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Abstract

Human rabies was first recorded in ancient China in about 556 BC and is still one of the
major public-health problems in China. From 1950 to 2015, 130,494 human rabies cases were
reported in Mainland China with an average of 1,977 cases per year. It is estimated that 95%
of these human rabies cases are due to dog bites. The purpose of this article is to provide a
review about the models, results, and simulations that we have obtained recently on studying
the transmission of rabies in China. We first construct a basic susceptible, exposed, infectious,
and recovered (SEIR) type model for the spread of rabies virus among dogs and from dogs to
humans and use the model to simulate the human rabies data in China from 1996 to 2010.
Then we modify the basic model by including both domestic and stray dogs and apply the
model to simulate the human rabies data from Guangdong Province, China. To study the
seasonality of rabies, in section 4 we further propose a SEIR model with periodic transmission
rates and employ the model to simulate the monthly data of human rabies cases reported by the
Chinese Ministry of Health from January 2004 to December 2010. To understand the spatial
spread of rabies, in section 5 we add diffusion to the dog population in the basic SEIR model to
obtain a reaction-diffusion equation model and determine the minimum wave speed connecting
the disease-free equilibrium to the endemic equilibrium. Finally, in order to investigate how
the movement of dogs affects the geographically inter-provincial spread of rabies in Mainland
China, in section 6 we propose a multi-patch model to describe the transmission dynamics of
rabies between dogs and humans and use the two-patch submodel to investigate the rabies virus
clades lineages and to simulate the human rabies data from Guizhou and Guangxi, Hebei and
Fujian, and Sichuan and Shaanxi, respectively. Some discussions are provided in section 7.
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1 Introduction

Rabies, an acute and fatal zoonotic disease, remains one of the most feared and important threats
to public health around the world [29]. It is most often transmitted through the bite or scratch
of a rabid animal [87, 101]. All species of mammals are susceptible to rabies virus infection, but
dogs remain the main carrier of rabies and are responsible for most of the human rabies deaths
worldwide [13]. The rabies virus infects the central nervous system, ultimately causing disease in
the brain and death. Once the symptoms of rabies have developed, its mortality rate is almost
100%. Rabies causes almost 60,000 deaths worldwide per year [29, 53, 105], more than 95% of
which occur in Asia and Africa. More human deaths from rabies occur in Asia than anywhere
else in the world [101], where India and China have the most and second most reported cases,
respectively [89].

Rabies was first recorded in ancient China in about 556 BC [97] and nowadays it is still a very
serious public-health problem in China. It has been classified as a class II infectious disease in the
National Stationary Notifiable Communicable Diseases [45, 116] and the annual data of human
rabies have been archived by the Chinese Center for Disease Control and Prevention since 1950.
From 1950 to 2015, 130,494 human rabies cases were reported in China [60, 67, 84, 116], an average
of 1,977 cases per year. It is estimated that 95% of human rabies cases are due to dog bites in
mainland China [60, 100].

2



In the last 60 years, China experienced a few major epidemics of human rabies. The first peak
occurred from 1956 to 1957 with about 2,000 cases in both years, followed by substantial decreases
in the early 1960s. The number of cases reached 2,000 again in 1969 and increased to the historical
record of 7,037 cases in 1981. During the 1980s, more then 5,000 cases were reported annually. In
the 1990s, the number of cases declined rapidly from 3,520 in 1990 to 159 in 1996 [60, 116]. Since
then, the number of human rabies case has increased steadily again and reached another peak
in 2007 with 3,300 cases [60, 84]. From 1996 to 2015, 30,300 human rabies cases were reported
[60, 61]. Though human rabies were reported in almost all provinces in China [45], nearly 60%
of the total rabies cases in China were reported in the southern Guangdong, Guangxi, Guizhou,
Hunan, and Sichuan provinces [60]. It is believed that the increase of rabies deaths results from
a major increase in dog ownership and a very low rate of rabies vaccination [60]. In rural areas,
about 70 percent of households have dogs and vaccination coverage of dogs is very low, largely
because of poor awareness of rabies and the high cost of vaccination. Moreover, owned dogs usually
have not been registered and the number of dogs is estimated at 80-200 millions [87].

Although the recent reemergence of human rabies in China has attracted enormous attention of
many researchers, the transmission dynamics of rabies in China is still poorly understood. Zhang
et al. [116] analyzed the 108,412 human rabies cases in China from 1950 to 2004. They suggested
that the rabies epidemics in China may be explained by dog population dynamics, untimely and
inappropriate postexposure prophylaxis (PEP) treatment, and the existence of healthy carrier dogs.
Si et al. [79] examined the 22,527 human rabies cases from January 1990 to July 2007 and the
details of 244 rabies patients, including their anti-rabies treatment of injuries or related incidents.
They concluded that the failure to receive PEP was a major factor for the increase of human cases
in China. Song et al. [84] investigated the status and characteristics of human rabies in China
between 1996 and 2008 to identify the potential factors involved in the emergence of rabies. Yin
et al. [108] compiled all published articles and official documents on rabies in mainland China to
examine challenges and needs to eliminate rabies in the country.

Mathematical modeling has become an important tool in analyzing the epidemiological char-
acteristics of infectious diseases and can provide useful control measures. Various models have
been used to study different aspects of rabies in wild animals. Anderson et al. [3] pioneered a
deterministic model consisting of three subclasses, susceptible, infectious and recovered, to explain
epidemiological features of rabies in fox populations in Europe. A susceptible, exposed, infectious,
and recovered (SEIR) model was proposed by Coyne et al. [19], and lately was also used by Childs
et al. [14], to predict the local dynamics of rabies among raccoons in the United States. Dimitrov
et al. [24] presented a model for the immune responses to a rabies virus in bats. Clayton et al.
[17] considered the optimal control of an SEIRS model which describes the population dynamics
of a rabies epidemic in raccoons with seasonal birth pulse. Besides these deterministic models,
discrete deterministic and stochastic models [2, 7], continuous spatial models [48], and stochastic
spatial models [75, 81] have also been employed to study the transmission dynamics of rabies. We
refer to reviews by Sterner and Smith [86] and Panjeti and Real [70] for more detailed discussions
and references on different rabies models.

Recently there have been some studies on modeling canine and human rabies. Hampson et al.
[39] observed rabies epidemics cycles with a period of 3-6 years in dog populations in Africa, built
a susceptible, exposed, infectious, and vaccinated model with an intervention response variable,
and showed significant synchrony. Carroll et al. [11] created a continuous compartmental model to
describe rabies epidemiology in dog populations and explored three control methods: vaccination,
vaccination plus fertility control, and culling. Wang and Lou [96] and Yang and Lou [110] used
ordinary differential equation models to characterize the transmission dynamics of rabies between
humans and dogs. Zinsstag et al. [118] extended existing models on rabies transmission between
dogs to include dog-to-human transmission and concluded that combining human PEP with a
dog-vaccination campaign is more cost-effective in the long run.
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In the last a few years, our team have been trying to model the transmission dynamics of rabies
in China by considering different characters and aspects. In Zhang et al. [114] we constructed a
basic susceptible, exposed, infectious, and recovered (SEIR) type model for the spread of rabies
virus among dogs and from dogs to humans and used the model to simulate the human rabies
data in China from 1996 to 2010. In Hou et al. [43] we modified the basic model in Zhang
et al. [114] by including both domestic and stray dogs and applied the model to simulated the
human rabies data from Guangdong Province, China. Observing that the monthly data of human
rabies cases reported by the Chinese Ministry of Health from January 2004 exhibit a periodic
pattern on an annual base, in which the cases in the summer and autumn are significantly higher
than in the spring and winter, in Zhang et al. [112] we proposed a SEIR model with periodic
transmission rates to investigate the seasonal rabies epidemics and used the model to simulate the
monthly data of human rabies cases reported by the Chinese Ministry of Health from January
2004. To understand the spatial spread of rabies, in Zhang et al. [113] we added diffusion to the
dog population in the SEIR model considered by Zhang et al. [114] to obtain a reaction-diffusion
equation model, determined the minimum wave speed connecting the disease-free equilibrium to
the endemic equilibrium and illustrated the existence of traveling waves by numerical simulations.
In order to investigate how the movement of dogs affects the geographically inter-provincial spread
of rabies in Mainland China, in Chen et al. [12] we proposed a multi-patch model to describe the
transmission dynamics of rabies between dogs and humans, in which each province is regarded as
a patch and used the two-patch submodel to investigate the rabies virus clades lineages and to
simulate the human rabies data from Guizhou and Guangxi, Hebei and Fujian, and Sichuan and
Shaanxi, respectively. The purpose of this article is to provide a review about the models, results,
and simulations that we have obtained in these papers on studying the transmission of rabies in
China. We also summarize the prevention and control measures for the spread of rabies in mainlan
China that were proposed based on these studies. Finally we discuss some topics for future study.

2 A SEIR Rabies Model for Dog-Human Interactions [114]

We consider both dogs and humans and classify each of them into four subclasses: susceptible,
exposed, infectious and recovered, with dog sizes denoted by Sd(t), Ed(t), Id(t), and Rd(t), and
human sizes denoted by Sh(t), Eh(t), Ih(t), and Rh(t), respectively. When a susceptible human
individual is bitten by an infectious dog, this human individual is now exposed. Data [51] indicate
that the incubation period ranges from 5 days to 3 years, with a median of 41 days and a mean of
70 days. About 15%-20% of those bitten by infected dogs progress to illness and become infectious
[9]. Since more and more bitten people are seeking for PEP, the recovered rate of infected humans
has been increasing in China [15].

Our assumptions on the dynamical transmission of rabies among dogs and from dogs to humans
are demonstrated in the flowchart (Fig. 2.1). The model is a system of eight ordinary differential
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equations:

dSd
dt

= A+ λRd + σ(1− γ)Ed − βSdId − (m+ k)Sd,

dEd
dt

= βSdId − σ(1− γ)Ed − σγEd − (m+ k)Ed,

dId
dt

= σγEd − (m+ µ)Id,

dRd
dt

= k(Sd + Ed)− (m+ λ)Rd,

dSh
dt

= B + λhRh + σh(1− γh)Eh −mhSh − βdhShId,

dEh
dt

= βdhShId − σh(1− γh)Eh − σhγhEh − (mh + kh)Eh,

dIh
dt

= σhγhEh − (mh + µh)Ih,

dRh
dt

= khEh − (mh + λh)Rh,

(2.1)

where all parameters are positive. For the dog population, A describes the annual birth rate;
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Figure 2.1: Transmission diagram of rabies among dogs and from dogs to humans.
Sd(t), Ed(t), Id(t), Rd(t), and Sh(t), Eh(t), Ih(t), Rh(t) represent susceptible, exposed, infectious and
recovered dogs and humans, respectively.

λ denotes the loss rate of vaccination immunity; i represents the incubation period of infected
dogs so that σ = 1/i is the time duration in which infected dogs remain infectious; γ is the risk
factor of clinical outcome of exposed dogs, so σγE represents those exposed dogs that develop
clinical rabies and σ(1 − γ)E denotes those that do not develop clinical rabies and return to the
susceptible class; m is the natural death rate; k is the vaccination rate; µ is the disease-related
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Table 2.1: Description of parameters in model (2.1).

Parameters Value Unit Comments Source

A 3× 106 year−1 annual crop of newborn puppies fitting

λ 1 year−1 dog loss rate of vaccination immunity assumption

γ 0.4 year−1 risk of clinical outcome of exposed dogs [9]

σ 6 year−1 the reciprocal of the dog incubation period assumption
1
σ 1/6 year dog incubation period assumption

m 0.08 year−1 dog natural mortality rate assumption

β 1.58× 10−7 year−1 dog-to-dog transmission rate fitting

k 0.09 year−1 dog vaccination rate [60]

µ 1 year−1 dog disease-related death rate [60]

B 1.54× 107 year−1 human annual birth population [30]

λh 1 year−1 human loss of vaccination immunity assumption

γh 0.4 year−1 risk of clinical outcome of exposed humans [9]

σh 6 year−1 the reciprocal of the human incubation period [9]
1
σh

1/6 year human incubation period [9]

mh 0.0066 year−1 human natural mortality rate [65]

βdh 2.29× 10−12 year−1 dog-to-human transmission rate fitting

kh 0.54 year−1 human vaccination rate [60]

µh 1 year−1 human disease-related death rate [60]

death rate; βSI describes the transmission of rabies by interactions between infectious dogs and
susceptible dogs. For the human population, B is the annual birth rate; λh represents the loss rate
of vaccination immunity; ih denotes the incubation period of infected individuals so σ1 = 1/ih is
the time duration of infectiousness of infected persons; γh is the risk factor of clinical outcome of
exposed humans, so σhγhEh represents those exposed individuals develop into the infectious class
and the rest σh(1 − γh)Eh return to the susceptible class; mh is the natural death rate; k1 is the
vaccination rate; µ1 is the disease-related death rate. The term βdhShId describes the transmission
of rabies from infectious dogs to susceptible humans.

2.1 Basic reproduction number and stability of equilibria

Define the basic reproduction number by (see [23, 93])

R0 =
βS0

dσγ

(m+ k + σ)(m+ µ)
. (2.2)

There is a disease-free equilibrium given by

E0 = (S0
d , 0, 0, R

0
d, S

0
h, 0, 0, 0), (2.3)

where

S0
d =

(m+ λ)A

m(m+ λ+ k)
, R0

d =
kA

m(m+ λ+ k)
, S0

h =
B

mh
. (2.4)

If R0 > 1, we can derive the unique endemic equilibrium:

E∗ = (S∗d , E
∗
d , I
∗
d , R

∗
d, S

∗
h, E

∗
h, I
∗
h, R

∗
h), (2.5)

where

S∗d =
(m+ σ + k)(m+ µ)

βσγ
, E∗d =

(m+ µ)I∗d
σγ

, I∗d =
A−mN∗d

µ
, R∗d =

k(N∗d − I∗d)

m+ λ+ k
,
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S∗h =
B(mh + λh) + [λhkh − (mh + kh + σhγh)(mh + λh)]E∗h

mh(mh + λh)
,

E∗h =
βdhB(mh + λh)I∗d

(mh + λh)[mh(mh + kh + σh) + βdhI
∗
d(md + kd + σdγd)]− βdhI∗dλhkh

,

I∗h =
σhγhE

∗
h

mh + µh
, R∗h =

khE
∗
h

mh + λh
, (2.6)

in which

I∗d =
(m+ σ + k)(m+ λ+ k)m(R0 − 1)

β[m(m+ λ+ k) + σγ(m+ λ)]
.

For the stability of the disease-free and endemic equilibria, we have the following results.

Theorem 2.1 ([114]) (a) If R0 < 1, then the disease-free equilibrium E0 of system (2.1) is locally
asymptotically stable and is globally asymptotically stable in the region

Γ = {(Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh)
∣∣Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh ≥ 0; 0 < Sd +Ed + Id +Rd ≤

A

m
}.

(b) If R0 > 1, then the endemic equilibrium E∗ of system (2.1) is locally asymptotically sta-
ble in the region Γ̂ = Γ − {(Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh) ∈ Γ : Ih = 0} and all solutions in
{(Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh) ∈ Γ : Ih = 0} tend toward the disease-free equilibrium E0.

2.2 Estimation of Epidemiological Parameters

In order to carry out the numerical simulations, we need to estimate the model parameters. The
data concerning human rabies from 1996 to 2010 are obtained mainly from epidemiological bulletins
published by the Chinese Ministry of Health [60, 61]. To obtain the data involving dogs, we rely
on online news, our estimation or data fitting. The values of parameters are listed in Table 2.1
and are explained as follows: (a) The number of dogs was estimated to be 30 millions in 1996 and
75 millions in 2009 [60]. (b) The incubation period of rabies is 1-3 months. We select the medium
value: 2 months. So δ = δh = 1/( 2

12) = 6. According to the protection period of rabies vaccine,
we assume that λ = λh = 1. The probability of clinical outcome of the exposed is 30-70%. Here,
we assume that it is 40%. So r = rh = 0.4. (c) The rate of vaccination is the product of efficiency
and the coverage rate of rabies vaccine. Efficiency of rabies vaccine is about 90%. However, the
rates of vaccine coverage for dogs and humans are low. Considering a large number of stray dogs
and the poor awareness of people in rural areas, we assume that they are equal to 10% and 60%,
respectively. (d) The transmission rates β and βdh are obtained by fitting in simulations.

2.3 Numerical Simulations

The numerical simulation of human rabies cases in China from 1996 to 2010 is shown in Fig.
2.2(a), indicating that our model provides a good match to the reported data. The awareness of
rabies for people in recent years has been enhanced gradually. This may explain why the number
of human rabies cases decreased in most recent years. This demonstrates further that our model
has certain rationality. Moreover, our model indicates the tendency of the rabies epidemics with
the current control and prevention measures, which is presented in Fig. 2.2(b). It shows that the
number of human rabies cases will decrease steadily in the next 7 or 8 years, then increase again
and reach another peak (about 1750) in 2030, and finally become stable. Therefore, if no further
effective prevention and control measures are taken, the disease will not vanish.
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Figure 2.2: (a) The comparison between the reported human rabies cases in mainland China from
1996 to 2010 and the simulation of Ih(t) from the model. The dashed curve represents the data
reported by the Chinese Ministry of Health while the solid curve is simulated by using our model.
The values of parameters are given in Table 2.1. The initial values used in the simulations were
Sd(0) = 3.5 × 107, Ed(0) = 2 × 105, Id(0) = 1 × 105, Rd(0) = 2 × 105, Sh(0) = 1.29 × 109, Eh(0) =
250, Ih(0) = 89, Rh(0) = 2× 105. (b) The predition of human rabies cases Ih(t) in 50 years (1996-
2045) with the current control and prevention measures.

2.4 Basic Reproductive Number for Rabies in China

Based on the parameter values given in Table 2.1, we estimate that the basic reproduction number
R0 = 2 for rabies transmission in China. For rabies in Africa, Hampson et al. [40] obtained
that R0 = 1.2 according to the data from 2002 to 2007 when the peak of animal rabies cases
was less then 30 weekly, which is far less than 393 the peak of monthly human rabies cases in
China. Zinsstag et al. [118] also estimated the effective reproductive ratio to be 1.01 through a
research framework for rabies in an African city. Also for the rabies in USA in the 1940s when
the annual reported cases varied from 42 to 113 and sharply increased in 1948, it was estimated
that R0 = 2.334 [18]. From these, it can be seen that our estimate of R0 = 2 is reasonable. More
discussions of R0 for outbreaks of rabies around the world can be found in [18, 40].

2.5 Sensitivity Analysis

Firstly, we examine the influence of initial conditions on the number of infected human rabies cases
Ih(t). From Fig. 2.3, we can see that the initial population sizes of both dogs and humans affect
on Ih(t). Moreover, the initial conditions of dogs can influence not only the number of human
rabies cases but also the time of rabies case peak. The initial conditions of humans do not have
such effects. We also observe that the peak of the initial outbreak would be postponed if Sd(0) is
decreasing.

Next, to find better control strategies for rabies infection, we perform some sensitivity analysis
of Ih(t) and the basic reproduction number R0 in terms of the model parameters. First, we show
variations of Ih(t) with time for different values of R0 in Fig. 2.4. We can see that R0 is really the
threshold for the establishment of the disease in the susceptible pool and the number of infections
increases with the increase of R0 (Fig. 2.4(A)). The influences of A and k on Ih(t) are shown in
Fig. 2.4(B)(C). It can be observed that Ih(t) decreases as A is declining or k is increasing. When
A = 106 and k = 0.98, the disease can die out. Moreover, we find that the decrease of A cannot
delay the time of the first peak while an increase of k can. Furthermore, the influences of A, β, k
on R0 are given in Fig. 2.5. It is clear that R0 changes more quickly when both A and β vary.
When β is very small, the disease can be eliminated even if A = 5× 106. When β ≥ 4× 10−7, the
disease cannot be eliminated even if A = 106. From (B) and (C) in Fig. 2.5, it is clear that when
A or β is very small, the disease can disappear even if k = 0. When A > 3× 106 or β ≥ 3× 10−7,
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Figure 2.3: The influence of initial conditions on the number of human rabies cases Ih(t). (a) For
different initial values of susceptible dog population Sd(0); (b) For different values of susceptible
huamns Sh(0).

the disease cannot be eliminated even if k = 1. Hence, it indicates that the influence of A and β on
the basic reproduction number R0 is greater. Fig. 2.5 reflects that whatever dog vaccination rate
is, when the annual crop of newborn puppies is greater than 3 million and dog-to-dog transmission
rate is greater than 3× 10−7, R0 cannot be below 1. However, it is difficult to control β.
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Figure 2.4: The effects of parameters on the number infected human rabies cases Ih(t). (a) Ih(t)
in terms of different values of R0; (b) Ih(t) in terms of different values of A; (c) Ih(t) in terms of
different values of k.
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Figure 2.5: The combined influence of parameters on R0. (a) R0 in terms of A and β. (b) R0 in
terms of A and k. (c) R0 in terms of β and k.

Currently, in China the annual crop of newborn puppies can exceed 5 million and the proportion
of immunized dogs is only about 10%, which is too low. With the current incidence rate β =
1.58× 10−7, we know that if the annual crop of newborn puppies A(5× 106) is not reduced, it is
impossible to have R0 below 1; if A = 3× 106, it is necessary to keep k ≥ 0.95; if A = 2× 106, it
is necessary to keep k ≥ 0.39.

The above analysis demonstrates that human rabies can be controlled with two strategies:
reducing the annual crop of newborn puppies and increasing the dog immunization rate at the
same time, which can also reduce the incidence rate β.
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3 SEIV Rabies Models with both Domestic and Stray Dogs [43]

The population of dogs has increased gradually in China since the late 1990s. Now most households
in Guangdong, Guangxi, Guizhou, and Hunan Provinces, where most of the rabies cases were
recorded in recent years, have at least one dog. However, dog rabies surveillance often has not
been carried out and most people are unaware of the risk of rabies in China. Domestic dog
vaccination rate remains 2.8%-6.4% [44], and only 30% or less of infected patients seek medical
services or receive adequate post-exposure prophylaxis (PEP, which consists of local treatment of
the wound, followed by vaccine therapy with or without rabies immunoglobulin) [79, 84, 115]. In
Guangdong Province, there are more than three million domestic dogs and many stray dogs, but
only about four hundred thousand rabies vaccines are sold every year. In particular, some infected
domestic dogs are not treated properly and are abandoned by their hosts or run away from their
hosts. From 2003 to 2004, 66.5% of the human rabies cases were caused by domestic dogs and at
least 18.2% by stray dogs and others [79]. Between 2006 and 2010, a total of 1,671 human rabies
cases were reported in Guangdong Province, the average outbreak rate is about 0.40/100,000,
accounting for 12.7% of the total cases of China [20, 61], see Table 3.1. After Guangxi and Hunan
Provinces, Guangdong has the third most rabies cases in China [79].

Table 3.1: Reported human rabies cases in Guangdong Province and China, 2006 - 2010.

Year 2006 2007 2008 2009 2010

Guangdong 387 334 319 330 301

China 3,279 3,300 2,246 2,213 2,049

Percentage 11.8% 10.2% 14.2% 14.9% 14.7%

In this section, taking into account some specific characteristics of rabies transmission in Guang-
dong Province of China, we propose a susceptible-exposed-infectious-vaccinated (SEIV) model for
the dog-human transmission of rabies taking both domestic and stray dogs into consideration. We
classify each of the stray dog, domestic dog, and human populations into four subclasses: suscep-
tible, exposed, infective and vaccinated. Let S0(t), E0(t), I0(t), V0(t), and S1(t), E1(t), I1(t), V1(t)
denote the densities of susceptible, exposed, infective and vaccinated stray dog and domestic dog
populations; Sh(t), Eh(t), Ih(t), Vh(t) denote the densities of susceptible, exposed, infective and vac-
cinated human populations at time t, respectively. The twelve compartments and model variables
are given in Fig. 3.1.

There are some assumptions for the dog-human model. (i) The annual human birth population
is constant; (ii) the infection of rabies virus are divided into three stages: prodromal, furious (or
excitative) and paralytic. Once infected with rabies virus, dogs first experience the Symptoms of
Prodromal stage, including lethargy, shyness and the desire to be alone, etc., lasting about 2 days,
and then enter the furious stage (rabid domestic dogs leave their hosts to be stray dogs), so we
assume that the transmission rate from domestic dogs to stray dogs is zero; (iii) the birth rate of
stray dog is zero since newborn stray dogs are not taken care of by people and do not survive well
in stray, and hence their survival rate is assumed to be almost zero. The mathematical model is
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Figure 3.1: Flowchart of rabies transmission between domestic and stray dogs and humans.

governed by twelve ordinary differential equations.

dS0
dt

= lS1 − (µ+ c)S0 − β0S0I0 + p0E0 + δ1V0

dE0

dt
= lE1 + β0S0I0 − (µ+ c+ σ0 + p0)E0

dI0
dt

= σ0E0 + εI1 − (µ+ c+ α)I0

dV0
dt

= lV1 − (µ+ c+ δ1)V0

dS1
dt

= A− βS1I0 − β1S1I1 − (d+ ν + l)S1 + p1E1 + δ2V1

dE1

dt
= βS1I0 + β1S1I1 − (d+ ν + σ1 + l + p1)E1

dI1
dt

= σ1E1 − (d+ ε+ k)I1

dV1
dt

= ν(S1 + E1)− (d+ l + δ2)V1

dSh
dt

= H − µhSh − λ1hShI0 − λ2hShI1 + δ1hEh + δ2hVh

dEh
dt

= λ1hShI0 + λ2hShI1 − (µh + σh + δ1h + νh)Eh

dIh
dt

= σhEh − (µh + αh)Ih

dVh
dt

= νhEh − (µh + δ2h)Vh

(3.1)

The parameters are described in Table 3.2. One can show that the region

X = {x(t) = (S0, E0, I0, V0, S1, E1, I1, V1, Sh, Eh, Ih, Vh) :

S0, V0, S1, V1, Sh > 0, E0, I0, E1, I1, Eh, Ih, Vh ≥ 0;

S0 + E0 + I0 + V0 + S1 + E1 + I1 + V1 + Sh + Eh + Ih + Vh ≤
A+H

min{µ+ c, d, µh}
}

11



is positively invariant for model (3.1).

3.1 Basic Reproduction Number, Extinction and Persistence of the Disease

Now we derive the basic reproduction number of the model by the next generation matrix formu-
lated in Diekmann et al. [22] and van den Driessche and Watmough [93]. It is easy to see that
model (3.1) always has a disease-free equilibrium P0 = (S0

0 , 0, 0, V
0
0 , S

0
1 , 0, 0, V

0
1 , S

0
h, 0, 0, 0), where

S0
0 =

Al(M3M7 + δ1ν)

(µ+ c)M3(M4M7 − δ2ν)
, S0

1 =
AM7

M4M7 − δ2ν
,

V 0
0 =

Alν

M3(M4M7 − δ2ν)
, V 0

1 =
Aν

M4M7 − δ2ν
, S0

h =
H

µh
,

and

M1 = µ+ c+ σ0 + p0, M2 = µ+ c+ α, M3 = µ+ +c+ δ1, M4 = d+ l + ν,

M5 = d+ ν + l + σ1 + p1, M6 = d+ k + ε, M7 = d+ l + δ2.

We define the basic reproduction number by

R0 =
H +

√
H2 − 4G

2M1M2M5M6
, (3.2)

where

H = σ0β0M5M6S
0
0 + β(σ0lM6 + σ1εM1)S

0
1 + σ1β1M1M2S

0
1 ,

G = σ0σ1β0β1M1M2M5M6S
0
0S

0
1 .

Note that

H2 − 4G ≥ (σ0β0M5M6S
0
0 − σ1β1M1M2S

0
1)2 ≥ 0,

we have the following results.

Theorem 3.1 ([43]) If R0 < 1, then the disease-free equilibrium P0 of model (3.1) is globally
asymptotically stable.

Let Φt(x) = Φ(t, x(t)) be the continuous flow on X generated by the solution x(t) of model
(3.1) with initial condition x(0) ∈ X. ω(y) =

⋂
t≥0

Φ([t,∞)× {y}), ∂X is the boundary of X, and

Ω is the maximal invariant set of Φt(x) on ∂X. We have the following result.

Theorem 3.2 ([43]) If R0 > 1, then the flow Φt(x) on X is uniformly persistent for any solution
x(t) of system (3.1) with Si(0), Vi(0) > 0, i = 0, 1, h and E0(0), I0(0) > 0 or E1(0), I1(0) > 0.

Remark 3.3 The semiflow Φt(x) we defined above is point dissipative, all the solutions of the
system are ultimately bounded in X, and disease is uniformly persistent if R0 > 1 from Theorem
3.2. Thus, by a well known result in persistence theory (see [46, 117]) we know that the system
has at least one positive equilibrium P ∗ = (S∗0 , E

∗
0 , I
∗
0 , V

∗
0 , S

∗
1 , E

∗
1 , I
∗
1 , V

∗
1 , S

∗
h, E

∗
h, I
∗
h, V

∗
h ). However,

since there are 12 equations in the model, we are unable to express P ∗ explicitly and determine
its stability.
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Table 3.2: Parameters and their values for model (3.1) (unit: year−1).

Parameter Value Interpretation Source

A 7.7× 105 Domestic dog recruitment rate fitting
l 0.014 Rate of domestic dog abandoned fitting
µ 0.24 Stray dog mortality rate assumption
c 0.06 Stray dog culling rate assumption
δ1 0.5 Stray dog loss of vaccination immunity rate assumption
δ2 0.5 Domestic dog loss of vaccination immunity rate assumption
σ0 0.35 Rate of clinical outcome of exposed stray dogs [A]
σ1 0.37 Rate of clinical outcome of exposed domestic dogs [A]
p0 0.35 Rate of no clinical outcome of exposed stray dogs [A]
p1 0.37 Rate of no clinical outcome of exposed domestic dogs [A]
ε(> l) 0.1 Transfer rate from rabid dogs to stray dogs fitting
α 1 Rabid dog mortality rate [60]
β0 8× 10−6 Transmission rate from stray dogs to stray dogs fitting
β 4× 10−6 Transmission rate from stray dogs to domestic dogs fitting
β1 3.2× 10−7 Transmission rate from domestic dogs to domestic dogs fitting
d 0.11 Domestic dog mortality rate assumption
ν 0.133 Domestic dog vaccination rate [80]
k 0.79 Domestic rabid dog culling rate [B]
H 106 Annual human birth population [35]
µh 4.6× 10−3 Human mortality rate [34]
λ1h 3.6× 10−9 Transmission rate from stray dogs to humans fitting
λ2h 4.8× 10−10 Transmission rate from domestic dogs to humans fitting
δ1h 0.33 Rate of no clinical outcome of exposed humans [A]
δ2h 1 Human loss of vaccination immunity rate [B]
σh 0.33 Rate of clinical outcome of exposed humans [A]
νh 0.328 Human vaccination rate [79]
αh 1 Rabid human mortality rate [60]

Notes: [A] The probability of clinical outcome of the exposed dogs is about 30-70% [16]. Here,
we estimate that it is 50%, so the probability of stray dog survival and clinical outbreak is (1 −
0.24− 0.06)× 0.5 = 0.35. Similarly, the probability of domestic dog (human) survival and clinical
outbreak is about 0.37(0.33). [B] k = 1− d− ε. In China, the valid time of rabies vaccination for
humans is six months to one year, so we have δ2h = 1.
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3.2 Data Simulations and Sensitivity Analysis

From the Department of Health of Guangdong Province, we can obtain the data on human rabies
cases. However, there are very few published studies on the population dynamics of dogs. Thus
we rely on reality to make some rational assumptions or data fitting to estimate some parameters
related to dogs. The values of parameters are listed in Table 3.2. In Guangdong Province, there are
2 million dogs on rabies exposure every year [41], the vaccination rate is only 32.8% or less, hence we
estimate that the number of vaccinated dogs is 0.6 million, so Vh(0) = 6× 105. Ih(0) = 3.87× 102,
we make the data fitting to obtain that Eh(0) = 7.13 × 102, then Sh(0) = 7.988 × 107 [35]; there
are about three million dogs and four hundred thousand rabies vaccines every year [80], thus
we estimate V1(0) = 6 × 105, S1(0) = 2.4 × 106 and assume S0(0) = 4 × 104, E0(0) = 4 × 102,
I0(0) = 2.04× 103, V0(0) = 0, and data fitting gives E1(0) = 2.9× 104, I1(0) = 2× 104.

Using model (3.1), we simulate the data from 2006 to 2010 and predict the trend of human
rabies infection in Guangdong Province. Fig. 3.2 shows that the simulation of our model with
reasonable parameters values provides a good match to the data on infected human rabies cases in
Guangdong Province from 2006 to 2010. With the current control measures, our model predicts
that the human rabies infection cases would continue decreasing in the next a couple of years
and then may increase slightly afterward. With the simulated parameter values, we estimate that
R0 = 1.65. Thus, human rabies will persist in Guangdong Province under the current control and
prevention measures.

2006 2007 0208 2009 2010 2011 2012 2013 2014
280

300

320

340

360

380

400

t(year)

I h 

Figure 3.2: Simulation of human rabies infection cases over time for Guangdong Province of China.
The smooth curve represents the solution Ih of model (3.1) and the stars are the reported data on
human cases.

If we fix all parameters except l (the rate at which domestic dogs are abandoned) and ε (the
rate rabid domestic dogs become stray dogs), the basic reproduction number R0 increases as l and
ε increase. Fig. 3.3(a)(b) represents the relationship between R0 and the quantity of stray dogs.
We can see that the influence of parameter ε on the basic reproduction number R0 is greater than
that of parameter l, thus culling domestic infected dogs at the right time can effectively decrease
R0. From Fig. 3.3(c)(d), we can also see that culling stray dog population (increasing c) can
reduce R0. Moreover, in order to control rabies, the larger ε is, the more important it is to target
culling stray dogs.

Though both vaccinating susceptible dogs and culling stray dogs are effective control measures,
comparing Fig. 3.4(a) and (b), we find that R0 can become less than one if vaccination rate ν is
greater than 50% but cannot become less than one even though the culling rate is 100%. Thus,
culling stray dogs alone is not a good control measure while vaccination is a more effective one.
Fig. 3.4(c)(d) depicts the plots of R0 in terms of (ν, c) and (ν, ε), respectively. We can see that
increasing the vaccination rate and the culling rate of rabid domestic dogs are more effective than
increasing the vaccination rate and the culling rate of stray dogs. Therefore, culling of infected
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Figure 3.3: Plots of R0 in terms of (a) l (abandoned rate of domestic dogs), (b) ε (transfer rate
from rabid dogs to stray dogs), (c) l and c (culling rate of stray dogs), and (d) ε and c..

dogs and vaccination are most important and effective means to control rabies infection.
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Figure 3.4: Plots of R0 in terms of (a) ν (vaccination rate of domestic dogs), (b) c (culling rate of
stray dogs), (c) ν and c, and (d) ν and ε (transfer rate from rabid dogs to stray dogs).

4 Seasonal Rabies Models [112]

After the outbreaks of Severe Acute Respiratory Syndromes (SARS) in 2003, the Chinese Ministry
of Health started to publish reported cases about the National Stationary Notifiable Communicable
Diseases, including rabies, every month. We observe that the monthly data of human rabies cases

15



reported by the Chinese Ministry of Health from January 2004 exhibit a periodic pattern on an
annual base. The cases in the summer and autumn are significantly higher than in the spring
and winter [60, 61]. It was also reported that the main seasons for rabies epidemics in China are
summer and fall [84]. Moreover, the infected areas are mainly distributed in the south provinces
such as Sichuan, Hunan, Guangxi, Guangdong, Anhui, Fujian [84], which demonstrates that rabies
transmission depends on the weather.

It is well-known that many diseases exhibit seasonal fluctuations, such as whooping cough,
measles, influenza, polio, chickenpox, mumps, etc. [10, 25, 52]. Seasonally effective contact rate [78],
periodic changing in the birth rate [54] and vaccination program are often regarded as sources of
periodicity. In this section, we take periodic transmission rate into account based on the following
facts: (i) In the summer and fall, people wear light clothing and are lack of protection for the bites
or scratches of dogs. Also, in summer and fall people, in particular farmers, have more frequent
outdoor activities which increase chance of human-dog interact. (ii) In these seasons, dogs are
more maniacal and apt to attack each other and humans. (iii) From July to September schools
are closed for summer vacations and children are out of supervision and enjoy tantalizing dogs. In
fact, it was reported [84] that 25.7% of human rabies cases in China are students and unattended
children. (iv) In addition, temperature may be related to the fluctuation of diseases. Under high
temperature in summer, rabies virus can survive easily and its infectivity is stronger.

4.1 Model Formulation

We denote the total numbers of dogs and humans by Nd(t) and Nh(t), respectively, and classify
each of them into four subclasses: susceptible, exposed, infectious and recovered, with the number
of dogs denoted by Sd(t), Ed(t), Id(t), and Rd(t), and human sizes denoted by Sh(t), Eh(t), Ih(t),
and Rh(t), respectively. The transmission dynamics associated with these subpopulations are
illustrated in Fig. 2.1. The transmission rate between Sd(t) and Id(t) is β(t), the transmission rate
between Sh(t) and Id(t) is βdh(t), and humans do not spread rabies to each other. We can write
transmission rate β(t) in the general form β(t) = λ0β

′
(Nd)β

′′
/Nd, where Nd is the total number

of dogs, β
′
(Nd) is the number of dogs that a susceptible dog comes across per unit time, β

′′
is the

probability of getting bitten after interacting with the susceptible dog, and λ0 is the probability of
being infected after bitten for the susceptible dog. We can express βdh(t) similarly. As discussed
in the introduction, in the summer and fall there are more frequent interacts among dogs and
between dogs and humans and these coefficients are more likely to change as season changes. Thus
we use the periodic functions β(t) = a[1 + b sin(π6 t + 5.5)] and βdh(t) = a1[1 + b1 sin(π6 t + 5.5)]
proposed by [76] to describe the transmission rates among dogs and from dogs to humans, where
a and a1 are the baseline contact rates and b and b1 are the magnitudes of forcing.

The birth numbers of dogs and humans per unit time are constant. Vaccination is often applied
to seemingly healthy dogs (Sd(t) and Ed(t)) and people bitten by dogs (Eh(t)). Particularly, we
need to interpret that kh and k are the products of the vaccination coverage rate and the vaccination
effective rate. However, there is a protection period for rabies vaccine. Thus, we introduce loss
rates of immunity λ and λh. Because not all the exposeds will develop clinical outbreak, clinical
outcome rates γ and γh are presented. Natural death rates are m and mh, and disease-related
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death rates are µ and µh, respectively. The model takes the following form:

dSd
dt

= A+ λRd + σ(1− γ)Ed −mSd − β(t)SdId − kSd,

dEd
dt

= β(t)SdId −mEd − σ(1− γ)Ed − kEd − σγEd,

dId
dt

= σγEd −mId − µId,

dRd
dt

= k(Sd + Ed)−mRd − λRd,

dSh
dt

= B + λhRh + σh(1− γh)Eh −mhSh − βdh(t)ShI,

dEh
dt

= βdh(t)ShId −mhEh − σh(1− γh)Eh − khE1 − σhγhEh,

dIh
dt

= σhγhEh −mhIh − µhIh,

dRh
dt

= khEh −mhRh − λhRh,

(4.1)

where all parameters are positive, the interpretations and values of parameters are described in
Table 4.1, β(t) = a[1 + b sin(π6 t+ 5.5)] and βdh(t) = a1[1 + b1 sin(π6 t+ 5.5)].

Table 4.1: Descriptions and values of parameters in model (4.1).

Para. Value Unit Interpretation Source
A 2.34× 105 month−1 Dog birth population Estimation
λ 1

6 month−1 Dog loss rate of immunity Assumption
i 1.045 month Dog incubation period [118]
σ 1

1.045 month−1 1/i [118]
γ 0.49 month−1 clinical outcome rate of exposed dogs [118]
m 0.0064 month−1 Dog natural mortality rate Assumption
a 9.9× 10−8 none The baseline contact rate Estimation
b 0.41 none The magnitude of forcing Estimation
k 0.09 month−1 Dog vaccination rate [60]
µ 1 month−1 Dog disease-related death rate [60]
B 1.34× 106 month−1 Human birth population [65]
λh

1
6 month−1 Human loss rate of immunity [16]

ih 2 month Human incubation period [16]
σh

1
2 month−1 1/i1 [16]

γh 0.5 month−1 clinical outcome rate of exposed humans [5]
mh 0.00057 month−1 Human natural mortality rate [65]
ah 2.41× 10−11 none The baseline contact rate Estimation
bh 0.23 none The magnitude of forcing Estimation
kh 0.54 month−1 Human vaccination rate [60]
µh 1 month−1 Human disease-related death rate [60]
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4.2 Disease-free Equilibrium and Positive Periodic Solutions

Notice that from the equations in model (4.1), we have

dNd

dt
= A−mNd − µId,

dNh

dt
= B −mhNh − µhIh.

(4.2)

Let

X = {(Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh) ∈ R8
∣∣Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh ≥ 0,

0 < Sd + Ed + Id +Rd ≤
A

m
, 0 < Sh + Eh + Ih +Rh ≤

B

mh
}.

Theorem 4.1 ([112]) The region X is positively invariant with respect to system (4.1).

It is easy to see that system (4.1) has one disease-free equilibrium

P0 = (Ŝd, 0, 0, R̂d, Ŝh, 0, 0, 0),

where

Ŝd =
(m+ λ)A

m(m+ λ+ k)
, R̂d =

kA

m(m+ λ+ k)
, Ŝh =

B

mh
.

We calculate the basic reproduction number R0 for system (4.1) following the definition of [8]
and the general calculation procedure in [95], which is defined as z0 such that ρ(W (ω, 0, z0)) = 1,
where W (ω, 0, z0) is the evolution operator of the linearized periodic system. Rewriter the variables
of system (4.1) as a vector x = (Ed, Eh, Id, Ih, Sd, Sh, Rd, Rh). Following [95], we have

F =



β(t)SdId
βdh(t)ShId

0
0
0
0
0
0


, V =



mEd + σ(1− γ)Ed + kEd + σγEd
mhEh + σh(1− γh)Eh + khEh + σhγhEh

mId + µId − σγEd
mhIh + µhIh − σhγhEh

mSd + β(t)SdId + kSd − [A+ λRd + σ(1− γ)Ed]
mhSh + βdh(t)ShId − [B + λhRh + σh(1− γh)Eh]

mRd + λRd − k(Sd + Ed)
mhRh + λhRh − khEh


,

V − =



mEd + σ(1− γ)Ed + kEd + σγEd
mhEh + σh(1− γh)Eh + khEh + σhγhEh

mId + µId
mhIh + µhIh

mSd + β(t)SdId + kSd
mhSh + βdh(t)ShId

mRd + λRd
mhRh + λhRh


, V + =



0
0

σγEd
σhγhEh

A+ λRd + σ(1− γ)Ed
B + λhRh + σh(1− γh)Eh

k(Sd + Ed)
khEh


.

Thus we obtain that

F (t) =


0 0 β(t)Ŝd 0

0 0 βdh(t)Ŝh 0
0 0 0 0
0 0 0 0


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and

V (t) =


m+ σ + k 0 0 0

0 mh + σh + kh 0 0
−σγ 0 m+ µ 0

0 −σhγh 0 mh + µh

 .

Let Y (t, s), t ≥ s, be the evolution operator of the linear system

dy

dt
= −V (t)y.

That is, the 4× 4 matrix Y (t, s) satisfies

dY (t, s)

dt
= −V (t)Y (t, s)

for any t ≥ s, Y (s, s) = I, where I is the 4 × 4 identity matrix. Now we introduce the linear
ω-periodic system

dw

dt
= [−V (t) +

F (t)

z
]w, t ∈ R+, (4.3)

with parameter z ∈ R. Let W (t, s, z), t ≥ s, be the evolution operator of system (16) on R4.
Clearly, ΦF−V (t) = W (t, 0, 1),∀t ≥ 0.

Following the method in [95], let φ(s) be ω−periodic in s and the initial distribution of infectious
individuals. So F (s)φ(s) is the rate of new infections produced by the infected individuals who
were introduced at time s. When t ≥ s, Y (t, s)F (s)φ(s) gives the distribution of those infected
individuals who were newly infected by φ(s) and remain in the infected compartments at time t.
Naturally, ∫ t

−∞
Y (t, s)F (s)φ(s)ds =

∫ ∞
0

Y (t, t− a)F (t− a)φ(t− a)da

is the distribution of accumulative new infections at time t produced by all those infected individ-
uals φ(s) introduced at time previous to t.

Let Cω be the ordered Banach space of all ω−periodic functions from R to R4, which is equipped
with the maximum norm ‖ · ‖ and the positive cone C+

ω := {φ ∈ Cω : φ(t) ≥ 0, ∀t ∈ R+}. Then
we can define a linear operator L : Cω → Cω by

(Lφ)(t) =

∫ ∞
0

Y (t, t− a)F (t− a)φ(t− a)da, ∀t ∈ R+, φ ∈ Cω.

L is called the next infection operator and the spectral radius of L is defined as the basic repro-
duction number

R0 := ρ(L)

for the periodic epidemic model (4.1).
To determine the threshold dynamics of model (4.1), applying Theorem 2.2 in [95], we have

the following result.

Theorem 4.2 ([112]) The disease-free equilibrium P0 is globally asymptotically stable when R0 <
1.

Define

X0 := {(Sd, Ed, Id, Rd, Sh, Eh, Ih, Rh) ∈ X
∣∣Ed > 0, Id > 0, Eh > 0, Ih > 0}

and ∂X0 = X \ X0. Denote u(t, x0) as the unique solution of system (4.1) with the initial value
x0 = (S0

d , E
0
d , I

0
d , R

0
d, S

0
h, E

0
h, I

0
h, R

0
h). Let P : X → X be the Poincaré map associated with system
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(4.1), i.e., P (x0) = u(ω, x0), ∀x0 ∈ X, where ω is the period. Applying the fundamental existence-
uniqueness theorem [71], we know that u(t, x0) is the unique solution of system (4.1) with u(0, x0) =
x0. From Theorem 4.1, we know that X is positively invariant and P is point dissipative. Moreover,
we can show that P0 = (Ŝd, 0, 0, R̂d, Ŝh, 0, 0, 0) is an isolated invariant set in X and WS(P0)∩X0 =
∅, so P is uniformly persistent with respect to (X0, ∂X0) (Theorem 1.3.1 and Remark 1.3.1 in [117]).
Thus, Theorem 1.3.6 in [117] implies that there is a periodic solution.

Theorem 4.3 ([112]) System (4.1) has at least one positive periodic solution.

4.3 Simulations and Sensitivity Analysis

We now use model (4.1) to simulate the reported human rabies data of China from January 2004 to
December 2010, predict the trend of the disease and seek for some control and prevention measures.
The data, concerning human rabies from 2004 to 2010, are obtained mainly from epidemiologic
bulletins published by the Chinese Ministry of Health [61]. We need to estimate the parameters of
model (4.1), most of which can be obtained from the literature or assumed on the basis of common
sense. However, we have to estimate β(t), βdh(t) and A by using the least-square fitting of Ih(ti)
through discretizing the ordinary differential system (4.1) as follows:

Ih(ti +4t) = (σhrhEh(ti)−mhIh(ti)− µhIh(ti))4 t+ Ih(ti). (4.4)

The least-square fitting is to minimize the objective function

J(θ) =
1

n

n∑
i=1

(Ih(ti)− Îh(ti))
2, (4.5)

which is implemented by the instruction lsqnonlin, a part of the optimization toolbox in MATLAB.
The values of parameters are listed in Table 4.1. We obtain the annual number of human pop-

ulation using the annual birth and death data from the National Bureau of Statistics of China [65].
Then we calculate the average and divide it by 12 to derive the monthly human birth population
B = 1, 340, 000. We need the initial values to perform the numerical simulations of the model.
The number of the initial susceptible human population at the end of 2003, Sh(0), is obtained
from the China Statistical Yearbook and the number of the initial infective humans Ih(0) is from
epidemiological bulletins published by the Chinese Ministry of Health. However, the numbers
of the initial exposed humans Eh(0) and the recovered humans Rh(0) cannot be obtained. We
derive Eh(0) reversely by the parameter γ and R1(0) is estimated roughly. Regarding the initial
values for dogs, we only know that there are about 75 millions dogs in 2009 from online news.
So, Sd(0), Ed(0), Id(0), and Rd(0) are calculated reversely by the corresponding parameters rh, kh
and data fitting. The numerical simulation of the model on the number of human rabies cases is
shown in Fig. 4.1. We observe that the data of 2005, 2008 and 2009 are slightly different from the
solution as observed in [114]. We think this is because of large scale culling of dogs in these years.
However, culling of dogs is not considered in model (4.1).
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Figure 4.1: The comparison between the reported human rabies data in mainland China from
January 2004 to December 2010 and the simulation of our model. The dashed curve represents
the monthly data reported by Ministry of Health of China while the solid curve is simulated by
using our model. The values of parameters are given in Table 4.1. The initial values used in the
simulations were Sd(0) = 3.3×107, Ed(0) = 2.2×104, Id(0) = 1.1×104, Rd(0) = 3.3×106, Sh(0) =
1.29× 109, Eh(0) = 178, Ih(0) = 89, Rh(0) = 6× 107.

We can also predict the general tendency of the epidemic in a long term according to the
current situation, which is presented in Fig. 4.2. From these figures we can see that the epidemic
of rabies can be relieved in a short time (Fig. 4.2(a)), but cannot be eradicated with the current
prevention and control measures (Fig. 4.2(b)). Moreover, with these parameter values, we can
roughly estimate that the basic reproduction number R0 = 1.03 under the current circumstances
in China. From Fig. 4.2(c), we can see that when R0 < 1, the number of infected humans Ih(t)
tends to 0. On the contrary, when R0 > 1, Ih(t) tends to a stable periodic solution.
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Figure 4.2: The tendency of the human rabies infectious cases Ih(t) in (a) a short time, (b) a long
time, and (c) a long time with different values of R0. Here A = 220000, 300000 and the values of
other parameters are given in Table 4.1.

The initial conditions adopted in model fitting are mostly assumed and back-extrapolated by
parameters. So it is necessary to study the influence of initial conditions on the rabies epidemics
which are showed in Fig. 4.3. From Fig. 4.3, we can see that the initial susceptible dog population
Sd(0) has a stronger influence on Ih(t) and other initial conditions have little or almost no effect on
Ih(t). It implies that the increasing number of dogs is really an important factor for the prevalence
and persistence of rabies in China.
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Figure 4.3: The influence of initial conditions on the number of human rabies cases Ih(t). (a)
Different initial susceptible dog populations Sd(0); (b) Different initial infectious dog populations
Id(0); (c) Different initial susceptible human populations Sh(0); and (d) Different initial infectious
human populations Ih(0).

Finally, we perform some sensitivity analysis to determine the influence of parameters A, k,
γ and a on R0. From Fig. 4.4(a), it is obvious that when A is less then 226,890, R0 can be less
than 1. However, the annual birth population of dogs can achieve 400,000 or more in China. This
indicates that human rabies in China cannot be eradicated if the birth number of dogs cannot be
controlled under 2 million.
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Figure 4.4: The influence of parameters on R0. (a) versus A; (b) versus k; (c) versus γ; (d) versus
a. Other parameter values are given in Table 4.1.

The postexposure prophylaxis (PEP) is used for most situations for human rabies. In model
(4.1), it is embodied in the terms k and kh and it can affect γ and γh. We observe that R0 is a
concave function of k from Fig. 4.4(b). So k has an obvious effect on R0. We also know that
immunization is an effective measure to control rabies. Next, we consider the dependence of R0

on γ and observe that it is linear in γ, which is depicted in Fig. 4.4(c). Most people, especially
in the rural and remote areas, have little knowledge about rabies and even do not know what to
do after being bitten by dogs. It was reported in [84] that 66.3% of rabies victims did not seek
medical services at all and 27.6% of the cases received inadequate PEP. Although the effect of γ
on R0 is less than k, in order to decrease the rate of clinical outbreak to rabies we can enhance
people the awareness and knowledge about rabies and the emergency measure and treatment after
they are bitten and scratched by dogs.

Now we discuss how a effects R0 in Fig. 4.4(d). Although R0 in linear in a,, a slight change of
a can lead to large variations of R0. Since β(t) = a[1 + b sin(π6 t + 5.5)] = λ0β

′
(N)β

′′
/N , we can

manage a by controlling β
′
(N), i.e., the number of dogs a susceptible dog runs into per unit time,

which is to strengthen the management of dogs, especially stray dogs, in case they run wild and
bite each other and humans.
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5 Modeling Spatial Spread of Rabies by Reaction-Diffusion Equa-
tions [113]

In recent years, rural communities and areas in China invaded by rabies are gradually enlarged. Fig.
5.1(a) shows that there were only 120 counties reporting human rabies cases in 1999. However, the
number of infected counties in 2008 was nearly seven times as that in 1999. Moreover, we can see
the tendency of rabies diffusion from Fig. 5.1(b). In 1996, the 160 infected cases were sporadically
distributed in the south provinces. As time goes on, the situation of rabies in south provinces has
become more serious and it has spread to central and north provinces.

(a) (b)

Figure 5.1: (a) The data on the numbers of counties reported rabies cases in Mainland China from
1999 to 2011. The figure is derived from [60]. (b) Geographic distributions of human rabies in
Mainland China in 1996, 2000 and 2006. The figures are derived from [84].

Now we want to explore the factors behind the spatial spread of rabies in Mainland China.
There are some studies on investigating animals rabies and using partial differential equations by
adding diffusion terms to ordinary differential equations. Kallen [47] studied rabies transmission
in fox population by differential equations with diffusion. He used the deterministic model to
simulate rabies epizootic in foxes crossing continental Europe and proved the existence of traveling
waves. Murray et al. [64, 63] also considered foxes rabies, calculated the speed of propagation
of the epizootic front and the threshold for the existence of an epidemic and quantified a mean
to control the spatial spread of the disease. Artois et al. [7] employed a one-dimensional discrete
deterministic model to analyze the evolution of a given population which is infected by rabies.
Ou and Wu [69] considered the spatio-temporal patterns of rabies spread involving structured fox
populations and delayed nonlocal interaction on the disease spread.

We add diffusion to the dog population in the SEIR model (2.1) to obtain a reaction-diffusion
equation model. For reaction-diffusion equations, the asymptotic speed and traveling waves are
attracting more attention and usually need to be investigated and discussed in order to understand
the dynamics. The concept of asymptotic speeds of spread was first introduced in [6] for reaction-
diffusion equations. There is an intuitive interpretation for the spreading speed c∗ in a spatial
epidemic model: if one runs at a speed c > c∗, then one will leave the epidemic behind; whereas if
one runs at a speed c < c∗, then one will eventually be surrounded by the epidemic [21]. Following
the method adopted by [56, 57], we determine the minimum wave speed connecting the disease-free
equilibrium to the endemic equilibrium and illustrate the existence of traveling waves by numerical
simulations. In section 2 it was shown that the endemic equilibrium of the ODE model (2.1) is
stable. Here we study the diffusive model by linear analysis to see whether the endemic equilibrium
is still stable and whether spatial patterns can appear. Moreover, we carry out some sensitivity
analysis on parameters to determine factors that affect the spatial spread of rabies in Mainland
China.
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5.1 Reaction-Diffusion Equations for Rabies

Let Sd(x, t), Ed(x, t), Id(x, t), and Rd(x, t) to denote the density of susceptible, exposed, infec-
tious, and recovered dogs at location x and time t, respectively. The corresponding human sub-
populations are denoted by Sh(x, t), Eh(x, t), Ih(x, t), and Rh(x, t), respectively. Suppose that the
spatial diffusion of rabies is a result of the movement of dogs. So we add the diffusion of dogs to
system (2.1) and obtain the following reaction-diffusion equation model:

∂Sd
∂t

= A+ λRd + σ(1− γ)Ed − βddSdId − (m+ k)Sd + d1∆Sd,

∂Ed
∂t

= βddSdId − σ(1− γ)Ed − σγEd − (m+ k)Ed + d2∆Ed,

∂Id
∂t

= σγEd − (m+ µ)Id + d3∆Id,

∂Rd
∂t

= k(Sd + Ed)− (m+ λ)Rd + d4∆Rd,

∂Sh
∂t

= B + λhRh + σh(1− γh)Eh −mhSh − βdhShId,

∂Eh
∂t

= βdhShId − σh(1− γh)Eh − σhγhEh − (mh + kh)Eh,

∂Ih
∂t

= σhγhEh − (mh + µh)Ih,

∂Rh
∂t

= khEh − (mh + λh)Rh

(5.1)

for t > 0, x ∈ Ω with null Neumann conditions:

∂Sd
∂x

=
∂Ed
∂x

=
∂Id
∂x

=
∂Rd
∂x

= 0, t > 0, x ∈ ∂Ω, (5.2)

where, ∆ = ∂2

∂2x
and d1, d2, d3, d4 are the non-negative diffusion rates whose values are given in

Table 5.1.

Since the last four equations are independent of the first four equations and only the first four
equations have diffusion terms, we only need to study the subsystem:

∂Sd
∂t

= A+ λRd + σ(1− γ)Ed − βddSdId − (m+ k)Sd + d1∆Sd,

∂Ed
∂t

= βddSdId − σ(1− γ)Ed − σγEd − (m+ k)Ed + d2∆Ed,

∂Id
∂t

= σγEd − (m+ µ)Id + d3∆Id,

∂Rd
∂t

= k(Sd + Ed)− (m+ λ)Rd + d4∆Rd.

(5.3)

5.2 Steady States and Stability Analysis

In section 2, we presented the steady states and discussed their stability without diffusion. Now we
want to know whether the endemic equilibrium E∗ is still stable when the system is diffusive, that
is, if there appears any spatial pattern. We only need to study the steady state (S∗d , E

∗
d , I
∗
d , R

∗
d) of

the dog-only subsystem (5.3). Firstly, we linearize the subsystem about this steady state. Set

Sd(x, t) = S∗d + s(x, t), Ed(x, t) = E∗d + e(x, t),
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Table 5.1: Description of parameters in model (5.1)

Parameters Value Unit Comments
A 3× 106 year−1 Dog birth population
λ 1 year−1 Dog loss rate of immunity
i 1

6 year Dog incubation period
σ 6 year−1 1/i
γ 0.4 year−1 Clinical outcome rate of exposed dogs
m 0.08 year−1 Dog natural mortality rate
βdd 1.58× 10−7 none Dog-to-dog transmission rate
k 0.09 year−1 Dog vaccination rate
µ 1 year−1 Dog disease-related death rate
B 1.54× 107 year−1 Human birth population
λh 1 year−1 Human loss rate of immunity
ih

1
6 year Human incubation period

σh 6 year−1 1/ih
γh 0.4 year−1 Clinical outcome rate of exposed humans
mh 0.0066 year−1 Human natural mortality rate
βdh 2.29× 10−15 none Dog-to-human transmission rate
kh 0.54 year−1 Human vaccination rate
µh 1 year−1 Human disease-related death rate
d1 0.005 km · year−1 Diffusion rate for the susceptible dogs
d2 0.01 km · year−1 Diffusion rate for the exposed dogs
d3 0.01 km · year−1 Diffusion rate for the infected dogs
d4 0.005 km · year−1 Diffusion rate for the vaccinated dogs

Id(x, t) = I∗d + i(x, t), Rd(x, t) = R∗d + r(x, t), (5.4)

where |s(x, t)| � S∗d , |e(x, t)| � E∗d , |i(x, t)| � I∗d and |r(x, t)| � R∗d. We choose s(x, t), e(x, t), i(x, t)
and r(x, t) as follows.

s(x, t) = s0e
αt+inx, e(x, t) = e0e

αt+inx,

i(x, t) = i0e
αt+inx, r(x, t) = r0e

αt+inx, (5.5)

where s0, e0, i0 and r0 are constants, einx is periodic and bounded (|einx| = 1) and n is the
wavenumber that indicates the wavelength of the emergent spatial pattern. The sign of the real
part of α is crucially important to determine the stability of the steady state.

If Re(α) > 0, |eαt| > 1, then the linearized system will grow and there will appear spatial pat-
terning. On the contrary, if Re(α) < 0, |eαt| < 1, then the steady state will be stable. Substituting
(5.5) into (5.3) and ignoring nonlinear terms, we obtain the characteristic equation, which is a
fourth order polynomial equation in α of the following form

α4 + a1α
3 + a2α

2 + a3α+ a4 = 0, (5.6)

where

a1 = b1 + b2 + b3 + b4,

a2 = b1b2 + b1b3 + b1b4 + b2b3 + b2b4 + b3b4 − kλ− I∗dβddσ + I∗dβddγσ − S∗dβddγσ,
a3 = b1b2b3 + b1b2b4 + b1b3b4 + b2b3b4 − b2kλ− b3kλ− I∗db3βddσ − I∗db4βddσ

−I∗dβddkλ+ I∗db3βddγσ + I∗db4βddγσ − S∗db1βddγσ − S∗db4βddγσ + I∗dS
∗
dβ

2
ddγσ, (5.7)

a4 = b1b2b3b4 − b2b3kλ− I∗db3b4βddσ − I∗db3βddkλ+ I∗dS
∗
db4β

2
ddγσ + I∗db3b4βddγσ
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−S∗db1b4βddγσ + S∗dβddkλγσ,

and

b1 = βddI
∗
d +m+ k + d1n

2, b2 = m+ σ + k + d2n
2,

b3 = m+ µ+ d3n
2, b4 = m+ λ+ d4n

2.

Using the Routh-Hurwitz criterion, we know that all roots of (5.6) have negative real parts if and
only if

a1 > 0, a1a2 − a3 > 0, (a1a2 − a3)a3 − a21a4 > 0, a4 > 0. (5.8)

Substituting the parameter values in Table 5.1 into (5.4) and letting n = 5, we obtain that
a1 = 9.4585 > 0, a2 = 14.882 > 0, a3 = 6.6762 > 0, a4 = 1.4153 > 0, a1a2 − a3 = 134.0885 > 0, and
(a1a2 − a3)a3 − a21a4 = 768.5886 > 0. So, under the parameter values in Table 5.1 and n = 5, all
roots of (5.6) have negative real parts, that is, the endemic equilibrium is stable.
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Figure 5.2: The largest real parts of roots in term of parameters d1, d2, d3, d4 and n. (a) d2 =
0, d3 = 0 and d4 = 0; (b) d2 = 5, d3 = 5 and d4 = 5.

We also have the largest real parts of roots in terms of d1, d2, d3, d4 and n in the three-
dimensional diagrams. Consider the conjunct influence of d1, d2, d3, d4 and n. The case when
d2 = 0, d3 = 0 and d4 = 0 is given in Fig. 5.2(a). The case when d2 = 5, d3 = 5 and d4 = 5
is given in Fig. 5.2(b). In both cases, we can see that the largest Re(α) < 0. So, the steady
state (S∗d , E

∗
d , I
∗
d , R

∗
d) is stable, that is, E∗ is stable and spatial patterns cannot appear. Moreover,

in Fig. 5.3, we can intuitively see that the endemic equilibrium with small perturbations is still
stable.

5.3 Traveling Waves

In order to investigate traveling waves, system (5.3) is rewritten in term of a coordinate frame to
the right with speed c. Let z = x− ct, we can rewrite system (5.3) as the following form:

dSd
dz

= −1

c
[A+ λRd + σ(1− γ)Ed − βddSdId − (m+ k)Sd + d1

d2Sd
dz2

],

dEd
dz

= −1

c
[βddSdId − σ(1− γ)Ed − σγEd − (m+ k)Ed + d2

d2Ed
dz2

],

dId
dz

= −1

c
[σγEd − (m+ µ)Id + d3

d2Id
dz2

],

dRd
dz

= −1

c
[k(Sd + Ed)− (m+ λ)Rd + d4

d2Rd
dz2

].

(5.9)
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Figure 5.3: The temporal and spatial solutions of Id(x, t), Rd(x, t), Ih(x, t) and Rh(x, t) for the
parameters given in Table 5.1 . The initial values are the endemic equilibrium values with small
perturbations.

Let S1 = dSd
dz , E1 = dEd

dz , I1 = dId
dz , R1 = dRd

dz . We have the corresponding first-order ordinary
differential equations with respect to the variable z of the above system:

dSd
dz

= S1,

dS1
dz

=
1

d1
[−cS1 − (A+ λRd + σ(1− γ)Ed − βddSdId −mSd − kSd)],

dEd
dz

= E1,

dE1

dz
=

1

d2
[−cE1 − (βddSdId − σ(1− γ)Ed − σγEd −mEd − kEd)],

dId
dz

= I1,

dI1
dz

=
1

d3
[−cI1 − (σγEd −mId − µId)],

dRd
dz

= R1,

dR1

dz
=

1

d4
[−cR1 − (k(Sd + Ed)−mRd − λRd)].

(5.10)

Now we present some numerical results on the existence of traveling waves, sensitivity analysis
of parameters about the human rabies cases and the minimum wave speed. The initial data we
take in numerical simulations of system (5.2) are as follows:

If x ∈ [0, 25], Sd(x, 0) = S0
d , Rd(x, 0) = R0

d, Sh(x, 0) = S0
h, Ed(x, 0) = Id(x, 0) = Eh(x, 0) =

Ih(x, 0) = Rh(x, 0) = 0.
If x ∈ [25, 100], Sd(x, 0) = S∗d , Ed(x, 0) = E∗d , Id(x, 0) = I∗d , Rd(x, 0) = R∗d, Sh(x, 0) = S∗h, Eh(x, 0) =

E∗h, Ih(x, 0) = I∗h, Rh(x, 0) = R∗h.
From the two-dimensional figures on the population number in every subclasses in the one-

dimension space (Figs. 5.4 and 5.5(a)), we can see that with the movement of dogs, not only there
really exist traveling waves in every subclasses of dogs but also there are epidemic waves in the
infected human population. Moreover, from Fig. 5.5 we can see that the diffusion of dogs not only
spreads the disease to other adjacent areas but also makes the rabies situation more serious, which
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agrees with the fact that not only rabies has spread from the south to the central and north areas
but also the situation of rabies in the south is getting more serious.
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Figure 5.4: Traveling wave solutions of the dog population in the PDE model (5.1) with parameters
given in Table 5.1. The solutions are plotted when t=2, 8, 16, 24, 32, 40.

We knew that the traveling waves exist in the dog population. We now explore the influencing
factors for the traveling waves. Taking this into account, Fig. 5.5(b)-(d) intuitively illustrates
how the parameters impact the transmission and diffusion of rabies. We can visually see that the
influences of d1, d2, d3, d4 are smaller than that of A and k. Moreover, d1, d2, d3, d4 only affect the
speed of traveling waves, while other parameters not only affect the speed of waves but also change
the magnitude of waves. This illustrates that strengthening quarantine during the dog movement
only can control the diffusion spread of rabies to other areas but cannot eliminate rabies. In
addition, in Fig. 5.5(b) we can observe that the bottle-green curve is convergent, which is because
R0 < 1 when A = 2× 106.

5.4 The Minimum Wave Speed

The purpose of this subsection is to determine the minimum wave speed c∗ connecting the spatially
homogeneous disease-free equilibrium E0 to the spatially homogeneous endemic equilibrium E∗ for
the reaction-diffusion system (5.1). The solutions corresponding to the minimum wave speed
describe the observed epidemic waves and are called traveling waves. The traveling waves, if they
exist, satisfy the following conditions:

lim
z→−∞

(Sd(z), Sh(z), Ed(z), Eh(z), Id(z), Ih(z), Rd(z), Rh(z)) = (S0
d , 0, 0, 0, 0, 0, R

0
d, 0)

and

lim
z→+∞

(Sd(z), Sh(z), Ed(z), Eh(z), Id(z), Ih(z), Rd(z), Rh(z)) = (S∗d , 0, E
∗
d , 0, I

∗
d , 0, R

∗
d, 0).

As for system (5.10), the minimum wave speed for traveling waves can be determined by considering
the eigenvalues of the Jacobian matrix at the disease-freeequilibrium E0. Following the calculations
in [113], it follows that

c∗ =

√
2d2(

√
(2m+ σ + k + µ)2 + 4(m+ µ)(m+ σ + k)(R0 − 1)− (2m+ σ + k + µ))
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Figure 5.5: (a) The density of infected human Ih in the PDE model (5.1) with the diffusion
condition on the dog population. The solutions are plotted when t=8, 16, 24, 32. The waves of
human rabies cases Ih in term of x under different parameter values. The solutions are plotted
when t = 8, 16, 24, 32 with (b) different A; (c) different k; (d) different d1, d2, d3, d4.

Plugging the parameter values in Table 5.1 into the above formula, we obtain c∗ = 0.1792.
Now we consider the influence of parameters on c∗. From Fig. 5.6, we can see that the

parameter d2 has a larger influence on c∗ than k,A, γ, λ. c∗ is a convex function of A, γ, d2 and λ,
which illustrates that the influences of them are much smaller, especially λ has little influence on
c∗ when λ > 0.5. Therefore, movement of exposed and infected dogs is indded the main factor for
the geographic spread of human rabies.
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Figure 5.6: The minimum wave speed c∗ in term of different parameters. (a) a; (b) γ; (c) d2; and
(d) λ.
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6 Modeling the Geographic Spread of Rabies by Multi-patch Mod-
els [12]

Although dogs remain the major infection source, contributing 95% of human cases in China
([60, 100]), there are very little scientific studies and very few data on the population dynamics
of dogs, let alone diseases of dogs. In order to improve rabies control and prevention, in 2005
the Chinese government implemented a trial surveillance program to monitor rabies at the na-
tional level in an attempt to obtain a more comprehensive epidemiological dataset. In addition
to recording statistics on human cases, the Institute for Viral Disease Control and Prevention of
China CDC cooperated with the provincial CDC laboratories and began collecting samples from
dog populations in regions where human rabies cases had been reported. The positive samples
were then submitted for DNA sequencing and combined with a second subset of selected sequences
from publicly available sequences. Yu et al. [109] selected a subset of samples for sequencing and
investigated the history and origin of the virus in China and examined the variation from a geo-
graphical perspective. Guo et al. [36] used comprehensive spatial analysis methodology to describe
the spatiotemporal variation of human rabies infections in China from 2005 to 2011, detected spa-
tiotemporal clusters of human rabies, modeled the transmission trend of rabies, and provided a
scientific basis for improved targeted human rabies control interventions in China. Guo et al. [37]
collected rabies virus nucleoprotein gene sequences from different provinces and investigated their
phylogenetic and phylogeographic relationship. More specifically, their phylogeographical analyses
of two rabies virus clades (China I and China II) lineages identified several provinces that appear
to be epidemiologically linked and China I lineage plays the dominant role in the spread of rabies in
China. Moreover, their analysis indicates that east China appears to be not only epidemiologically
related to adjoining provinces but also to distant provinces, and seems to act as an epidemic hub
for transmission of rabies virus to other regions, which is consistent with previous results by Yu et
al. [109]. Other long distance translocations of rabies virus can also be identified as well as translo-
cation events between neighboring provinces. Their analysis demonstrates a strong epidemiological
linkage between Shaanxi and Sichuan and between Sichuan and Yunnan. This is consistent with
surveillance data for human rabies cases which show dissemination of the virus from southwest
China to neighboring provinces and into regions such as Shaanxi in the northern part of the county
that have previously been incident free for several years (Yin et al. [107]). For both clades there
appears to be a general trend of longitudinal transmission (Guangdong-Shandong, Fujian-Hebei,
Zhejiang-Shandong) and latitudinal transmission (Yunnan-Shanghai, Guizhou-Shanghai, Hunan-
Shanghai). That is also consistent with human rabies surveillance data which highlights a flow of
cases from high incidence regions in the south of the country to medium and low incidence regions
(Yin et al. [107]). For example, discrete phylogeographic analysis for China I strain ([37], [109])
indicates the linkage of rabies virus between Sichuan and Shaanxi, Guangxi and Guizhou, and
Fujian and Hebei (Figure 6.1).

In section 5 we used a reaction-diffusion model to study the spatial spread of rabies in China.
However, reaction-diffusion equations are based on the mathematical assumptions that the spatial
domain is connected and the movement of dogs is a continuous process in the domain. While
the phylogeographical analyses of rabies virus indicate that there are long-distance inter-provincial
spreads of rabies in China, in order to investigate how the movement of dogs affects the geographic
spread, we propose a multi-patch model to study the spatial transmission of rabies between dogs
and from dogs to humans. We will describe the model in details, discuss the existence of the
disease-free equilibrium, calculate the basic reproduction number, and study how the moving rates
between patches affect the basic reproduction number. To investigate the epidemiological linkage
(such as Guizhou and Guangxi, Hebei and Fujian, and Sichuan and Shaanxi) observed in Guo et
al. [37], we will use the two-patch submodel to simulate the human rabies data to understand the
inter-provincial spread of rabies in China.
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Figure 6.1: The linkage of rabies virus China I strain between Sichuan and Shaanxi, Guangxi and
Guizhou, and Fujian and Hebei ([37, 109]).

6.1 Multi-patch Rabies Model

Since the data on human rabies in mainland China are reported to the China CDC by provinces,
we regard each province as a single patch and, in each patch, the submodel structure follows the
SEIR model (2.1) (see Figure 6.2). We use superscripts H and D to represent human and dog,
respectively, and a subscript i to denote the ith-patch. For patch i, the dog population is divided
into four subclasses: SDi (t), EDi (t), IDi (t), and V D

i (t), which denote the populations of susceptible,
exposed infectious and vaccinated dogs at time t, respectively. Similarly, the human population
in patch i is classified into SHi (t), EHi (t), IHi (t), and V H

i (t), which denote the populations of
susceptible, exposed, infectious and vaccinated humans at time t, respectively. Our assumptions
on the dynamical transmission of rabies between dogs and from dogs to humans are presented in
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the flowchart (Figure 6.2). The model in patch i is described by the following differential equations:

dSDi
dt

= Ai + λDi V
D
i + σDi (1− γDi )EDi − βDi SDi IDi − (mD

i + kDi )SDi +
n∑
j=1

φSijS
D
j ,

dEDi
dt

= βDi S
D
i I

D
i − (mD

i + σDi + kDi )EDi +
n∑
j=1

φEijE
D
j ,

dIDi
dt

= σDi γ
D
i E

D
i − (mD

i + µDi )IDi +
n∑
j=1

φIijI
D
j ,

dV D
i

dt
= kDi (SDi + EDi )− (mD

i + λDi )V D
i +

n∑
j=1

φVijV
D
j ,

dSHi
dt

= Bi + λHi V
H
i + σHi (1− γHi )EHi −mH

i S
H
i − βHi SHi IDi +

n∑
j=1

ψSijS
H
j ,

dEHi
dt

= βHi S
H
i I

D
i − (mH

i + σHi + kHi )EHi +

n∑
j=1

ψEijE
H
j ,

dIHi
dt

= σHi γ
H
i E

H
i − (mH

i + µHi )IHi +
n∑
j=1

ψIijI
H
j ,

dV H
i

dt
= kHi E

H
i − (mH

i + λHi )V H
i +

n∑
j=1

ψVijV
H
j .

(6.1)

All parameters and their interpretations are listed in Table 6.1.

Patch i

Ei
D

σ i

Dγi
DEi

D

mi
DEi

D
ij

E

φ
j=1

n

∑ j

D

E

Ii
D

mi
DIi

D
ij

I

φ
j�1

n

∑ j

D

I

Ai

mi
DSi

D

ij

S

φ
j�1

n

∑ j

D

S

D
i

D
i

D
i ISβ

Si
D

D
i

D
i

D
i E)1( γσ −

ki
DSi

D
λi
DVi

D

ij

R

φ j

D

V
j�1

n

∑

Vi
D mi

DVi
D

ki
DEi

D

i

DIi
D

Dog

i

H Ii
H

Ei
H

mi
HEi

H

ij

E

ψ
j�1

n

∑ j

H

E ij

I

ψ
j�1

n

∑ j

H

I

Ii
Hσ i

Hγi
HEi

D

mi
H Ii

H

Bi

mi
HSi

H

ij

S

ψ
j�1

n

∑ j

H

S

βi
HSi

H Ii
D

Si
H

σ i

H (1−γi
H )Ei

H

λi
HVi

H

ij

R

ψ j

H

V
j�1

n

∑

Vi
H

mi
HVi

H

ki
HEi

H

Human

Figure 6.2: Flow chart for the transmission of rabies virus between dogs and from infectious dogs
to humans within patches and from patches to patches via transportation of dogs.

Ai describes the annual birth rate of the dog population in patch i; βDi denotes the transmission
coefficient between dogs in patch i and βDi S

D
i I

D
i describes the transmission of rabies from infectious
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dogs to susceptible dogs in this patch; 1/σDi represents the incubation period of infected dogs in
patch i; γDi is the risk factor of clinical outcome of exposed dogs in patch i. Therefore, σDi γ

D
i E

D
i

denotes dogs that develop clinical rabies and enter the susceptible class and the rest σDi (1−γDi )EDi
denotes the exposed dogs that do not develop clinical rabies; mD

i is the non-disease related death
rate for dogs in patch i; kDi is the vaccination rate of dogs and λDi denotes the loss rate of vaccination
immunity for dogs in patch i; µDi is the disease-related death rate for dogs in patch i.

For the human population, similarly Bi describes the annual birth rate of the human pop-
ulation in patch i; βHi denotes the transmission coefficient from dogs to humans in patch i and
βHi S

H
i I

D
i describes the transmission of rabies from infectious dogs to susceptible dogs in this patch;

1/σHi represents the incubation period of infected humans in patch i; σHi γ
H
i E

H
i describes exposed

people that become infectious and σHi (1− γHi )EHi describes the exposed people that return to be
susceptible; mH

i is the non-disease related death rate for humans in patch i; kHi is the vaccination
rate of dogs and λHi denotes the loss rate of vaccination immunity for huamns in patch i; µHi is
the disease-related death rate for humans in patch i.

φKij ≥ 0 (K = S,E, I, V ) is the immigration rate from patch j to patch i for i 6= j of susceptible,

exposed, infectious, and vaccinated dogs, respectively; ψKij ≥ 0 (K = S,E, I, V ) is the immigration
rate from patch j to patch i for i 6= j of susceptible, exposed, infectious, and vaccinated humans,
respectively. Then

∑
j 6=i φ

K
ijK

D
i (K = S,E, I, V ) describes the corresponding subclass of the dog

population that enter into patch i from other patches and
∑

j 6=i φ
K
jiK

D
i denotes the corresponding

subclass dog population that leave patch i. Meanwhile, the immigrations of humans are described
in the same way by ψKij (K=S, E, I, V).

Table 6.1: Parameters and descriptions

Parameter description Reference

Ai the annual birth rate of dogs in patch i estimation
λDi the loss rate of vaccination immunity for dogs in patch i [77]

1
σD
i

the time duration in which infected dogs in patch i
remain infectious

[91]

γDi the risk factor of clinical outcome of exposed dogs in patch i [60]
mD
i the non-disease related death rate for dogs in patch i [118]

kDi the vaccination rate of dogs in patch i [60]
µDi the disease-related death rate for dogs in patch i [60]

βDi
the transmission coefficient of infectious dogs

to susceptible dogs in patch i
fitting

Bi the annual birth rate of humans in patch i [66]
λHi the loss rate of vaccination immunity of humans in patch i [15]
1
σH
i

the time duration of infectiousness of infected humans in patch i [101]

γHi the risk factor of clinical outcome of exposed humans in patch i [42]
mH
i the natural death rate of humans in patch i [66]

kHi the vaccination rate of humans in patch i [60]
µHi the disease-related death rate of humans in patch i [60]

βHi
the transmission coefficient of infectious dogs

to susceptible humans in patch i
fitting

φKij ≥ 0
( K = S,E, I, V )

the immigration rate from patch j to patch i for i 6= j of
susceptible (exposed, infectious, and vaccined) dogs

fitting

ψKij ≥ 0
( K = S,E, I, V )

the immigration rate from patch j to patch i for i 6= j of
susceptible (exposed, infectious, and vaccined) humans

fitting

Ignoring the deaths and births during transportation, for i = 1, ..., n, we have

φKii = −
n∑

j=1,j 6=i
φKji , K = S,E, I, V,
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ψLii = −
n∑

j=1,j 6=i
ψLji, L = S,E, I, V.

Assume that the travel rate matrices (φKij )n×n for K = S,E, I, V and (ψLij)n×n for L = S,E, I, V
are irreducible.

Consider the case that EDi = IDi = EHi = IHi = 0, then the positive equilibria of the subsystem
satisfy the following:

Ai + λDi V
D
i − (mD

i + kDi )SDi +
∑n

j=1 φ
S
ijS

D
j = 0,

kDi S
D
i − (mD

i + λDi )V D
i +

∑n
j=1 φ

V
ijV

D
j = 0,

(6.2)

and

Bi + λHi V
H
i −mH

i S
H
i +

∑n
j=1 ψ

S
ijS

H
j = 0,

−(mH
i + λHi )V H

i +
∑n

j=1 ψ
V
ijV

H
j = 0.

(6.3)

By adding the equations in (6.3) from i = 1 to n, we have

0 =
n∑
i=1

−(mH
i + λHi )V H

i +
n∑
i=1

n∑
j=1

ψSijS
H
j = −

n∑
i=1

(mH
i + λHi )V H

i ,

which leads to V H
i = 0 for i = 1, 2, ..., n and Bi −mH

i S
H
i +

∑n
j=1 ψ

S
ijS

H
j = 0. It follows that there

exists SH∗ = (SH∗1 , SH∗2 , ..., SH∗n ) such that (SH∗)T = (δijm
H
i − ψSij)−1(B1, B2, ..., Bn)T since the

matrix (δijm
H
i − ψSij) is strictly diagonal dominant.

Let X = (SD1 , S
D
2 , ..., S

D
n , V

D
1 , V D

2 , ..., V D
n )T . Then equation (6.2) is equivalent to A+MX = 0,

where A = (A1, A2, ..., An, 0, 0, ..., 0)T and

M =

(
M11 M12

M21 M22

)
,

here

M11 = (−δij(mD
i + kDi ) + φSij)n×n,

M12 = (δijλi)n×n = diag(λD1 , λ
D
2 , ..., λ

D
n ),

M21 = (δijk
D
i )n×n = diag(kD1 , k

D
2 , ..., k

D
n ),

M22 = (−δij(mD
i + λDi ) + φVij)n×n.

Consider the i-th column of matrix M, we can show that

| − δij(mD
i + kDi ) + φSii| = δij(m

D
i + kDi ) +

∑
j 6=i

φSji > δijk
D
i +

∑
j 6=i

φSji.

After showing the similar properties for the i-th column where i = n+ 1, n+ 2, ..., 2n, we can see
that M is strictly diagonal dominant. Therefore, it implies the existence of the inverse of M . We
denote (SD∗, V D∗) = −M−1A, where

SD∗ = (SD∗1 , SD∗2 , ..., SD∗n ), V D∗ = (V D∗
1 , V D∗

2 , ..., V D∗
n ).

Also, denote
SH∗ = (SH∗1 , SH∗2 , ..., SH∗n ).

We thus obtain the disease-free equilibrium for model (6.1)

(SD∗, 0, 0, V D∗, SH∗, 0, 0, 0).
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6.2 Data and parameters

Data used to simulate our model are from the Data-Center of China Public Health Science reported
by China CDC. We used a two-patch submodel to simulate the data of human rabies from 2004
to 2012 in three pairs of provinces: Guangxi and Guizhou, Fujian and Hebei, and Sichuan and
Shaanxi (see Figure 6.1). Each province is regarded as a patch in the model (n = 2). The
parameters about humans including the annual birth rate and natural death rate of humans in
each province are adopted from the “China Health Statistical Yearbook 2012” [66]. The incubation
period for rabies is typically 1-3 months [101], we assume that it is 2 months on average, thus
σHi = 6/year. Similarly, we also have σHi = 10/year [91]. The disease induced death rates of
humans and dogs are assumed to be 1 [60]. According to [60], the vaccination rate kHi of humans
in China is about 0.5 and the risk factor of clinical outcome of exposed dogs γDi is 0.4. Based on
studies the minimum duration of immunity for canine is 3 years [77], we assume that the loss rate
of vaccination immunity for dogs in patch i is λDi = 1/3/yaer ≈ 0.33/year. Rabies mortality after
untreated bites by rabid dogs varies from 38% to 57% [42], thus we take the average 47.5% as the
risk factor of clinical outcome of exposed humans.

The difficulty in parameter estimations is that there is no scientifically or officially reported data
on dogs in China. So the values of Ai used in simulations are estimated based on the dog density
from the household survey [85], the total areas of provinces, the density of human population and
other research results [43, 112, 113]. Now we assume that the immigration rates of suspectible,
exposed, infectious and vaccined dogs are same. Additionally, suspectible, exposed and vaccined
humans also move in the same rate but infectious humans do not move inter-provincially which is
set as ψHij = 0. All other parameters are left to be unknown and estimated through simulating the
model by the data.

6.3 Basic reproduction number and sensitivity analysis

The basic reproduction number of rabies which reflects the expected number of dogs infected by
a single infected dog, is derived from the mathematical model that describes the transmission
dynamics of rabies following the method in [93]. Mathematically, R0 is defined as the dominant
eigenvalue of a linear operator.

Following [93], we have

F =


0 F1 0 0
0 0 0 0
0 F2 0 0
0 0 0 0

 , V =


V11 0 0 0
V21 V22 0 0
0 0 V33 0
0 0 V34 V44

 ,

where

F1 = diag(βD1 S
D∗
1 , βD2 S

D∗
2 , ..., βDn S

D∗
n ); F2 = diag(βH1 S

H∗
1 , βH2 S

H∗
2 , ..., βHn S

H∗
n );

V11 = (δij(m
D
i + σDi + kDi )− φEij)n×n; V22 = (δij(m

D
i + µDi )− φIij)n×n;

V33 = (δij(m
H
i + σDi + kHi )− ψEij)n×n; V44 = (δij(m

H
i + µHi )− ψIij)n×n;

V21 = diag(σD1 γ
D
1 , σ

D
2 γ

D
2 , ..., σ

D
n γ

D
n ); V21 = diag(σH1 γ

H
1 , σ

H
2 γ

H
2 , ..., σ

H
n γ

H
n ).

Since Aii is a strictly diagonally dominant matrix for i = 1, 2, ..., n, they are all non-singular and
therefore A−1ii exists. That leads to the inverse of V :

V−1 =


V−111 0 0 0

V−122 V21V
−1
11 V−122 0 0

0 0 V−133 0

0 0 V−144 V34V
−1
33 V−144

 .
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Thus, the spectral radius of matrix FV−1,

R0 = ρ(FV−1) = ρ(F1V−122 V21V
−1
11 ), (6.4)

is the basic reproduction number.
The isolated basic reproduction number,

Ri0 =
βDi σ

D
i γ

D
i Ai(m

D
i + λDi )

mD
i (mD

i + µDi )(mD
i + σDi + kDi )(mD

i + λDi + kDi )
, (6.5)

is the basic reproduction number in one single patch (patch i here) when all the immigration rates
are zero. For the two-patch submodel, R0 can be expressed as

R0 = (βD1 S
D∗
1 σD1 γ

D
1 (mD

2 + σD2 + kD2 + φE12)(m
D
2 + µD2 + φI12)

+βD2 S
D∗
2 σD2 γ

D
2 (mD

1 + σD1 + kD1 + φE21)(m
D
1 + µD1 + φI21)

+βD2 S
D∗
2 σD1 γ

D
1 φ

E
12φ

I
21 + βD1 S

D∗
1 σD2 γ

D
2 φ

E
21φ

I
12

+((βD1 S
D∗
1 σD1 γ

D
1 (mD

2 + σD2 + kD2 + φE12)(m
D
2 + µD2 + φI12)

+βD2 S
D∗
2 σD2 γ

D
2 (mD

1 + σD1 + kD1 + φE21)(m
D
1 + µD1 + φI21)

+φE12φ
I
21β

D
2 S

D∗
2 σD1 γ

D
1 + φE21φ

I
12β

D
1 S

D∗
1 σD2 γ

D
2 )2

−4((mD
1 + σD1 + kD1 + φE21)(m

D
2 + σD2 + kD2 + φE12)− φE21φE12)

((mD
1 + µD1 + φI21)(m

D
2 + µD2 + φI12)− φI21φI12)(βD1 SD∗1 βD2 S

D∗
2 σD1 γ

D
1 σ

D
2 γ

D
2 ))

1
2 /

{2((mD
1 + σD1 + kD1 + φE21)(m

D
2 + σD2 + kD2 + φE12)− φE21φE12)

((mD
1 + µD1 + φI21)(m

D
2 + µD2 + φI12)− φI21φI12)}. (6.6)

The value of R0 gives an important threshold that determines if the disease will die out or
not eventually. Roughly speaking, if R0 > 1 each primary infected dog averagely will produce
more than one secondary infected dog. Therefore the disease will persist. Conversely, if R0 < 1
the expected number of secondary case produces by the primary case is less than one. Thus the
disease will die out. The purpose is to reduce R0 by possible disease control strategies. However,
the formula is very complicated and impossible to analyze the relationship between the parameters
and R0 even for a two-patch model. Sensitivity analysis can aid in discovering how each parameter
quantitatively affects R0. Furthermore, we will study how the immigration rate affect the basic
reproduction numbers of the whole system and the isolated patchs by performing some sensitivity
analyses.

6.4 Numerical simulations

In this section, we first use the two-patch submodel to simulate the reported human rabies data
from Guangxi and Guizhou, Sichuan and Shaanxi, and Fujian and Hebei, respectively. Then we
carry out some sensitivity analyses of the basic reproduction number in terms of some parameters
of dogs, especially the immigration rates between provinces.

(a) Hebei and Fujian. From Guo et al. [37], we know that Hebei and Fujian are epidemiologi-
cally linked. In Hebei, there was only one human rabies case reported in 2000 [60], while it is now
one of the 15 provinces having more than 1,000 cumulative cases and is included in “Mid-to-long-
term Animal Disease Eradication Plan for 2012-2020” project. We take Hebei and Fujian as two
patches in model (6.1) (when n = 2) and simulate the numbers of human cases from 2004 to 2012
by the model. In Figure 6.3, the solid blue curves represent simulation results and the dashed red
curves are reported numbers of human rabies cases from 2004 to 2012, which show a reasonable
match between the simulation results and reported data from China CDC. Based on the values of
parameters in the simulations and the formula of the basic reproduction number in the two-patch

36



2004 2005 2006 2007 2008 2009 2010 2011 2012
0

20

40

60

80

100

120

140

160

Year

H
u

m
a
n

 R
a
b

ie
s
 C

a
s
e
s
 2

0
0
4
−

2
0
1
2

HEBEI

(a)

2004 2005 2006 2007 2008 2009 2010 2011 2012
0

5

10

15

20

25

30

35

40

45

50

Year

H
u

m
a
n

 R
a
b

ie
s
 C

a
s
e
s
 2

0
0
4
−

2
0
1
2

FUJIAN

(b)

Figure 6.3: Simulations of the numbers of reported human rabies cases in Hebei and Fujian from
2004 to 2012. The solid blue curves are simulation results by our model and the dashed red
curves are the numbers of reported cases by China CDC [15].Values of parameters: A1 = 3× 105,
A2 = 5× 105, B1 = 8.797× 105, B2 = 4.101× 105, λD1 = λD2 = 0.33, λH1 = λH2 = 2, σD1 = σD2 = 10,
σH1 = σH2 = 6, γD1 = γD2 = 0.4, γH1 = γH2 = 0.475, mD

1 = mD
2 = 0.345, mH

1 = mH
2 = 0.00662, kD1 =

0.09, kD2 = 0.00, kH1 = kH2 = 0.5, µD1 = µD2 = µH1 = µH2 = 1, βD1 = 2.45× 10−6, βD2 = 2.2× 10−6,
βH1 = 2.2× 10−11, βH2 = 1.4× 10−11, φS12 = φE12 = φI12 = φV12 = 0.6, φS21 = φE21 = φI21 = φV21 = 0.05,
ψS12 = ψE12 = ψV12 = 0.2, ψS21 = ψE21 = ψV21 = 0.32, ψI12 = ψI21 = 0.

model, it is calculated that R0 = 1.0319. That means the disease will not die out in this two-patch
system.

If we assume that there is no immigration of both dogs and humans in this system, then the iso-
lated basic reproduction numbers for Hebei and Fujian are RHebei

0 = 0.5477 and RFujian
0 = 0.8197,

respectively. Under this assumption the disease would die out in both provinces since their isolated
basic reproduction number is less than one. This example theoretically shows the possibility that
the immigration of dogs can lead the disease to a worse scenario even it could be eliminated in each
isolated patch. It is remarkable that we only mentioned the dog immigration here because a simple
observation to the formula of the basic reproduction number shows that only the immigration rates
of dogs (φKij for K = S,E, I, V ) can affect it. In fact, only dogs can carry the rabies virus and
then spread it to humans and other dogs. This transmission feature supports our mathematical
analysis. Furthermore, Figure 6.6(b) shows a direct comparison of numerical simulations on the
number of human cases from the model with immigration and without immigration. The addi-
tional green curve represents simulations of the human cases without any immigration in Hebei
and the human infectious population size goes to zero faster which is consistent with the fact that
the isolated basic reproduction number (0.5477) in Hebei is less than one.

(b) Guizhou and Guangxi. A statistically significant translocation event is also predicted be-
tween Guizhou and Guangxi [109]. Figure 6.4 shows that Guizhou and Guangxi have large numbers
of human rabies cases (both are in top 5 endemic provinces in China) in recent years. Particularly,
the number of human deaths caused by rabies virus in Guangxi is ranked the highest in China. Sim-
ilar simulations were carried out for these two provinces and results are shown in Figure 6.4. The
isolated basic reproduction numbers for Guizhou and Guangxi are calculated as RGuizhou

0 = 1.5998

and RGuangxi
0 = 6.1905, respectively, while the basic reproduction number for the linked system is

estimated to be R0 = 4.9211. To eliminate rabies we need some effective control strategies that
can reduce R0 significantly. Thus it is even more challenging to control and prevent the disease
in Guangxi and Guizhou from a numerical perspective. In Figure 6.6(a), we compare the human
rabies in Guizhou having dog immigration with that having no dog immigration. It is obvious
that if there is no dog immigration between Guizhou and Guangxi, the number of human rabies in
Guizhou would be less than the reported numbers, and also much less than the simulation results
with dog immigration.
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Figure 6.4: Simulations of the numbers of reported human rabies cases in Guizhou and Guangxi
from 2004 to 2012. The solid blue curves are simulation results by our model and the dashed red
curves are the numbers of reported cases by China CDC [15]. Values of parameters: A1 = 3× 106,
A2 = 8.5×105,B1 = 7.223×105, B2 = 5.143×105, λD1 = λD2 = 0.33, λH1 = λH2 = 2, σD1 = σD2 = 10,
σH1 = σH2 = 6, γD1 = γD2 = 0.4, γH1 = γH2 = 0.475, mD

1 = mD
2 = 0.345, mH

1 = mH
2 = 0.00662, kD1 =

0.07, kD2 = 0.05, kH1 = kH2 = 0.5, µD1 = µD2 = µH1 = µH2 = 1, βD1 = 2.7 × 10−6, βD2 = 2.4 × 10−6,
βH1 = 1.15× 10−11, βH2 = 2.8× 10−11, φS12 = φE12 = φI12 = φV12 = 0.2, φS21 = φE21 = φI21 = φV21 = 0.15,
ψS12 = ψE12 = ψV12 = 0.15, ψS21 = ψE21 = ψV21 = 0.2, ψI12 = ψI21 = 0.

(c) Sichuan and Shaanxi. Shaanxi, which is now an alarming province for rabies in China,
had only 15 cumulative human cases from 2000 to 2006 (only 2 to 3 cases every year on average).
However, 26 human cases were reported in 2009 and the number keeps increasing after that. Rabies
was found to spread along the road network [36]. With the parameters in Figure 6.5, the isolated
basic reproduction numbers for Sichuan and Shaanxi are RSichuan

0 = 1.3414 and RShaanxi
0 = 1.0061,

respectively, while the basic reproduction number for the two provinces with immigration is R0 =
1.5085 which is greater than both of these two isolated ones. Numerically, that means more efforts
may be needed to eliminate the virus in humans if the immigration is involved. Figure 6.6(c) shows
that if there is no dog immigration for Shaanxi, the human rabies cases would decrease fast while
it increased fast in reality.
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Figure 6.5: Simulations of the numbers of reported human rabies cases in Sichuan and Shaanxi
from 2004 to 2012. The solid blue curves are simulation results by our model and the dashed red
curves are the numbers of reported cases by China CDC [15]. Values of parameters: A1 = 3× 105,
A2 = 3× 105, B1 = 7.184× 105, B2 = 3.634× 105, λD1 = λD2 = 0.33, λH1 = λH2 = 2,σD1 = σD2 = 10,
σH1 = σH2 = 6, γD1 = γD2 = 0.4,γH1 = γH2 = 0.475, mD

1 = mD
2 = 0.345, mH

1 = mH
2 = 0.00662, kD1 =

0.09, kD2 = 0.09, kH1 = kH2 = 0.5, µD1 = µD2 = µH1 = µH2 = 1, βD1 = 2.7 × 10−6, βD2 = 2.4 × 10−6,
βH1 = 9.5 × 10−10, βH2 = 4 × 10−11, φS12 = φE12 = φI12 = φV12 = 0.03, φS21 = φE21 = φI21 = φV21 = 0.4,
ψS12 = ψE12 = ψV12 = 0.3, ψS21 = ψE21 = ψV21 = 0.05, ψI12 = ψI21 = 0.
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Figure 6.6: Simulations of the numbers of reported human rabies cases in Guizhou, Hebei, and
Shaanxi with dog immigration and without dog immigration. The dashed red curves are reported
cases by China CDC; the solid blue curves correspond to simulations with immigration and the
dashed green curves correspond to simulations without immigration (φK12 = φK21 = 0 for K =
S,E, I, V ).

6.5 Sensitivity analysis

We now study how the basic reproduction number R0 depends on parameters of dogs, especially
the immigration rates φKij , where K = S,E, I,R. For the sake of implicity, we consider the two-
patch submodel and the corresponding basic reproduction number given in (6.6). We consider the
following three cases.

(i) Immigration of dogs between patches with different transmission rates. Suppose βD1 =
3 × 10−7 > βD2 = 1 × 10−7, φK12 = φ12 and φK21 = φ21, where K = S,E, I,R. A1 = 2 × 66,
λD1 = 0.42, σD1 = 0.42, γD1 = 0.4, mD

1 = 0.08, kD1 = 0.09, µD1 = 1, the remaining parameters
of dogs in patch 2 are the same as the corresponding parameters of dogs in patch 1. Here the
only difference between the two patches in that the transmission coefficients of infectious dogs to
susceptible dogs are different. Then the isolated basic production numbers satisfy the inequality:
R1

0 = 2.3246 > R2
0 = 0.7749. So rabies is endemic in patch 1 and will die out in patch 2. First,

let (the immigration rate of dogs from patch 1 to patch 2) φ12 = 0.02. It is shown in Figure 6.7
that R0 decreases as φ21 (the immigration rate of dogs from patch 2 to patch 1) increases. Then,
let φ21 = 0.5, R0 increases as φ12 increases. Furthermore, if φ21 is small and φ12 is large, R0 is
greater than both R1

0 and R2
0. To reduce R0, we need to control φ12 small enough. For example,

let φ21 = 0.5, φ12 = 0.01, then we obtain that R0 < min{R1
0,R2

0}. If φ21 = 0.4, φ12 = 0.3,
then R0 = 1.6274, which is smaller than R1

0 but greater than R2
0. Thus, if we can control the

immigration rates of dogs in an appropriate range, the endemic level will be lower.
(ii) Immigration of dogs between patches with different vaccination rates. We assume that

dogs move at the same rate regardless of their subclasses (φK12 = φ12 and φK21 = φ21 for K =
S,E, I, V ).Then let dogs in patch 1 have a higher vaccination rate than those in patch 2: kD1 =
0.5 > kD2 = 0.09. All the remaining parameters of dogs in patch 2 are the same as the corresponding
parameters of dogs in patch 1. Figure 6.8 presents the basic reproduction number R0 in terms of
the immigration rates. Firstly, R0 increases as the immigration rates increase at most of the time.
This is consistent with our previous simulation results: the dog movements bring difficulties to
rabies control. Secondly, a detailed observation in the range ofR0 indicates that it is more sensitive
in φ12. Therefore we conclude that immigration of dogs from the patch with lower vaccination rate
to a patch with higher vaccination rate is more dangerous.

It is notable that R0 might be greater than both isolated basic reproduction numbers. For
example, let φ21 = 0.95 and φ12 = 0.4, and all other parameters be the same as in Case (ii). Then
R0 = 1.2974 > max{R1

0,R2
0}. That is, the immigration of dogs might lead to a more serious

situation.
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Figure 6.7: Plots of R0 in terms of (a) the immigration rate of dogs from patch 1 to patch 2 (φ21)
and (b) the immigration rate of dogs from patch 2 to patch 1 (φ12) when patch 1 has a higher
transmission coefficient than patch 2 (βD1 = 3× 107 > βD2 = 1× 107). Values of other parameters:
A1 = A2 = 2 × 106, λD1 = λD2 = 0.42, σD1 = σD2 = 0.42, γD1 = γD2 = 0.4, mD

1 = mD
2 = 0.08,

kD1 = kD2 = 0.09, µD1 = µD2 = 1 .
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Figure 6.8: Plots of R0 in terms of (a) the immigration rate of dogs from patch 1 to patch 2
(φ21) and (b) the immigration rate of dogs from patch 2 to patch 1(φ12) when patch 1 has a
higher vaccination rate than patch 2 (kD1 = 0.5 > kD2 = 0.09). We assume immigration rates of
susceptible, exposed, infectious and vaccinated dogs are same, that is, φ21 = φS21 = φE21 = φI21 = φV21
and φ12 = φS12 = φE12 = φI12 = φV12. Values of other parameters: βD1 = βD2 = 1.58 × 10−7,
A1 = A2 = 2 × 106, λD1 = λD2 = 0.42, σD1 = σD2 = 0.42, γD1 = γD2 = 0.4, mD

1 = mD
2 = 0.08,

µD1 = µD2 = 1.
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(iii) Immigration of infective dogs between patches. Now we fix all immigration rates of dogs to
0.2 except φI21 (the immigration rate of infective dogs from patch 1 to patch 2), then R0 increases
quickly as φI21 increases, as it is shown in Figure 6.9 (a). On the other hand we fix all immigration
rates of dogs to 0.2 except φI12 (the immigration rate of infective dogs from patch 2 to patch 1),
then R0 decreases as φI21 increases, as it is shown in Figure 6.9 (b). Interestingly, compare with
Case ii, we found that immigration of infectious dogs from the patch with a high vaccination rate
to a patch with a low vaccination rate is more dangerous. The patch with a low vaccination rate
actually has a week protection from the virus, thus infectious dogs from another patch may spread
the disease faster.
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Figure 6.9: Plots of R0 in terms of (a) immigration rate of infectious dogs from patch 1 to patch 2
(φI21) and (b) the immigration rate of infectious dogs from patch 2 to patch 1 (φI12) when patch 1
has a higher vaccination rate than patch 2 (kD1 = 0.5 > kD2 = 0.09). Fix the immigration rates of
susceptible, exposed and vaccinated dogs, that is, φS12 = φE12 = φV12 = 0.2, φS21 = φE21 = φV21 = 0.2.
Values of other parameters: βD1 = βD2 = 1.58 × 10−7, A1 = A2 = 2 × 106, λD1 = λD2 = 0.42,
σD1 = σD2 = 0.42, γD1 = γD2 = 0.4, mD

1 = mD
2 = 0.08, µD1 = µD2 = 1.

7 Discussions

Rabies is one of the biggest public health threats in China. Facing up to the epidemic situa-
tion, both the central and local governments have been seeking forceful methods to reduce rabies
transmission. Various prevention and control measures have been proposed by many researchers
which include: (i) strengthening the postexposure prophylaxis (PEP) schedules delivered to rabies
patients [79, 84]; (ii) culling of dogs, in particular stray dogs [51]; (iii) increasing the vaccination
coverage in dogs [104]. Some researches suggest that combining these methods can be more effec-
tive in controlling the rabies. For example, Hu et al. [45] came up with strategies to control and
prevent human rabies that include public education and awareness about rabies, pet vaccination
programs, culling of stray animals, and enhancing PEP for infected patients. However, the large-
scale culling of dogs, criticized by pet owners and animal protection activists, is controversial and
there is a lack of evidence of its effectiveness in controlling dog population or rabies [100]. In fact,
culling may remove vaccinated dogs, increase immigration, disrupt social organization, and lose
public support, which make rabies control more difficult [11].

7.1 Modeling Dog-Human Interactions

In order to explore effective control and prevention measures, in section 2 we proposed a susceptible,
exposed, infectious, and recovered model to study the transmission dynamics of rabies in China.
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The model describes the transmission of rabies among dogs and from dogs to humans. The model
simulations agreed with the human rabies data reported by the Chinese Ministry of Health and
gave an estimate of the basic reproduction number R0 ≈ 2. The sensitivity analysis of R0 in terms
of the model parameters and the comparison of the effects of culling and immunization of dogs
demonstrate that (i) controlling dog birth rate and increasing dog immunization coverage rate are
the most effective methods for controlling rabies in China; and (ii) large scale culling of susceptible
dogs can be replaced by immunization of them.

The characteristics of rabies epidemics in China include the large size of the dog population,
the extremely low dog vaccination rate, poor understanding of the transmission dynamics of rabies,
inadequate treatment of the infected patients, and the countrywide scale of the disease [60]. WHO
recommends that 70% of dogs in a population should be immunized in order to eliminate or prevent
outbreaks of rabies. However, the dog immunization rate in China has yet reached 10%, which is
even lower in the countryside [60]. So increasing dog vaccination coverage rate is necessary and
crucial in control rabies transmission in China. We suggest decreasing the dog birth rate in order
to reduce the dog population and stop culling dogs and try to vaccinate these dogs instead. For pet
dogs, registration and immunization should be mandatory; the price of vaccine should be reduced;
the awareness of prevention rabies for dog owners should be enhanced; and contraception measures
should be taken.

7.2 Including both Domestic and Stray Dogs

A very important fact that was not considered in section 2 is that there is a very large number of
stray dogs in China. It was reported that at least 18.2% of the human rabies cases in Guangdong
Province are caused by stray dogs [79]. In section 3, taking this fact into consideration and using
rabies data from Guangdong Province, we proposed a SEIV model for the dog-human transmission
of rabies in which both domestic and stray dogs are considered. By the analysis of the model,
we concluded that the cases of rabies in Guangdong would decrease gradually in the next a few
year and increase slightly afterward, which indicates that rabies cannot be controlled or eradicated
under the current strategies. By carrying out some sensitivity analysis of the basic reproduction
number in terms of various parameters, we found that the vaccination rate of domestic dogs, the
recruitment rate of domestic dogs, the number of stray dogs and the valid time of the immunity
play very important roles for the transmission of rabies. From Fig. ??(a), we can see that the acute
infection in humans in Guangdong Province would be reduced evidently through the decrease of
the stray dog population. Moreover, reducing the transfer from infected domestic dogs to stray
dogs is more effective than decreasing domestic dogs that are abandoned. As shown in Fig. 3.4(a)
and Fig. ??(b), rabies can be controlled with the vaccination coverage rate over 75% which is a
little bit higher than the recommended vaccination rate by WHO, the main reason is that a large
number of stray dogs exists in most areas of Guangdong Province. However, from Fig. ??(b),
although acute infection cases can be reduced by culling stray dogs, rabies cannot be eventually
eradicated by this measure alone. Therefore, culling stray dogs is not a good strategy in controlling
rabies. To prevent and control rabies in stray dogs, as suggested in section 2, fostering of stray dogs
could be introduced and encouraged, food baits containing abortifacient oral vaccine in capsules
could be distributed in order to reduce the stray dog population and vaccinate stray dogs.

The differences between model (2.1) and model (3.1) are that only domestic dogs were con-
sidered in (2.1) while both domestic and stray dogs are included in model (3.1); model (2.1) was
used to simulate the human rabies data from the whole country from 1996 to 2010 while model
(3.1) was used to simulate the human rabies data from Guangdong Province from 2006 to 1010. It
should be pointed out that the latter is the reason that the basic reproduction number for rabies in
China was estimated to be R0 = 2 in section 2 while it is estimated that R0 = 1.65 for Guangdong
Province in this section. Indeed, the human rabies cases increased continuously and dramatically
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in China from 1996 to 2006 and then started to decrease steadily (see Figure 2.2). In section 3 we
used the data from 2004 to 2010 for the whole country and it was estimated that the “average”
basic reproduction number for China for this time period is R1 = 1.25. These results indicate that
human rabies in Guangdong Province is more severe than the average in China.

According to WHO, as long as victims bitten by animals receive proper PEP timely, human
rabies can be prevented [98]. Fig. ??(c) indicates that the rabies infection rate can be reduced
with the increase of using PEP. Thus, publicity and education on the risk and prevention of rabies
is necessary and important to control the epidemic and should be strengthen in endemic areas,
especially in rural areas.

7.3 Seasonal Rabies Epidemics

The monthly data of human rabies cases reported by the Chinese Ministry of Health exhibits
seasonal characteristics that the morbidity rates in the summer and autumn are much higher than
in the winter and spring. In order to study the transmission dynamics of rabies in China, in
section 4, seasonality of the spreading of the rabies was incorporated into the SEIR model (2.1)
with periodic transmission rates. Firstly, we calculated the basic reproduction number R0 and
analyzed the dynamics of the model including the global stability of the disease-free equilibrium
and the existence of periodic solutions. We then used our model to simulate the monthly data on
the number of infected human cases from January 2004 to December 2010 in China reported by the
Chinese Ministry of Health and predicted the general tendency of disease in China. Moreover, we
carried out some sensitivity analysis of parameters on R0. The demographic data were estimated
from National Bureau of Statistics of China [65]. The values of most parameters in our model were
obtained from the literature or by assumptions. The values of β(t), βdh(t) and A were estimated
through least-square fitting of Ih(ti) by discretizing the ordinary differential system.

We would like to point out that in section 2 it was estimated that the basic reproduction
number R0 = 2, while in section 4 we calculated that R0 = 1.03 with a similar model structure.
This can be explained as follows. In section 2, the data adopted by model fitting were from 1996
to 2010. In section 4 we only used the data from 2004 to 2010. From Fig. 2.2, we can see that the
numbers of infected human cases increased dramatically from 159 cases in 1996 and were fierce
from 1996 to 2004. After 2004, the spread of rabies began to slow down. Moreover, the data
in 2005 and after 2007 decreased. So the fact that R0 in section 4 is less than in section 2 is
reasonable.

Controlling the population of dogs, reducing the birth rate of dogs, increasing the immunization
rate of dogs, improve the management of dogs, enhancing the awareness of people about rabies, and
combining these measures are effective measures to control rabies in China. In addition, because
the monthly data of human rabies cases exhibits a periodic pattern on an annual base and the
human rabies cases in the summer and autumn are higher, it will be useful to take extra measures
from May to July every year before the infection peaks, such as extra supervision of children and
students out of school.

7.4 Spatial Spread of Rabies

To investigate how the movement of dogs leads to and impacts the spatial spread speed of rabies, in
section 5 we constructed a reaction-diffusion equation model to describe the interactions between
dogs and humans, where dogs can disperse. We calculated the minimum wave speed and considered
the existence of traveling wave by numerical simulations. Moreover, we discussed the stability of
the endemic equilibrium with diffusion to illustrate that the spatial pattern cannot appear. The
key is to check the magnitude of influence of parameters on human rabies cases and the minimal
wave speed c∗. From the formula of c∗, we can see that only d2, d3(= d2) can influence c∗, but
d1, d4 do not. Therefore, only the movement of exposed and infected dogs affects the spatial spread
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of rabies. From Fig. 5.6(b), we know that the influence of d2, d3 on c∗ is larger which illustrates
that quarantine of dogs during movement is important to control the spatial spread of rabies.

The existence of traveling waves in the model indicates that the spatial spread of rabies in
both dogs and humans is caused by the dispersal of dogs. Thus, management of dogs and dog
movement is important to reduce and prevent such spread of rabies.

7.5 Multi-patch Rabies Models

In section 6, a multi-patch model was proposed to describe the spatial transmission dynamics of
rabies in China and to investigate how the immigration of dogs affects the geographical spread of
rabies. The expression and sensitivity analysis of the basic reproduction number indicates that the
movement of dogs plays an essential role in the spatial transmission of rabies. As mentioned in the
previsous sections, reducing dog birth rate and increasing dog immunization coverage rate are the
most effective methods in controlling human rabies infections in China. They also play important
roles in controlling the spatial spread of rabies based on the multi-patch model. WHO recommends
that 70% of dogs in a population should be immunized to eliminate the rabies. Unfortunately, this
rate is still lower than 10% in most regions in China. Therefore, efforts to bring the awareness
of the importance of treatments and enhance the vaccination coverage in dogs are important to
control the disease in China.

We also performed some numerical simulations to study the effects of the immigration rate in
three pairs of provinces in China: Guizhou and Guangxi, Hebei and Fujian, Sichuan and Shaanxi,
as shown in Figure 6.1. First of all, the immigration may lead a basic reproduction number to be
larger than one even if the isolated basic reproduction numbers are all less than one. Therefore,
the immigration of dogs is the main factor for the long-distance inter-provincial spread of rabies.
We note that the transportation of dogs even between non-endemic provinces, such as Fujian and
Hebei, can cause human rabies in Hebei to increase greatly. Additionally, the movement of dogs
from regions with a low vaccination rate also makes the situation worse. Attention should be paid
not only to the provinces with more reported cases but also to the provinces with low vaccination
rates. In those extremely poor areas, where dogs have a low vaccination coverage, the dog trade
business and transportation to other areas will contribute to the geographical spread of rabies
significantly. To control the disease at a national level, more efforts are needed in these regions.

The primary purpose of the transportation of dogs in China is believed to be related to food
business. In some areas, such as the endemic provinces Guizhou and Guangxi, people eat dogs
due to minority culture or harsh climate. There is no open market for selling and buying dogs for
business purpose, however the black market always exists. It is frequently reported that trucks
sometimes full of dogs are intercepted by animal lovers in the inter-provincial highway. Sometimes
more than one thousand dogs were crammed into many tiny cages in one truck. The efficiency of
such dog transportation has been enhanced by the fast development and expansion of the highway
system in China in the past ten years. Chinese law requires that the transported animals must
be certified as vaccinated for rabies and other diseases. However, dog traders are found to falsify
the paperwork for most of the dogs in the truck to reduce their cost. Thus it would be important
to regulate the market and implement certain policies on dogs (such as vaccine records) and the
dog traders (such as licenses). During our research, we found that it was very difficult to find the
information on dog population in China due to the lack of dog registration management. Since a
large number of dogs are transported from provinces to provinces, it is necessary to register and
manage such transportation properly. In particular, dogs carrying rabies viruses can easily spread
the virus to other dogs when they are crowded into a small space during the trip. The last case of
our sensitivity analysis shows the oblivious dangers resulted from the transportation of infectious
dogs that has a destination with a low vaccination rate. We suggest creating strict and uniform
procedures to test the dogs that will be transported.
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7.6 Further Studies

We used deterministic models to study the spread of rabies and simulated the reported data in
either in the whole country or in some provinces in China. If local regions and small towns are
concerned, then stochastic models are preferable [1, 2, 4]. Stochastic models are also advantageous
when the contact structure in the community contains small complete graphs and households and
other local social networks need to be considered.

In section 6, we only applied two-patch model to simulate the data in pairs of two provices. As
the highway system has been advance so dramatically in China in the last decade, long-distance
and inter-provincial transportation becomes much more frequent and easier, a more general case
on the complex transmission among three or more provinces is interesting to study.

In the interactions between dogs and humans, if the number of contacts each individual has
is considerably smaller than the population size, then network structured models [68, 49] may
be helpful, which assign to each individual a finite set of permanent contacts to whom they can
transmit infection and from whom they can be infected.

We only considered the interactions between dogs and humans in our models. It has been
reported that the number of wildlife rabies and wildlife-associated human and livestock rabies
cases has increased in recent years, particularly in the southeast and northeast regions of mainland
China [94]. It would be very interesting and important to take into account both dogs and wild
animals in studying the transmission dynamics of rabies in China.

Local and central Chinese governments have devoted a large amount of financial resource to
the control of rabies, particularly in vaccinations. Remarkably, vaccines for dogs are less expensive
than that for humans, but the dog vaccination implementation requires a continuously huge human,
material and financial resources. It will be interesting to investigate how to optimize the resources
and efforts and how to take the socioeconomic factors into consideration in order to pursue the
control and elimination of rabies virus in humans.

Since China has the second most reported human rabies cases in the world, we believe that
the models, results and simulations can be modified to study the transmission dynamics of rabies
in other countries, such as Ethiopia [26], India [28], Nepal [58], Tanzania [40], Zimbabwe [72], and
some other Asian countries [89].
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