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This paper is concerned with the qualitative analysis of two models [S. Bonhoeffer, M. Lipsitch, B.R. Levin,
Evaluating treatment protocols to prevent antibiotic resistance, Proc. Natl. Acad. Sci. USA 94 (1997)
12106] for different treatment protocols to prevent antibiotic resistance. Detailed qualitative analysis
about the local or global stability of the equilibria of both models is carried out in term of the basic repro-
duction number Rq. For the model with a single antibiotic therapy, we show that if Ro < 1, then the dis-
ease-free equilibrium is globally asymptotically stable; if Ry > 1, then the disease-endemic equilibrium is
globally asymptotically stable. For the model with multiple antibiotic therapies, stabilities of various
equilibria are analyzed and combining treatment is shown better than cycling treatment. Numerical sim-
ulations are performed to show that the dynamical properties depend intimately upon the parameters.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Infections caused by antibiotic-resistant bacteria, such as
methicillin-resistant Staphylococcus aureus (MRSA) and Vancomy-
cin-resistant enterococci (VRE), are increasing rapidly throughout
the world and pose a serious threat to public health [19,15,21].
The transmission dynamics of antibiotic-resistant bacteria in hos-
pitals are complex which involve the patients, health-care workers,
and their interactions. Antibiotic exposure is crucial to the emer-
gence and spread of these resistant bacteria [12]. Compared to
infections caused by antimicrobial-susceptible bacteria, infections
with antimicrobial-resistant bacteria cause higher mortality rates,
longer hospital stays and greater hospital costs [14]. It was
estimated that in 2005 the deaths in patients with invasive meth-
icillin-resistant S. aureus in the United Sates exceeded the total
number of deaths due to HIV/AIDS in the same year [17].

Recently, mathematical models have been extensively used to
simulate the spread of the antibiotic-resistant bacteria, to identify
various factors responsible for the prevalence of the antibiotic-
resistant bacteria, to examine different antibiotic treatments, and
to help design effective control programs [2-7,12,24]. We refer to
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the survey papers of Grundmann and Hellriegel [16] and Temime
et al. [23] for more details and references on this topic.

To generate predictions concerning the effects of various pat-
terns of antibiotic treatment at the population level, Bonhoeffer
et al. [6] proposed two mathematical models. In the first model,
patients with bacterial infections may be treated with a single anti-
biotic. The model consists of three ordinary differential equations:

& — A —dxX—bX(Vy +¥) + Y + oY + fH(1 = 5)y,,
B = (bx — c =1y — fh)y,, (1.1)
% = (bX —C— rr)yr +th.VW7

where x(t), yu(t), and y,(t) denote the density of uninfected patients,
infected by sensitive (wild type) bacteria to the treating antibiotic,
and infected by resistant bacteria to the treating antibiotic at time
t, respectively. We refer to Fig. 1A in [6] for a chart diagram for
the three compartment model. A is the recruitment rate of the
population, d is the per capita removal rate from the population, b
is the transmission rate parameter, c is the death rate of the infected
host, which includes natural and disease-associated mortality. 1,
and r, are the rates of patients infected with wild type and resistant
bacteria recover from the infection in the absence of treatment.
Patients infected with wild type bacteria are removed from the
wild type infected compartment at a rate fh, where f is a scaling
parameter (between 0 and 1) reflecting the fraction of patients trea-
ted and h is the maximum rate when all patients are treated. A frac-
tion s of treated wt-infected develops resistance during treatment.
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Bonhoeffer et al. [6] considered treatment with a single antibiotic
and resistance to that antibiotic and analyzed the model to predict
the consequences of different usage patterns.

In the second model, two antibiotics A and B are used. The mod-
el takes the following form:

&= A —dX — DX(Yyy + Yo + Vb + Yap) + Twb + TaVa + oY + TabYap
+h(1 = @)favyw + B =) ((fa + o)V + oV + foYa + far Vo + Vb)),

‘?1/_? = (bx —c— 1w — h(fa + fo + fab) )Yur

Yo = (bx — ¢ = 10— h(fy + fun))Va + Mo,

W= (bX — ¢ — 1y — h(fa + )V + NS

Yoo — (bx — € — Tap)Yap + hS(fan (Ve + V) + fuIlp + fsVa) + Ahfardus

(12)

where the variables are x(t) for the susceptible, y,(t), ya(t), yp(t) and
Yap(t) for patients infected with wild type (wt), A-resistant (A-res),
B-resistant (B-res), and AB-resistant (AB-res) bacteria, respectively
(see Fig. 1B in [6] for a chart diagram for the model). A is the
recruitment rate of the population, d is the per capita removal rate
from the population, b is the transmission rate parameter, c is the
death rate of the infected host, which includes natural and dis-
ease-associated mortality. ry, 14, 1, and ry, are the recovery rates
of wt, A-res, B-res and AB-res infected, respectively; fg, f, and fy;, re-
flect the fraction of patients treated with antibiotic A, B, or AB, they
fulfill the relation 0 < fu,fo.fap < 1, and f, + fp + fop < 1.h is the maxi-
mum rate when all patients are treated. A fraction s or q of treated
wt-infected develop resistance with single antibiotic treatment or
two antibiotics treatment. Bonhoeffer et al. [6] analyzed the popu-
lation-level consequences of different usage patterns of the two
antibiotics and made various conclusions based on numerical anal-
ysis of their models. In this paper we provide detailed qualitative
analysis of the two mathematical models (1.1) and (1.2), including
the existence and stability of all possible equilibria, and numerical
simulations to support these conclusions.

We would like to make some remarks about the comparisons of
models (1.1) and (1.2) with the competition models of resources
(see, for example, [1,22]) and the multi-strain models in epidemiol-
ogy (see [9,25]). Firstly models (1.1) and (1.2) are not competition
models since the two strains of bacteria, sensitive and resistant,
are not competitors. Secondly, patients infected with the sensitive
strain can be infected with the resistant strain due to the treatment
of antibiotics or the interaction from the contaminated health-care
workers, and patients infected with the resistant strain can be
cleaned due to treatment. So models (1.1) and (1.2) are different
from the multi-strain models in epidemiology (see [9]) and the
two-resistant strains model studied by Webb et al. [25]. Moreover,
our results are not about which strain will win, it is about how the
resistant strains establish in the patients and how to control that.

The paper is organized as follows. In Section 2, we consider the
compartment model (1.1) with a single antibiotic therapy and
evaluate a threshold, the basic reproduction number Ry [8], for
two cases: (i) in the absence of treatment fh = 0 and (ii) with treat-
ment fh > 0. The disease-free equilibrium always exists and is glob-
ally stable if Ry < 1 and the disease-endemic equilibrium exists and
is globally stable if Ry > 1. Section 3 is devoted to discussing the
existence and stability of equilibria of the model (1.2) with multi-
ple antibiotic therapies. In order to understand how antibiotic
usage patterns may be optimized to preserve or restore antibiotic
effectiveness, we consider four different modes of antibiotic ther-
apy, namely, (i) in the absence of treatment f, = f;, = fu, = 0; (ii) cy-
cling treatment f,=1/f,=fsp=0 or f,=1f,=fus=0; (iii) 50-50
treatment f, =f, =1, f,, =0; and (iv) combination treatment
fa=fp=0, fap = 1. We present stability results for all different cases.
In Section 4, we present some numerical simulations to illustrate
the obtained results and present a brief discussion.

2. The model with a single antibiotic therapy

In this section, we discuss the existence and stability of equilib-
ria of the compartment model (1.1). In this model, we assume that
the fitness cost associated with resistance is manifest by a higher
rate of clearance of the infection (recovery) of hosts infected with
resistant bacteria relative to those infected with sensitive (1. > ry,)
and the death rate of infected patients is higher than that of sus-
ceptible one, that is c>d [6].

Because of the biological meaning of the components (x(t),yw(-
t),y:(t)), we focus on the model in the first octant of R3. We first
consider the existence of equilibria of system (1.1). By some calcu-
lation, we find that system (1.1) has at most three equilibria:

E = <c+rr!0 4_@_(11})7

EOZ(A/d7030)7 b ’ 7C b E

and

F= c+rw+fh (rr—rw—fh)(A—d(c+ry+fh)/b)
N b k c(ry — 1y —fh(1 —5)) ’
fhs(A —d(c+ry +fh)/b)>
c(rr—rw—fh(1-s)) )’
under certain conditions (to be specified later).
We define the basic reproduction number as follows:
bA ba }
dic+ry+fh)’dc+r)f

First we determine the stability of the disease-free equilibrium
Eo. The Jacobian matrix of system (1.1) at Ey is given by

Ro = max{

-d —Yir,+fh(1-5) —Yir,
.]E0: 0 bTAfcfrw*fh 0
0 fhs M_d—r,

We can see that Ej is locally stable if Ry < 1.
In the following, we shall study the existence and stability prop-
erty of other equilibria of model (1.1). We consider two cases.

2.1. In the absence of treatment: fh =0

We first consider the case of absence of therapy, that is fh = 0. To
deduce the threshold for the antibiotic resistance in the patient, we
analyze the existence of equilibria and their stability for model
(1.1). Now the basic reproduction number is Ry = ﬁ By exam-
ining the linearized form of system (1.1) at the equilibrium, we ob-
tain the following result.

Theorem 2.1. Assume fh =0, then Ry = %

(i) If Ro<1, then system (1.1) has a disease-free equilibrium
Eo=(A/d,0,0), which is locally asymptotically stable.

(ii) If Ro > 1, then system (1.1) has two or three equilibria, the dis-
ease-free equilibrium Eo=(A/d,0, 0), which is a saddle point
and unstable, the non-trivial equilibrium

_(c+ryw dc+Tw)(Ro—1)
EW_< b ) bC 70 bl

which is locally asymptotically stable, and another non-trivial

equilibrium
E— c+ry Od(c+rw)(R0—1)7d(r,—rW)
U b 7 bc bc ’

which is unstable if it exists.



58 H.-R. Sun et al./ Mathematical Biosciences 227 (2010) 56-67

2.2. With treatment: fh >0

We first consider the case r, <1, + fh. In this case
bA bA } b4
dic+rw+fh)’dic+r)f dc+r)
and system (1.1) has at most two equilibria, the disease-free equi-
librium Eq and the semitrivial equilibrium E, = (”7”707%)
if Rg> 1.
The Jacobian matrix of system (1.1) at E; is
~Rod =% (Ry—1) —c—rp+1y+fh(1-5) —c
]Er = 0 Iy —Tw *fh 0
d(1+r:/c)(Rp— 1) fhs 0
It follows that E, is locally asymptotically stable under the assump-

tion of Ry > 1.
From the above discussion, we have the following result.

Ry = max{

Theorem 2.2. Suppose r.<r,, +fh, then Ry = df% If Rg< 1, then
system (1.1) has a disease-free equilibrium Ey=(A/d,0,0), which is
locally asymptotically stable. If Ry > 1, then E, is unstable, and the

(Ro—1)

semitrivial equilibrium E, = (%707%

- ) exists and is locally

asymptotically stable.

Next we discuss the case r, > r,, + fh. In this case

Ro_ b4
T d(c+rw+/m)

and system (1.1) may have three equilibria, the disease-free equilib-
rium Eg,the semitrivia~l equilibrium with the resistant strain E, and a
positive equilibrium E = (x,yy,Y,). For convenience, we denote

G = (rr —rw —fh)(A —d(c + 1y + fh)/b)
" c(rr —rw —fh(1 -5)) ’
- fhs(A—d(c+ry+fh)/d)
YT e (I —s)
From the expressions of y,, and y,, we know thatf: exists if and only
if Ro > 1. The Jacobian matrix of system (1.1) at E is

—d—byw+y) —c—fhs r,—ry—fh—c
]E = byw 0 0
by, fhs f+r,—1
Therefore, the corresponding characteristic equation is
P+ +ai+a3=0, (2.1)
where

a, =byw+y)+1r—rw—fh+d,

az = bc(Yw +¥r) + byw(rr — 1w — fA(1 = 5)) + d + 1 — 1y + fh,
as = beyy (rr — 1y — fh(1 —5)).

Furthermore, by the relation

(rw +fh—1)y; + fhsyw = 0,

we have

- fhs
a, 7bcyw(1 +rr—rw—fh
Thus, in view of the new expression of a,, it is easy to see that
a,,d,,a3 >0 and aja, — as > 0. By Routh-Hurwitz criteria (see [18,
Section 1.6-6(b)]), all roots of Eq. (2.1) have negative real parts.
Therefore, when Ry > 1, the positive equilibrium E is locally stable.
Thus, we have the following conclusion.

) by — f — (1~ ) +d(ry — 1+ ).

Theorem 2.3. Assume 1, >y, + fh, then Ry = m If Ro< 1, then
system (1.1) has a disease-free equilibrium E,=(A/d,0,0), which is
locally asymptotically stable. If Ro > 1, then E, is unstable and the
disease-endemic equilibrium

P <C+ Tw+fh d(c+rw +fM)(rr — 1w —f)(Ro — 1)
n b ’ be(r, — rw — fh(1 —5)) ’
dfhs(c + 1w + fh)(Ro — 1))
be(r; —rw —fh(1 —5s))

i i i +—ru—fh
is locall3./ a.symptot.lc.all.y stab{e. Furthewore, if R.O >14% “’W = then
the semitrivial equilibrium with the resistant strain

E, - <C;Tr7o%((c+rw +M)(Ry — 1) = (1, =1y —fh))>

exists and is unstable.
To explore the global stability of the positive equilibrium, we
define the new variables

d d d
X:va YW:Zywa YT:Zyrv

and parameters

- - b _ ro . 1n - h . ¢

t =dt, bfa, rwfg, rrfa, hfa, cfa.

Using these changes of variables and parameters, system (1.1)
becomes

K_1-X- %/‘X(YW +Y,) + Py Yy + 7Y, + fR(1 = 5)Y,,

G — (54X — &~ Py — fR)Yu, (22)
= (X =T ) Yy + fhsYs

with f](t) = X(t) + Yu(t) + Y. (t). The equation for the total popula-
tion N is

dN Y -

—=1-X-cY, —cY,. 23
T (23)
Clearly, N € (0,1] since at the disease-free equilibrium N =X =1
and the natural expectation is that the spread of the disease in

the population will reduce N (that is N < 1). Therefore, we study
the stability of the model (2.2) in the region

D:{(X,YW,Yr)eRi:0<x+Yw+Yr<1}.

Consider the subset D* of D given by
D' ={(X,Yw,Yy)eD:X+cYy+cY, =1}

From (2.3), it is obvious that & = 0 in D*. If X + ¢Y,, + ¢Y, > 1, then
48 < 0 and if X + Y, + €Y, < 1, then 4 > 0. It follows that D* is a
positively invariant set in D. Thus the w-limit set of each solution
of model (2.2) is contained in D*. Moreover, it is easy to see that
E, attracts the region Dg = {(X,Y,,Y;) €D : Y,, = Y, = 0}.

In the next result, we will show that there cannot be any closed
orbit around the equilibrium.

Lemma 2.4. The model (2.2) has no periodic orbits, homoclinic orbits
or polygons in D*.

Proof. Let f;, f5, f3 denote the three functions on the right hand
sides in system (2.2), respectively. Denote f=(fi,fs.f3) (T denotes
transpose), g(X, Yy, Y:) = ﬁ -1 x f, (where r = (X, Y, Y,)T), then

g-f=0

By straightforward calculation, we have in the interior of domain D
that
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bA

(Curl) 7%_%7[7_/1_;‘”4_‘;-’3(1_5)_@ - ?r
"oy, oy, Ty, XY, Y T dv, XY,
_ 0% 08 bA T 1+(hti)Yy
(curlg), = oX "oy, dY, X2 XY,
_%7%_7Biil+fryr7?w+fﬁ(l *S)ifi:ls
(Urg)s =X ~av, ~ dv.  XPv, e Xy,

Using the normal vector n = (1,¢,¢) on D* it can be shown that

oo . L.bAg1 1\ Y,+fh fhs 7 F
curlg~(l,c,c)_—(c—1)7<r—r+a>—X—Yr—Y—f—)TW—P
1+ (fh+7)Yy 1+FY, Ry+fh(1-s) fhs

X%, X%Y,, X2 XY,

In view of the assumption of ¢ > 1, we have that curlg - (1,¢,¢) is
negative on D\dD. From Corollary 4.2 in [10], there are no solutions
of the stated type in D\dD. The desired result is obtained. O

From Theorems 2.1, 2.2, 2.3 and Lemma 2.4, the following the-
orem can be obtained.

Theorem 2.5. For system (1.1), the following results hold.

(i) Assume fh < r; — ry, then system (1.1) has at most three equilib-
ria o, E;, E with Ry = 724 If Ry < 1, then the DFE E, is glob-
ally asymptotically stable, if Ry > 1,Ey is unstable, the positive
equilibrium E is globally asymptotically stable, the semitrivial
equilibrium E, is unstable if it exists.

(ii) Assume fh > r. — r,,, then system (1.1) has at most two equilib-

ria Eo,E, with Ry = ﬁ If Ry < 1, then the DFE E, is globally

stable, if Ry > 1,Eq is unstable, the semitrivial equilibrium E, is
globally asymptotically stable.

The above results can be summarized in Table 1 (BRN = basic
reproduction number).

3. The model with multiple antibiotic therapies

In this section we consider model (1.2), where we assume that
the fitness cost associated with resistance is manifest by a higher
rate of clearance of the infection (recovery) of hosts infected with
resistant bacteria relative to those infected with sensitive bacteria
(rr > ry) and the death rate of infected patients is higher than that
of susceptible one, that is ¢ > d [6].

Because of the components of (x(t),yw(t),ya(t),¥s(t),yap(t)) have
to be non-negative, we focus on the model in the first octant of
R5. We first consider the existence of equilibria of system (1.2).
For any values of parameters, model (1.2) always has a disease-free
equilibrium Eq = (A4/d,0,0,0,0).

We first determine the stability of the disease-free equilibrium

59

where

Jiz = =bA/d+ 1y +h(1 = q)fay + h(1 = 8)(fa + fi),

Ji3 = —bA/d + 1+ h(1 = 5)(fp + fap),
Jra=—bA/d+ 1y +h(1 =) (fa + fap),
Jis = —bA/d + 14,

j22 = bA/d —C—Tw— h(fa +fb +fab)7

jz =bA/d —c—r1q—h(fy + fu),

Jag =bA/d — ¢ —1y — h(fo + fap),

Jss =bA/d —c—r1gp.

The eigenvalues of Jo are —d,j22,j33j44455. S0 from the expressions of
Jiil(i = 2,3,4,5), we can see that the steady state Ej is locally asymptot-
ically stable if

bA/d —c< min{rw + h(fa +fb +fab)>ra + h(fb +fab)7

rb + h(fﬂ +fab)7 rab}-,
and unstable if

bA/d — ¢ > min{ry, + h(fy +fo + fa), Ta + h(fy + fap),
Ty +h(fa + fap), Tap }-

By using the next generation operator approach as described by
Diekmann et al. [13], we obtain the basic reproduction number as
follows:

bA 1
T d crmin{ry +h(fe +fo +fav) T+ h(Fo +fan)s o + Do+ fab): Ta}
Observe that
bA/d — c—min{ry + h(fo + fo + fav), Ta + hfo + fab),

1o+ h(fa + fav), T} = (Ro — 1) min{ry, + h(fy +fo + fav),

ra+h(fo +fav), 7o + h(fa + fav), Tan}-

We have the following result.

Ro

Theorem 3.1. For model (1.2), the disease-free equilibrium E, is
locally asymptotically stable if Ry < 1 and unstable if Ry > 1.

In order to analyze the stability of other equilibria of model
(1.2), we consider four cases.

3.1. In the absence of treatment: f,=f, =fu =0
Theorem 3.2. When f, =f, =fap =0, for system (1.2), there are at
most five possible steady state

EO = (A/d7 07 07 07 0)7
E _<c+rw/1 d dry

b ’'c b

he 0.0.0).

Eo. The Jacobian matrix of system (1.2) at Eg is C+rqg A d drg
Ea: 707777777070 ’
) ) ) ) b ¢ b bc
—-d jp Ji3 J1a J1s E c+rp 0.0 A d dr 0
0 jp O 0o 0 =" 00T 5 B 0)
Jo=1|0 hsfy Jas 0 0 E._ C+rlap OOOé—g—dr“b
0 hsf, 0 Jas 0 a b 77 7c¢ b bc)
0 hafar hs(fas +fo) hs(fa+fa) Jss The existence and stability of equilibria are described in Table 2.
Table 1
Stability chart for system (1.1).
Condition BRN Cases Eo E; E
fh<r—ry Ry = gt 5 Ro<1 Globally stable A 2
" Ro>1 Unstable If exist, unstable Globally stable
fh>r.—r1, Ry = d(f(lr ] Ro<1 Globally stable A A
' Ro>1 Unstable Globally stable 3
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Table 2
Existence and stability chart for system (1.2) with no treatment.
Condition BRN Cases Eo B B Ep Eap
Ty < Min{rg, T, Tap } Ry = d(tbfrw) Ro<1 Stable A 2 2 A
Ro>1 Unstable Stable * * *
Tq < Min{ry, 'p, Tap} Ry = d(ffr,,) Ro<1 Stable A A A A
Ro>1 Unstable * Stable * *
Ty < Min{ry, 'q, Tap} Ry = % Ro<1 Stable A A A A
Ro>1 Unstable * * Stable *
Tap < MIN{r, T4, Tp} Ry = a(c'f+[,) Ro<1 Stable i 2 2 A
¢ Ry >1 Unstable * * * Stable

Here * represents that if the equilibrium exists, it is unstable.

Proof. When f, = f, = fu, = 0, the Jacobian matrix of system (1.2) at
the non-trivial equilibrium E,, is

—d—b(A-4-dw) ¢ —Cry Ty —C—Ty+Ty —C—Ty+Tap

~b(a-g-4y, 0 0 0 0
I, = 0 0 rw—Tg 0 0
0 0 0 Tw—Tp 0

0 0 0 0 Tw—"Tab

We can see that the eigenvalues of J; are ry —rq, 1w — I'p, T'w — Tap,
and the roots of the polynomial equation

) A d dry\, A d dry\
A +(d+b<?—5—W .+ bc b be =0.

Thus, under the condition r,, < min{r, 7,7}, if Rp<1, namely
%< g +",7LCW, the equilibria E,, Eg, Ep, Eqp do not exist and the trivial
equilibrium Ej is locally stable. If Ry > 1, all eigenvalues of J;, have
negative real parts, so E,, is locally stable. Equilibria E,, Ep, E,p, are
unstable, since their corresponding Jacobian matrices have positive
eigenvalues 1y — I'y, 'y — 'y, Tap — T'w, TESpPEctively.

For the other cases, the discussion is similar, we omit it
here. O

_(C+Tw A d drg
Eab*( b 707070’?_5_ bc )’

B c+rw+h (rg—rw—h)(A—d(c+r1y+h)/b)
e ( b c(rq — 1w —h(1 —53)) k
hs(A—d(c+ry+h)/b)
o) 00)
_f(c+r,+h (rap — 15 —h)(A —d(c+ 1, +h)/b)
Eoar = ( p 00 (e — 1y — h(1 —5)) ‘
hs(A —d(c+ry,+h)/b)
c(ray — 15 — h(1 =) )

The basic reproduction number is defined by

_ba 1
“d c+min{ry +h, 1o,y +h T}

Ro

Theorem 3.3. When f, =1, f, = fa = 0, the existence and stability of
equilibria are described in Table 3.

Proof.

(i) When f, = 1, f, = fap = 0, the Jacobian matrix of system (1.2) at
the semitrivial equilibrium Ej is

0
0
0

~d-b(#-4-4) 1, +h(1-s)—c—r1, —C Ty+h(1—8)—C—Tq —C—Tq+Ta
0 ro—Tw—nh 0 0
Je, = b(4—4d— du) hs 0 0
0 0 0 ra—Tp—h
0 0 0 hs

3.2. Cycling treatment: f,=1, fo=fap=0o0rf,=1, fo=fap=0

When f, =1, fp =fa = 0, system (1.2) becomes

&= A —dX — DX(Vyy + Yo + Yo + Yab) + Tw + TV
+1pYp + TabYap +h(1 = S) Yy +5),

%:(bxicirwfh)ywv

3.1
dav_tu:(bx_c_rﬂ)ya'i_hsywv ( )

Yo = (bx—c 1y~ hyy,

dﬁ—?b = (bx — ¢ —Ta)Yqp + hsy,.
It has at most five possible steady state
EO = (A/d7 07 07 07 0)7

<C+_ra pA_d dra O)

Eo= {50 "5 e

Ta—Tap

It follows that r, — 1, — h, rq — 1, — h, 1, — 1gp are the eigen-
values of J; , the other two eigenvalues of J;, are the roots
of the quadratic polynomial equation

2 A d drg A d drg\

In view of the assumption and above discussion, the existence
and stability the equilibrium E, can be obtained. For the other
equilibria, the discussion is similar, we omit it here.

(ii) The existence and stability of E,, is similar to that of E,, we
omit it.

(iii) By the expression of E,, 4, we find that when r,, + h <r, and
A<d(c+ry+b)/b, the semitrivial equilibrium E,,, exists.
For the convenience of discussion, we denote
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Table 3
Existence and stability chart for system (1.2) with cycling treatment.
Condition BRN Cases Eo B Eap 1B EPYer)
Tq <min{ry, + h,rp + h,rgp} Ro = d(cbfr ; Ro<1 Stable i i A A
‘ Ro>1 Unstable Stable o o o
Tap < min{ry, + h,rg,rp + h} Ro = #fl) Ro<1 Stable 2 2 2 2
° Ro>1 Unstable * Stable x x
rw+h <min{rg,r, + h,rgp} Ro = ﬁ Ro<1 Stable 2 2 A A
" Ro >1 Unstable i i Stable *
rp + h <minf{r,, + h,rg,rap} Ro— a(cf#h‘) Ro<1 Stable i i 2 2
Ro>1 Unstable * * * Stable
Here = represents that if the equilibrium exists, it is unstable.
P = (ra —=Tw—h)(A —d(c+rw+h)/b) % =A—dx —bx(Yy + Yo+ Vb + Yap) + TwYw + TaVa
w )
¢(ra — 1w —h(1 =) 1Yy + TabYap + 11 = $) Yy +3Ya +3Y),
yu:hs(Afd(chrWJrh)/b). B — (bx — — 1y — h)y,,
(e —Tw — h(1 —5)) 3.2)

Then the Jacobian matrix of system (3.2) at the equilibrium
Ewa = ((c + 1w + fh)/b,Jw,¥a4,0,0) has the form

—d—-b@w+Ys) -c—hs rq—Cc—rw—h 1,—C—1y—hs
byw 0 0 0
Jewa = by. hs rw+h—rg 0
0 0 0 Tw—Tp
0 0 0 hs

It is easy to see that r,, —r, and r,, + h — 1y, are the eigen-
values of J; . After some algebra, we can find that the other
three eigenvalues of J;,  are the roots of

P2ra+ai+az=0
with

a1 =b(w +Ya) +d+1q — 1w —h,
ay = bc(Yw + Ya) + byw(ra — 1w —h(1 =5)) +d(ra — 1w — h)

— bcj <r7’r'757h+ 1> 4 By (Ta — T — h(1 = 8)) + d(Ta — Ty — h),

a3 = bcyy(rq —rw — h(1 —5)).

From the expressions of a,,a,,as, it is easy to see that under
the assumption 1, +h <min{r,r, +h,rsp}, We have ay,a,
as >0 and a;a, — a3 > 0. Therefore, by Routh-Hurwitz criteria
[18], the local stability of E,, 4 is obtained. Equilibria Eg,Eq, and
Ep.ap are unstable since their corresponding Jacobian matrices
have positive eigenvalues 1, —r1y, —h, Top—Tyw—hrp—T1y
respectively.

(iv) The existence and stability discussion of Ej 4 is similar to
that of E,, 4, we omit it here. O

The case that f, =1, f;=fu =0 can be analyzed similarly and
analogue results can be obtained.
3.3. 50-50 treatment: f, =f, =1, fo, =0

When f, = f, =1, fo =0, system (1.2) becomes

dy,

% (bx_c_ra_%)ya_’_%sy ,
d;

%_— (bxfcfrb—%)bergsy ,

dz};_;b = (bX —C— rUb)yab +%SO}H +yb)

Tap—C—Tyw—h
0
0
0
Tw+h—Tg

It has at most five possible steady state
C+Tap

b 000" h ke
E . _ (c +1.+h/2 0 (rap —Ta — h/2)(A —d(c+1q+h/2)/b)
a.ab b T C(Tap —Ta — h(1 —5)/2)
hs(A—d(c+r.+h/2)/b)

2C(rub —Tq— h(l - S)/Z) )7

c+rp+h/2
(%

EO = (A/d~ 07 07 07 0)~ Eab = ( 4_d drab)7

701

(rap — 15 —h/2)(A —d(c +1, +h/2)/b)
c(rgp — 15 — h(1 —5)/2) '

hs(A—d(c+rm, + h/2)/b)>

2¢(rgp — 15— h(1=5)/2) )’

E = ()?,wa’a,be’ab)v

Eb.ab = 5 07 07

where
. C+ry+h
X=—

b )

_— hs/2 hs/2
Yw= (1+(1Jrra,,—rw—h>(ra—rw—h/z+
Xb/1—d(c+rw+h)

hs/2

Ty — Ty — h/2)>71

bc ’
_— hs/2 _
Ya = m.]/m
- hs/2 -
Y = m)’w-,
- hs/2 hs/2 hs/2
y“b:rab—rw—h(ra—rw—h/2+rb—rw—h/2>y‘”'

The basic reproduction number is defined by

- !
7 d c+min{ry, +hre+h/2,1,+h/2, 10}
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Table 4
Existence and stability chart for system (1.2) with 50-50 treatment.

Condition BRN Cases Eo Eap

Eqab Ep,ab E
Tgp < Min{ry +h,rq + 4,1, + 4} Ro = d(clfr,,b) Ro<1 Stable 2 3 2 2
Ro >1 Unstable Stable * * *
ro+ 8 <min{rw +hr + 8,1} Ry = gty Ro<1 Stable 2 A ? A
Ro>1 Unstable * Stable * *
o+ <min{ry +h,ro + 4,70} Ro = ety Ro<1 Stable 2 i 2 A
Ro >1 Unstable * * Stable *
rw+h <min{rg + 4,1, + 8 14} Ro = gty Ro<1 Stable 2 2 2 2
Ry >1 Unstable * * * Stable
Here * represents that if the equilibrium exists, it is unstable.
Table 5
Existence and stability chart for system (1.2) with combining treatment.
Condition BRN Cases Eo Eap Eqab Epap Ev.ap
Tap < minfr,, + hyrq+ h,r, + h} Ry = % Ro<1 Stable A A A A
° Ro>1 Unstable Stable * * *
e+ h <min{r,, + h,rp + h,rgp)} Ry = ﬁ Ro<1 Stable 2 2 2 2
! Ro>1 Unstable X Stable X X
1y + h <minf{r,, + h,rq + h,rgp} Ry = ﬁ Ro<1 Stable A A A il
’ Ro>1 Unstable * * Stable *
rw+h <min{rg + h,rp + h,rgp} Ry = H(cf#m Ro<1 Stable 2 2 2 2
Ro>1 Unstable * * * Stable
Here x represents that if the equilibrium exists, it is unstable.
% >ny, fh=0
OM
B 7 <ty +fh, fh>0 7 >1y +fh,  fh>0
(if) 77
6 ’,-""'" """ TeTEsTEEE
A . o A Kt x(t)
—VY, 0
st S— () W
‘ - ==y ===yt
1
4t 1
1
_____________________________________ _ 1
0.5y
. . . ) 0 . . . . . )
15 20 25 30 0 5 10 15 20 25 30
Time t Time t

Fig. 4.1. Solution trajectories of the model with a single antibiotic therapy, the parameters 4 =10,d=1,b=2,s=0.3, c= 1.5 and initial values x(0) = 1.4, y,(0)=1,y{(0)=0.4
are fixed and the parameters r, 1, f, h vary such that Ry > 1. (i) When r, > 1, and fh =0, the semitrivial equilibrium E,, is stable; (ii) when r, < r,, + fh and fh > 0, the semitrivial
equilibrium E, is stable; (iii) when r. > r,, + fh and fh > 0, the endemic equilibrium E is stable.
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Theorem 3.4. When f, = f, = 1/2, fap = O, the existence and stability of
equilibria can be summarized in Table 4.

Proof. We find the steady states of system (3.2) by equating the
derivatives on the left-hand sides to zero and solving the resulting
algebraic equations. The discussion (acquirement) of the trivial or
semitrivial equilibria easy, we omit it here. Now we consider the
existence of the positive equilibrium.

From the corresponding second equilibrium equation of (3.2),
we obtain the solution X = "¢, Substituting X = <%+ into the
corresponding third, fourth, fifth equilibrium equations of (3.2), we
obtain

h - hs_
(retg=ra)sat 3w =0 33)

~d —bGw + Yo+ +Yab) Tw+h(1—5)—bx 1+ bx

by bx—-c—r,—h 0

)= b):/” bs bx—c—r1,-1
byb % 0
b}?ab 0 %

Ty <min{rg, 1y, Tap}

0 10 20 30 40 50 60
Time t

rp <min{ry, o, Tab}

S -
~ -
-

‘‘‘‘‘‘ - ;

0 10 20 30 40 50 60
Time t

h - hs.
(rat 310 )in 590 =0, (34)
- hs . .
(rw +h —Ta)Yab +7(ya +¥p) = 0. (3.5)

Combining Egs. (3.3)-(3.5) with the first one of (3.2), after some cal-

culation we obtain that

- J 1 -1 d

YwtYa + 9o+ ap = o (A = dX) = = (A_E(C""rw‘i‘h))'

Thus, when 1, + h <min{r, + h/2,rp + h/2,r5} and A >4 (c+ 1y +h),

system (3.2) has a unique componentwise positive equilibrium E.
Linearizing system (3.2) about the positive equilibrium

(X, Yw>Ya, Vb, Yap) yields the Jacobian matrix JE'

L
0 0
0 0
bx—c—r, -1 0
hs bx —c—ry

1, <min{ry,, ry, Tap}

(ii) +5 S
PR -
) B X(t)
35t 7 — YV
! ===y
3 —
. t
2.5 IMQ)
v
2
L o il
1.5}
1 -
. x
1] AT ' . . .
0 10 20 30 40 50 60

Time t

Tap <min{ry, 7, 7p }

0 10 20 30 40 50 60

Fig. 4.2. System (1.2) with no treatment, i.e. f = fy = far = 0, we choose parameters 4 =10, d=2,b=1,q=0.1,s=0.3, c=1.5, h=0.2, initial values x(0) = 0.65, y.,(0) = 0.35,
Va(0)=2.4, yp(0)=0.5, ya(0)=0.2, and let 1y, rq, T'n, Tap and h vary such that Ryo> 1. (i) When r,, < min{rg,1,7q}, the semitrivial equilibrium E,, is stable; (ii) when
T'q < Min{ry,p, g}, the semitrivial equilibrium E, is stable; (iii) when r, < min{ry, 4, g}, the semitrivial equilibrium E, is stable; (iv) when rq, < min{ry, 1,1}, the semitrivial
equilibrium E, is stable.
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Substituting x = (c+rw + h)/b into ]E and expanding the
determinant of the obtained matrix Al — ]E by the second row,

after some calculation, it can be seen that the eigenvalues are
fw+4—rq,1ry +8—r1, and the roots of

/13+alﬂv2+azi+a3:0,
where
a1 =b(Gw+Fa+3p +Vap) +d+Tap —Tw—h,
S . bhs . .
Az =be(Fw+Ya+ T +¥ap) + (BT +Ta+T5) +d)(Tap =T = ) + == (Va + ),

as =bc(Yw +Ya+Yb +Yap) Tap —Tw —h).

It is noted that in the expression of as, we have used the relation
hs . -
5 Ua+35) = (rap = Tw = h)Yab-

From the expressions of a,,a,,as, it is clear that under the assump-
tion 1, +h<min{r,+h/2,r,+h[2,rsp}, we have a;, aasz>0 and
a,a, — as > 0. Therefore, by Routh-Hurwitz criteria [18], the stabil-
ity of the positive equilibrium E is established. O

1y <min{r, +h, 1, +h, 755}

(i) o mmmm e
-
4t L
,/ = =x(t)
35, — Y,
1 -yt
shi Y,(t)
1 — V()
1
2505 e Yap(D)
2h
N e L e e e e e e
15}
1 -
" &
0 : . . . . ,
0 10 20 30 40 50 60 70 80

Time t

Ty +h <min{r,, rp +h, 145}

(i) 3

25

1.5

0.5

0 10 20 30 40 50 60 70 80
Time t

3.4. Combination treatment: fo=f, =0, fop =1

When f,=f,=0, fop = 1, system (1.2) becomes

B — A —dX = DXy + Yo+ Yo+ Yap) + Twhy + Ta¥a + ToV + Tabap
+h(1 = q)yw +h(1 =35)(ya + ¥s),

B — (bx — ¢ — 1y — h)y,,

o= (bx—c—ra—hy,

W — (bx — ¢ — 1y — h)y,,

Wos — (bX — € — Tap)Yap + MS(YVa +Y5) + My,

(3.6)
The basic reproduction number is defined as

b 1
T d c+min{ry +hro+hry+hrg}

Ro

It has at most five possible steady state

Tap <min{ry, +h, vy, m, +h}
sy 5
(i)

4.5r

4t
3.5r -

3F \

25

0 10 20 30 40 50 60 70 80
Time t

7y +h <min{r, +h, 7, Tab}

(iv)

Time t

Fig. 4.3. System (1.2) with cycling treatment, i.e., when f, =1, fj = fa» = 0, we choose parameters A=10,d=2,b=1,q=0.1,5=0.3, c= 1.5, h = 0.2, initial values x(0) = 0.65,
Yw(0) =0.35, y4(0) = 2.4, y,(0) = 0.5, yap(0) = 0.2, and let ry, rq, T, T'ap and h vary such that R > 1. (i) When r, < min{r,, + h,r, + h, 14}, the semitrivial equilibrium E, is stable; (ii)
when rq, < min{r, + h,r,,1p + h}, the semitrivial equilibrium E,, is stable; (iii) when r, +h<min{r,r, + h,re)}, the semitrivial equilibrium E,, is stable; (iv) when

rp + h <minfr,, + h, e}, the semitrivial equilibrium E, o is stable.
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EO = (A/d7 0707070)7

_ [CHTg A d dry
Eﬂb—( b 7070707?757 bC)’

E c+ra+h0(rab—ra—h)(A—d(c+ra+h)/b)
aab = b c(rap — a— h(1 —5)) ’

0. hs(A4 —d(c+ra+h)/b)
T C(rgy —Tq — h(1 —5))
E (c+rb+h 0.0 (Tap — 5 — h)(A —d(c +1y +h)/b)
bab b c(rap —1p — h(1 —5)) ’
hs(A —d(c+r1y +h)/b)>
C(rap =15 —h(1=5)) )’
B c+rw+h (rep —rw—h)(A—d(c+rw+h)/b)
e ( b C(rep —w — h(1 - q))
hq(A—d(c+rW+h)/b)>
C(rab _rw_h(1 _q)) ’

)

70707

Similar to the discussion of the case f; =1, f, = f, = 0, we have
the following conclusion.

Theorem 3.5. When f,=f, =0, f, = 1, the existence and stability of
equilibria of system (3.6) are described in Table 5.

Tap <min{r, +h, 1, +h/2, 1, +h/2}

(i) o
S
————— x()
—
4 - ==y,
S——C)
3+ S yab(t)
AN
N
1 So .
~
0 e ——— T~ = = o -y
0 10 20 30 40 50 60
Time t
rp +h/2 <min{r, +h, 15 +h/2, 150}
6 -

(iii)

-

0 10 20 30 40 50 60

4. Numerical simulations

In this section, we perform some numerical simulations on the
two models to illustrate the results obtained in Sections 2 and 3.
For the purpose of simulations, we fix most of the parameters in
the models and let the other parameters vary.

For the model with single antibiotic therapy, we fix the values
of A,d,b,s,cas A=10,d=1,b=2,5=0.3, c=1.5 and initial values
x(0)=1.4, y(0) = 1.0, y4(0) = 0.4, let the parameters r,y, 1, f, h vary
such that Ry > 1. When r, > 1, and fh = 0, the semitrivial equilibrium
with the wild type strain E,, is stable (Fig. 4.1(i)). When r,. < r,, + fh
and fh > 0, the semitrivial equilibrium with the resistant strain E, is
stable (Fig. 4.1(ii)). When r, > r,, + fh and fh > 0, the endemic equi-
librium with both the wild type strain and resistant strain E is sta-
ble (Fig. 4.1(iii)).

For the model with multiple antibiotic therapies, we first con-
sider the case in the absence of treatment, that is, f, =f, = fu» = 0.
We choose parameters A =10,d=2,b=1,q=0.1,5s=0.3, c=1.5,
h=0.2 and initial values x(0)=0.65, y,(0)=0.35 y.,(0)=2.4,
yp(0) = 1.5, y45(0)=0.2, and let ry, 14, Tp, Tqp and h vary such that
Ro > 1. When r,, < min{r,, 75,745}, the semitrivial equilibrium with
the wild type strain E,, is stable (Fig. 4.2(i)). When r, < min{ry, p, T'ap},
the semitrivial equilibrium with the resistant strain A E, is stable

Ta +h/2 <min{r, +h,n +h/2, 14}

@ s ..
45} PR
D X(t)
4r L — Y,
’ - -y (t
a5l , Y0
’ — )
L ’
8 /2 yab(t)
’
25t ,
A3
2% ¢ .
L F e _i__._
]
1.5[’
1t R
0.5&
0 . . ,
0 10 20 30 40 50 60

Time t

ry +h <minfr, +h/2,7, +h/2, 14}

0 10 20 30 40 50 60
Time t

Fig. 4.4. System (1.2) with 50-50 treatment, i.e., when f, = f, =1, f,, = 0, we choose the same parameters A=10,d=1,b=1,q=0.1,5=0.3, c= 1.5, h = 0.2, the same initial
values x(0) = 0.45, y(0) = 0.35, y4(0) = 1.4, y,(0) = 0.9, ya»(0) = 2.6, and let 1, 14, 1's, Tqp and h vary such that Ry > 1. (i) When g, < min{ry, + h,rq + h/2,1, + h/2}, the semitrivial
equilibrium E,, is stable; (ii) when r, + h/2 < min{r,, + h,r, + h/2,14}, the semitrivial equilibrium E, 4, is stable; (iii) when rp, + h/2 < min{ry, + h,r, + h/2,14}, the semitrivial
equilibrium Ej, 45 is stable; (iv) when r,, + h <min{r, + h/2,r, + h/2,14}, the positive equilibrium E is stable.
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. Tap <min{r, +h, 7, +h,n +h}
(i) st

st T x(t)
— Y,
- ==y,
Ar —
Yo
3 -

0 10 20 30 40 50 60

ry +h <min{r, +h, 1, +h, 155}

0 10 20 30 40 50 60

1, +h <min{r, +h, mp +h, 75}

(ii) 3.5¢

0 10 20 30 40 50 60
Time t

Ty +h <min{r, +h/2,ry +h/2, 155}

(iv) °f

4.5

Time t

Fig. 4.5. System (1.2) with combining treatment, i.e., when f, = f, = 0, fo» = 1, we choose the same parameters A4 =10,d=1,b=1,q=0.1,5s=0.3, c= 1.5, h = 0.2, the same initial
values x(0) = 0.45, y.(0) = 1.5, ¥,(0)=1.0, y5(0) = 0.5, y.»(0) = 1.6, and let r,, 14, 1y, Tep and h vary such that Ro > 1. (i) When rg, < min{r,, + h,rq + h,r, + h}, the semitrivial
equilibrium E is stable; (ii) when r, + h < min{r,, + h,r, + h, 4}, the semitrivial equilibrium E, 4 is stable; (iii) when rp + h < min{r,, + h,ro + h, 14}, the semitrivial equilibrium
Epap is stable; (iv) when ry, + h < min{r, + h,r, + h,rgp}, the semitrivial equilibrium E,, 4 is stable.

(Fig. 4.2(ii)). When r, < min{r,,r,7e}, the semitrivial equilib-
rium with the resistant strain B Ej, is stable (Fig. 4.2(iii)). When 1
< min{ry,7,7p}, the semitrivial equilibrium with the resistant strains
A and B E, is stable (Fig. 4.2(iv)).

Next we consider the case with cycling treatment, that is, f, = 1,
fv =far=0. Choose parameters A =10, d=2, b=1, ¢=0.1, s=0.3,
c=1.5, h=0.2 initial values x(0)=0.65, y,(0)=0.35, y,(0)=2.4,
yp(0) = 0.5, y45(0)=0.2, and let ry, 14, T, Tqp and h vary such that
Ro > 1. When r, < min{r,, + h,1, + h,r}, the semitrivial equilibrium
with resistant strain A E, is stable (Fig. 4.3(i)). When rq, <-
min{r,, + h,1,1, + h}, the semitrivial equilibrium with the resistant
strains A and B E,; is stable (Fig. 4.3(ii)). whenr,, + h < min{r,, 1, + h, -
Tap}, the semitrivial equilibrium with wild type strain and resistant
strain A E, 4 is stable (Fig. 4.3(iii)). (iv) when r, + h < min{r,, + h,1,,
e}, the semitrivial equilibrium with resistant strain B and both
strains Ejp, qp is stable (Fig. 4.3(iv)).

Now we consider the case with 50-50 treatment, that is,
fa=fo=1, fay =0, Choose the parameters A=10, d=1, b=1,
g=01, s=03, c=1.5, h=0.2, initial values x(0)=0.45,
yw(0) =0.35, y4(0) = 1.4, y,(0) = 0.9, y,,(0) = 2.6, and let 1, 1q, Tb, Tap
and h vary such that Ry > 1. When 1, < min{r,, + h,r, + h/2,1, + h/
2}, the semitrivial equilibrium with both resistant strains A and B
Eqp is stable (Fig. 4.4(i)). When r,+ h/2 <min{ry, + h,r, + h/2,14},
the semitrivial equilibrium with resistant strain A and both resistant

strains A and B E, g, is stable (Fig. 4.4(ii)). When r, + h/2 < min{-
rw+ h,ro+ h[2,14}, the semitrivial equilibrium with resistant strain
B and both resistant strains A and B Ej, 45 is stable (Fig. 4.4(iii)). When
rw+h <min{rg + h/2,1, + h/2,14}, the positive equilibrium with all
strains E is stable (Fig. 4.4(iv)).

Finally we consider the case with combining treatment, that is,
fa=fr=0, fap=1. Choose parameters A =10, d=1, b=1, q=0.1,
s=0.3, c=1.5 h=0.2, initial values x(0)=0.45, y,(0)=1.5,
¥4(0) =1.0,y,(0) = 0.5,y4(0) = 1.6,and let r, 14, 1, Tqp and h vary such
that Ro > 1. When ry, < min{r,, + h,rq + h,1, + h}, the semitrivial equi-
librium with both resistant strains A and B Eg, is stable (Fig. 4.5(i)).
Whenr, + h < min{r,, + h,r, + h, 14}, the semitrivial equilibrium with
resistant strain A and both resistant strains A and B E, 45 is stable
(Fig. 4.5(ii)). When r, + h <min{r,, + h,ro + h,r}, the semitrivial
equilibrium with resistant strain B and both resistant strains A and
B Epqp is stable (Fig. 4.5(iii)). When ry,, + h <min{r, + h,rp + h, 74},
the semitrivial equilibrium with the wild type strain and both resis-
tant strains A and B E,, 4 is stable (Fig. 4.5(iv)).

5. Discussion
We provided qualitative analysis of models for different treat-

ment protocols to prevent antibiotic resistance. For the model with
a single antibiotic therapy, we carried out a global qualitative
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analysis and studied the existence and stability of the disease-free

and endemic equilibria. In terms of the basic reproduction number
B b .

Ry = waﬂm)) our results indicate that when Ry < 1, then the

disease-free equilibrium is globally asymptotically stable. If
Ro > 1, when the rate of patients infected with wild type bacteria
recover from the wild type infected compartment (fh) is less than
the difference of the rates of patients infected with resistant bacte-
ria (r,) and wild type (r,,) recover from the infection in the absence
of treatment, the endemic equilibrium with both strains is globally
stable; when fh > r, — ry, the semitrivial equilibrium with the resis-
tant strain is globally stable. Which shows that preventing the
initiation or enhancing the discontinuation of unnecessary antibi-
otic therapy will have a great impact to preserve antibiotic effec-
tiveness [6].

For the model with multiple antibiotic therapies, stability of
various equilibria are analyzed. The model allows quantification
of the consequences of different therapy regimens and hospital
controls in terms of the complex dynamics of competing bacterial
strains [6]. The results show that, in the absence of treatment,
when Ry < 1, the disease-free equilibrium is stable, when Ry > 1,
the semitrivial equilibrium with the strain which has the lowest
recovery rate is stable. The results for the cases with 50-50 treat-
ment, cycling treatment and combining treatment demonstrate the
essential difficulties in controlling the advance of resistant bacte-
rial infections in hospitals. When more than one antibiotic is em-
ployed, as shown by Bonhoeffer et al. [6], Bergstrom et al. [4],
Reluga [20], D’Agata et al. [11], cycling use of different antibiotics
is not as good as that with a combination of antibiotics.

An ultimate goal is to validate these models by applying it to a
particular hospital to compare the predicted endemic states with
the prevalence data. We leave this for future study.
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