and p2 (t) + No —e7 < 0
for any t < T3. Thus, for t < Ty, n > —p; (¢) and |i| < Ny, there is

UV (p(n+pi(t)—i—cr)+0¢(—n+ps(t)+i—cr)) 0,0 (0)].
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where 0 € [0,1]. Consequently, for any ¢t < Ty and n > —p; (t), we have

R (n,t)
+oo 1
<y [J(i)/o B (6 ((n—i) +p1 (£) — e7) + 06 (— (n — i) +p2 () — e7)) dO

X ¢ (=(n—i)+p2(t) —cr)

ST /b' (06 (— (n— i) +p2 (&) — 7)) & (— (n— i) + pa (£) — cr) df

1=—00

< Z_: J ()b (0) ¢ (= (n—i) +p2 (t) — c7)
—~ Z J (i) ¢ (= (n—i)+ps (t) —cr/b’ 06 (= (n—i) +p2 (t) —cr)) dO
gurengyb" |_§_:J —(n—i) +p2(t) —cr)
gugg§]|b“( w)| ¢ (—n+ No + pa (t) — et Z;ooj —(n—1)+pa(t) —c7). (4.12)
Similarly, for any ¢ < T} and n < py (t), we have
R(nt) < max 6" (u)| ¢ (n+ No + p1 (t) — c7) :ZOOOOJ(i)sb((ni) +p1(t)—cr). (4.13)

As in the proof of Case I, we divide Z into three parts [p2 (t),—p1 (t)] N Z, (—oo,p2 (t)] N Z and
[—p1 (t),00) NZ. Assume t < Ty. In the part [pa (t), —p1 (t)] N Z, we obtain the same estimate as (4.8)
for I (n,t). For n > —p1 (t) > 0, by (4.12), we have

max,ejo,x] [V (v)] ¢ (—n + No + p2 (t) — c7)
¢ (—n +p2 (1))

XZJ —(n—1) +pa(t) —c7)

1=—00

I(n,t) <

M2 62)\02 (—=n+No+pa(t)—cT)

< max [0 (u)]

T wel0,K] nme)\oz(—”'i‘l)’z(t))
2 ,2X02(No—cT)
< max [V (u)| MZe™02 7070 Noapa(t)
uE[O,K] nm

For n < py (t) < 0, by (4.13), we have

2 2\ 2 No—ct
I(n,t) < max [b" (u)] MC”’—(”)erm(o.
u€e(0,K] nm
Hence, for any t < Ty, N [u,] (¢t) > 0.
Now let T = 0 when Ag2 > —A1; and T = T} when A\go < —\y1. For any ¢t < T, we always have
N [u,] (t) > 0. By Definition 2.1, we can show that for every 7" < T, U, (t) = U, (t + T"), where
(n,t) € Z x [—7,T —T") is a supersolution of (1.1) on Z x [0,T — T"). The proof is complete. O
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Lemma 4.2. {u, ()}
(1.1) on (—o0,0).

nez defined by u,, (t) = max{¢ (n +ct +w1), ¢ (—n + ct +wa)} is a subsolution of

Proof. When n > (ws —w1)/ 2, that is, n + w1 > —n + wa, u, (t) = ¢ (n + ct + wy), otherwise, u,, (t) =
¢ (—n + ct + wy). Hence, u,, (t) € C*(—00,0). Then for n > (wy —w1)/ 2,

N [w,] (8) = uz, (8) = D [wypq (8) + 1wy (8) — 2w, (1)] + du,, Z J ()b (w,—; (t = 7))

1=—00

:cgzﬁ’(n—l—ct—i—wl)—D[¢(n+1+ct+w1)+gn_1 (t) — 26 (n+ ct + wi)]

+de (n + ct +wy) — Z J ()b (s (t—17))

1=—00

=D[p(n—1+ct+w)—u, ,(t)]

+00 foo
+ ) J(@b(em—itct—cr+w)— > J(@)b(u, ;(t—71))

i=—00 i=—00

<0

Similarly, we can prove that for n < (w2 —w1)/2, N [u,] (¢) <
Obviously, for every 7" < 0, {v,,(t)},c; defined by v, (¢ ) wu, (t+T") is a subsolution of (1.1) on
[0, —T"). This completes the proof. O

Proposition 4.3. Suppose that u(t;0) = {un (t;©)},cz i5 a solution of (1.1) with initial value p =
{on}nez with o, € C([-7,0],[0,K]), then there exists a positive constant My > 0 such that for any
© ={@n}nez with o, € C([=7,0],[0,K]) and t > 7, |u;, (t; )| < Mo, and |u;, (t;¢)| < Mp.

The proof is easy and we omit it, see also [45, Lemma 5.1].

Theorem 4.4. There exists an entire solution @ (t) = {Pn(t)}, cp = P(t;wi,w2) = {Pn(t;wi,w2)}, ey
of (1.1) such that
wn(t) < Bult) < Tlt), (1) € Z % (00, 7], (4.14)

where {n(t)},cp and {w, (t)}, e, are given in Lemmas 4.1 and 4.2, respectively. Moreover,

(i) For anyn € Z, 0 < $,(t) < K and ®,, (t) >0 on R;

(i9) limy o0 SUP, ez, |Pn (1) — K| =0 and for any N' € N, limy—, _ o sup|,,| <y [Pn ()] = 0;

(iti) For each a € R, lim |, o0 [[Pn (1) = K|l pooq, 400y = 05

(iv) limy—_oo {SUP, 50 [Pn (t) — & (0 + ¢t + w1)| + SUP,<q [P (£) — ¢ (—n + ¢t + ws)|} = 0;

(v) The function (t;wy,ws) is increrasing in (w1, ws) € (—oo,¥)?;

(vi) P (t;wy,wa) converges to ¢ (n + ct + wy) in the sense of Ty as wa — —o0; P (t;w1,ws) converges to
@ (—n + ct + ws) in the sense of To as wy — —oo; and D (t;wr,ws) converges to 0 in the sense of To as
w1 — —00 and wy — —0o0.

Proof. Denote a solutlon of (1 1) with initial data ¢ = {pn}, ¢, With ¢, € C([-7,0], [ K]) by u(t;p) =
{un (t; )}z Define u* (t) = {uy (t)}, _, with wl (t) == u, (t =T+ k; o¥) for any (n,t) € Z x [-7+
T —k,+00) and k € N, whereap *{‘Pn(s)}nez and ¢F (s) = u,, (T — k + s) for any (n,s) € Z x [T, 0].

Note that uf*!(t) > uk (¢) for (n,t) € Z x [-7 + T — k,+00) and u, (t) < uf (t) < @, (t) for any
(n,t) €EZ X [—7 —|— T — k,T]. From Proposition 4.3 and by a diagonal extraction process, there exists a
}nEZ 1€ N} such that u* (t) converges to a function @ (t) = {®y, (t)},,c5,

which is defined in ¢ € R in the sense of the topology 77, that is, for any compact set S C ZXR uki (t) and

4 ki () converges uniformly in (n,t) € S to &, (t) and L&, (t). Since uk = {uki( } satisfies

subsequence { {u
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the equatlon (1.1), the limit function @ (t) = {®, (t)}, ¢, is an entire solution of (1.1). In particular,
u, (t) < @, (t) <y, (t) for any (n,t) € Z x (—o0,T). By comparison, we further have

D, (t) > max{p(n+ ct +w1),dp(—n + ct +wa)} V(n,t) € Z x R.
In view of
max{p(n + ct + wi), p(—n + ct +w3)} > max{p(n + ct +w1), p(—n + ct + wq)}

for any (wi,ws) € (—00,9)? and (wi,ws) € (—o0,¥)? with wi > wy and wj > we, it is not difficult to
show that the property (v) holds.

For n € Z, it is easy to see that 0 < &,,(t) < K on t € R by using (2.3). Now we show that £, (t) > 0
on R for every n € Z. Since {u,, (t)}, .7, is a subsolution of (1.1), then uf (£) = u, (t — T + k; ¢*) > w,, (1)
for all (n,t) € Zx [-7+T — k,O). Again since for any € > 0, u,, (- +¢€) > u, (-) on R, it follows that

uk (T —k+s+e) = un (54 € ¢") > @k (s) for all (n, s) € Zx[—,0]. By comparison and the uniqueness
ofsolutlons we have uf (t+€) =wu,, (t =T+ k;u* (T —k+-+€)) > up, (t =T+ k; o*) = uk (t) for any
(n,t) €Z X [-1+T — k +00). Thus, it follows from the arbitrariness of ¢ that u* (¢) is increasing on t.
Therefore7 @) (t) > 0 on R for every n € Z. Since P/, (t) satisfies

Oy (t) = D [, (t) + P}, 4 () — 20, ()] — d,, ( Z J (@ —i(t=T) P, (E—7), (415)

1=—00

then @/, (t) satisfies

t
P (t) = D!, (s) e~ BPFD(E=s) 4 / eGP g () (r) dr > &, (s) e~ PPFDE=9)  for any s < t,

S

where
—+oo

Hy (8) () = D[, (1) + &,y (B)] + Y T (@)Y (Si (t =)&), (t —7) 2 0.

1=—00

Obviously, for each n € Z, if there exists ¢y € R such that @/, (tg) > 0, then @/, (t) > 0 for any t > tg.
Thus, if for some n € Z, there is ¢; such that @), (t1) = 0, then @}, (t) = 0 for any ¢ < t;. We claim that it
is impossible. We argue by contradiction. Assume that for some n; € Z, there is t; such that &, (t) =0
for any ¢ < ;. Since @, (t) =0 for any ¢ < ty, it follows from (4.15) that

D@, 41 () + Py ()] + Y T @V By (t = 7)) &), i (¢ —7) =0

1=—00

for any t < t;, which implies that @], ., (t) = ®;,,_; (t) = 0 for any ¢t < t; due to V' (u) > 0 in u € [0, K]

and @) (t) > 0 for any (n,t) € Z x R. By induction, @/, (t) = 0 for any (n,t) € Z x (—o0,t1], which
contradicts (4.14).
We now prove that (vi) holds. Let {wlg}k N satisfy whtt < wk < w for any k € N and w§ — —co as

k — oo. Then there exist entire solutions @F (t;wy,ws) = {®F (t; w1, w’)}nez of equation (1.1) such that
for any t < T,
¢(n+ct+w) <max{¢(n+ct+w), qu(—n—i—ct—i—w];)} <ok (t;wl,wg)
<¢(n—|—p1 (t WI,WQ))+¢( n 4+ po (t;wl,wg)) (4.16)

for all n € Z and k € N. By Proposition 4.3, there exists &* (t) := &* (t; w1, —00) = { P}, (t;w1, —00)}, s
such that &* (t; w1, wé) converges to &* (t) as k — oo (up to extraction of some subsequence) in the sense
of the topology 7;. Thus, &* (t;w;, —00) = {®}, (t;w1, —00)}, ; is an entire solution of (1.1). By virtue
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of the monotonicity of &* (t; w1, wé) about w§, oF (t;whwg) converges to &* (t;w;, —o0) in the sense of

the topology To. Obviously, @* (¢;wy, —00) is independent of k£ € N. Thus, by (4.16), we have
b (n -+t +wn) < B (tw1,-00) < 6 (n+pr (tw1,68)) = 6 (n+p (;01)) (4.17)

for all n € Z and ¢t < T. From Ma and Zou [33, Lemma 4.3], we know that there exist three positive
numbers (; ( which is independent of ¢), @ and § such that for any § € (0,0] and every & € R, the
function w™ (t) = {w; ()} nez defined by

wt (t) := ¢ (n +ct+ EA—I— ) (e'BOT - e_Bot)) + e~ Pot
is a supersolution of (1.1) on [0, +00). Given any to < T. Let

7 = sup 125, (t2 + w1, —00) — @ (n+c(ta+ ) +wi)llpoo_r ) -
ne

Because p (t;wy) — et —w; — 0 as t — —oo, for any § > 0 there exists ¢35 < to — 7 such that

¢ (n+c(ts+s)+w) <P (L3 + 5301, —00)
<¢(n+c(ts+s)+w +06 (™7 —e P%)) + geFos

for any s € [-7,0] and n € Z. Let tg =ty — t3 > 7. By comparison, we have
p(n+c(ta+s)+wr) <P (t2 + s;wp, —00)
< 6 (et )+ 75 (607 — o)) 4 pemttoen
for any s € [-7,0] and n € Z. Hence,

sup [|®7, (t2 + w1, —00) = ¢ (n+c (2 + ) + wi)ll poc—y0) S 0 +70e’" max ¢’ (z) .

nez ’ zeR
Due to the arbitrariness of d, we have n = 0. Consequently, we have @7 (t;wy, —00) = ¢ (n + ¢t + wq) for
any t < T and n € Z. Therefore, ¢ (t;w1, —00) = ¢ (n+ ct + wy) for any ¢ € R and n € Z. Similarly, we
can prove the remaining assertions of (vi).

The proofs of (ii)-(iv) are trivial. This completes the proof. O
Lemma 4.5. There exist constants do > 0, po > 0 and oo > 0 such that for any r € R, 6 € (0,60] and
o > 0y, the functions W (t) = {W,5 (t)},,cz, and W~ (t) = {W,; (t)},,c;, defined by

WE(t) =, (r+t+o6[1—e ") +de !
are a pair of supersolution and subsolution of (1.1) on [0, +00).

Proof. We only prove that W (t) = {W, (t)},c; is a supersolution of (1.1) on [0, +00), since a similar
argument can be used for W~ (¢).
Since
lim —p+d—we’T)=d—-b(0)>0
(p,)—(0,6'(0)) = ] ©
and
lim —p+d—we’ | =d—-b(K) >0,
(p,@) = (0,0 (K)) = ] ()

we can fix pg > 0 and 0* > 0 such that
—po +d — wef*T >0 for any @ € [b' (0) — §%,b" (0) + &*] (4.18)
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and
—po+d—we’” >0 for any @ € [b' (K) — §*,b' (K) + 6*]. (4.19)
Let 0 € (0,0*) satisfy
6*
poT /" < —. .
doe™ [ o 1]+ e (0] < (4.20)
Since
Y ) Y _
dim Sup S T@Y (Pni () — b (K)‘ 0,

1=—00

there exists T > 0 such that for any ¢ € (T, 00) and n € Z,

X T @i 0) € ¥ (1) - G )+ | (121)
Since lim, @ (z+No) = 0, limy, o> o J@V(p(x—i—cr)) = b (0) and
lim, oo Doie o J (@)Y (¢ (xz—i—c7)) =b (K), there exists X; > 0 such that
uren[gu);q V" (u)]| ¢ (x 4+ No) < %* for any x < —Xj, (4.22)
; J@)V (p(x—i—cT)) € [b’ (0) — %*, v (0) + 62*] for any z < —X; (4.23)
and -
Z J@)Y (p(x—i—cT)) € {b’( )—5— b (K) + 52] for any = > Xj. (4.24)

Since p; (t) — et —w; — 0 as t — —o0, there exists T3 < T', where T is defined in Lemma 4.1, such that
for ¢ < Tg,

6*
i (1) — i . ! — =1, 2. 4.2
9 0) ot = ] e 87 0] maxf (o) € (0.5 ) 1= 1. (1.25)

Let k1 = minge;_x, x,] ¢’ (z) > 0, then there exists a large oy > 0 such that

1
5C€o1P0K1 = Po +d— ueH[%szK] b (u)e”T > 0. (4.26)

Let ¥ (t) == {¥y (t)},,cz With ¥y, (1) = ¢ (n +ct +w1) + ¢ (—n + ct +ws). It is easy to prove that

m her e

By equation (1.1), we have lim¢—, oo Sup, ez [Pn — ¥nllo1 (oo = 0- Thus, there exists Ty < Tj such
that for any ¢t < Ty,

1
o=t 2 4.27
Sup I~ Fullr ey < 3% o
Since
lim max J (i ) =¥ (K)| =0,
Inl—>o0 te[Ts L] |, £ —i (1) (K)

there exists a large positive integer Ny such that for any |n| > Ny and ¢ € [Ty, T3], (4.24) holds.
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Let ko = min‘n|§N2,te[T4,T2] 8¢5t(t) > (0. Take o5 > 0 such that
— d— b PoT > 0. 4.2
oapoka — po + uerﬂfg(K] (u) e” >0 (4.28)

Now let £ (t) =r +t+ 0§ [1 — e 2] and hence, W, (t) = &,, (£ (t)) + de 2. Then
N[WIT ()« = &, (€ (1) + P, (§ (1)) 70poe ™" — poe "
=D [@ni1 (§() + Pra (€(F) — 20 (£ (1))] + dPn (€ (1))

+doe " — i J(i)b (¢n7i (E(t—1))+ 56_”0(’5_7))

i=—00

=@, (E(t)) odpoe " — Spge™ PO + dse o

= > T@b(Pumi (€ =)+ 0 £ 3T T ()b (Bami (€ (1)~ 7))

1=—00 1=—00

> @) (E(t)) adpoe Pt — Spoe™ PO + die o

=3 T (Pusi (€)= 1)+ 07 TD) £ 3T T (@) (s (€(8) — 7))

1=—00 1=—00

= ge ot [@'n (€W)apo—po+d—e™ S TV (Pui(€(t) = 7) + en_iaemw)] ,
where 0,,_; € [0,1]. Let 09 = max {01, 02}. Now we consider eight cases.

Case (i). n € Z, £(t) > Ty. By (4.19), (4.20) and (4.21), we have N [W, 1] (t) > 0.

Case (ii). £(t) < Ty, n+ € (t) + w1 > X;. In this case, there is —n < —X;. Since

Pp—i (E(t) —T) = d(n—i+c€(t) —cT +wi)
and @, _; (E(t)—T)<d(n—i+p1 (EX)—T))+d(—n+i+p2(E(t) — 7)), we have

b (Pri (€(t) — 7))

SV (6 (n—i+ (1) = er+wn) + 6 (n+ i () —er+wn) max V' (u)

(01 (€0) — € (1) — ) + (52 (€ 0) — € () —wa)] s " (u)] - maxc ().
Now by (4.19), (4.20), (4.22), (4.24) and (4.25), we have A" [W] (t) > 0.

Case (iii). £ (t) < Ty, —n + c€ (t) +wo > X;. Similar to (ii), we have N [W,[] () > 0.

Case (iv). £(t) < Ty, n+c€(t) + w1 < =Xy and —n + £ (t) + wa < —X;. Following (4.18), (4.20),
(4.22), (4.23) and (4.25), we have N [W,F] (t) > 0.

Case (v). £(t) <Ty,n+c€(t)+w < Xy, —n+c€(t) +we < Xy and n+ £ () + wy > —X;. From
(4.26) and (4.27), it follows that N [W,] () > 0.

Case (vi). £(t) <Ty,n+c(t)+wr < Xy, —n+c€(t) +wa < X7 and —n + ¢ () + we > —X;. By
(4.26) and (4.27), we have N [W,F] (t) > 0.

Case (vii). Ty < &(t) < Ty, |n| > Na. By (4.19), (4.20) and (4.24), there is N [W,f] (t) > 0.

Case (viii). Ty < & (t) < Ty, |n| < Ny. Tt follows from (4.28) that N [W,F] (t) > 0.

Combining the above eight cases, we have proved that for (n,t) € Z x [0, 400), N'[W,[] (t) > 0, which
implies that W (t) = {W,I (t)},c7 is a supersolution of (1.1) on [0,+0c). The proof is complete. O

Theorem 4.6. Assume that @ (t) = {®,, (t)},c, is the entire solution of (1.1) given in Theorem 4.4.
Suppose that  (t) = {5n (t)} is an entire solution of (1.1) satisfying
nez

5n-i-’rlo (t + to) - ¢('fl +ct +w1)‘ -+ sup
n<0

lim {sup {5n+n0 (t+t0)—¢(—n+ct+w2)‘} =0
t——o0 n>0
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for some ng € Z and ty € R. Then &, (t) = Ppin, (t+to) for any (n,t) € Z x R.

Proof. Set @,,(t) = @1, (t + o) for any (n,t) € Z x R. Then we only need to prove that @, (t) = &,,(t)
holds for any (n,t) € Z x R. Fix an arbitrary ¢; < 0. Define

B = sup || @, (t1 + ) — Py (t1 + ')HLOO[ffr 0]
nez ’

Fix any small § € (0,00, where Jy is determined by Lemma 4.5. By the condition, there exists ta <
t1 — 7 < —7 such that

sup [@n (1 +t2+) = B (b1 + 2+ )| oy SO
ne s

That is, for any n € Z and s € [—7,0], there is
D (t1+ta+58)—06< P, (t1 +to+38) <P, (t1 +t2+5)+0.
Furthermore, for any n € Z and s € [—7, 0],
b, (t1 +ito+ s+ 000 [1—e”"]—0ogd [1 — e_pos]) — e Pos
<D, (t1+ta+8) <Py (L +ta+5—008[L — 7]+ 000 [1 — e %)) 4 de 7%,
By comparison, for all n € Z and ¢t > 0,
P, (tl +ita+t+ 000 [l — e’ —opd [1 — e_pot]) — e rot
<Py (t1+ta+1) <Py (t1 +t2+1— 006 [L — €]+ 00d [1 — e ?']) 4 de "
Setting t € [—ty — T, —ta] and 1/ =t; +to +t + 006 [ — eP°7] — 5¢d [1 — e7P0!], we then have

@, (t1 +ta+ 1) — Py (ty + ta+ )| <264 |y, (r' +2 (€77 — ") 506) — Dy, ()|

0P,
<2 (1 + P Togsup || —— ) 6,
neZ ot )

which implies

_ ) 0%,
oup [0 1+ =01+ <2 (1 esp | ] )
that is 00
B<2 (1 + e gg sup " ) 3.
nez ot oo

Since ¢ is arbitrary, 5 = 0. Consequently, @, (t) = &, (t) for all n € Z and t € R. This completes the
proof. O

Theorem 4.7. The entire solution ®(t) = P(t;wy,w2) given in Theorem 4.4 is continuously dependent
on (w1, ws) € (—00,19)2 in the sense of To.

Proof. Given (w{,wd) € (—o0,9)°. Let

{(w?l,w_’f_’Q)}keN C (700,19)2 and {(w’i,l’wli,Q)}keN C (700,19)2

satisfy wh ; < wFtl < w{f@-l < w’j_ﬂ < 0 for any k € N and i € {1,2}, (w” l,w’jg) — (w?,wl) and

/7’ 771 )
(W-lf-,pwig) — (w?,wg) as k — oo. By Theorem 4.4, (1.1) has entire solutions

o (1) = o (tuh,,who) = {2, (twilvwia)}nez
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and
¥ (t) = OF (t;w* 1w 2) {45_ n (t;wf LW 2)}n€Z.
Following Proposition 4.3, there exist @7 ( {45 }nEZ and * (t) = {Q')* }nEZ such that

@ (t) and D% (t) converge to @7 (t) and Q)’i ( ) in the sense of 77 as k — oo (up to extraction of some
subsequence), respectively. In particular, the functions @7 (t) and @* (t) are entire solutions of (1.1).
Now we show that @7 () = @° (t) := ®° (t;w?,w)) for any t € R. In view of (v) in Theorem 4.4,

or (1) S QEE(t) <@, (1) < B (1) < @4, (1) < DL (1) < 9, (2)

forallt € R, n € Z and k € N. For any t <T, there is
max{(b(n—i—ct—i—wk 1) qb(—n—i—ct—i—wa)}
<max{¢(n+ct+wk+1) (;5( n+ct+wk+1)}
<max{¢(n—|—ct+w1) qi)( n+ct+w2)}
< ¢(n+p1 (t wlvw2)) +¢( n =+ p2 (t§W?7w3))
<o (n+p (G R) + 0 (—ntpe (Bl W)
<@ (ntp (Bl wo)) + o (—n+pe (Buk )

and

max{qb(n—l—ct—i—w'il) ,¢(—n—|—ct+w’i’2)}
<P, () <o (ntp(Bwh,wf o)) + 6 (—n+pe(twh ) whs))

for any k& € N. Recall that T is independent of k. Following this, we have

sup Py, (1) =6 (—n+ct+ WS)}

n>0

<supo (n 41 (1,1, 2)) = 6 (n et )|
n=

%, (t)—¢ (n +ct —|—w(1))‘ + sup
n<0

+sup |6 (—n+p2 (k1 wh 5)) — ¢ (—n+ct +wh )|

+sup ¢ (—n+po (twh 1,0 o)) +sup o (n+p1 (Hwh ), wh )
n>0 n<0

< supl (1 (k1) — (a4
nz
+sup ¢ (—n+pa (Wl 1, WE o)) =@ (—n+ct + )|
n<

+sup ¢ (—n+py (W), W ,)) +supé (n+p (Gl Wi ,))
n>0 n<0

+sup‘¢(n+ct+w+1) ¢(n+ct+w’i)1)’
n>0

—|—sup|q5( n—l—ct—l—wig) —d)(—n—i—ct—i—wﬁg)}
n<0

By the arbitrariness of k € N, we obtain
sup |94, (t) — ¢ (n+ct + wf)| +sup [@7% ,, (1) — ¢ (—n + ct + w3)|
n>0 n<0
< 2Rgeroz! max ¢ (z) +2¢ (ct) — 0 as t — —o0.
e

By Theorem 4.6, we have &% (-) = @Y (:) on R. Similarly, we have ¢#* (-) = #°(-) on R. Due to the
monotonicity of ®% () and @F (t) about k € N, &% (t) and " (t) converge to ®° (¢) in the sense of Ty as
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k — 0o. Now consider (wy,w2) = (w),wd), it is easy to prove that @ (¢;wy,ws) converges to & (t;w), w)
in the sense of 7y as k — oco. This completes the proof. O

Theorem 4.8. Assume that

P (tywi,wr) = {dsn (t;wl?wQ)}nEZ and D (t;wi,wy) = {qﬁn (t; WLW;)}neZ

2

)

are entire solutions of (1.1) given in Theorem 4.4 with (w1, ws) € (—00,9)* and (w},w}) € (—o0, )
respectively. Then there is no (ng,tg) € Z x R such that

Dy, (twr,wa) = Ppyn, (E+to;wi,wy) for any (n,t) € Z x R,
unless

(w1 — wo) ; (wi —w3) cz

Proof. Given (w1, ws) € (—o00,9)? and (w?,w3) € (—o0,9)”. Suppose that there exists (ng,to) € Z x R
such that @, (t;w1,w2) = Ppyn, (t+ to;wi,ws) for any (ng,to) € Z x R. By Theorem 4.4, we have

Hm sup @y (¢ + to; ], w3) — 6 (n + ct +wi)|

t——o0 n>0

= lim sup|®, (w1, w2) — @ (n+ct+wi)| =0,

t—=—00 >0

lim sup |¢n+no (t +to;wi,ws) — ¢ (—n + ct + wo)|

t—>oon0

= lim sup|P, (t;wi,w2) — P (—n+ct +ws)| =0,

l=—00 <o

lim —sup [P, (t+ to;wi,ws) — & ((n+no) + ¢ (t +to) +wi)|

t——o0

n>—no
= lim sup|®, (t;w],wy) — ¢ (n+ct +wi)| =0,
t=—00 >0
S (@ (04 t016].5) = 0 (= (n )+ 1+ 0) + )|
n no
= lim sup|®, (t;w],ws) — ¢ (—n+ct +ws3)| =0.
t——00 <o
It follows that
lim sup |6 ((n+mno) +c(t+t) +wi) —d(n+ct+w) =0 (4.29)

t——o0 n>max{0,—ng}

and
lim sup |6 (= (n+mno) +c(t+ty) +ws) —¢(—n+ct+ws)| =0. (4.30)

1= <min{0,—no}
Let {tn}, oy satisfy n +ct,, = 0 for all n € N, then (4.29) yields
w1 =ng + cto + wy (4.31)
as n — +oo (that is, ¢, — —o0). Similarly, by (4.30) we have
we = —ng + cto + ws. (4.32)

Solving the coupled equations (4.31) and (4.32), we have

*

(o +un) = @i +w)) o (e =) = (@ —w))

to =
0 2 2 '

which implies % € 7Z. This completes the proof. O
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Theorem 4.9. The entire solution ¢ of (1.1) given in Theorem 4.4 is Liapunov stable in the following
sense: For any given € > 0, there exists 6 > 0 such that for any ¢ = {¢n},, ey with ¢, € C([-7,0],[0, K])
and sup,ez 1¥n (-) = Prtng (to + )l oo ((mryop) < 0, there is [un (;9) — Prin, (t+t0)| <€ for anyn € Z
and t > 0, where ng € Z and tg € R are two real constants.

Proof. Given any e¢ > 0. For any ¢ = {¢n},cp with ¢, € C([-7,0],[0,K]) and
suPpez [9n () = Prtno (to + )l o ((oropy < 0 < o, where ng € Z is an integer and t9 € R is a con-
stant, we have

Botng (5 + to + 000 (1 — e#07) — 00 (1 — e=0%)) — geo*
< @ (8) < Pugng (s +10 — 000 (1= e7) + 000 (1 —€77%)) + de ™
for all n € Z and s € [—,0], where pg, 00 and dy are as in Lemma 4.5. By Lemma 4.5, it follows that
Pt (t +to+ 000 (1 —e”T) — 0pd (1 _ e*Pot)) _ §e—rot
< Uy (t9) < Prgng (E4t0 — 006 (1 — €”°7) 4+ 008 (1 — 7)) + de~ !

for all n € Z and ¢ > 0. Choosing ¢; (¢) > 0 such that

SIé[Z) 1@ (1) = @ (- + 2) | oo m) < % for any |z| < 01 and t € R.

Furthermore, let J, = min {6/2 ,M, 50}. Then for any § < ds,

0
000 (1 —€”7) — 006 (1 — e~ P")| < |o06 (e”°7 — e™#")| < ggde™ < 6y.
It follows that
Drgng (t+t0) —€ <y (t0) < P, (t+1to) +eforallneZandt > 0.
That is, for any ¢ = {n}, o, With ¢, € C ([-7,0], [0, K]) and

a1 )~ B O+ )]y <

we have [uy, (t;0) — Ppyn, (t+10)] < € for all n € Z and t > 0, which implies that & = {®,},, is
Liapunov stable. This completes the proof. O

Remark 4.10. From (4.5), (w;,ws) € (—o00,9)? can be arbitrary. Then for any given constants 6; € R
and 6y € R, there exists T* < 0 such that 0, + ¢T™* < ¢ and 0y + ¢T* < . Let 61 + T = @w; and
0o+ cT* = @y, it follows from Theorem 4.4 that there exists an entire solution @ (¢; w1, ws) of (1.1), which
satisfies the conclusions of Theorem 4.4. Now let @ (¢;61,02) := & (t — T*; w1, w2), then we can complete
the proof of Theorem 2.4. In fact, we only need to prove the last two conclusions of (iv) in Theorem 2.4.
Recall that

D (t;01,05) := @(t—T*;@l,aQ)
> max{p(n+c(t—T")+w1),d(—n+c({t—T")+ )}
=max{p(n+ct+61),¢(—n+ct+02)},

it is easy to see that the last two conclusions of (iv) in Theorem 2.4 hold.

Remark 4.11. Consider the case ¢ < 0. Assume that ¢ (n + ct) is an increasing traveling wave front
up to translation of (1.1) satisfying ¢ (—oo) = 0 and ¢ (+00) = K. Let ¢ (n — ct) = ¢ (— (n — ct)) . Then
1 (—o00) = K and 9 (+00) = 0. Let ¢ = —¢ > 0and x (n+ 't) = K—¢ (n + ¢'t) = K —1 (n — ct). Thus,
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X (—o0) = 0 and x (00) = K. We conclude that x (n + ¢t) is a traveling wave solution of the following
equation

ul = D [upt1 + un—1 — 2up,] + d (K — uyp,) Z J (i —Up—i (t—T)). (4.33)
Take b* (u) = dK — b (K —u). Obviously, b* satisfies the conditions (H1)-(H3). Then equation (4.33)
reduces to

U, = D [tns1 + tn_1 — 2un) — duy, + Z J (i) b (s (t—7)). (4.34)

1=—00

Applying Theorem 2.4 to (4.34), we can prove Theorem 2.5.

5. Discussion

In this paper we have established a 2-dimensional manifold of entire solutions for (1.1) by using its
traveling wave fronts with nonzero wave speed, and showed that the two 1-dimensional manifolds of
entire solutions of traveling wave type are on the boundary of the two-dimensional manifold. We have
further studied the uniqueness and stability of the entire solutions. In fact, the main results and methods
of this paper are valid for the general lattice differential equations with bistable nonlinearity

gptn (8) = D [ung1 (8) + w1 () = 2un Q)] + f (un (2)), 7 € 2. (5.1)

In contrast to the continuous version of (5.1) in the following form

%u (x,t) = DAu (z,t) + f (u(x,t)), x €R, (5.2)
the differences stated in Remark 2.6 still exist. A typical example is the cubic nonlinearity f (u) =
u(u—a)(l—u),ac (0,1). It is well known that (5.2) has a standing wave connecting the equilibria 0
and 1 with wave speed ¢ = 0 (propagation failure) if and only if @ = 5. But for the lattice equations (5.1),
the situation is very different [9,18,19,28,34]. In fact, there exists a nontr1v1al interval ‘a — 7‘ < ~, with
5 > ~ > 0, in which the wave speed ¢ = 0 must hold for any traveling wave solution of (5.1) connecting
the equilibria 0 and 1. In [15,22,50], the entire solutions of (5.2) behaving as two approaching traveling
fronts were established by using an invariant manifold for the case ¢ = 0, that is, a = %
the lattice equation (5.1), not only for a = % but also for all a € (3 —~,1 + ), the existence of entire
solutions behaving as two approaching traveling fronts is unknown. Obviously, considering the existence
of entire solutions of (1.1) and (5.1) other than traveling wave fronts is a very interesting work when
the pinning phenomenon occurs. We also note that only 1-dimensional lattice has been considered in
this paper. We conjecture that there exist more classes of entire solutions in high-dimensional lattice
differential equations (such as the model proposed by Chen et al. [17] and the ODE system studied by
Cahn et al. [9]) as that for reacton-diffusion equations in high-dimensional spaces. We leave this for
future consideration.

Finally, we note that it is assumed that the kernel J has a compact support and satisfies J (i) =
J(—i) > 0 for any i € Z and Zl__oo (1) = 1 in this paper. We emphasize that the assumption that
J has a compact support is only to ensure Theorem 3.3, that is, the traveling wave fronts ¢(-) decay
exponentially at the equilibria 0 and K. But for a more general kernel J whose support is not compact,
it seems difficult to prove Theorem 3.3. Nevertheless, if Theorem 3.3 can be proved for general kernels,
then Theorems 2.4 and 2.5 can be easily extended. The assumption that J is symmetric ensures the
existence of traveling wave fronts ¢(n + ct) of (1.1) with wave speed ¢ connecting the equilibria 0 and
K, which is required by Ma and Zou [33]. In this case, ¢(—n + ct) is also a traveling wave front of (1.1).
Observing the proofs of [33, Theorem 1.1] and by some slight modifications, we can obtain that when .J
is not symmetric, (1.1) admits two traveling wave solutions ¢* (n + ¢t) and ¢~ (—n + ¢™t) with wave

However, for
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speeds ¢ and ¢~ connecting the equilibria 0 and K, respectively. In general, the traveling wave profiles
¢T and ¢~ and the wave speeds ¢™ and ¢~ may be different. When ¢* > 0 and ¢~ > 0, we can define
p1(t) and po(t) as (3.57) in [25] (see also (3.2) in [30]) and obtain similar results as Theorems 2.4 and 2.5.
Furthermore, we can treat the case ¢t < 0 and ¢~ < 0 as in Remark 4.11. But for the case ¢te™ < 0 (if
it occurs), a new supersolution will be needed and we will consider it in another paper.
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