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REACTION-DIFFUSION EQUATIONS
WITH INFINITE DELAY

SHIGUI RUAN AND JIANHONG WU

ABSTRACT. We have developed several results on the ex-
istence and asymptotic behavior of mild solutions to reaction-
diffusion systems that have infinite delays in the nonlinear
reaction terms. We find that the semifiow geneiated by a co-
operative and irreducible reaction-diffusion system with infi-
nite delay is not compact but set-condensing, and not strongly
order-preserving but quasi strongly order-preserving. These
set-condenseness and quasi strong order-preser ving proper-
ties allow us to use a modification, recently given by Freed-
man, Miller and one of the authors of this paper, of the well-
known monotone dynamical system theory due to Dancer,
Hess, Hirsch, Matano, Smith, Thieme, Polifik and Takdé to
obtain some results about convergence and stability of solu-
tions. Examples of Lotka-Volterra competition-diffusion mod-
els with distributed delay are given to illustrate the obtained
results.

1. Introduction. A varicty of mathematical models for biological
processes are most appropriately framed as partial functional differ-
ential equations. For example, the 1caction-diffusion logistic equation
with finite delay
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where d,r,7 and K are positive constants, has been used to model
an one-dimensional herbivorous population and has been studied by
many authors, for example, Busenberg and Huang [5], Friesecke (8, 9],
Gopalsamy, He and Sun [13], Green and Stech [14], Huang [28], Lin
and Khan {83], Luckhaus [35], Memory {44, 45], Morita [47], Yoshida
[76] and Yoshida and Kishimoto [77], to name a few.

General partial functional differential equations with finite delay have
been extensively studied. We refer to Fitzgibbon [10], Rankin [55] and
Travis and Webb [68, 69] for detailed discussions on the existence
and asymptotic behavior of solutions; to Kunish and Schappacher (32]
for necessary conditions to generate Cy-seiigroups; to Hale {17] for the
convergence to solutions of an ordinary lunctional diflerential cquation;
to Fitzgibbon and Parrott [11] and Pairott [50] for the linerized
stability; to He [20, 21] for periodic and almost periodic solutions; to
Lin, So and Wu [34] for a center manifold theory; to Hale and Ladeira
[19] for the differentiability with respect to delays, and to Rey and
Mackey [57, 58] for bifurcations, traveling waves and multistability.

Recently Martin and Smith, in their thrce consecutive papers [36-38],
have studied partial functional differential equations in a Banach
space. They developed several fundamental results on the existence
and asymptotic behavior of solutions to abstract semilinear functional
differential equations with finite delay and then apply the results to
reaction-diffusion equations which have finite time delays in the nonlin-
ear reaction terms. By employing the monotone dynamical system the-
ory due to Hirsch [25-27], Matano [39-42], Smith [61}, and Smith and
Thieme [63, 64], they established sullicient conditions for a reaction-
diffusion equation with finite delay to gencrate a {eventually) strongly
monotone semiflow on an appropriate space and concluded that al-
most all orbits converge to the set of cquilibtia, They also established
the existence of an invariant rectangle and obtained certain compar-
ing systems of ordinary functional differential equations relative to the
invariant rectangle. As an application, they considered the n-species
Latka-Volterra model of competition with diflusion and finite delay and
developed sufficient conditions for the global asymptotic stability of the
coexistence state.

It is well known that distributed delay should be used Lo deseribe the
stochastic element in the delayed response of a biological process. The
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following reaction-diffusion equation with infinite delay

oult,z) _ ,0%u(t,z) 1 /t )
T d 507 4 rult,z) |1 i mmk(t s)u(s, z)ds|,

(1.2) t>0, € (0,1)

dult,z) _

e = 0, =01
with

d>0,7>0, K>0,k(s)>0 lors>0

and

[ u]
k(s)ds =1
b
also has been used as a modified version of (1.1) and has been studied
by Bonilla and Lifidn [3], Britton [4], Redlinger [56], Schiaffino [60],
Tesei [67] and Yamada [73]. Particular classes of reaction-diffusion
systems with infinite delay have been investigated by Gopalsamy [12],
Kuang and Smith [30, 31], Pozio [64], Yamada [74], and Yamada and
Niikura [75]. However, there are all together very few results on general
theory of reaction-diffusion systems with infinite delay.

One of the main purposes of this paper is to develop a general
theory of existence, comparison, invariance, monotonicity and sct-
condenseness for partial functional differential equations with infinite
delay and to provide some applications to reaction-diflusion systems
with general distributed delays. We shall follow Martin and Smith [36-
38] to derive general results for abstract semilinear inlegral equations
in general phase spaces and then dvaw some conclusions for reaction-
diffusion systems with distributed delays. We also cstablish an invari-
ance principle which generalizes a well-known 1csult due to Haddock
and Terjéki [15] from ordinary to partial functional differential equa-
tions.

QOur approaches and ideas are motivated by those in Martin and
Smith [36-38] for reaction-diffusion systems with finite delay and in
Hale and Kato [18] for ordinary functional dillerential equations with
infinite delay. However, there are numerous techuical dillicultics in
dealing with partial functional differential equations with infinite delay
due to the unboundedness of the delay involved. In particular, the
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choice of phase space is a nontrivial job and plays an important role in
establishing several inequalities which are essential to build a general
theory. Secondly, the corresponding semiflow is no longer compact, but
set-condensing in the sense of Nussbauin [49]. Thirdly, an example in
Wu [70] indicates that the solution semiflow of a functional differential
equation with infinite delay may not be (eventually) strongly monotone
even if the usual quasimonotonicity and irreducibility conditions are
satisfied. We shall show that the solulion semiflow generated by a
certain reaction-diffusion system with infinite delay is quasi strongly
order-preserving in the scnse described in Section 2. This enables
us to apply a result due to Freedinan, Miller and Wu [7], which
represents some modification and generalization of those recent results
due to Dancer and Hess [6], to establish some general results on the
convergence and stability for a class of reaction-diffusion systems with
infinite delay.

As an application of the invariance principle established in this pa-
per, we obtain the convergence of the steady state of the n-species
Lotka-Volterra competition-dilfusion model with distributed delay. We
also find that the two-species Lotka-Volterra competition-difiusion
model with infinite delay generates a quasi strongly order-prescrving
semiflow, hence we can rule out the occurrence of pattern formation in
certain situations. It is observed that the asymptotic behavior of so-
lutions of the two-species Lotka-Volterra competition-diffusion model
with infinite delay is similar to that ol the two-species Lotka-Volterra
competition-diffusion model without a delay or with a discrete delay.

The paper is organized as follows. Section 2 contains a short survey
of some recent results about sct-condensing and quasi strongly order-
preserving semiflows. In Secction 3, we introduce the definition and
exampies of a fundamental phase space which will be used throughout
this paper. In Section 4, we establish a general existence theorem for the
abstract semilincar integral cquations. Comparison and monotonicity
principles are described, in Seclion 5, for the abstract semilinear
integral equations and, in Section 6, for the reaction-diffusion systemns
with infinite delay. Finally, in Section 7, we apply our general results
to the Lotka-Volterra reaction-diflusion models with distributed delay.

2. Preliminary results on order-preserving and set-condensing
semiflows. Consider the Banach space [7 wilh a closed ordered cone
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By. For ¢, ¢ € B, we wiite ¢ 2p % il ¢ — ¢ € Dy, ¢ >p ¢ if
é—1 € By \ {0} and ¢ >p ¢ if inl(By) # & and ¢ ~ ¥ € int(By).
¢ <p (<B,<p)Y means ¥ 25 (>5,>n)d.

Let R, = [0,00). Assume @ : Ry x B -+ B is a given semiflow. For
each ¢ € B, define the positive orbit initiating from ¢ by ¥t () =
{®:(¢); t > 0} and the omega limit set of y¥(¢) by

w(¢) = ﬂ vH{®(4)),

t>0

here and in what follows, ®,{(¢) = ®(¢,¢) for {t,¢) € Ny x B. It is
well-known that if v+(4) is relatively compact then w(¢) is nonempty,
compact, connected and invariant.

The semiflow ® is said to be strictly order-preserving if (¢, ¢), (t,¥) €
Ry x B with ¢ >p ¢ implies &,(¢) >z $,(¥) for t > 0. A given point
¢ € B is called a subequilibrium of ® if ¢ <p ®(¢) for ¢t = 0, and a
strict subequilibrium if ¢ <g ®,(¢) for ¢ > 0. Similarly, we can define a
(strict) superequilibriurn. An entire orbit of ® is a mapping u: R—+ B
such that u(t -+ s} = @, (u(s)) fort >0 and s € R.

Let o be a measure of noncompactness (see, cf. Nussbaum [49]).
We say that the semiflow @, is set-condensing on a subsct E of for
t > 0 if, for every bounded subset W of E with o(W) # 0, we have
a(®.(W)) < a(W) for every t > 0.

Theorem 2.1. Suppose ©: Ity x B — B is strictly order-preserving.
Let ¢y <p b3 be order-related equilibria of ® and define

E = [$1, dolp = {¢ € Bid1 <u ¢ <5 ¢2}-

Assume that &, is set-condensing on E for t > 0. Then one of the
following statements holds:

(i) there exists a further fized point ¢ of © such that 1 <p @ <p o2,

(ii) there exists an entire orbit of sirict subequilibria u connecting
#1 and ¢ such that u(t) — ¢y as t — —oo and u(t) = ¢z ast — o0

(iil) there exists an entire orbit of strict superequilibria u connecling
¢1 and do such that u(t) —+ $2 as t — —oo and u(t) — ¢1 as t — o0,
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The above theorem represents a slight improvement of Theorem 8 in
Matano [40] and Proposition 1.1 in Dancer and Hess [6] by relaxing
the requirement on compactness and Lhe strongly order-preserving
property of ®. We refer to Smith and Thicine {64] for a related result
(Proposition 3.7). Theorem 2.1 can be proved by a similar argument to
that in Dancer and Hess [6] with some necessary modifications in order
to deal with set-condensing semiflows in stead of compact semiflows.
We refer to Freedman, Miller and Wu [7] for details.

Recall that a strongly order-preserving semiflow @ is one such that
¢ <p ¥ implies ®,(¢) <p @,(¢) for ¢t > 0. The following weaker
notation of strong order-preserving property of ® was introduced in
Freedman, Miller and Wu [7].

Definition 2.2. A semiflow ¢ : Ry x B — B is said to be quasi
strongly order-preserving (QSOP) if it is order-preserving and for every
sequence {¢™} of equilibria and for every compact invariant subset
AC Bsuchthat im0 ¥" =9 <p Aand v <g " forn=1,2,... ,
there exists an integer ng such that ¢™ <pg A.

It can be easily shown that a stiongly oider-preserving semiflow is
QSOP, but the inverse is not true. We refer to Freedman, Miller and
Wu (7] for some examples and for a sulficient condition guarantecing
an order-preserving semiflow to he QSOP.

For r > 0 and ¢ € B, define
Us(e,r)={v € B; [—¢lp<r}

Suppose that the semiflow @ has a subequilibrium ¢, and a superequi-
librium ¢ with ¢y <p ¢2. Denote E = [¢y, ¢3]p. An equilibrium ¢ in
E is said to be stable with respect to E if for each € > 0 there exists
d > 0 such that ®,(y) € Up(s,e) for all ¥ € Up(d,8) and ¢t > 0.

Theorem 2.3. Suppose that ® is a QSOP semiflow and that there
exists a subequilibrium ¢y and a superequilibrium ¢q such that ¢y <p ¢o
and every equilibrium in E = [¢;,¢2]p is stable with respect to E.
Assume further that @, is set-condensing on F for t > 0. Then every
bounded positive orbit converges. That is, for every bounded positive
orbit ¥t () in E, w(¢) is a singleton.
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The above result is established by Dancer and Hess (6] for strongly
order-preserving semifiows. It turns out (see Freedman, Miller and
Wau [7]) that their argument applics to QSOP semiflows as well once
Theorem 2.1 is justified. We refer to Alikakos, Hess and Matano [2},
Hirsch [27], Palagik [52, 53], Taka¢ [65, 66], Smith and Thieme [63,
64] for related results.

Theorem 2.4. Assume ® is a QSOP semiflow and ¢1,¢2 are
strict subequilibrium and strict superequilibrium of ®, respectively, with
¢ €p ¢g. Assume also that @, is set-condensing for it > 0 on

= [¢1, h2]p. Then there exists a slable equilibrium in E.

Theorem 2.5. Suppose ® is a strictly order-preserving semiflow
and ¢ <g ¢ are order-related equilibria. Furthermore, assume that
®, is set-condensing for t > 0 on E = [¢),¢2|p. If ¢1 and ¢o are
stable respect to E and ¢y is an isolated equilibrium from above or
b is an isolated equilibrium from below, then there ewisls un unstable
equilibrium ¢ such that ¢ <p ¢ <p ¢2.

In the above result, ¢; (@2) is isolated from above (below) means
that there exists a small neighborhood of ¢, (¢2) in E which contains
no other equilibrium ¥ such that ¢; <p 1 (¢2 > %). The above two
results are basically established by Dancer and Hess [6] (they prove
these results by assuming that ®,(E) is relatively compact, but their
argument also applies to the case where @, is set-condensing in B ). We
refer to Matano [40--42] and Hirsch [27] for some earlier versions.

3. Phase spaces and examples. Let R_ = (—c0,0]. Assume that

X is a real Banach space with a notm denoted by |- |x and that B
is a linear space of mappings fiom R.. to X with clements desxgnatcd

by ¢, ¥,.... Suppose also there is a seminorm |- |5 on B so that

the quotlent space B = B/ ! Flsa Banach space w;th anorm | -lp
naturally induced by |- |5. Throughout this paper, we shall dencte by

¢ the corresponding equivalence class of be B.

The Banach space B will be employed as the phase space for the study
of partial functional differential cquations with infinite delay. The first
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hypothesis on B is described as follows:

(A1) There exists a constant L > 0 such that

16(0)x < LIglz for any ¢ € B.

Under the above assumption, for every cquivalence class ¢ there is a
unique ¢(0) € X defined by ¢(0) = ¢(0) for ¢ € B and |¢{0)}x < Li¢|s.

To describe other assumptions on the phase space, we introduce
the following notation: suppose 0 < ¢t < A < oo and the mapping
w : (—00,A] = X is given, then v, : R -+ B is defined by
u (@) =u(t+0)forde R_.

For any given ¢ € Band A> 0, we define

Fu(d) = {ii: (—o0, Al = X; tig=¢ and itf(, ) is continuous}.
Moreover, we set
Fy = | Fal9).
gl

Other fundamental assumptions on the phase spaces can now be de-
scribed as follows:

(A2) If A>0and @ € Fy, then @, € B for all ¢ € [0, 4]. Moreover,
the mapping ¢t € [0, A] — u; € B is continuous.

{A3) There exist a continuous nondecreasing function X : By — Ry
and a locally bounded function M : Ry — Ry such that

uels < K(8) sup [u(s)lx + M®luols, 0<t<A, uveFa
0<s<t

To discuss the monotoricity of semiflows on the phase space B, we
also assume that there exists a closed cone X in X with the property
that if u, —u € X, then u = 0. The cone X induces a partial ordering
>x on X defined as follows

u2xv (orv<yu) f v—veX,.
We assume that X with the above ordering is a Banach lattice. For
simplicity of notations, we shall employ the following oidering intervals:
v,w]x = {ue X; v<xu<yw}
[v,00)x = {u € X; v <x u},
(~oco,wly = {ue X, u<syw}
(—00,00)x = X,
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where v,w € X with v <x w.

Similarly, we assume that there exists 2 closed cone By in the phase
space B with the property that if ¢, —@ € B.., then ¢ = 0. The partial
ordering induced by B, is denoted by >p, and ordering intervals can
be defined similarly.

Finally, we require the following compatibility conditions on the
orderings <y and <g:

(A4) ¢ <p 9 implies that ¢(0) <x ¥(0).

(A5) If A>0and @ € Fya, 9 € Fu are given such that ugp Sp vo and
u(t) <x v(t) for t € [0, A], then uq Spva.

To present an example ol phase space satislying (Al)-(AS5), we
suppose g : (~o00,0] — [1,00) is a function satisfying the following
conditions:

(gl) g is continuous, nonincreasing and g{0) = 1;
(82) g(s+ u)/g(s) — 1 uniformly for s € (—o0,0] as u — 0F;
(g3) g{s) — oo as s =+ ~o0.

For example, if ¥ > 0, then the functions g(s) = e¢™7* and g(s) =
(1 +s])7 satisfy the above conditions.

Suppose {2 C R" is bounded, C(Q1; ™) is the Banach space of
continuous functions from Q2 to R™ with the supremum norm || 5 g, jymy-

Define
Cy = {qb; ¢ : (—o0,0] = C(Q; R™) is continuous,

|¢>(S)E RO IV AL
supmmmgw(ww < ~§~oo}.
<0 g(s)

Then C, equipped with norm

Iqb(s)lcf(ﬁ-}tm) ,
[¢lg = |lc, = ?ng R — for ¢ € C,

is a Banach space.

Since g(0) = 1, C, satisfies (Al) with L = 1. Morcover, as g is
nonincreasing, if u : R - C({3; R™) so that ug € Cy and u : [0, 00) —



494 5. RUAN AND J. WU

C($2; R™) is continuous, then u, € G, for all ¢ > 0. A similar argument
to that in Example 2.1 of Haddock and Terjéki [15] leads to

g(0+1)
uelg < sup |uls)|-rm. pmy + sup —=|ugly.
! tigmosaﬂl ()lc(n,u ) <ot 9(0) | |y

Hence C, satisfies (A3) with K(t) = 1 and M(t) = supgc_,(9{f +
t)/9(9)) on [0,00).

Obviously, X = C({%; 7*) is a closed cone in X = C(; R™), where
R7 denotes the positive octant of R™. Hence C(Q; RY) induces a
partial ordering > . pmy on C(82; R™) by

- -

Define a closed order cone C;“ in Cy by
C; = {¢ € Cg;(fb(g) zc(ﬁ;Rm) 0 fGI‘ 0 S 0}

Similarly, CJ} induces a partial ordering >¢, on C,. Obviously, if
¢, ¥ € CfF, then ¢ <¢, ¥ implies ¢(0) <o my ¥(0), e, (Ad) is
satisfied. Moreover, if u,v : R — T arc given continuous functions
such that ug, vo € Cy, o <¢, vo and u(t) 50(5;3,,‘) v(t) for £ > 0,
we have u; <¢, v, for ¢ 2 0.

Note that (A2) is not satisfied by C,. We now define a subspace UC,
of Cy as follows

UC, = {g& € Cy; ¢ is uniformly continuous on f_ }
g

As a closed subspace of Cy, UCy is a Banach space and satisfies (A1)
and (A3). Employing the same argument as that of Theorem 2.1
of Haddock and Terjéki [15], we can prove that (UC,,| - |g) satisfies
(A2) as well. Similarly, we can define a closed cone UC) in UC,.
UCY = C}f NnUC, induces a partial ordering 2y¢, on UC, and
satisfies (Ad) and (A5). Another closed subspace of C, which satisfies
(A1)-(AB) is

Cgm {9 € Cy; d(s) = 0 as s = —co}.
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It should be mentioned that the work of Wu [71] shows that UC,
arises very naturally from reaction-diffusion equations with both dis-
crete and distributed delays in the nonlinear reaction term which sat-
isfies a certain fading memory condition. We refer to Atkinson and
Haddock [1] for related discussions.

The following axiom on the phase space B will sometime be required:
(A6) Every constant mapping from (~co,0] into X belongs to B.

Denote by @ the constant mapping from (—00,0] into X with the
constant value w € X. We will also require the following conditions.

{A7) For any constant mapping 7,W € B, ¥ <p U if and only if
v <x w.

{A8) There exists a constant ¢ > 0 so that [or cvery constant
mapping W € B, [Wlp < Qlw|x, we X.

(A1) and (AB) imply that the induced topology (from B) on the space

of constant mappings from (—oo, 0] into X is equivalent to the topology
of X. Also

[600)|5 < Qo(0)x < QLi¢ly, @€ B.

It is easy to see that (AG)-{A8) are satisfed Ly X = C(; R™) and
B = UC, defined above. Morcover, it is trivial Lo show that for these
two spaces, the following assumption is also salisficd:

(A9) 1f ¢,% € B and @(6) <x %(0) for § < 0, then ¢ <p3 .

4, Existence theorems for semilinear integral equations.
Assume a > 0 is a given constant. In this section, we shall consider an
abstract integral equation in some subset of [, 00) X B satisfying the
following properties:

{D1) D is a closed subset of [a,00) x X and D(t) = {u € X;{t,u) €
D} is a nonempty subset of X for cach ¢ > a.

(D2} D is a closed subset of [a,00) X B such that D(t) = {¢ €
B; (t,¢) € D} is a nonempty subsct of B for each ¢ > a, and for any
%€ Fwanda <1<t ifu, € D(r) and ufs) € D(s) for s € [r,¢], then
Uy € D(t)

{D3) For each b > a, there exist a conslant K(a,b) > 0 and a
continuous nondecreasing function n.. @ [0,b — a) — R4 such that
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Nap(0) = 0and fa < t) < to < b, us € D(4) and up € D(t2)
then there is a continuous function w : {t;,t2] = X such that w(t;) =
U1, w(iz) = Ug, w(t) € D(t) for t; <t < iy and

- Ua — U
(®) (o) < maalt — ) + Rla, Dl - of 1220l

for all s,t € [t;,17).

Now we consider the following abstract semilinear integral equation

u(t) = S(¢,a)¢(0) + /i T, r)F(r, u, )dr, t>a
ug € ¢ € D{a),

(4.1)

where F' is a continuous mapping from an open neighborhood v(D) of
D to X satisfying the following condition:

(F) for any { > 0 there exist a constant Ly, > 0 and a continuous
function Lo, : Ry — Ry with Ly (0) = 0 such that

[F'(t,¢) — F(s,9%)]x < Lag(|t — s|) + Lyald ~ ¥

for (t,¢), (5,9) € D with |¢|p <!, [¥jp <land a <¢t, s<a+l.
T = {T(t,s); t 2 s 2 a} is a Cy lincar evolution system on X and
S = {S8(t,s); t > s > a} is an afline evolution system associated
with T. That is, the following conditions (T1)-(T3), (51) and (52) are
satisfied.

(T1) T(t,t)u =vwvand T(t,s)T(s,rJu=T{,rJuforallt >s>r >
a, u€ X;

(T2) for each u € X, the mapping ({,5) — T'(¢, s)u is continuous for
t>s2aq

(T3) there are numbers M > 1 and w € R such that

IT(t, 8)| = sup{|T(¢, sulxs [ulx <1} < Melt=0), ¢8>0

(81) t — 5(t,a)0 is continuous from {a,mo) into X, where 0 is the
zero of X
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(82) S(t,r)u+T(t, s)v = S(t,)[S(s,r)u +v] for all u,v € X and
t>sz2rza.

It can be shown that (see, cf. Martin and Smith [36]) conditions (S1)
and (S2) are equivalent to the following

(S3) there is a continuous function ji : [a,c0) = X such that
5(t, 5)6 = T(t,8)[u — As)] + ilt)

foralue X andt>s>a.

A function u : {(—0co,b} — X, b > a is a solution in D of (4.1) if
w : [a,b) — X is continuous, (¢,u;) € D and u satisfics (4.1) for all
¢ € [a,b). To guarantee the invariance of the set D, we also need the
following subtangential condition:

(SC) limy,_,q+{1/R)d(S{t+1, t)qb(())w%wftr"]'h T+, r)F(E ¢)dry D(t+
h)} = O for all (¢,¢) € D, where d(u; D(1)) = inl{Ju — v|x; v € D(£)}
forue X and t > a.

We refer to Martin and Smith [36] for detailed discussion on
(D1)-(D3), (S1)~(S3), (T1)-(T3) and (8C). Under the above assump-
tions, we have the following basic result on the existence and uniqueness
of a solution of (4.1).

Theorem 4.1. Suppose that (D1)-(D3), (T1)-(T3), (81), (52),
(F) and (SC) are satisfied. Then (4.1) has o unique noncontinuable
solution u, denoted by u(t; a, ¢), on an interval of the form [a, b}, where
a < b < oo. Moreover, u(t) € D(t) and v, € D(t) fora <t < b and if
b < oo, then

limsup |u,|p = cc.
t—b~

Proof. The proof is similar to that in Martin and Smith [36]
for abstract integral equations with finite delay. However, since our
argument involves certain technicalitics caused by the unboundedness
of the delay, we provide the details of the prool here for the sake of
completeness. The basic iden of our proof is to construct a sequence
of approximate solutions which converges to a solution. We divide the
proof into ten steps.
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Step 1. By assumption (D3) there exists a constant M7 > 0 and
a continuous nondecreasing function M, : [0,1}] — Ry satisfying
Mp(0)=0andifa <t < iy <a+1l, uy € D{t1) and up € D(is),
then there exists a continuous function w : [t1,42] — X such that
w(ty) = uy, wlta) = ug, wi{t) € D{t) for t; <t <t and

ug — U
lw(t) — w{s)|x < Ma(lt — s|) + M|t — lei—g—HIH[ﬁ

(4.2) —1

for s,t € {t;, 1]

Step 2. Because of the continuity of I7: D — X, there exists &, > 0
such that for any (¢, %) € D with {{ — a| < é; and |y — ¢lp < §;, we
have

(43) IF(t1¢)|X g N = ”F(ﬂ,d))lﬂ\- + 1.

On the other hand, since D(a -+ 1} # @, by the result in Step I, we
can find a continuous function @ : [a,a+1} — X such that w(a) = ¢(0)
and (t) € D(t) for £ € [a,a + 1]. We now define ¢ : (—o0,a + 1] - X

by ~
q_ﬁ(t)‘—-“ {qﬁ(t—a), t<a

w(t), a<t<a+l,

where ¢ € B is a representing clement of ¢ € B. By (A2) and (D2),
¢, € D(t) C B for any t € [a,e + 1] and ¢, — ¢ as t — at. Therefore,
there exists d, > 0 such that |q§, - @ly < §1/2 for all ¢ € {a,a + 7).
Set & = min{l,8;,82}. Then for any u : (—o0,a + ] — X such
that u, = ¢, u : [a,a + &) — X is continuous, u(s) € D(s) and
|lu(s) — ¢(0)|x < 8:1/(2[K (do) + 1] + 1) for s € [a,a + o], we have {or
t € [a,a-+ &) that

luy — |5 < e — Gl + b — ol
< K(8s) sup ju(s)— ¢(O)lx + |d — B

atast
51

< ) ARG+ 1]

1
+ i;fsl

< 4.



REACTION-DIFFUSION EQUATIONS 499

Hence, from (4.3) it follows that

(4.4) Flt,u)lx <N, tele,a+dl

Step 3. Because of the continuity of S and M5, we can find constants
o > a and gg > 0 such that

(4.5) o+eg < a+ by,

o)

lwl AF (il T —
(4.6)  eMM(eMMN +eo)(o + 0 —6) < g BRI ]

di
wn 156000 60 < g iE T
t € [a,0 + &0},

3
K{éo) + 1)2M; + 1]’

(4.8) Mylo +eg—a) < T

where w and M were defined in (T3). Now for any given € € (0,0, we
construct an e-approximate solution w and a corresponding sequence
{t;} as follows: set tp = a and define w(a +s) = @(s) for s < 0,
where ¢ is a fixed representative element of ¢. Assume that @ is a
nonnegative integer and w is constructed and continuous on (—oo, ;]
with a < ; < o + g9 and w(t) € D(t} lor t € [a,t;). I[ 4 2 o, then sct
tiy1 = ;. If t; < o, we define I'; to be the set of all constants v € [0,¢/2]
such that

(4.9) IS(t, t)w(ts) — wlti)lx <&, LSS+,
(4.10)
Livbhe £
d(S(t,'—{-h,ti)w(t,-) ~+~f T (L +h, ) (L, wy, )i, D(Lg-!*h)) < §h’
Ly

where 0 < h < 7, and

£
ﬁ/fif\’(g—ﬁ,)-}-l] '

(411) w(®-wls)lx < s €yt Jems] <
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(4.12) Ko — a)My(y) < €/2,

(413) ]&L - Qslﬁ < E/2a te [as e+ 'ﬂ‘
By assumptions (S3) and (SC), I'; is nonempty. We lot

3
(4.14) % = gsuplyi v € T},

and t;41 = #; + ;. Because of (4.10), we can find an clement w(tiy;) €
D{t;+1) so that

bigi
(4.15) S(ti+1,ti)w(ti)+/ T(bi1, O)F (i, wy,) df — wltiy)
- x

e
<e(tivr — 8).
Finally, by Step 1, we can define w on [t;,£;41] so that w is continuous,

w(t) € D(t) and (4.2) holds.

Step 4. We claim that the function w constructed as above satisfies
the following properties:

(4.16)
&1 L ‘
lw{t;) — &(0)[x < R COESFILAS) fori=0,1,2,...;
(4.17)
51 3 . . .
|w(t) “‘ﬁ!{?(O)iX < W for ¢ € [ﬂ,l’.,], 1= 0,1,2, Cee )

(4.18)
IP(tw)lx <N,  i=0,1,2,....

These estimates can be proved simultancously by induction on i.
Clearly, (4.16), (4.17) and (4.18) hold for i = 0. Assume that k > 0 is
given such that (4.16)-(4.18) hold for all i = 0,1,2,... , k. Then, from
(4.15), (T3) and the fact that t;4; ~t; La+1—a =1, it follows that

(4.19)  [S(tiyr tw(ts) — wltisn)x
bits
[ T, 0P @ w) do] + el —10)
X

L

< (e™MN +e0)(tigr — ;) fori=0,1,2,... k.

<
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Therefore, by (52), (T1), (T3) and (4.15) we have

sup{e”™ " |T (811 + 7,811 )[S (i1, @)$(0) — wlter1)]| x5 7 2 0}
< sup{e™T|T(tiq1 + 7, 1) [S (tig1, 1) S (f, a)(0)
— St t)w(ts)llx; 7 2 0}
+sup{e T (tig1 + i1 )[S (G, t)wlts) — wltir)lix; v 2 0}
< sup{e " |T(ter1 + 1 3ia1)[S (8, a)@(0) — wlts)]lx; v = 0}
+ M(eMIN + £0) (ti1 — &)
< =) quplem 1T (t; 4 1, 1) [S (i, a)p(0) — w(ti)]|x; r > 0}
+ M(eMMN +eg)(ti1 = i),

wherei = 0,1,2, ... , k. Using the above incquality for i = 0,1,2,. .. |k,
we can easily get

sup{e™“ | T{tps1 + 1 trg1 ) [S{rr, @)p(0) = wllppa)llx; 72 0}
S_ elWlﬁ(e§w| ETN + E(;)('ﬂk-p} -— {.',).

Consequently, by {4.6), we obtain

(4.20) |S(tr41,2)9(0) — wtrt1)lx
< sup{e™" T (tk41 + 7, tha1 )[S (tht1, a)${0) — w(tr+1)x: v 20}
< eI (e MN + £0)(tg 11 — a)
&
< 8K (o) + L2M: + 1]

Hence, by (4.7) we get

lw(tir1) — 9(0)x < Jw(tarr) — Sllra1, a)d(0)lx
+ 18 (b4 1, 0)b(0) — #(0)]x
d1
< UK (G) + M, 1]
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Moreover, by (4.2) and (4.8), for ¢ € [tg, tr41) we have
lw(t) - ¢(0)|x < |w(t) — wlte)lx + lwlis) — (0)]x
< Ma(le - ta]) + by 2 = el
+ |wlty) ~ ¢(0)|x

< Ma(o + €0 — a) + Miflw(tr+1) — 6(0)|x
+ fw(ty) — $(0)|x] + |w(te) — {0)| x

t— tx)

< i + M,y o1
4[K(do) + 1][2M, + 1] ALK (8) + 1][2M + 1]
+ J
4[K (o) + 1)[2M; + 1]

01
< ARG+ 1

Therefore, by the result of Step 2, |F(tr41,we,,,)x < N.

Step 5. Let p = lim;e0 £ Obviously, p exists and w is defined on
(@, p} with w(t) € D(t) for all t € [a, p). We claim that z = lim,_, ,- w(¢)
exists and z € D{p). Indeed, using a similar argument as that for (4.20),
we obtain for j > k,

(4.21)
15t te)w(te) — w(t;)|x < e8I R M N + e0)(t; — ti)

< ﬁ(ti = tk):
where N = ei‘”g(f"‘“)ﬁ(el‘”iﬁj\f + £g)- Let £ > 0 be given and choose

k > 0 so that 21?(,0—— ;) < £/2. By the continuity ol S, we can find an
integer n(g) > k such that

(422)  |S(ts, tn)wlte) — Sl te)wltillx < /2 for i, > n(e).
Therelore, for 1, > n{g) we have

fw(ts) — w(t;)lx < fwlts) ~ S, L)w(te)]x
A |8 (L, tr)w(te) — S, t)wte)| x
+ 50, tewlte) — wit)lx

<SHp-t)+5+Np-t)<w
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Hence, z = lim; 00 w(t;) exists. Since (¢, w(;)) € D and D is closed,
it follows that (p, z) € D. Moreover, by (4.2) we have
lw(t;y1) — w(ts)lx
tig1 — &
< Ma(Jtis = til) -+ Mifw(tipr) — wlts)lx,
t; St < iy

lw(t) — w(t)lx < Ma([t —L:]) + ML — t;]

This implies that w(t) — z as t = p~.

Step 6. We show that the e-approximate solution constructed above
is defined in [a,o], i.e., there is an integer n = n{e) so that ¢, > o.
By contradiction, if no such n exists, then #; < o for ali ¢ > 1,
lim; oot = p < o and limi,e w(ti) = 2. Let w(p) = z. Clearly,
w, € D(p). By the subtangential condition {SC), there exists a constant
8 > 0 independent of i, such that (4.9), (4.11), (4.12) and (4.13) hold
with ~ being replaced by é. Moreover,

A+n
d(S(P +mp)z+ / T(p+1,6)F(p,w,)dd; D{p+ 17)) < ji‘f?
o

for all n € (0,6]. (A2) implies lim;.; o0 Wy, = w,. Therelore, we have
Livt1)

m

Tt +n, Y (g, w,, )by D + 7])) < 37

d(S(ti + n, t)wlts) +f

[4
for sufficiently large ¢. This implics that § € Ty, hence § < 4v/3 =
4{tip1 ~ )/3 = 0 as i — o0, a contradiction to the independence of &
on 1.

Step 7. We now construct a sequence of approximate solutions. Let
{€,}52; be a decreasing sequence in [0, €g) such that £, — 0 asn — oo,
and for each n > 1 let w™ and {t}}$2, be as constructed above with
€ = En, t; = t? and w = w™. Thercfore, by the result in Step 6, for cach
n > 1 there exists an ng = ng(n) such that £ > o. For convenience,
we define a comparison function v™ for w™ as follows
(4.23)

v (t) = S(t,a)@(0) + / T(t, 0)F(v"(0), i gy) 4O, t € [a,o],

v (a+8) = ¢(f) for 6 <0,



o504 S. RUAN AND J. WU

where 7" : [a,0] = [a,0] is given by v*(¢) = &} for t} <t < 17 ,. We
claim that there exists a constant P > 0 mdependent of n, such that
(4.24)

W(t) — w™(@lx < Pmax{e,, Male,)}, a<t<o,n=12,....

Indeed, by (52) we obtain, for a < 5 < t < o, that
*(t) = S(t, 8)S(s, a)8(0)

+T(t,s)/sT(s,9)F( 0), wha(g)) dO

(4.25) + / T, 0)F(v"(0), wia gy ) d8

t
= S(t, s)v™(s) w§~/ IO (Y™ (0), wihngy) dB-
&
Note that foreachn >1and i = 1,2,... , we have

sup{e “7 t:+1 + 7 t+1)[ ﬂ(in—i [) w' :ii “’(: r= U}

T(ts + ot S @, 8 )0 (8)

wr

= sup{e”

th
+/; T(thy, )F("y”(ﬁ),uﬂ;n(u))dﬂ = w"(th )]
T X

< sup{e™ T[T (e + i IS (@ 1) (8)
— S, 8w (8)]x; 7 2 0}

Tty + ot ) [S(E 1w (E)
P
+ [ T OF () ) 9= @) r2o)
ep X

< sup{e™ T (% + 7, 8 )T, )" () — w (87)]]xs 7 2 0}
2

+
S(tl-i-il tn)w“(t:*) e ] T(t:l+1, (’}’ (9), (9)) df
l'

+
¥

+ sup { —wr

+M

~w"(t71)

= sup{e™" [T (i, +r, 1) (0" () — w" ()]s v 2 0}
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t?+x
4 F[SERa D) + [ T OF (70, o) 0

~w(tf)] -
X
Therefore, by (4.15), we have
sup{e ™ [T (¢ + 7y ) [V (Hh1) — w™(t)Hx; v 2 0}
< el =t gup{e [ T(t} + ¢ )V (1) — w™ (#)]lx; T > 0}
+ Men(thyy —t7), i=0,1,2...

Applying the above inequality at 0,1,2,... ,i and using elwl(tin =t <
el“’l(t?-kl—'a}, we get

o™ (%) — w™(tEa)lx
< sup{e ™ |T(th + i )™ (1) — w8 ))lxs 7 2 0}
< el - “)Men(tiﬂ —a)
< @Em

where Q = i@ (o — a). [ t} < ¢ < 1, < o, then by using
(4.25) we get

awmﬂwmuskwﬁwwm

t
+fT&MNW@w%mM“ﬂMﬁM@
L X
F 1S, W™ (L2) — w(EF)x + [ (1) - w (1) x.
By (83), (T3), (4.2) and (4.9), we have
[ (t) — w(t)|x < Ml um (i) — w™ (1} ) x

t
T(t, 0)F(7"(0), wyn(g)) d0

7

X
A &n + Ma(thg = 7)) + Muw" (8) — w™ (87)]x
+ &, + MZ(En) + A’Illwﬂ(tﬁl-l) - wn(t?”}c’:
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where we used the fact that ¢ — ¢ < (¥, — {} < &,. By (4.21) and
(4.9), we obtain
W (£0) — 0 () < [ () = S ()l
+ Sy, )W (87} — w ()] x
S N, — 1) +en
< (f\7 + 1)en,

(4.26)

where N = elle=2) (el Af N + £4). Therefore
(1) = w* (Bl x < MG+ N) + 1+ My(N + D]en + Ma(en).

This proves (4.24).

Step 8. We claim that there exists a constant @ > 0 independent of
t € [a,0] and n > 1, such that

lw} — wlhaiy)lp S Qmax{en, Ma(en)} fort€fa,0], n=12,....
Indeed, for all n > 1 and ¢} <1 <, < o, by (A3) we have

W} = whagyls = fwi' = wipls

(4.27) s Kt ~a) aé.:}é)t;» lw™ (L =1} +5) —w"(s)x

M8~ Ol g — s
On the other hand, by (A3) we get

Iw?~£?+a —~¢lp < [wr-—t.‘i‘+a - Ezmc;'-mlﬂ + W;z-a;'-m - ¢ls
<K(-t'+a) sup  fu(s) - ¢(0)ix

agsst~tlta
+ [$z—a;‘+a - ¢|B~
Therefore, (4.11) and (4.13) imply that

En + E’ﬁ
Phk(o—a) +1 @ 2

3
(4.28) Iw?—c?+a — ¢z < K(o - “)4 < ik
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Moreover, if t — t7 + s < ¢7, then from (4.11) it follows that

lx\'.' ..<.. . fn )
M K (o — a) + 1}

(4.29) [w™(t - 7 + s) —w"(s)

and if s <7, t -1 + 8 > 17, then

Eﬂ.
MiK(o—a) + 1]

[ () = w™(3)lx <

and by (4.2) we have
lw"(t -t} + s) — w™(s)lx
< w(t ="+ 5) — W) |x + [ (8) - w(s)]x

&
< T f g oy TH 4T n .
— Mz(sﬂ) + Mllw (tl—i-l) w (tz )lx + 4[]‘4’1}-{(0 _ a) + 1]

This, together with (4.26), implics that
(4.30)

™ (=0 +8) ~w (s)]x < Ma(en)+Mi(N+1)e, En

W ARCEDES )

Substituting (4.28), (4.29) and (4.30) into (4.27), we obtain

Wi ~ wha(yle < Ko ~ E){ﬁ/fz(é‘n) + My (N + 1)en

+ Ean
4[1\’&]((0’ - a)+ 1]

4+ sup M{s—a}- §£,1.
el3so 4

Step 9. We show that {w™(t)}%2,, is uniformly Cauchy on [a,0]. In
fact, by {4.17), we have

!

lw(8) = $Olx < T

and hence from the argument in Step 2, we have

le' - Q&!I} S 6;.
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This implies that
lwi'ls < |dlp + 41

Therefore, by the Lipschitz condition of F, there exist a constant L; > 0
and a continuous function Ly : By — Ry such that Ly(0) = 0, and for
all @ € [a,0], n,m > 1, we have
|E'(~"™(8), w?n(e)) ~ F(y™(9), w$‘(()))l.¥
< Lnfwin gy — wimgyls + La(|y™(8) — 7™ (6)1)-

By the results in Step 7 and Step 8 as well as asswnption (A3), we get

IF(‘Yn (9)’ w?n(e)) - F(vy"(0), w’#n(o))f'\’
< Lifwg — wit|p + L1 Q max{en, Ma(en))}
+ LIQm&x{E?mmfﬂ(Enl)} + L‘Z(l')’u(g) —4™(8))

< L K(o —a) sup |w"(s)~ w™(s)|x
agasst

+ L0 mEL‘{{En: -A/I2(Eﬂ.)}
+ LiQ max{em, Ma(em)} + La(|7™(6) ~ v™(8)])
S K (o —a) sup [v"(s) = v™(s)lx
a<s<l

+ Li[K (o — a)P + Q) max{en, Ma(e,)}
+ L1 [K (o — a)P + Ql max{e,;n, Ma(e.)}
+ L (|7 (8) — ¥ (0))).
By the definition of v®, it follows that
™ (8)—-v™ (D)l x

H
< / T, ) F(v™(8), Win(py) — F(y™(8), Wi gy N x df
L

< LII{(U_a)ﬁ'elul{r:—u)/ sup IUu(S)"‘“UTH(S)I‘XdB‘?‘Un,m:
i LLSHSU

where
Tnm = LMo~ (g — 0)[K (o ~ a) P -+ Q) (max{e,, Ma(en)}
+ max{em, Ma(&m)})
# Ho ) e Ll () =0
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Hence, by the well-known Gronwall integral inequality, we have

sup [v™(s) ~ v™(8)|x < Tnmexp(L1 K (o — a)Mello=)(=2)) 5 g
a<ast

uniformly for ¢t € [a,0] as n,m — oo, since Hum —+ 0 as n,m —
oo, Therefore, {v*(t)}22,; is uniformly Cauchy on [a,o], and so is

{w™ () )72 by (4.24).

Step 10. Let u{t) = limp.yeo w™(t) uniformly for ¢t € [a,0] and
u(t) = @(t — a) for ¢t < a. Clearly (t,u(t)) € D since (t,w™(t)) € D
and D is closed. We claim that u(t) is a solution of (4.1). In fact, by
the result in Step 8 and assumption (A3), we have

[wWhn iy — uelp < (whagy = witls + [wf — vl
< Qmax{en, Ma(ea)} + K{o ~ a) sup [w™(s) — uls)|x-
a<s<t

This implies w7a,y — ue in B uniformly for ¢ € [a,o] as n ~+ 00, and
hence
F(Vﬂ(t)lw?“{t)) - F(tt Ut)

uniformly for ¢ € [, 0] as n — co. Therefore

u(t) = lim {S(t,a)<;b(0)+ f T(L,G)F('y"(ﬂ),wf;,,w))dfi}

= S(t, a)(0) + / t T(t,8)F (0, ug)do.

o

This establishes the existence of a solution of (4.1) on [a,0].

The uniqueness and continuation can be proved by using the standard
technique. The proof is complete. 0

As a consequence of Theorem 4.1, we obtain the following invariant
property:

Corollary 4.2, Suppose that i and K2 are nonempty closed,
convez subsets of X and B, respectively, such that (D2), (T1)-(T3),
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(S1), (82) and (F) are satisfied with D = [a,00) x K} and D =
[a,00) x K3. Moreover, assume that

(i) SEs)KL C Ky fort>s>a

(i) limp_o+ (1/R)d($(0) + RF (2, 6); K1) = 0 for (t,¢) € R x Ka.
Then the unigue noncontinuable solution u : (—~00,b) — B, b > a of
(4.1) satisfies that u(t) € Ky and u, € Ko for all t € [a,b).

Proof. Obviously, (D3) holds since D(f) = K is convex. To prove
Corollary 4.2. it suffices to verify that

t+h
IM1L4S@+MﬂMm+/M T@+M@ngwpm)m0
h—0+ h ¢

for (¢, ¢) € a,00) x K3. Indeed, for given h > 0 and (¢, ¢) € [a,00) x I3,
define ¥ : (—co,t + k] = X by ¢y = ¢ and ¥(8) = 5(8,t)¢(0) for
6 € [t,t+h). Since §(f, t) K1 C K, for ¢ £ 8 < t+h, by assumption (D2)
we have ¥,.5 € Ky and ¥4 is continuous in i € 4. Therefore, the
set {(¢,¥i+n); 0 < h < 1} isacompact set of {u, 00) x 3. This, together
with the convexity of the function h € Ry — d((/)(()) +hE(, ¢); Ky) €
R, as well as the continuity of F, shows that assumption (ii) implies
that limy_o+ (L/R)A{%(t + R) + RF(t, Yuyn); K1) = 0.

On the other hand, by (A3), we have

[Wish — ¥|B < [Yesh — beenlp + |Gren — &b
< K(h) sup |S(6,t)¢(0) — #(0)x
t<O<ith

“f‘lflwgt-{»h“‘ﬂf’lﬂ'—’o as h — 0%
and for any €; > 0 there exists h; > 0 such that if 0 < A < hy, then
IT(t+h19)F(t:¢)"’F(t:@b)'-x < £1, fSBSt-I*h.

Hence, if 0 < h < h;, we obtain

1 il
Ed(S(t+h,t)¢(O)+ / T(t + h, O)F (L, $)d6; 1{1)
£

1

< £ d(S(t+ hy )¢(0) + hF(t, 8); K1)
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1 t4h
+ ft [T(t+h, 6)F (2, 8)—F(¢, ¢)] df .
< %d(S’(t + h, 1)6(0) + hE(t, 8); 1) + e

< %d(d)(t +R) + BF(t Yuen); K1)

+ | F(t, dan) — F(, @) x + €1
0 ash—0.

This completes the proof. o

5. Comparison and monotonicity principles for semilinear
integral equations. In this section, we show how to apply the
general results in Section 4 to obtain some comparison principles.

Let St = {S§+(t,s); t = s > a} and S~ = {§7(4,%); t = 5 > a}
be given families of mappings iom X to X which salisly the following
conditions:

(C1) St and S satisfy (S1) and (32) with § replaced by S* and
S, respectively;

(C2) S~ (t,9)z < S(t,s)x < SH{t,s)zforallt >s>aand e X.
In addition to (T'1), (T2) and (T3), we require that
(T4) T, s)Xy C Xy fort2s>a.

Suppose that v* : (-o00,b] — X, b > a are given such that
vE € B, v* :[a,b] -+ X are continuous and the following condition is

satisfied:
(C3) vy <p v} and v (t) <x v*(¢) for t € [a,]).
Let

D(t) = [v™(t), v {t)lx, D(t) = v, vt]ls fort2a.
Define
D={(t,z); t>a,ze D)} and D= {(t,d); t>a,¢€ D(t)}.

Clearly, (Ab) implies that {D2) is satisficd. We assume that there exist
continuous mappings F* : D — X such that
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(C4) vF(t+h) > SHE+h (@) + [T Tt + h,0)F (6, v} )do,
a<t<t+h<b

(C5) v (t+h) < S~ (t+ht)o~ () + [T Tt + h,0)F~ (8,0 )db,
a<t<t+h<b

(CB) limp_yo+ (1/h)d(v* (0) — p(0) + L{F* (¢, 07) - F(t, )} X4) =0,
a<t<b (t,¢) €Dy

(C7) limp_yg+ (l/h)d(qﬁ(O)"U"(O)“}*h{F(i,(ﬁ)"F"(ﬁ,vf)]; X.;,) =
a<t<b, (t,¢) €D

NOW we can state and rove the EOHOV\’EH z "OHDI'EIl comparison rinci-
g
ple:

Theorem 5.1. Suppose that (T1)-(T4), (81), (52), (F}), and
(C1)-(C7) are satisfied. If v; <p ¢ <p v}, then the abstract semilin-
ear integral equation (4.1) has a solution u on [a,b) for some b € (a,b)
such that

v (t) <x u(t) <x vT(t) aend v <pu Spvf
fort € [a,b).

Proof. It has been shown in Martin and Smith {36] that (D3) is

satisfied with D(t) = [v™(t),v"(t)]x on [e,b]. By using assumptions

(C2), (C4), (S2) and (T3), we can show that il ¢ € [a,b], ¢ € D(t) and
h > 0 is sufficiently small, then

-tk
d(v+(t 4 R) — S(t+ h, £)$(0) — / T(t + h, 0)F(t, ¢) d6; X+>
< d(S"*’(t+h tyut(t) — S(t + h,1)${0)
t+h
v [ e noEt 0. - F ol ao . )
t
d(su T )t (6) - S(t+ by )2(0)

+ f o T(t + h, O)[F* (9, v}) — F(t, )] db; x+)
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2d@u+hmwﬂw-mm

+ o T(t+ h,ﬂ)[F+(9,v;') — F(t, ¢))d6; X+)
< d(T(t + hy ) ([ (£) = $(O)] + HFT (¢, 08) = F(5,9)]); X+)
+ 1 o T(t+ h,0)[FT(8,v]) — F(t,0)| d8
t

— hT(¢+ b, )[F* (¢, v) — F(t, )]
X
< Me™d(v (£) — (0) + R[F ¥ (t,0) — F(t, 0)); X+4)

& / i T(t + h, O)[FH(8,v}) — F(t, )] 48

— KTt + h, )[FH (t, u]) — F(t, $)]

X

Therefore, by assumption (C6), we get

1 +
hli%& Ed(u (t+h) — S(E+N,1)¢(0)
t4+h
—f T+ h,r)F(t, ¢)dr; X+) =,
t
That is,

: 1
h]irg+ Hd(S(t"%h, t)9{0)
t4-h
-§~[ T(t+h,0)F(t, ¢)db; (woo,v"'(t-i—h)]x) = 0.
oSt
Similarly, we can prove that

) 1
Jim, Hd(S(Mh, £)$(0)

t-h
+f T(t+h,r)F(t, ¢)dr; [v™{t + !1),oo)x) = 0.
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These imply that

. 1 t+h
Jim 2a(S0+h 000+ [ TErh)F( 6 dr

[u‘(t+h),u+(t+h)}x) =0,

which completes the proof, by Theorem 4.1. ]

As an immediate consequence of the general comparison principle, we
obtain the following monotonicity principle:

Theorem 5.2.  Suppose that (T1)-(T4), (S1), (82), (F) and
(C3)-(C5) are satisfied with St = 5~ = § and F* = '~ = F. More-
over, suppose that F satisfles the follouning quasimonotonicity condition

(QM) Limy s (1/B)A($(0) — #(0) + ME(L %) — F(t, &)l X4) =0
for all {t,9), (t,%) € D with ¢ < .
Then for each ¢ € D(a} with v; <p ¢ <p vf, equation (4.1) has a
unique solution u(t;a, @) on [a,b), where a < b= b(¢). Furthermore, if
vy <p ¢ <p ¥ <pvl, then

v () <x ultia, @) <x ultya,p) <x vF(t)

and
v, <p wle,¢) <pwle,¥) <pvf

for all t € {a,b), where b= min{b(¢), b(y)}.

Throughout the remainder of this scction, in order to establish
some strict inequalities leading to the so-calied quasi strongly order-
preserving property, we assume that the Banach lattice X is a product
space X = [[i-, X, where m is a positive integer, X; is a Banach space
with a cone X" C X; such that X, = []i5; X;'. We shall use >, and
>x to denote the partial order on X; and X induced by X' and X,
respectively. Therefore, if 2 = {z;)™, y = (y;)™ € X, then x >x y if
and only if z; > x, i for i € {1,2,...,m}.

We first assume that (T'1)—(T3), (S1) and (52) arc satisfied by T and
S which are defined as follows:
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(CT1) T(t,s)z = (Tt s)mi)?, where Ti(t,s) : X; — X; for all
t>s>aand z={z:)7 € X;

(CT2) S(t,s)z = (S;(t,s)a:,');n, where Si(t,s) + Xy — X for all
t>s>aand z={z)7 € X.

Moreover, we assume that (C1)-(C7) and (F) arc satisfied with
v o= (v:t);, F = (F‘-)’ln, F* = (Fii)ln, where Ufb maps (—o0,b)
into X;, F* maps D into X, and F; maps a neighborhood of D into
X;.

Under these assumptions, system (4.1} can be reformulated as

u;(t) = Si(t, a)ei (0) + /.t Ti(t, r)Fy(ryu,)dr, t>a

u{a+0)=¢:(6), 650,

(5.1)

where ¢; = (4;‘);” and u = (u,-);" is the solution of (4.1). From
Theorem 5.1, if v7 <p ¢ <g jfj, then v (t) <x, wi(t) <x; i (t)
and vy <pu, <pvf fort€fa,b)andi=12,...,m.

The following one side Lipschitz condition will be uscful in establish-
ing strict inequalities:

(L1) for each ! > 0 there exists L; > 0 such that
Fi(t, @) — Fy (t,07) 2 —Li[¢i(0) — v7 (1))
foralli € {1,2,...,m} and (t,¢) € [e,a+ ] x Bwith v, <p ¢ <p vy
and |¢|p < 1.

Under this assumption, it can be shown (by using Lhe same argument
7

as that for Lemma 3.1 in Martin and Smith [36]) that, if u = (m,-)1

is the solution of (4.1), b € (a,b) with b —a < ! and fw|y < { for all
t € [a,b], then

(5.2) ui(£) — v (8) >x, e HETIT(E, o) [wi(to) — o7 (to)]

foralla<tp<t<bandi=172,...,m.
For each i € {1,2,... ,m}, let X} be the dual space of X; and

Pi* = {@1 & X;; (1>i(3:i) 2 0 for all r; € Xj.}n
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Following Martin and Smith [36], to achicve generality we introduce a
nonempty index set A; and assume that for each p € A; there is a given
®f € P!, Let
A; = {2 pe Mi}.

The inequality (5.2) motivates the following abstract “maximum prin-
ciple”:

(MP) ifi€{1,2,...,m} and z; € X", then ®7(z;) > 0 for some
o € A; implies that ®7(T;(t,tp)x;) > O forall t > t5 > a and all p € A;.

From inequality (5.2} it easily follows that assumptions (L1) and
(MP) imply that

(5.3) if ®(ur(to)) > B(vy (ta)) for some ty € [o,b) and o € Ay,
then ®%(ux(t)) > B4 (v (1)) for all t € (to,b] and p € Ag.

In order to obtain strict inequalitics for other components, we need
the following “irreducibility” condition:

(I1) there exists a constant r; > 0 such that if t; and {3 are given
constants such that ¢ < t; < {; + 7 < £y, T is a proper nonempty

subset of {1,2,... ,m} and w = (wj);" : {—o0,ts] — B is given such

that w : [t1,22] — B is continuous, w;, € B and
(2) v, <pw, <p v andv™(#) <y w(t) <y vi{)forallte fty,2];
(b) @5(w;(t)) = ®f(v; (1)) for all j € T°, p € A; and t € [t;, 1a];
() @7(w;(t) > @f(vy (1)) forall j € L, pe A; and t € [t1,ta);
then there exist 2 k € £° and a & € A;, such that
sup{®{ (Fr(t,we)) — SL(F (4,07 )); 1 €t <6} >0
forall t; + r < s < ts.

We are now in the position to state our first result on strict incqual-
ities relative to v™(t). Similar results hold for v*(z).

Theorem 5.3. Suppose that, in addition to all conditions of Theorem
5.1, (MP}, (L1) and (11) ere satisfied. Consider the solution u of (4.1)
defined on [a,b). If there ezists a t; > a such that t, +{(m-1)r1 < b and
D7 (u;(21)) > @7 (vj (t1)) for some j € {1,2,... ,m} and some o € A,
then there ezists a tm € [t1,1; + (m — 1)1y} such that

O (i) > B (v (1))
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for allt € (tm,b), 1€ {1,2,... ,m} and p € A;.

Proof. Let £ = {j}. If m = 1, then by (5.3) we are done. Il m > 1,
then ¥ is a proper and nonempty subset of {1,2,... ,m}. We now fix
€ € (0,b~t; — 1) and claim that there exists k € ¢, ¢ € Ap and
some tg € [t1,t; + 71 + €] such that ®F (ux(t2)) > @f(vg (t2)). By the
way of contradiction, if the claim is false, then ®{(ux(t)) = ®Z(vi (2))
forallk € ° p € Ay and ¢ € [t1,t1 + 71 + €]. By (I1), we can find
k € £¢ o € Ay and a sequence {&;}7° in (0,¢) such that €; — 0 as
j — oo and

T(Fe(ty + 11 + €5, Uy poribes)
— BL(Fy (b + 11+ €4,V 4r4e,)) > 0

By continuity, one can find ; € [t; + 71,1 + 71 -+ €] such that
@i(Tk(h + 11 + Ej,g)[Fk(G,ua) - F; (B,U())]) >0
for T; < 0 <ty + 1y + ;. Therefore

®F (up(ty + 11 + ;) — vp (b + 11 +€5))
> BL(S(t + 71 + &5, E)un(@y) — vy (£5)])
'fj+n-+51
+ f T (T(ty + 11 + £, 00)[Fu(0,u0) — Fir (6,u0)]) dB
i
> 0,

a contradiction to the assumption that ®f(ux(t)) = @ (vg (¢)) for all
te [tl,tl + 7 +€]..

Therefore, there exist k € £, o € Ay and some {y € [ty t1 + 71 + €]
such that ®%(ux(ts)) > ®L(vf (t2))- By (6.3), we have &p{ui(t)) >
@7 (v (t)) for all t > tp and thus for ¢ > 1) + 71 + € Decause of the
arbitrary choice of €, we have @ (1 (t)) > ®L(vg (1)) for all p € Ay and
t > to, where #; is some number in [¢;, 4 + 71}

If m = 2, then we are done. I m > 2, by repeating the above
argument m times, we will arrive at the conclusion. 0

In order to obtain strict inequalities between compatible solutions of
{4.1), we assume
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(L.2) for each ! > 0, there is an L; > 0 such that
Fi(t,9) — Fi(t, ¢) 2 —Li[:(0) — ¢:(0)]

for alli = 1,2,...,m and (t,¢), ({,¥) € la,a+1] x B with v;7 <p
¢ <p ¢ <p v and |§|p, Y| <4

(12) there exists a constant r; > 0 such that if ¢; and ¢, are given
constants with a < §; < &, + 13 < iz, ¥ Is 2 nonempty and proper

subset of {1,2,...,m} and w* = (w?‘:);n i (~o0,t2] = X are given

such that w : [t1,t2] — X are continqum, wff € B and

(a) v;, <pw <pwl <p vl and v7(t) Sx w(Y) <x wH() <x
vt () for all t € [ty,f2);

(b) @?(w}"(t)) = ®f(wy (1)) for all j € I¢, p € A; and ¢ € [t1,1a];

(c} @f(w;-*(t)) > % (wy (1)) for all j € B, p € Aj and ¢ € [t1,22];
then there exist a k € £¢ and a o € Ay such that

sup{® (Fi.(t, w})) — ®L(Fi(t,w)); 8 €t <s}>0

forallty + 1 <5 <o

Theorem 5.4. Suppose that, in addilion to lthe assumptions for
Theorem 5.2, (L2) and (12) are satisfied. Then for w* € B with
o <p ¥~ <p ¥t <p v}, if vt denotes the solutions of (4.1) on

fa, () with ¢ = p*, respectively, then

vT(t) <x uT(t) <x uT(t) <x o),

vy <puy <puf <pv, a<t<h,

where b = min{b(™),b(wt)}. Also, if there is o t; > a such that
t 4+ (m— 1), < b and 7 (uf (t1)) > ®F(uj(t1)) for some j €
{1,2,... ,m} and some o € Aj, then there is a by, € {t1,11 + (mn— 1)71]
such that

@7 (uf (1)) > @ (uy (1))

Jor allt € (tm,b), i€ {1,2,... ,m} and p € A;.

Proof. This is an immediate consequence of Theorems 5.1 and 5.3.
o
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6. Applications to reaction-diffusion equations with dis-
tributed delay. Suppose  is a bounded region in R" with d02
smooth, C({% R™) is the Banach space of continuous functions from ¥}
to R™ with the supremum norm, A is the Laplacian operator on  and
8/6n is the outward normal derivative on &{1. Let X =C(§}; R™) and
B be a phase space satisfying (A1)-(A5) with X4 = C(% RT) asspec-
ified in Section 3. Consider the following nonlinear reaction-diffusion
system with infinite delay

ggui(t,w) = Fi{t,u)(z), t>a, z€80, 1€ X

ui(*:m)zéi("m)r .'EE-Q, i€ EO

(6.1) %“i(t’m) = d;Aui(t, z)+ Filt, w)(z), t>a, ze, i€ X5

oi(2)u (6, 7) + %ui(t,z) - Gi(tx),  t>a zedQ, i€Ts
ul (., z) = ¢ (., z), z€Q, i€ If,

where

(H1) % is a given subset of {1,2,...,m} and d&; > 0, a; €
CH(Q Ry) and fB; € C*(Ry x (s R) for i € Efj;

(H2) a2 0is a constant, ¢ = (¢:)T* € B is a given initial function
and ¢ is a representing element of ¢;

(H3) F = (F)P : Ry x B - C(Q; R™) is continuous and for each
1> 0, there exists Ly; > 0 and Loy : 24 — Rty with Lg(0) = 0 such
that

lF(t, ‘35) e F(Sa'd))[c(ﬁ;}zm) < Ll,liﬁf) - "MB + Lﬂ.i(lt - SD

forall0< ¢, s <! and ¢, ¥ € B with |¢|s, [¥]p S L.

For i € 5§, let A’ : dom(A') C C(OLR) — C{%}; R) be the linear
operator defined by

dom (A?) = (ui e CEu R NCHEL R); vt + —,C%ui =0on 89),

At = di A, vt e domn (AY).
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Then the closure of A* generates an analytic, nonexpansive and positive

semigroup {T;(¢)}:>0 on C(f%; R) (see, cf. Mora [46] and Rothe [59)).

Assume that 7* : [0,00) x © — R is a smooth mapping satisfying
ai(2)v (¢, z) + B—a-ﬂ'yi(t,z:) = Bi(t,z) on (0,00) x O,

Define

Si(t, s)wh = Ti(t—s)[wh — fs ()] + i (8), t>s>0, w e C(LR),

where
- i ¢ Tf . 3 i
2:(t) = v () +'/o Ti(t ~ s) [diA7 ()~ prl (s)|ds.

For i € Xg and v, w) € C(; R), define
Tl =vi, t>0,
Si(t, s)wg = wi, t>s>0.
Let
(6.2) vt ) = Ti(t)vh, b e C(LR), t >0,
and
(6.3) w'(t, s, wh) = Si(t, sywd, wh € CLR), t>3>0.

Then vi(t;z,vd), i € L5, is a solution of the following linear system
(6.4)

gzvi(t,z) = d; Av*(t, z), t>0,zeQ, i€ Xf

oi(z)vi(t, ) + E%vi(t,m) =0, t>0, x €00, ieXj
v {0, z) = vi(a), z €, ie X,

and w'(t, s,z,wd), i € X6, is a solution of the following nonhomoge-
neous system

(6.5)
g—iw"(t,m) = d;Aw'(t, z), 1>5>0,z€Q, i€ %¢
a;(z)w(t, ) + b%wi(t,x) = f;(¢, ), t>s520,z€00,ieX§
wi(s,z) = wi(z), §>0,2z€0,ie Xt
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It is known that (T1)—(T4) and (S1)-{52) arc satisficd (see, cf. Martin
and Smith [36, 37]). We will call 2 solution of the abstract integral
equation

t
u(t) = 5(, a)$(0) + f T(t — 0)F (0, u0)d8, 132 a
ug €9, (a, )€ Ry xB

(6.6)

a mild solution of (6.1). Hence by Theorem 4.1, for given closed subsets
D ¢ [a,00) x X and D C [a,00) X B satislying (D1)-(D3), we have the
following result about the existence and uniqueness of a solution of the
general nonlinear reaction-diffusion system (6.1).

Theorem 6.1 (Existence). Suppose that the operators T = {T'(t}}:>0
and S = {S(t,s)}tzs>0 defined above satisfy (SC). Then system (6.1)
has @ unique noncontinuable mild solution u, denoted by ult; a, @), on
an interval of the form [a, b), where a < b < co. Moreover, u(t) € D{t)
and u, € D(t) for t € [a,b) and if b < oo, then

lim sup |u| g = co.
t—bm

We now show the existence of solutions ol the noulinear equation
(6.1) relative to given upper and lower solutions. Suppose that F* =
(Ff)}" : [a,00) x B = C(§; R™) are continuous functions, vt =
(o)1 : (—o0,c) — C(8; IU'™) are given mappiugs, ¢ < ¢ < 00, such
that

(UL1) v¥ € B with vy <p v} and vE(t) € X with v™(2) <o pm)
vi(t) fora<t <

(UL2) if i € S5, (9/0t)E, (8%/9z*Wf : (a,¢) — C(%R) are
continuous;

(UL3) if i € Xy, (8/0t)E : [a,c) = C(; R) is continuous;

UL4) there exist 3F € C?(R, x @; R) for i € I§ such that
t 0

2 t,) 2 dlof (1,2 + F (1, 0)(a),

a<t<ec, €, i€L]
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2t ta) 2 B (@),

a<t<c, zeR, i€

ai(z)vi (¢, z) + é%vf(t,a:) == ﬁf’(t,a:) > Bi(t, z),

a<t<e z€dN, iy

and

2 v (6,m) < it (1,) + Fy (,07)(@),
a<t<ec z€fl,i€Xj

E%”?(tam) < F () (=),

a<t<e z€fl, i€k
&
ai(m)vf(t:$)+5’ﬁvf(t1m) :ﬁi_(t:m) < Bilt, ),
a<t<e z€0f, i€l

We have the following result about the existence of a solution for
equation (6.1) relative to an upper solution (v*) and a lower solution

(v™).

Theorem 6.2. Suppose that conditions (UL1)~(UL4) are salisfied
and

(FC) for any (t,¢) € [a,00) x B with v;” <z ¢ <p v;", we have

(a) if p&x(0)(z) = v (t}(z) for some k € {1,2,... ,m} and z € 0,
then Fi(t, ¢)(z) < Fy (¢, v/ )(2);

(b) if ¢r(0)(z) = vf (t)(z) for some k € {1,2,... ,m} and z € T,
then Fi(t,¢)(z) = Fi (¢, v; ) ().

Then the nonlinear system (6.1) has a unique noncontinuable mild
solution v on [a,b), where b > ¢, and this solution satisfies

v~ (t) <c@.rm) u(t) So@am vT(1) and v <pu <pvf

for allt € [a,c).
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Proof. As {T(t)}:»0 is a positive semigroup on C(; R™), (T4) is
satisfied. Moreover, {UL4) implies (C4) and (C5), and (FC) implies
(C6) and (C7). Therefore, the theorem follows from Theorem 5.1
immediately. O

One side inequality in Theorem 6.2 holds when the corresponding
condition (a) or (b) of (FC) is satisfied. In particular, we have the
following nonnegative property of solutions of equation (6.1).

Theorem 6.3 (Nonnegativeness). Suppose that

(i) B:i =0 ondQx Ry for allic€ Xf;

(i} F is quasipositive in the sense that if k € {1
(¢,¢) € Ry x By, then ¢p(0)(z) = 0 af some ¢ €
F(t,¢){(z) 2 0.

Then for each (t,4) € [a,00) x By, system (6.1) has o unique non-

continuable mild solution u : (—oo,b) = C(§; RT), b > a, such that
u(t) € C(; RT) and v, € By for allt € [a,b).

,2,...,m} and
Q) implies that

To state a criterion for invariant rectangles, we will require that the
phase space B satisfies {A6) in Section 3. Recall that we denote by
W the constant mapping from (—oo,0] into X with the constant value
we X,

Theorem 6.4 (Invariant Rectangle Criterion). Suppose that M =
(M), N = (N,E € I}:} with —o0o < M; < N; < o fori €
{1,2,...,m} and M <g N are given so tha o (2)M; < Gift,z) <
a;{z)N; fori € I, z € 1 and that for any (¢, ¢} € [a,00) x B unth
M <p ¢ <p N, we have

(a) if ¢x(0)(z) = My for some k € {1,2,... ,m}, z € Q, then
Fk(tad))(m) 2 O;

(b) i ¢x(0)(z) = N for some k € {1,2,...,m}, z € Q, then
Fk(tv (;5)(.’1.‘) S 0.

Then for each (t,¢) € [a,00) x B such that M <p ¢ <3 N, sys-

tem (6.1) has a unique noncontinuable mild solution u : (—o0,b) —
C(%; RT), b > a, such that M <pu, <p N fort € [a,b).
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Let us assume that all conditions of Theorem 6.4 are satisfed. We
want to construct comparing systems for (6.1) relative to the rectangle
[M,N|p. For ¢ € [M,N]p, z € Qand i € {1,2,...,m}, define

hi(t, ¢)(z) = inf{Fi(t, ¥)(z); ¢ <p ¥ < N, ¢:(0)(z) = ¥:(0)(x)},

H;i(t, ¢)(z) = sup{Fi(t,¥)(z); M <p ¢ <p ¢, $:(0)(z) = ¥;(0)(x)}.
We assume that h,H : Ry x [M,N]p — C(; R™) are continuous,
can be extended to a neighborhood of R, x [M, N]y, and satisfy (H3)
with F' replaced by h and H, respectively and [y x B replaced by

R4 x [M,N]g. Consider the following comparing systems
(6.7)

%vi(t,z) = hi(t, v )(z), i>a,z€Q,ie%
-é?zv"(t,m) = d;Av*(t, z) + halt, v)(2), t>a, zeQ, ielf

i (z)vi(t, =) + b%v"(t,: z) = Gilt, 7), t>a, z €0, i€ 5§
vi(s,2) =67 (s,2), i€{L,2,...,m}, ~c0<s<0,;z€0

and
(6.8)

%wi(t, z) = Hi(t, w ) {(z), t>a, €8, i€ X

%wi(t,m) = d; Aw'(t, ) + Hi(t, w)(z), t>a,z€Q, ieLf
ai(z)w'(t, z) + E%w"(t,:c) = Bi(t,z), L>a, 2 €00, i€ Lf
wi(s,z) = ¢7 (s, ), i€ {l,2,...,m}, —0<s<0 el

By Theorem 6.2, we have the following comparison theorem

Theorem 6.5 (Comparison Principle). Assume that all conditions
of Theorem 6.4 are satisfied. If M <y ¢~ <p ¢ <p ¢+ <p N, then
M <pv <pwla,¢)<pw <p N for all t € [a,b) provided u,v and
w are defined on [a,b).

We now discuss the monotonicity of solutions of system (6.1). By
Theorem 6.2, we have
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Theorem 6.6 (Monotonicity Principle). Suppose that all conditions
of Theorem 6.2 hold and F : Ry x B — C(§4; ™) satisfies the following
quasi-monotonicily properly

(QMP) if k € {1,2,...,m} and (t,¢), (t,¥) € Ry X B are given
such that ¢ <p ¢ and ¢r(0)(z) = ¥x(0)(z) at some z € 0, then
Fie(t, ¢)(z) < Fi(t, ¥) ().

Then for any (a, ¢}, {a,%) € Ry x B with ¢ <p ¥, we have

u(t; a, @) SeEiRm™) u(t;a, ) and w (e, ¢) <p u(a, ¥)

for all t € [a, min{b{e), b(s))}).

In order to obtain strict inequalities of solutions of (6.1), we suppose
F satisfies the following one-side Lipschitz condition, ignition condition
and irreducibility condition:

(LR) for each ! > 0, there is Ij > 0 such that
I:;(t: T)b) ....... Fl(t!¢) BC(?E;R";} ""L{[I/);(O) - 451(0)}

foralli=1,2,...,mand (t,¢), (t,¥) € [e,a+{[x Bwithv, <p ¢ <p
% <p v and |¢ls, [¥]5 <4

(IG) there exists 7o > 0 such that for any continuous functions
u,v : [a,6 + 1] = C(GR™) with uy <p v, and u(t) = v(t) for
t € [a,a+ ro}, there exists k € {1,2,... ,m} and = € {2 such that

sup{ Fi(t,vn;)(z) — Fi(t,u)(z); a <t < a4+ 1} > 0;

(IR} there exists a constant 7, > 0 such that if ¥ is a proper,
nonempty subset of {1,2,...,m}, 7 > a+r; and u,v : (~o0,7] =
C(81; R™) are given so that

() u;(t)(z) < v;(t)(z) forall je B,z €Nandt€fr —m,7);
(b) u;(t)(z) = v;(t)(z) for all j € £¢,z € Qand t € [r — 71, 7];
(¢) vy <pus<puw Spvf fortefe,r—nl;

then there exists a k € £° and = € {0 such that

sup{Fr(t, v.)(z) — Fu(t,u)(z); -1 <t <7} >0
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Applying Theorem 5.4 and the classical maximal principle to system
(6.1) with A; = and &F(u;) = ui(z) forz €81, i€ {1,2,... ,m} and
u; € O(82; R), we get the following result.

Theorem 6.7 (Strict Inequality Principle). Suppose that, in addi-
tion to the conditions of Theorem 6.6, (LR), (IG)} and (IR} are satisfied.
Assume that ¢, € B are given so that vy <p ¢ <p ¥ <p v}, and
u(t;a, @) and u(t;a, ) are defined on [a,b) withb > a+ 1o+ (m.— 1)71.

Then . .
ui(t;a, 9)(z) < w'(t;a, ) {z)
foralli € {1,2,... ,m}, 2 €%l and t € (a+ 7o+ (m = 1)71,b).

In the following, we suppose that F'(¢,u.)(z) = F(u)(z), i.-e., we con-
sider the following autonomous reaction-diflusion system with infinite
delay
(6.9)

“éézg“i(t’m) = F(w)(z), t>azef, ic
wi(,z)=¢'(,z), 2z€f, i€k
g%u“(t, 2) = diAui(t, ©) + Fi(u)(2),
t>a €N, i€

oy (2)ui(t, ) + %u"(t,m) = fi(t,z),
t>a, z €I 1€ 55
wi(,2) = ¢'(,z), =zef, ieT,

Clearly, all the above theorems hold for system (6.9) with necessary
modifications. Let u(f;a,¢) be a solution of the autonomous system
(6.9). In the following, we always assume that all solutions of system
(6.9) can be extended to infinity. Let @ : [0,00) x B — B be defined
by ®(t,¢) = u(¢) = u(0,9) for all (t,¢) € [0,00) x B. Then & is
a semiflow generated by (6.9). The above stiict inequality principle
(Theorem 6.7) implies the following quasi stiongly order-preserving
property for the semiflow .
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Theorem 6.8 (Quasi Strongly Order-Preserving Principle).  As-
sume that all the conditions of Theorem 6.7 hold for autonomous system
(6.9) and assume azioms (A7) and (A9) are salisfied by the phase space
B. Then the solution semiflow @ is quasi strongly order-preserving.

Proof. For any ¢,7 € B with ¢ <p ¥, by Theorems 6.6 and 6.7, we
have
u(t,qb) SC(ﬁ;R’“) U(tﬂﬁ), ut(‘ib) $B ut(d}) for t 2 0

and
ult, 8} €o@am) u(t,y) forallt 2 o+ (m—1)m,
provided both solutions are defined.

Let Ey denote the space of all constant mappings from (~00,0]
into C(§%; R™). Clearly, Ep can be identified with C(8; '), and all
equilibria of ® belong to Eg, the norm of Ey is weaker than the induced
topology from B, and by axiom (A7), for any u,uv € Ej, we have
u(t) <o@rm) v(t) if and only if u, <p .

Suppose v € Ep and A is a given compact sct invariant with respect
to the semiflow and such that v <p A.
Claim I. v = v{}) <@, pm) P(t) for everyp € A and t <0,

If the claim is false, then there exist t* <0, k € {1,2,... ,m},z €
and ¢ € A such that

ve(z) = ve(t*)z) = Yu(t™)(2).

Let 7 =147+ {m~—1)r3 —t". Since A is invariant, there exists Pprec A
such that ¥ = u.(¥*), so

u(r + £, %) = u (P*)(E7) = P(i*).
On the other hand, since v <p ¥*, we have

ve(y) = ur(r + " v)y) < wlr +1759%)(y)
=y (t*)(y) for all y € 0,

which contradicts the choice of k,t* and z € {2 such that vi(z) =

i ("))
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Claim II. There exists § > 0 such that
v(t) + 86 <o pey ¥(2)

for every t <0 and ¢ € A, where é € C{T}; R™) has the constant value
é=(1,1,...,1)7.

In fact, if Claim II is not true, there must exist sequences {tx} C
R_, {zx} €, {¢¥*} C A and an integer [ € {1,2,... ,m} such that

> of (b) (2a)

ol R

v{ze) +

for infinitely many k. Since 't,bf‘k € A and A is compact, there exists
a subsequence, also denoted by {yf }, such that ¥f — ¢ € A. So
5t} — (0) in C(O; R™). We can also assume, without loss of
generality, that zr — = € {. Hence, by taking k& -+ cc in the above
inequality, we get vi(z) > ¥ (0)(z), a contradiction to Claim I.

Let vy = v + 66/2. Then vy € Ep and v L o@,rmy Yo, and vp <p A
by using (A9).

Now we can prove the quasi strongly order-preserving property of @.
Suppose that {y"} is a sequence of equilibria of ¢ such that

im " =v<g A and Y <py” forn=12,....

o

By Claim II, there exists 1° € Eg such that
¥ < omam ¥°,  and %<y A

On the other hand, since ™ — ¢ in Fy, there exists an integer ng such
that Y™ <o pm) %, Hence, by (A7), we get

v <p ™ <p ¥’ <p A
This completes the proof. o

We now consider the set-condensing property of the semiflow @, :
B—B,t>0
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Theorem 6.9 (Set-Condensing Principle). Assume that the follow-
ing fading memory condition is satisfied

(FM) M(i) <1 for allt > 0.
Assume further that E is a given subset of B such that
(i) F maps bounded subsets of E into bounded subsets of X;

(il) For allt >0, ®, is defined and maps bounded subsets of E into
bounded subsets of X.

Then &, is set-condensing on E fort > 0 wilh respect to the Kuratowski
measure of noncompaciness.

Proof. Clearly, ®:(¢) = Pi{t)¢ + P2(t)¢ for (t,¢) € Ry x E, where
S(t+6,0)6(0), —t<8<0
o(t + ), f < —t,
£+ L aT o
(PA8)(6) = { (40— )F(Dy(¢))ds, —t <0
0 g < ~t.

1

(P (2)$)(8) = {

By using the same argument as that in Travis and Webb [69], we can
show that P,(t) : E — B is compact for ¢ > 0. Moreover, using (A3) we
can prove that if (FM) holds, then Py(t) : E — B is a sct-condensing
mapping with respect to the Kuratowski measure of noncompactness
for each ¢ > 0. Therefore, the conclusion follows. 0

Note that if B = UC, with

{6.10} sup -g—(t——th <1, t>0,

o<1 9(6)
then (FM) is satisfied.

We are now in the position to discuss some applications of Theorem
2.1, 2.3-2.5 to the reaction-diffusion system (G.9).

Theorem 6.10. Assume that F satisfies (QMP) and ¢ <g ¢ are
order-related equilibria of ® such that there is no equilibrium in (¢, ¥]B
except ¢ and 1, and all conditions of Theorem 6.9 are satisfied with
E = [¢,9]p. Then there exists a monotone orbit connecting ¢ and .
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Theorem 6.11. Suppose that all conditions of Theorem 6.8 are
satisfied, and there erist a subeguilibrium ¢ and a superequilibrium o
of @ with ¢ <p ¢, such thet oll condilions of Theorem 0.9 are satisfied
with E = [¢,¥]p. Then

(a) If all equilibria of @ in E are stable with respect to E, then every
bounded solution in E converges.

(b} If ¢ and o are strict subequilibrium and superequilibrium of @,
respectively, then there ezisis a siable egquilibrium in E.

(c) If ¢ and ¢ are equilibria stable with vespect to B and ¢ is isolated
from above or v is isolated from below, then there ezists an unstable
equilibrium in E.

‘We conclude this section with an invariance principle for system (6.9)
of Liapunov-Razumikhin type. We will state our results for B = U(,
with g satisfying (gl1)-(g3) and (6.10). We lcave extensions of this
invariance principle in general phase spaces to a further paper.

Let V : C(;R™) — R be a given continuous function. The
derivative of V with respect to a solution u of (6.9) is defined by

Viooy((t) = limsup - {V (u(t = b)) - V(u(@)},  £>0

Define
D(W) = {¢ € UCy; V(#(-)) : (—o0,0] = B is bounded},

o Y(9(6)) :
W(‘ﬁ)—-gg&g—;@_; ¢ € D(W).

For a constant C, define

= {¢ € D(W); W(u(¢)) = W(¢) =C, t >0}

_ o V)t +0) _ VI((6))
~{s e D0y KD 2“0 = 0. 20}

Mg = the largest subset of G¢ that is invariant with respect to{6.9).

Theorem 6.12 (Invariance Principle}). Suppose that there exists a
continuous function V' : C(; ™) — R such that for all ¢ € D(W)
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and t > 0 with V(u(t,¢)) = W(u(e)), Violult, ¢)) £ 0. Assume
further that F maps bounded subsets of D(W) into bounded subsets of
X, and that ®,; is defined fort > 0 and maps bounded subsets of D(W)
into bounded subsets of X. Then for any given ¢ € D(W) such that
u,($) and V{u,(¢)) are bounded and Cl{u(d);t = 0} S D(W), there
exists C € R such that

ui() -+ Mg a3t — oo,

Proof. By Theorem 6.10, the semiflow &, is set-condensing on D(W)
for t > 0. So, for any ¢ € D(W) such that u,(¢) is bounded and
Cl{u(¢);t = 0} € D(W),w(4) is noncmpty, compact, connected and
invariant. We claim that the map ¢ — W (w,) is nonincreasing on [0, 00},
where uy = ‘Ug(qb)»

In fact, if it is not nonincreasing on [0, o), then for some tg > 0,

1
lim inf —— {W (ug—r) — Wlug)} >0,

h0¥ -

hence there exist i, — 07 as n — oo and o > 0 such that

W (g ) = Wltty) o

: n=1
—hn = =t

which implies that W (uy,) > W (ug,—n, ). We shall show that Wi(uy,) =
V(u(tg))

Suppose that W{uz,) > V(u(to)). Then the boundedness of Vi{u(-)):
(—00,0] = Rand lim,, g(s) = oo guarantee that there exists g < 0

such that
V{u(to +80))
g{0o)
Choose sufficiently large n so that fp + h, < 0. Hence
V(u(ty + &)
Viug —p. ) = ——rm————
p (u’tﬁ }n) — g(g(]‘“i”h“)

_ V(ulto+8s)) _ 9(6o)
g{0o) gl -+ hy)

W(utu) -
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5 V(u(to + 60))
- g(6o)
.'?. W(utc)J

a contradiction to W{u,) > W(ug—n., )-
By assumption, we have

lim sup V{u{to — h)} — V(u(tp))

<0.
h—0+ —h

On the other hand, we have

V{u(to — hia)) — V(ulto)) = V{ulto — hn)) — W(wy,)
S py(ulgmh") - I'V(ute)s

which implies that
V(ufto - ha)) = Vi(ulte)) | Wiltign) = Wly) o

—hn = —Hh =

a contradiction. This proves that W{w,) is nonincreasing on [0, co).

As V{(u¢(¢)) is bounded for all t > 0, infy50 W(w,) > infiso V() >
—o0. Therefore,
lim W{u,) =C exists.
1400

Let ¥ € w(¢). Then there is a sequence {t,} such that ¢, —+ oo and
u, (@) = ¥ as n — co. This leads to

W) = lim W(u,) = C.

Thus
Wu ) =W(H)=C foralt>0,

which implies that ¢ € G¢ and we have w(¢) C Ge. It follows that
u,(¢) = Mg as t ~ oo and the proofl is complete. n]

The above result generalizes the invariance principle of Haddock and
Terjéki [15] for functional differcntial equations with infinite delay to
reaction-diffusion systems with distributed delay.
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7. Lotka-Volterra models with diffusion and distributed
delay. Consider the Lotka-Volterra competition-diffusion model with
distributed delay

(7.1)
gu = d; Aut+ut [r, a;u mzlbzgf —ocki;(t— sy (s, m)ds],
t > 8, z el
-E-%u = 0, t>0, ze00

U (S,CD) = (}51‘(3,2}), 5€ ('—OCJ,O], T € Q: i€ {1!21 s 17”‘}7

where £ is a bounded region in R™ with smooth boundary 992, the
parameters satisfy

d; >0, ;> 0, a;; >0, bi; = 0,

and each k;; : [0,00) — Ry is a nonincreasing continuous function and
can be normalized so that

0
f kij(s)ds = 1.
0

Let A : dom{A) C C(E;R™) — C(f%; R™) be the linear operator
defined by

dom(A)m{uﬁCz(Q R™MNCHT; R’”), 9 u =0ondf, 1<t < m}

Au = (d;Auh)),  u € dom (A4).

It is well known that (sec, of. Rothe [59]) the closure of the operator A
generates an analytic semigroup T' = {T'(#) }.>0 in the space cy R™).
In [1], it has shown that there exists g : (—00,0] — [1,00) satislying
conditions (gl)-{g3) in Section 3 and such that

0
f kij(~s)g(s)ds < 00,  i,j€{L,2,...,m}
00
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Clearly, the mapping F = (F;)P : UC, - C(Q; R™) defined by
m 0

(7.2)  Fi(¢) = 4:(0) [?"i — a;;$:(0) = > by f ki (—8)p;(s)ds
j=1 e

satisfies (H3) in Section 6.

We now consider the abstract integral equation
t
(7.3)  ult) = T(t - s)u(s) + / T(t - 0)F(ug)dd, t>s>0.
L]

Theorem 6.1 implies that for any ¢ € UC,, there exists a unique
solution u(t, @) of (7.3) subject to the initial condition

(7.4) ug = ¢.

For any R = (R;)7" € intRY', we set

Kp=[]l0,R] ¢ RT,
i==]

UCyr = {¢p € UC,; ${6) € C( Kp) for § < 0}.

Lemma 7.1. If R; 2 r;fay fori € {1,2,...,m}, then UCy g
is positively invariant for system (7.1). That is, if ¢ € UCy n, then
u{@) € UCy g for allt > 0.

Proof. Assume that ¢ € UCyr. If ¢:(0)(z) = O for some z €
2, then clearly Fi(¢){z) = 0. If ¢:(0)(z) = R;, then Fi(d)(z) <
¢:(0)(z)[ri —ai:¢:(0){(z)] < 0. Consequently, the conclusion follows from
the invariant rectangular criterion (Theorem G.4). 5]
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For given ¢ € UC, g with R; > rifai; for i € {1,2,... ,m}, define

F{ (#)(=) "
_ inf{dii(o)(iﬂ) [n — auti(0)(z) - i:bij/“mkij(-’s)wj(S)(sc)ds];

P

6 <ve, ¥ <uc, T 4:(0)(z) = ¢i(0)(m)}

= ¢;(0)(z) [Ti — au$; (0)(z) — ibﬂ Rj:l

i

and
F{H (¢)(z)
= sup {19:'(0)(93) [Ti — aui(0)(z) - ibijfa kij(—s);(s)(x) ds];

0 <ve, ¥ <ue, 6 Y(0)(z) = qaz-(o)(m)}
= ¢;(0)(z)[ri — auig:(0)()]-

Let vi(t, ¢) and w(t, ) be the solutions of the following systems

9 ; P - i
-c,—ﬂv! = d;Avt — v [( -7y 4 bejRj) 4 anv ], el

j=1

(7.5) o .

—' =0, 2edN, 1<i<m

on

v(0, 9)(z) = ¢:(0,z), TEDN
and

dw’ = wir; - a;w'], 1<i<n

(7.6) dt

wi (01 (,1'5) = Sup ¢i(0a m)s
xR

respectively. We have the following result.
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Proposition 7.2, If u(t,¢) is a solution of systemn (7.3) such that
¢ € UCy,r with R; > ri/a; forie {1,2,...,m}, then

(7.7) v (t, o) () < ui(t, o) (z) < wi(t, )

Jorallie {1,2,...,m}, z € @ and t > 0. In particular, if $;(0}(Z) > 0
for some T € §2, then

(7.8) u'(t,¢)(z) > 0

for alli € {1,2,...,m}, x € Q and t > 0. Moreover, u(,¢) : Ry —
C{(Q; B™) is bounded.

Proof. The inequality (7.7) is an immediate consequence of the
comparison principle (Theorem 6.5). If ¢;(0)(z) > 0 for some z € 0,
then the classical maximum principle implies that v*{t,¢)(z) > 0 for
all (¢,z) € (0,00) x 2, thus u'(t,¢)(z) > 0 for all {t,z) € (0,00) x .

Clearly, lim;y00 w'(t, ¢) < 73/as; < oo implics that

limsupu’(t, p){z) < rifai, 1<i<m
t—oe
This implies the boundedness of the solutions u(t, ¢} of (7.3). o

Theorem 7.3. Suppose that system (71) has a unique, spatially
homogeneous steady state solution u* = (u**)}* € int R. Furthermore,
assume that

m 0
(7.9) aii > Zbijf kij(~s)g(s)ds, 1<i<m.
7=l e

Then for any ¢ € UCyr so that Ry > ri/ai and ¢;(0) >can O
i=1,2,...,m, we have us(¢) — u* ast — oo.

Proof. Throughout the proof, we assume, without loss of generality,
that u** # u*for i # j. For otherwise we can choose 6; > 0 such that
S;iu** # §;ut, i # j, and make the change of variables @ = ;! in
system (7.1).
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For £ € R™, define
Vi) = max{l¢' — ™| : 1 < i <m}, I(€) = {i: Vi(€) = |€ —w"'|}.
Also, for u € C(82, R™), define
V{u) = max{Vi(u(z)) : € 0}, J(v) = {z: V(v) = Vi(u(z))}.

It is easy to check that if

D_V(w)(v) = lim sup %= hvi— V(u)
h— O+ -

for all u,v € C(1, R™), then for u{z) Z u" on 1, we have
(7.10) ’ .
D_V{u)(v) = max{sign [u’(z) — u" |’ (z) 12 € J(u), i € Iu(z))},
where
ifr>0
ifr<0.

sign (r) = { 11

Note that T(t)u* = v* for ¢ > 0. Applying the maximum principle, we
can show that

V(T(R)u) < V(u) forallh=0 and ueC(;R™).
Assume ¢ € UCy,r and denote u(t) = u(t, ¢). Then
u(t) — hF(w) = T(hyu(t — h) +o(h) foré =0,
where h~to(h)| -+ 0 as b — 0F. Hence,
Vi(u(t) — RF(u)) < V(T(hyu(t — h)) + o(h) < V{(u(t — h)} + o(h).
Consequently,

(7.11) Viray(W(t) < DV (u(@NF(w)).

Now for ¢ € UCy g, define

_ o V(9(0)
(7.12) W)= SUP =0 ()
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We want to show that if W(u,) = V{(u(t)), then

(7.13) Vi (u(t)) 0.

Pick up i € {1,2,... ,m} and 5 € 0 so that V(u(t)) = |[u*(t)(zg) —
u*!|. Assume at this moment that V{u(t)) # 0. We consider

sign [u® (t)'(:rg) - u*i]ﬂ.(uf)(:cg)
= sign [u*(¢)(z0) ~ v**Ju’(t)(0)
m t
i~ auu' () (zo) = D biy [ kit — shul (s)(zo) d
x{r ai;u’ (£) (zp ?2—;1 f_w s)u’ (s}{zg s}
= sign [u’ (¢)(zo) — u**u’(£)(z0)
maﬁuit —u*— bij t ki'f'—" 1 )“U'id
- @) w130 [kt - v}
= () (o) [u’ (#) (mo) — u™|
| - au - S by JLoo it = )/ (s) wo) "] ds 1

ut(t){(zo) — u*

As W(u,} = V(u(t)), we have
[ (s)(zo) — w¥"[ < [u!(t) (o) ~ u*¥|g(s — £)
for all j € {1,2,... ,m} and s < . Therefore,

i J Lo i (8= 5[ () (o) — wi)d
w(2)(wo) — u*

L
S <by [ kye-s)g(s—t)ds
*Dw
= by [ kis(=s)g(s)ds.
Consequently,
sign [u*(t)(0) — v Fi(u,)(zo)

m o
< wH () (zo)|ut (8) (o) — u*il{ —ay + Zbij/ kij(“"S)g(S)dS}(
) j=1 -0 -
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This, together with (7.9)-(7.11), implies (7.13).

By the invariance principle (Theorem 6.12), we know that there exists
C € R such that

u — Mo € Geo asti— o0

We will show that C' = 0.

For the sake of contradiction, we suppose that C > 0. Since w(®)
of u;{¢) is nonempty, compact and invariant, if ¢ € w(g) and v(t) =
v(t, ) is the solution of (7.3), then

(7.14) W(u)=C>0 forallt=>0.
For each t > 0, there exists ¢t € ¥ and 1 € {1,2,... ,m} so that

V(v(t)) = [v'(t, ¥) (") ~ u"].

Claim 1. For any t > 0, if V(v({t)) = C = W (v} then v'(t)(z*) = 0.
In fact, if V{(v(t)) = W(v,) and v*(t)(z*) > 0 hold simultaneously at
some ¢ > 0, then the above argument for (7.13) implies that

lira sup V{v{t - h")")hm V{(u(t))
h—ot

< 0.

Consequently, for some sufficiently small & > 0 with £ —~h > 0, we have
W{v-n) 2 V(u(t = b)) > V(v{E)) = C,
a contradiction to W(vs) = C for all s > 0. This justifies the claim.

Claim II. Jt s impossible for V(v(t)) < C for allt > 0.

By the way of contradiction, we assume that V(v(¢)) < C for all
¢ > 0. Fix 8; < 0 so that g{s;) > 1. Hence, for a fixed t > —s1, we have

C =max{V(v(s));t+s1 <8<t} <C

and
W(v) < max{C,C/g(s1)} < C,
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a contradiction to W{uv,) = C for all s > 0.

Putting Claim I and Claim II together, we obtain fp > 0, iy €
{1,2,... ,m} and o € 01 so that V(v(te)) = W(u,) = C =
lvte (to)(:ﬂta) — u%”] and v (ty)(z’) = 0. Hence, C = u'o".

Claim I i(t)(z) —u¥] < C = u* for allt > 0, z € 1 and
J # to.

For otherwise, there exists t* > 0, z* € {0 and j s ¢y so that
V(v(t*)) = v/ (t*)(z*) — v¥| = C = W(v..). By the result in Claim
I, v¥(t*)(z*) = 0 and thus, u* = C = u*, a contradiction to our
assumption u** £ u*7 for ¢ # j.

Since g(s) - +co as 8§ — —co, we can choose ¢ > 0 so that
R;/g(—0) < C/2. For this chosen o > ¢, v, € w(¢) and hence there
exists a sequence {tx} so that tx — oo and u,, (¢) — v, in UC, as
k — 00. Consequently, we can use Claim IIT to find K > 0 so that

max{|u? (tx + 0)(z) —u|; € [—0,0], 2 €T, A4} < v =

for k > K.

On the other hand, by Proposition 7.2, we derive from v (tg)(z*) = 0
that v’ (g + s)(z) = 0 for all s < 0 (and hence for s < 0 by continuity)
and z € §1. Since utk(gﬁ) - v, as k — oo, we can find K3 > 0 so that
0 < uo(ix + 0)(z) < u* for all x € 0,0 € [~0,0] and k > Ky. Hence,
for k > Ky, we have

max{|u’ (tx+0){z) —~ v*|; 0 € [-0,0], z € T} < v = C,
Therefore,
max{|v/ (tx+6)(z) — v*|; 8 € [-0,0], €D, j=1,2,...,m} < C
and
W (ur,) < max { max{|uf (4 + 6)(w) - w¥}; 6 € 0,0,

el j=1,2,...,m}, (Qi)} <C.

Therefore, W{u:) < Wu,,) < Clorallt > tk, and limy 00 W(w:) <
C, a contradiction to lim; . W{u) = C.
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Hence C = 0 and then G¢ = {u*}. This completes the proof. o

In general, system (7.1) does not satisfy the quasimonotone hypothe-
sis even allowing the nonstandard partial ordering. However, if m = 2,
then system (7.1) generates a monotone semiflow in the sense described
below. For u,v € R?, define u <¢ v if u; < v; and up > vz. The sub-
script @ indicates that the order is generated by the second quadrant
of R% This generates a new partial ordering in UCj in the obvious
pointwise sense, that is, ¢ = (¢1,¢2) <o (¥1,¢2) = ¢ in UC, if and
only if ¢1(s) < ¥i(s) and @o(s) > a(s) for all s € (~c0,0].

Now we consider the following two-specics Lotka-Volterra diffusion-
competition model with infinite delay

(7.15) t
—g—t-ul = diAuy+u, [rlwalulwblf kl(t"S)uz(S)dS:,, refl
a t -
‘3—:‘.“2 = doAug s [rzmbgf kz(t—s)ul(s)ds—agw], ze
7] a
%Ul——%ll.gmo, z e gf

uy(s,z) = di(s,x) 2 0, ug(s, x) = ¢a(s,2) > 0,
s € (~00,0], z € Q.

Proposition 7.4. If ¢ = (¢1,d2) and ¥ = (y1,%¥2) are elements of
UCY and ¢ <q ¥, then u(t,z;¢) < ult,z;9) for all t20,z¢€
Q.

Proof Setting vy = u; and v = —ug in (7.15), we obtain

¢
E—m = di Av; + v [7"1 —ayv; + b f ki(t — s)va(s, m)ds]

ot
(7.16) 8 .
5:‘:”2 = dyAvy + vg [rz — by f ko(t — syui(s,z)ds + azvz] )

It can be easily verified that (QMP) in Scction 6 holds for the standard
partial ordering, hence the conclusion follows by the monotonicity
principle (Theorem 6.6). O
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System (7.15) has two boundary equilibria (r,/a;,0), (0,72/a2) and
an interior equilibrium

riaz = raby  ree; —ribo
a1ag — baby ' ajap — boby

(uI,uE) == ( ) if ayag — baby # 0.
Proposition 7.5. Suppose

(7.17) max{ay/bz, b1/az} < r1/r2.

If¢=(d1,¢2) € UCy g with Ry = Ry > max{-’-if 21} and ¢:(0,2) >0

for some z € 1, then G
(u;(t,:{:), UQ(t': $)) — (rl/alﬁo)

uniformly inx € Q ast — co.

Proof. By (7.17) and the fact that f;° k:i(s)ds = 1, i = 1,2, for any
& > 0 there exists T, > 0 such that

oo Te ).
bl/ k;(s)ds < R;le, &2 ~ M,
e T2 Ty ~ €

u_ by fBT‘ ky(s)ds
rN—€ T2 '

By Lemma 7.1 and Proposition 7.2, 0 < u;{¢,z) < Iy and up(t,z) < Re
for all ¢ > 0 and z € §I. Note that

Uy [ﬁ —aju; — by /t ky(t — 8)ug(s) ds}

bl =+

bl

t—T,
= Uy [r; —au; — by f ki{t — 8)ua(s) ds

~ by /;t kl(tms)w(s)ds]

—Te

a3 b1 ¢
> o — — —
- 'ul('rl E) [1 - E'ul — ];-q; k1 (t s)uz(s) ds}
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and similarly

i
Us [1*2 — QgUp — bz/ ko(t — s)ui(s) ds]
~00

t~T,
= Uy [T'g - @glg — bg / ka(t — s)uy(s)ds

O

— by f: ko(t — s)uyi(s) ds]

Ty

[
< ug {Tz - GolUqg - bg/ kg (t e S)U1 (S) ds]
t—Te

b t
= UgT2 [1 I ka(t — s)ul(s)ds] .
T2 T2 Jy—T,

Therefore, by Theorem 6.2 we get
ui(t, ) > ui(t, ) up(t, ) < uy(t, z)

for all £ > 0 and z € 0, where (u},u3) solves the following reaction-

diffusion equation with delay
(7.18)

Oiu] = diAuj+(r1—€)uj [1 — u}
Ty — &
b [ . —
- ki(t—s)uz(s) ds|, z €
i€ Ji-Te
ag bg ¢ "
Byuy = doduy-+Toup {1 —~ —uy — m—f ko (t—s)ui(s) ds] , zefd
T2 o Ji—1,

Onuj = Oqus =0, x €N
“;(3) = ¢1(s), u;(s) = ¢a(s), s€ {“Tsao]"

Now, Proposition 5.6 in [37] can be applied to (7.18) (as delay T is
finite). It follows that
. * =€ . « _
EE{& ul(t:m) - ay H tlj-)nc;lo u?(tam) =0

uniformly for z € . Since us(t, _:E) < uj(t,z), we have that
im0 uz(t, ) = 0 uniformly for z € . On the other hand, by Propo-
sition 7.2 we get lim sup,., o, u1(t,©) = r1/ay, and by u(t, ) 2 ui(l,z)
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we have liminf, ,o0 u1(¢, 2} = (r; —£)/a;. Consequently, due to the
arbitrary choice of €, we have limiyoo u1(f,7) = r1/a; uniformly for
z € §}. This completes the proof. o

Similarly we can prove the following result,

Proposition 7.6. Suppose
(7.19) min{a; /by, by /aa} > /.
If ¢ = ($1,¢2) € UCyr with Ry = Ry > max{ri/ay,ra/as} and
¢2(0,z) > 0 for some x € Q, then
(ua(t, ), ualt,z)) — (0,r2/as)

uniformly inz € §t as t — oo.

Propositions 7.5 and 7.6 indicate that if the intraspecies competition
is weaker than the interspecies competition, then one of the two com-
petitors will go to extinction, that is, competition exclusion principle
applies to system (7.15). For the positive interior equilibrium, we can
employ a similar argument to establish the following result.

Proposition 7.7. Suppose
(720) bl/ag < 7“1/7‘2 < al/bg.

If ¢ = (¢1,¢'2) c ch,R with By = Ry > maX{T1/a1,T2/a2} and
$1(0,z) > 0, ¢2(0,z) > 0 for some z € 9, then

(ul(tim)P u2(t:$)) —F (uT:US)

uniformly in z €  as t — oco.

The above propositions demonstrate that if one of the conditions
(7.17), (7.19) and (7.20) holds, then the asymptotic behavior of (7.16)
is very similar to that of the ordinary differential equation model
du
_dt—l = uy[r} — ayuy - byug)
d’LLQ

dt

(7.21)
= Ug[re — bouy — aguy]
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and the reaction-diffusion model

E‘-E'ul = i Aug + ul[rl - Q1) — b1u2], zefd
(7-22) %uz = dyAug + Ug [T2 — bty — agm], z €
a

—uy = -a%ug =0, z € 0.

In particular, there are no stable spatially inhomogencous solutions.

In the remaining case that
(7,23) a;/bg < TI/TQ < bl/a-)_,

Matano and Mimura {43)] showed that there may exist a stable spa-
tially inhomogeneous solution for the reaction-dilfusion model (7.22)
provided the domain § is suitably nonconvex, for example, dumbbell
shaped with a narrow handle. Matano and Mimura only considered the
reaction-diffusion model where there are no delays, but we believe that
their conclusion is still true for (7.16), the reaction-diffusion model
with infinite delay. This should be proved by following Matano and
Mimura’s procedure and by applying the techniques and results in this
paper.

However, if the domain 2 is convex and condition (7.23) holds,
then there cannot exist stable spatially inhomogeneous solutions (for
general reaction-diffusion systems, this was proved by Kishimoto and
Weinberger [29]). In fact, we have the following results when (7.23) is
satisfied.

Proposition 7.8. Suppose that (7.23} holds.
(i) If ¢ satisfies that u} < i1(t,x) < Iy, 0 < ¢o(t, 2} < uj for
(t,z) € (00,0} x  with Ry > r1/ay, then
(ul(t1m)1 u‘g(t,ﬂ?)) - (Tl/alao)
uniformly in x €  as t — 0.

(ii) If ¢ satisfies that 0 < ¢1(t,z) < uf, uj < da(t,xz) < Rz for
(t,z) € (—00,0] x @ with Ry > r2/as, then

(u1{t, ), ug(t,z)} — (0,72/az)
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uniformly in z €  ast — 0.

(iii) (u},u3) is unstable.

Proof. (i) and (ii) can be proved following the previous procedure.
To see (iii), we know that

(0,72/az) <q (ui,u3) <o (ri/a1,0),

where (0,72/az) and (r;/a;,0) are (locally) stable with respect to
E = [(0,m2/az), (r1/a1,0)]q, and (0,r2/az) is isolated from above,
Theorem 6.11 implies that there is an unstable equilibrium in E, while
(u3,u3) is the only steady state in E, hence it is unstable, o
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