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Abstract Predator—prey models with Michaelis—Menten—Holling type ratio-
dependent functional response exhibit very rich and complex dynamical behavior,
such as the existence of degenerate equilibria, appearance of limit cycles and hetero-
clinic loops, and the coexistence of two attractive equilibria. In this paper, we study
heteroclinic bifurcations of such a predator—prey model. We rst calculate the higher
order Melnikov functions by transforming the model into a Hamiltonian system and
then provide an algorithm for computing higher order approximations of the hetero-
clinic bifurcation curves.
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224 S. Ruan et al.

1 Introduction

In population dynamics of predator—prey models, the functional response describes
the behavior of searching predators on a fast behavioral time scale, in minutes or
hours, whereas the differential equations operate on a slow dynamical time scale, in
days or years. To overcome this problem, Arditi and Ginzbtfgliggested that the
functional response should be expressed in terms of the ratio of prey to predators and
proposed the following predator—prey model with Michaelis—Menten—Holling type
ratio-dependent functional response:

%:x(a—bx——xiymy),

wherea, b, ¢, d, f, m are positive coef cients and(z), y(z) are the density of prey
and predators, respectively, at timeThis system can be simpli ed as

da%c =ax(1—x)——x)fgy,

dy _ KXy
ar =Pty

(1.1)

with the changes of variables — (a/b)x, y +— (a/mb)y, t — (m/c)t, where
o =ma/c, B=md/c, Kk =mf/c.

In the last decade, both biologists and mathematicians have paid great attention
to this type of predator—prey models since many complicated dynamical phenomena,
such as the existence of degenerate equilibria, appearance of limit cycles and hete-
roclinic loops, and the coexistence of two attractive equilibria, have been observed.
In 1998, Kuang and Berett&][showed, by using the divergency criterion, that it has
no nontrivial positive periodic solutions if the positive equilibrium is asymptotically
stable. They also gave suf cient conditions on global asymptotic stability for each
of the three possible equilibri@ = (0,0), A = (1,0) and B = (x1, y1), where
x1 = (@k — k + B)/ax andy; = (« — B)x1/B. In 2001, Hsu et al.§] gave more
results on the degenerate equilibridiand proved that a periodic solution exists only
in the case when

(HHK) : B<k<a+pB<l ak—k+p8>0,

where the equilibriunB is unstable, and that such a periodic solution must be unique
and stable. It was pointed out i8] that a heteroclinic loop, formed by the equilibda
andA together with their joint separatrices, may exist when the unstable manifold of
the saddleA happens to coincide with the orbig which goes towards the degenerate
equilibrium O in the direction of the polar angte= arctan(x —a — 8) /(¢ + 8 —1)).

Efforts were made in studying the existence of the heteroclinic loop in sy&tédn (
among other dynamical properties, by Berezovskaya e2]adnid Xiao and Ruanifg]
at the same time (these two papers appeared in the same issue of the J Math Biol).
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Computing the heteroclinic bifurcation curves in predator—prey systems 225

Under the condition (HHK), Berezovskaya et &] {ised the continuity of the vector

eld to establish the existence of a constant betweency (the parameter value

for the Hopf bifurcation at equilibriunB) and«op (the parameter value faB to
coincide withO), so that a heteroclinic loop exists mt= ;. By investigating the
topological structures in the neighborhood of the degenerate equilib®itand the

global dynamics involving all three equilibria, Xiao and Ru&f][showed that, under
certain parameter values, there is a heteroclinic loop, and when it is broken there exists
a stable limit cycle surrounding the unstable positive equilibrium. Using the package
XPP (see §]), they demonstrated numerically the existence of a heteroclinic loop
(Fig. 1) and the existence of a stable limit cycle (F2).
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Fig. 1 The phase portrait of systerh.() whena = 0.5, 8 = 1, andx = 1.6. O = (0, 0) is an attractor,

A = (1,0) is a saddle, an@ = (0.25, 0.15) is an unstable focus. There is a heteroclinic loop consisting
of the origin O, the saddleA, the heteroclinic orbit connecting and O, and the seperatrices betweén
andA. This is Fig. 4.8 in Xiao and Ruari§]
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Fig. 2 The phase portrait of systerfr.() whena = 0.5, 8 = 1, andx = 1.564 The heteroclinic loop is
broken and there is a stable limit cycle surrounding the unstable positive equiliBrien0.2788 0.1568.
This is Fig. 4.7 in Xiao and Ruarif]
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226 S. Ruan et al.

Consider a prey species growing to its carrying capacity with logistic growth in
a habitat [represented by the boundary equilibriam= (1, 0) in Fig. 1]. Now a
predator species invades the habitat. Fiduireicates that, no matter what the initial
densities of the prey and predators are, the predation will always drive both species
to extinction. The heteroclinc orbit connecting the equilibtiand O describes the
transition from positive density to extinction of both prey and predator populations.
All solutions with initial values from either side of the heteroclinc orbit will eventually
approach the origin. This is the catastrophe or overexploitation (van Voorn £5gl. [
scenario in predator—prey systems.

The interesting scenario is in Fig. Though solutions with initial values outside
the just-disappeared heteroclinc orbit still tend to the origin, solutions starting inside
the previous heteroclinc orbit will approach the stable limit cycle surrounding the
unstable positive equilibrium. Thus, both prey and predator populations coexist in
oscillatory modes. Therefore, it is biologically signi cant and important to determine
the heteroclinic bifurcation curvesnalytically and precisely, in terms of the model
parameters. In fact, mathematically heteroclinic bifurcation is also a very challenging
and very active problem in dynamical systems (see, for example, Guckenheimer and
Holmes [7], Zhang and Li L7]).

Motivated by these facts, in 2005, two of us gave an analytical condition on para-
meters for the existence of the heteroclinic loopid][ Blowing up the degenerate
equilibrium O with a Briot—-Bouquet transformation and reducing the transformed
system of L.1) to a perturbation of a Hamiltonian system possessing a triangular-like
heteroclinic loop, we obtained an explicit expressior @i terms ofe andg, that is,

K =P8+ (%) o+ 0(a?), (1.2)

by nding zeros of the Melnikov function {{,13]). The dependence de nes a bifurca-

tion curve in the(a, «)-plane for the heteroclinic loop. Most recently, Li and Kuang
[10] found a aw in the dependence ghiin our computation in14]. Applying the

same ideas and techniques to a different Hamiltonian system, they obtained a new
explicit relation

p 68 2 3
K '3+(2—,3)a+((4—ﬂ)(2—ﬁ)2)a + 0(@°) (1.3)
in a higher order expansion for the bifurcation curve of the heteroclinic loop.

In this paper we calculate the Melnikov functions of higher orders &5 Irv] and
present an algorithm for computing the higher order approximations to the bifurcation
curves. The computational procedure of the rst order Melnikov function, which was
applied in [L4] and [L0Q], is simpli ed with properties of the Beta function. One can
observe by comparindl(2) and (.3 that a further expansion with respectaavas
neglected in14]. We then employ the improved computational procedure to the same
type of Hamiltonian system as considered 14l][ where the further expansion is
applied, and obtain the same expressibi3)(of the bifurcation curve as irlp]. In
order to illustrate our algorithm, the second order Melnikov function is computed so
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Computing the heteroclinic bifurcation curves in predator—prey systems 227

that a third order approximation of the bifurcation curve of the heteroclinic loop is
obtained.

The paper is organized as follows. Sectibdeals with the second order approxi-
mation. Higher order approximations are discussed in S8e8ectiond provides the
algorithm for calculating the Melnikov functions.

2 Second order approximation

We still follow the steps in14]. Under the condition (HHK) we only need to consider
the equivalent system o1 (1), where (.1) is multiplied by a factor + y. Using the
Briot—Bougquet transformatiof = x, u = y/x, dif = x dt and the substitutions of
variablest = x2/a, u = u?/(1—a — B), i = —21, respectively, the system can be
transformed into the form

I 2, la 2 1 .22

X1 = xl( @+ Xyt Spu T l—a—ﬁxlul) , 2.1)
L .

u/lzul(a—l—ﬂ—ic—xf—u%—mx%u%),

wherex], u} represent the derivatives of, u; with respect tay, respectively. System
(2.1 has a unique equilibrium

g ([ =B [«-pi-a—p
S e ;

in the interior of the rst quadrant and three boundary equilibria:

0" = (0,0, 0{=0Va+B—-«), A"=\a,0).

Choose
Mi=—a, AM=a+B—«k (2.2)
as the unfolding parameters. In order to reduce the highest order terr@sl)iriq(

small perturbations, we introduce a small param&ter0 and construct the invertible
transformationgx1, u1, 11) — (v1, v2, 7), (A1, A2) — (8, ) such that

[x1=x/§v1, uy = ~/dva, 1 =081t 2.3)
2.3
M=-8, =254,
which transfer systen®(1) into the form
dv 1 1
_1:1 =v1(-1+v2+ mv%) +8v1 [(1_’#1)5 + mv%v% + 0(|8|)] , 2.4)

D2 = vp G — 02— vB) +8v2 [ — 2gudu + 008D
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228 S. Ruan et al.

In contrast to (3.5) in14], an expansion of a coef cientl — «)/(1 — « — ) with
respect td is applied in .4), i.e.,

l1-a 1 (,3

2
T_a_p 1—/3+ (1_ﬂ)2)5+0(8 ).

Multiplying system 2.4) by the integrating factovi_lvg_l, where

§:w>o’ nzw>o’ (2.5)

B B

we obtain a perturbed Hamiltonian systéfy:

d
% = viv2 ( 1+ vl + 1= ﬂvz) +8v1v2 [(1 ﬁ‘ﬁ)zvz + 1= ,3”1"2 + 0(|5|)]
dv £—1

D2 — it (25 - o2 = oF) + 0] ol [ — 252 + 08D,
(2.6)

which is equivalent to syster2 ) in the sense that they have the same phase portrait.
Here we only consider smail so that|| is small. Note thatZ.2) and the second line
in (2.3) make a one-to-one correspondence betweer) and(s, n) for each xedg.
Thus, one can tredt in (2.4) as a parameter independent of the smallh this sense
no coef cients in the Hamiltonian systeiiy (i.e., systemZ.6) with § = 0) depend
on the perturbation parametger

Let

1-8 1 n 1 B
o= |=—=, hp:= ¢t (—1+ o2+ —02) S A —
T £ N 22-p)

Obviously,oc > 0 andhp < 0 under the condition (HHK).

Lemma 2.1 Under the condition (HHK) system Hp, that is system (2. 6)f0r 8§=01is
Hamiltonian with the Hamiltonian function H (v1, v2) = —vivz( 1+ ”1 +1 v%) The

system has three saddles at Og = (0, 0), O1 = (0O, \/ia), A1 = (1, 0), and a center
at By = (o, 0) in the first quadrant. Moreover, for h = hp the curve H(v1, v2) = h
is just the center By, for hg < h < O the curve H(v1, v2) = h is a periodic orbit
around the center, and for h = O the curve is a heteroclinic orbit I'g formed by the
equilibria Og, A1 and O1 of system Hg together with their joint separatries, as shown
in Fig. 3.

The proof of this lemma is almost the same as the proof of LemmaZl3fjrekcept
that we note that the linearized systenfathas eigenvalues1 and 22 and the linea-
rized system a; has a pair of purely imaginary eigenvaluei /(1 — B)/(2 — B).
The branch of the curvé? (v1, v2) = 0, which is a heteroclinic orbit connecting
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Computing the heteroclinic bifurcation curves in predator—prey systems 229

Fig. 3 The Hamiltonian systenily

saddlesD1 and A1, is Y:

v2 4 gvg =1 @2.7)

Lemma2.1lenables us to reduce the problem of the heteroclinic loop to the bifurcation
of the heteroclinic orbifC in the systemH; (for § # 0).

Theorem 2.2 Under the condition (HHK), for small |8| system (2.6) (i.e., Hg) has a
heteroclinic orbit when

6

—m + 0(9). (2.8)

l,(/ =
Proof We need to investigate how the perturbation term of the lowest degree

(91(v1, v2), P2(v1, v2))
a4 B 1 1 1 T
- ("i”g [(1—;3)2”5 +1—ﬂ“%”§] e [“ _1—ﬂ”5”5])

affects the Hamiltonian systey. As known in [7], system 2.6) for § # 0 has a
heteroclinic loop near if the Melnikov function
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230 S. Ruan et al.

My(p) = /{wz(vL v2)dvy — @1(v1, v2)dv2}
T

z n+2

1
() [ - et o)
0

T 5ﬂ) o+ (1—u§)? . ﬁi)z o+ (1_01) ]dvl, (2.9)

has a zero, wher® denotes a heteroclinic orbit ifp connecting saddle®1 and A1,
as shown in2.7). SolvingM1(1) = 0, we obtain a unique solution

o= ! G+ 1012 — gy €3 - gl ¢+ L) (2.10)
JE-1n ’ |

where

(2.11)

1
1 (s1+1 sz+2)
2

J(S1,S2)=/vi1(1—v%)s72dv1=—B 5 3

andB(p, q) is the Beta function fop > 0 andg > 0. In the computation of(,11) the
expressionZ.7) of curve Y is used. Note thaB(p, q) = I'(p)I'(¢)/T(p + ¢) and
I'ts +1) = sI(s) fors > 0, whereI'(s) is the Gamma function. It follows from
(2.10 that

= £ ( n+2  &+2 B )
QA-PmE+n+2)\E+n+4 E+n+4 1-8
6
__ , 2.12
(4-pB)(2—p)? (212)
that is, the bifurcation curve for the heteroclinic orbit is given By8), as shown in
the Melnikov’s theory (see, e.g7]). O

With the changes of parametes2) and the second line ir2(3), the expression
(2.8) can be equivalently rewritten as

= —'3 6—/3 2 3
K_ﬁ+(2—ﬁ)a+((4_ﬂ)(2_ﬂ)2)“ + O(a), (2.13)

the same expression dsJ). By the equivalence among those reduced systems, Theo-
rem2.2indicates that systeni (1) has the heteroclinic loop when parameters, «

lie on the bifurcation curve2(13), denoted by (¢, ). One can observe that the
expressionX.2) (i.e., (3.20) in [L4]) has the same rst two terms as the expression
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Computing the heteroclinic bifurcation curves in predator—prey systems 231

(2.13 if we expand the coef cieng/(2— 2« — ) in (1.2) with respect tax. The more
precise expressior2(13 is actually the second order approximation to the bifurcation
curvexy (a, B).

We remark that the rst order Melnikov function for a heteroclinic loop nEar
was computed inappropriately by

M1(p) :=/ / trace D (¢1(v1, v2), 92(v1, v2))” dvidvy (2.14)

intlg

in both [10] and [14], where inT'g denotes the region with boundaRy, but it is
corrected in the proof of our Theorex2. From [7] we see that the correct expression

of M1(w) is given as in2.9) by an integral on the curvi. Note thatY is not a closed

curve and therefore we cannot apply the Green formula to reduce the integral on curve
in (2.9 to the form of @.14).

3 Higher order approximation

From .12 in the proof of Theoren2.2 we easily see that the rst order Melnikov
function M1(u) = 0 whenu = —68/{(4 — B)(2 — B)?}. By the Melnikov theory
in dynamical systems (see Zhang and 1¥]), we have to calculate higher order
Melnikov functions as done ir5[11,17]. We will calculate coef cients of* (k > 3)
in (2.13 and give a higher order approximation to the bifurcation curve.

We present the detailed procedure of calculating the coef cient%oin (2.13).
Firstly, applying the substitution of variables

F=x2/a, u=ul/1-p), i=-2n

together with a Briot-Bouquet transformation, we transform systetyipito the form

xp=x1 (—a + xf + %:—%u + ﬁx%u%)
(3.1)

2 1-B—a 2 1 2.2
u’lzul(a—i—ﬂ—/c—xl ﬁﬂ ul—mxlul),

a form similar to 2.1). Then, introducing some new parametefgi > 2) for higher
order terms, we improve the second transformatibB) @s

A= =8, - 2(1 5)5+Z I Lan (3.2)
i=1
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232 S. Ruan et al.

wherek > 1. Whenu; = 0 (i > 2) this transformation is exactly the same 2s3).
With (3.2) system 8.1) is transformed into

%vr_l = (—1+ v2 4+ ﬁv%) + dv1 (ﬁv% + ﬁv%v%),
D2 — vy (2L — 2 — 03) +8u (25038 — Lpodud + ) + w2 Sy id.
(3.3)
Using the same integrating factor as farg), we obtain
dvl = f1(v1, v2) + g1(v1, v2)4,
(3.4)

d"z = fo(v1. v2) + 35 g2 (01, V28,

a form similar to the perturbed Hamiltonian systéfin (2.6), where

_ 1
101, v2) = viul T 1408 vt
1V2 1t 1Tg%

g-1 9 [20=8) 5 2]

2(v1,v2) = v; v — V8 — V5 ¢,
fa( ) =v] v, g v

-1 1
gﬂmmﬂ:vﬁgll_ﬂ@+l_ﬂﬁgy
1 1 - 1 22
g21(v1, v2) = v vJ M1+1—,3U2_1—ﬂv1v2]’

g2i(v1, v2) = vy vl P> 2.
Let

f1,v2) = (fi(v, v2), fa(vy, v2)7,
g1, v2) == (g1(v1, v2), g21(v1, v2))7, (3.5)
g (v1, v2) = (0, goi (v1, v2))T, i>2

Consider the equivalent 1-form of systeg4), i.e.,

k
—(f2+2g2i5i)dv1+(f1+815)dv2 =0. (3.6)

i=1
Clearly, ws = T8, wherewy = —go1 dvi + g1 dvo, w; = —go; dvy for

i > 2 andwg = dH (v1, v2), the differential of the Hamiltonian functioH (v1, v2)
de ned in Lemma2.1 As shown in 11,1217], the Melnikov function alongY
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can be written as

k
M) =" M’ + 0 (1811,
i=1

whereu := (u1, ..., ur), M1(pn) = — fT w1, Which can be presented in exactly the
same form as given ir2(9), and

i-1
M; () =/ ajwi—j — j (3.7)
r U=l

if Mj(uw)y=0foralll<; <i—1.In(@3.7)alla;’s are analytic functions iwy, vo)
except at equilibria and satisfy

j-1
wj—ajdH = Zaga)j_e +dR;, (3.8)
(=1

whereR; is an analytic function.
From [11,12,17] we see thaiv1 = a1d H + d R1. SO we can obtain the differential
equation
dw1 =da1 NdH.
Moreover, we get

dwy = (div gl) dvi A dvo

by the expression ab; in equation 8.6). Thus we can solve

t
a1(t) :/ (div ghdr + C,
0

where(C is a constant. Therefore, we have

dag(vi(v), va(v))

y = div g} (v1(2), va(1)). 3.9)
T

T

On the other hand, restricted 10 system 8.4) can be simpli ed as

r__ 2 & ntl
V3 = glU1%2
o E+1 (3.10)
/I _ _2 n
Uy ==V Up.
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234 S. Ruan et al.

Therefore, by 8.9) and 8.10), we obtain

dai(vy, v2)

§—n E§—n—2 ~
i 5 — l_ﬂ §+1vg+1+ﬁvi 1 77+l_|_r“1'1v:§L 11)727 1
_E-mé v+}s—n—a§ﬁ §Ji_
“a-p2’ B-1 2u 155
from which we have
ai(vy, v2) = €E=ms vidvy — E-n=2¢ dvl E/ dvy
, 1-8)2 (1 B) 2 vl v1(1— 1’1)5/77
__Ev2+§|nv _ 6 |n U% +C
BT T Ba—p 1-

whereC is a constant. Substituting (v1, v2) into formula @.7), the second Melnikov
function of the heteroclinic loopy can be expressed as

Ma(u) = /{al(vl, v2)(—g21dv1 + g1 dv2) + g22 dv1}
T

_ 1 1
=/[01(v1, vz)[—vi 1v727( l_ﬁvg— 1—,3v1v2) dv1
T

& n-1 1 2 1 ) -1 1
+vsv —— % dva] + pov; v dv1]
1%2 (1 ﬁ :3 1%2 1 2

— 21-8)8—-p8) 6 4
ZT/[_al(”l’ )t [(4—/3)(2—/3)2 TR 2—/3”?} .

+,u2v§_lvg dv1]

=—Ilo— I+ p2l>
I
_Mm—f——} (3.11)
2
where
_ A e, [A=-PB-—H 3 5, 2
Ip := ﬁ/vl vy [(4—@(2—/3)2 2_’3v1+2_ﬂv1] dvy

T
, 1
’3 2 E+1 .4 (1 ,3)(8 .3) 3 2 2 4
(Z)/ a-vp? [(4—5)(2—/3)2 2—;9””2—;3”1}"”1’
0

=
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Y T
’1~—4T/(,3'””1 ,6(4—[3)'”1—1)%)”1 Z2la—pe-p2

. 1
N (P - 3 vf e _23[(1—5)(8—/3)
=\, O/(ﬂ'””l ﬂ(4—ﬂ)'”1—vf)”1 (1-+8) @—p)2—p)2

2y
Ul+mvli| V1,

. 1
_(5)\? [ &1 2
I = (;) O/vl (1 vl) dvy >0

NI

becauswf’l(l— vf)% > 0forvy € (0, 1). From the relationZ.11) we can calculate

4| 1-p)(B-B) 3 2
Iy ~B [WJ(§+1,77)—ﬂ](§+3,n)+ﬂj(§+5,n)]
L JE—-11n)

_41-pA+p
G—p2—-p>*

(3.12)

the rstquotientin @.11). Although it is dif cult to calculate the second quotieRfl»
in (3.17) by using the same method as 812 because the transcendental function
of logarithm In is involved, integralg;, I> exist surely and the second quotigit’,
in (3.11) de nes a function of by (2.5), denoted byi12(8).
Solving the equatioM2 () = 0 with (3.12) and @.12), we obtain

_lt+th _4Q-HHA+PH)

K2

Let 11> denote the right hand side &.(3. Thus, with the change(2) of parameters
and the relations in the second line &f3), the condition 8.13) of parameters can be
presented equivalently as

_ B 8\
K_’3+(2—ﬂ)“+(<4—ﬂ><2—ﬁ>2)“
) [4(1—ﬁ)(1+ﬁ)

G—pa—se " 112(5)] o®+ 0(a?). (3.14)
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236 S. Ruan et al.

Therefore, we conclude the following:

Theorem 3.1 Under the condition (HHK) the bifurcation curve (o, B) of the
heteroclinic loop of system (1.1) has the third order approximation (3.14) for
small a.

The above procedure of calculating the third order approximation actually exhi-
bits the algorithm for higher orders. Suppose that we have obtainekthherder
approximation

= L 6—’3 2 oo — .. 0 k k+1
K_ﬂ+(2—ﬁ)a+((4_ﬂ)(2_ﬂ)2)“ Hao Pp—1a" + O 7).
(3.15)
It implies that
Mo (ji2) = M3(ji3) = ... = My_1(jixg—1) = 0.

Solving ux = fix from the equationV/; (1) = 0 by formula 8.7) in a similar pro-
cedure, thgk + 1)th order approximation to the bifurcation curvg(a, ) can be
obtained.

4 Algorithm for I1>(B8)

Although the third order approximation of the bifurcation curve is giver8in4), it

is still dif cult to compute the analytic expression of the quotidm(8) := I1/1>.

Our strategy is to apply an appropriate numerical integration rule to approximate the
integral

1
Iy :=/1ﬁ(vl)vil (1— vf) dv1,
0

NN

wheres; = £ — 1,52 = n andy (vy) is a smooth function iy € (0, 1), becausdy,
is equal tol1 (resp.l2) when

a8 (-3
wwﬂ—4(n) (ﬂmvl ﬁm—ﬂﬂnl—ﬁ)

X[(l—ﬁ)(S—ﬁ) 3 2 Uf]

@ pe_p2 2-p1T2-8

(respy(vy) = (s/n)%). Although many numerical integration rules (for example, the
Newton—Cotes integration rule of- 1 partition points, $,4]) can be applied td , the

main dif culties come from estimating and controlling the approximation precision to

a desired level. For instance, the error in the Newton—Cotes rule requires derivatives of
the integrand iy, of at least(n 4 1)th order but the integrand iR is so complicated
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that it is hard to compute its higher order derivatives for a higher precision. The
Composite Trapezoidal Rule, stated in Sect. 4.1 o8], is an appropriate integration rule

for a high-order approximation with a lower order continuity of integrand. Applying
this integration rule we get

Iy = 1(n) + E(n), (4.16)
wherern is an integer,
1] . 2
1) =~ j;w(tj)t;l(l— %)% | and
E(n) = —ﬁ(;—;)(w(ﬁ)ﬁ”(l— %)
1

are the approximation of the integré} and its error, respectively; = j/i and
v € (0, 1) isacertain constant. Here we choese- 2 ands2 > 4 so thaﬁ//(vl)vil(l—

vf)% € C?[0, 1]. Thus, for an arbitrary small positive constanthe approximation
error E(n) in (4.16) can be estimated as

92 R o 52
e

by choosing a suf ciently large integer(and appropriate choices of ands>).
Let us demonstrate the algorithm fo= 100 and: = 1,000. Let

4 3 2 _
Fi(v1) = 4(— Invy — 1 )vi l(1 — v%)%

|E(n)| <

<é&

1
sup
12 I’L2 0<d<1

In
B BA—p) 102
A-BB—p 3 , 2
X[(4—ﬁ)(2—ﬁ)2_Z—ﬁvl+2—ﬂv1]’

n
Fa(vy) = vi_l (1 - vf) :

Then, forn = 100,

I I
L = (100 + E1(100, —2— = [,(100) + E2(100),  (4.17)
&/m?2 &/mz2
where
99 1 99
1(100 = = ;Fl(J/]-OO% 1(100 = o ;qu/m,
|E1(100| < o sup |Fy (v, |E2(100)| < 1 sup |F5 (vy)l
12. 104 O<v1<1 ! , 12104 O<v1<1 2 .
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Forn = 1000,
I I

— - — (1000 + E1(1000), 2__ = I5(1000 + E»(1000, (4.18)

&/mz &/m?2
where

1 999 999
1(1000 = —— S Fi(j/1 (1000 = —— > Fx(j/1
1(1000 1000}_221 1(j/1000, 1>(1000 1000; 2(j/1000,
|E1(1000| < ! sup |F{(v1)|, |E2(1000]| < ! sup |F4 (v)|
L 12100 gopby 1wl 152 12106 gopp, 2 vl

More concretely, choosing = 0.2 for example, we can calculate wit#h.(7) or (4.18
that

—121°E1(n) = —(200/9747)(251160 In®) + 316236°
—803477° + 6777042 Inv)v*
481900 IN— (¥ — 1)(¥ + 1)) — 2239464 Ir3) 52 — 8314362 Iriv)3°
+2209905 Ifi— (& — 1) (3 + 1))3* + 716395* — 266393 + 34684
—730260 If— (% — 1)(¥ 4 1)) — 2711205 If— (5 — 1)(5 + 1))3°
+3492504 Iriv)5® + 1138860 If— (7 — 1) (¥ + 1))3°)
x(@ -1+ 175,

—120%E>(n) = —60%3(1760% — 1630 + 351 — 1)/ (1 + 1)".

The diagrams of-1212E1(n) and—1212E>(n) are plotted by Maple V.7 in Figst
and5. Therefore, we have

[122°E1(n)| < 0.006, [12n°E2(n)| < 0.0015 Vn € N. (4.19)

Forn = 100, by ¢.17) and @.19 we calculate

1: (1000  —0.08352691394
= = —0.270738574803
1>(100 0.3085150144

and

Ii  —0.08352691394- 12. 10°E;1(10
L 1190 0.20160435-0.25007471,

I, 0.3085150144- 12. 10*E,(100)

showing that the error fofy/I> can be controlled within 02086577.
Forn = 1000, by .17 and @.19 we calculate

11(1000  —8.352691526
= = —0.270738574748
1>(1000 30.85150143
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0.002

-0.0044

Fig. 4 Function 122E4(n)

0.0005
] 02 /m/‘\e 8 1

0]

0.0005

0.001

Fig.5 Function 122E5(n)

and

Ii  —8352691526- 12 10°E1(1000
- —0.2709462282—0.270530941
I ~ 3085150143 12- 10PE5(1000 ( ? 5

showing that the error fak /I can be controlled within. 000207653, much less than
the error forn = 100. Thus forr = 1000 we can calculate b (3 that

_M=PATA) I 6 0974658869

= a—pe-p3" L

and the third order approximation of the bifurcation cury€cx, ) is given by

Kk =rp :=02+0.111111111% + 0.09746588694:>+0.097465886%°+ O (a*).
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5 Discussion

Inthe classical predator—prey models with Michaelis—Menten—Holling type functional
response, predator species can always invade the habit of the prey population success-
fully in the following sense: both predator and prey populations can co-exist in terms
of either a stable steady state or a stable limit cycle. Recently, the traditional predator—
prey models with prey-dependent functional response have been challenged by some
biologists (see Arditi and Ginzburd]) based on the fact that functional responses
over typical ecological timescales ought to depend on the densities of both predators
and prey, especially when predators have to search for food. Such a functional response
is called a ratio-dependent functional response.

Predator—prey models with Michaelis—Menten—Holling type ratio-dependent func-
tional response have been studied by several researchers (Kuang and Berdta [
etal. [8]), very rich and complex dynamical behavior, such as the existence of degene-
rate equilibria, appearance of limit cycles and heteroclinic loops, and the coexistence
of two attractive equilibria, have been observed. The existence of heterclinic bifurca-
tion in the model has attracted particular attention (Berezovskaya &t,aXifo and
Ruan [L6], Tang and Zhangl{4], and Li and Kuang1Q]) since it leads to the collapse
of both predator and prey populations, that is, such models can exhibit catastrophe or
overexploitation scenario due to the ratio-dependent predation.

In this paper, we studied heteroclinic bifurcations of the predator—prey model with
Michaelis—Menten—Holling type ratio-dependent functional response. By transfor-
ming the model into a Hamiltonian system, we rst calculated the higher order Mel-
nikov functions. The computational procedure of the rst order Melnikov function
was simpli ed with properties of the Beta function. We also provided an algorithm
for computing higher order approximations of the heteroclinic bifurcation curves. The
second Melnikov function was computed so that a third order approximation of the
bifurcation curve of the heteroclinic loop is obtained.

Acknowledgments The authors are very grateful to the two referees for their helpful comments and
suggestions
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