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two critical threshold values, u, and p,, of the vaccine coverage ratio. Measles will be
extinct when the vaccination ratio u > p.,, endemic when p,, < ft < {4, and outbreak
periodically when u < . In addition, we apply the optimal control theory to obtain an
optimal vaccination strategy u*(t) and give some numerical simulations for those
theoretical findings. Finally, we use our model to simulate the data of measles cases in
the U.S. from 1951 to 1962 and design a control strategy.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Measles is a highly contagious disease caused by the measles virus. It is spread by coughing and sneezing via close
interpersonal contact or direct contact with secretions. Symptoms usually develop 10-12 days after exposure to an
infectious person ([28]). There is no specific treatment for measles. Routine measles vaccination for children is the key public
health strategy to prevent the disease. Today measles is still a common and often fatal disease in the world.

Data from the U.S. Centers for Disease Control and Prevention (CDC) [ 10] indicate that there were about 500,000 cases and
500 deaths reported annually in the U.S. before 1963, with epidemic cycles every 2-3 years. Following vaccine licensing in
1963, the incidence of measles decreased by over 98% and the 2-3-year epidemic cycles no longer occurred. But a dramatic
increase in cases occurred between 1989 and 1991, during which a total of 55,622 cases was reported (18,193 in 1989;
27,786 in 1990; 9643 in 1991). In fact, the major cause of the resurgence of 1989-1991 was low vaccination coverage. In
general, vaccination protects not only those who are vaccinated but also their neighbors. As a result, many others in the com-
munity can also be benefited. However, whether or not to vaccinate largely depends on the perceived risk of infection and
the vaccination behavior of neighboring individuals [4,5,38]. Hence, the low risk of infection and the free-rider effects maybe
be main factors which caused a low measles vaccination coverage rate before 1989. Since the measles vaccination was
popularized in 1993, less than 500 cases have been reported per year and fewer than 200 cases annually since 1997. In
2004, a total of 37 cases was reported, mainly U.S. citizens traveling abroad and foreign visitors. Measles was eliminated
from U.S. since 2002 (see Fig. 1(A)). In other countries, especially in developing countries, measles vaccination has not been
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extensively popularized. According to the report by the World Health Organization (WHO), in 2012 there were 122,000
measles deaths globally [33]. From available data reported by the Chinese Center for Disease Control and Prevention (CCDC)
[11], there were 70,549 measles cases in China in 2004 and 6183 measles cases in 2012 (see Fig. 1(B)). Consequently, it is still
very important to model the transmission dynamics of measles and investigate the effect of vaccination on the spread of
measles.

Mathematical modeling has become an important and useful tool in studying the spread and control of infection diseases
(Anderson and May [1], Zhang and Sun [35], Xia et al. [42], Diekmann and Heesterbeek [14], Zhang et al. [39], Keeling and
Rohani [24], Boccaletti et al. [6], Wang and Li [31,32]). Vaccination, is one of the most effective strategies in preventing mor-
bidity and mortality associated with various infectious diseases, has also been included in modeling. Bauch and Earn [4]
investigated the impacts of vaccination policy on the level of vaccination coverage and found that voluntary vaccination
was unlikely to reach the group-optimal level. Zhang et al. [37] studied the epidemic spreading with voluntary vaccination
strategy on both Erdos-Renyi random graphs and Barabasi-Albert scale-free networks and Zhang et al. [36] investigated
effects of behavioral response and vaccination policy on epidemic spreading. The transmission dynamics of measles epidem-
ics have been extensively studied. In 1957, Bartlett [2] observed that the number of localized extinctions of measles was
related to the population size of the community. In small communities epidemics are often followed by extinction of disease
as the chain of transmission breaks down by mass vaccination (Bartlett [3], Bolker and Grenfell [9]). The critical community
size above which measles can persist may depend on the spatial structure and connectedness of the regional population
(Bolker and Grenfell [7,8], Keeling and Grenfell [23]). Complex dynamics such as oscillations and chaos in measles epidemic
models have also attracted attentions of many researchers (Bolker and Grenfell [7], Earn et al. [16], Grenfell [19]) which are
believed to be strongly related to the seasonal forcing (Conlan and Grenfell [12]). In 1960, Bartlett [3] gave an estimate of the
critical community size for measles for the United States in terms of total population. Since then, various mathematical mod-
els have been developed to investigate the transmission dynamics of measles in different countries and regions (Bolker and
Grenfell [9], Earn et al. [16], Ferrari et al. [17]).

Valuable information on how to more effectively prevent the outbreaks of measles and accordingly adopt appropriate
vaccination policies are very important. In this article, we study the effect of vaccination by mathematical modeling and
analysis and determine the level of vaccination coverage that can the most effectively prevent the spread of measles. Note
that when an individual becomes infected with the measles virus, the virus begins to multiply within the cells. After an incu-
bation period about 8 to 12 days, early measles symptoms begin. The exposed individual is not contagious during the incu-
bation period and has life time immunity after recovery from the disease. To set up the model, we divide the total population
size N(t) into four distinct categories which are the susceptible, the exposed, the infectious and the recovered, with size
denoted by S(t), E(t),I(t) and R(t) at time ¢, respectively. We assume that the growth of the susceptible population admits
a logistic process (Kar and Batabyal [21], Wang et al. [30], Zhang and Chen [40]) in the absence of infection. The incidence
rate is bilinear, i.e., proportional to the product of the number of infective individuals and the number of susceptible indi-
viduals. The model takes the following form:

9 — 1S(1 — bS) — BSI — S,
dE _ BSI — (d + )E,
4 — oF — (d + 9)I,
&R — 5+ puS —dR,

(1.1)
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Fig. 1. Reported measles cases in the United States from 1950 to 2010 (CDC [10]) and in China from 2004 to 2012 (CCDC [11]).
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where r is the intrinsic growth rate of the susceptible population, 1 is the carrying capacity of the susceptible population in
the absence of infection,  is the infective rate, p (it < r) is the effective vaccination coverage ratio of the susceptible, d is the
natural death rate, 1 is measles incubation period, § is the recovered rate of the infective individuals.

We will study the nonlinear dynamics of the SEIR measles epidemic model (1.1) and investigate the effect of vaccination
in controlling the spread of measles. We will obtain two critical threshold values p., and p., of vaccine coverage ratio and
show that measles will be extinct when the vaccination ratio ¢ > ., will be endemic when u,, < 1 < ., and will be
outbreak periodically when u < p,. In addition, we will apply the optimal control theory to obtain an optimal vaccination
strategy p*(t) and give some numerical simulations for those theoretical findings. Finally, we will use our model to simulate
the data of measles cases in the U.S. from 1951 to 1962 and give a brief discussion.

2. Basic reproduction number

Since all the parameters and state variables of model (1.1) are non-negative for t > 0, it is easy to show that the state
variables of (1.1) remain non-negative for non-negative initial conditions. Considering the biologically feasible region

B P (r+d)*
91{(S,E,I,R)6R+.NS+E+I+R< bar

we have the following conclusion.

Lemma 2.1. The closed set Q is positively invariant for model (1.1).

Proof. Considering a function N =S + E + I + R and taking the time derivative of N along solutions of model (1.1), we have
dN_dS dE di dR_
dt —dt " dt dt ' dt

It follows that

dN (r+dy’
- = — < —_ =
ar dN = [r(1 — bS) +d]S < max{[r(1 — bS) + d|S} abr
Note that N(t) = (1 — e*‘“)% + Noe™# is the solution of ¥ = de+% with initial value N(0) = Ny > 0. Applying the
well-known comparison theorem, we have

rS(1 - bS) — d(E+1+R).

d)’

< (1 _ et (r+ —dt

Nit)y<(1-e®) abdr + Noe™™,

which yields that lim,_,  N(t) < (:Jjg)rz. Thus, all solutions of model (1.1) with initial values in Q; remain in the region Q.

Hence, the region Q; is a positively invariant set of model (1.1). O

Since the first three equations in model (1.1) are independent of the variable R(t), it is sufficient to consider the reduced
model. Substituting x = bS,y = bE and z = pl, we have the corresponding simplified model
& — 1x(1 - X) — xz — X,
Y= xz— 0y, 2.1)
&= my — o3z,
where oy =d + o, 0, =% and o3 = d + 5.

It is easy to see that model (2.1) has up to three equilibria. In fact, the trivial equilibrium E(0,0,0) and the disease-free
equilibrium E; (=#,0,0) always exist and the endemic equilibrium E*(x*,y*,z") exists if and only if

roly

= >1, (2.2)
MOt + 1003

Ro

where
X = o1 0l3 V= o3 (ot + 1o o3)(Ro — 1) 2 (Motz +ro03)(Ro — 1)

; .

Oy O(% 0y
Ry is called as the basic reproduction number (|15,29]) of model (2.1). The derivative of R, with respect to the vaccination
ratio p is
dr rod
Ro_ 1™ g
du (oty + To0t3)

It follows that increasing the vaccination ratio u can reduce the basic reproduction number R,. In order to facilitate the
following discussion, we introduce a new quantity which is given by
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B ro
HOG + To 02003 + T(0t + 0l3) (0 0 + 0203 + T 0203)

R
It is easy to see that Ry > R.

3. Stability of the equilibria
In this section, sufficient conditions for the asymptotic stability of the equilibria will be derived.

Lemma 3.1. The trivial equilibrium E, is a saddle which is unstable.
To obtain the stability of the disease-free equilibrium E;, we present the following lemma.

Lemma 3.2. Q, = {(x,y,2) € R? : x <=1} is a positively invariant set for model (2.1).

Proof. It follows from the first equation of model (2.1) that

%_rx(l—x)—xz—,ux_(r—/x)x—rxz—ng(r—u)x{l—%}.

a
Note that x(t) = m

T
is the solution of &= (r — ,u)x[l —ﬁ} with initial value x(0) = xo > 0. By the comparison
theorem, we have

Ty
x(t) < r 0

SR o T

which yields that lim, . x(t) < % Thus, all solutions of model (2.1) with initial values in Q, remain in the region Q,. That is,
the region €, is a positively invariant set of model (2.1). O

Theorem 3.3. The disease-free equilibrium E is globally asymptotically stable in the set Q, if Ro < 1 and unstable if Ro > 1.

Proof. The characteristic equation of model (2.1) at E; is given by

[/1+(r7,u)][(i+oc3)(2+oc1)7aczr7ru] —0.

One eigenvalue is 4, = —(r — ) < 0 and the other two eigenvalues are determined by

4 \ r— . r—
(A+0o3)(A+0q) — 0 r”:)?+(oz1+oc3)/t+oclac3—oc2 'u:O.

Clearly, a; + o3 > 0 and oy a3 — o =4 = 224 %)0=Ro) 0 provided that Ro < 1. Therefore, the disease-free equilibrium E; is
locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
To discuss the global stability of E;, we use a Lyapunov function

W =0y + oyz.
The derivative of W along solutions of model (2.1) is calculated as follows

dW*OCdy {XdZ*ZOCX o03) <zl o
ar - ZE+ 157(2—13)\<2

Then ¥ < 0 when R, < 1, which indicates that E; is globally asymptotically stable if Ro < 1. O

r—u_a]%) :Z(oczu+oclacr3r)(7zo — 1)'

Theorem 3.4. The unique endemic equilibrium E” is locally asymptotically stable if R1 < 1 < R and unstable if R, > 1.

Proof. The Jacobian matrix at E* of model (2.1) is
-x* 0 —x
JEY=| z2 - X
0 0Olp —0l3
The characteristic equation of J(E") is given by

fO) =22 +A12 +A0+A; =0, (3.1)
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where

Al =0 +0o3+1x >0,

Ay = (003 — 0X") +1X* (0 + 03) = X" (0t + 0t3) > 0,

As =X (011063 — 0X") + 0LX*Z" = 0,X°Z" > 0,

A1Ay — A3 = (0 + 03 + X)X (0 + 03) — 02X*Z" = X*[1(0tq + 03 + 1X7) (04 + 063) — 10ty + U0 + T0l1 03]

=X"[r(oty + 03 + 1X") (0t + 03) + potp + 101 03)(1 — Ry).

It is obvious that A;A; — A3 > 0 when R, < 1, and A;A; — As < 0 when Ry > 1. Hence, if R, < 1 < Ry, the endemic equilib-
rium E” is locally asymptotically stable. If R; > 1, the endemic equilibrium E” is unstable. O

4. Hopf bifurcation at the endemic equilibrium

From Theorem 3.4, we know that if R; =1, i.e., AjA; — As = 0,] has one negative eigenvalue 1 = —A; and two purely
imaginary eigenvalues /,3; = +wi (where @ = /A, > 0), which suggests that model (2.1) may have a Hopf bifurcation when
R1 = 1. We explore the existence of the Hopf bifurcation. First of all, we quote a useful lemma.

Lemma 4.1 ([34,27]). Let Q € R* be an open set containing O(x1,X2,X3) and let SCR be an open set with 0 €S. Let

f:Q x S — R? be an analytic function such that f(0, p) = 0 for any p € S. Assume that the variational matrix Df (0, p) of f has one
real eigenvalue y(p) and two conjugate imaginary eigenvalues o(p) £if(p) with y(0) < 0,0(0) =0, §(0) > 0. Furthermore,

suppose that the eigenvalues cross the imaginary axis with nonzero speed, that is, 440) 0, Then the following differential system

» “dp
X=fX,p)

undergoes a Hopf bifurcation near the equilibrium point O at p = 0.
Here we choose the intrinsic growth rate r as the perturbation parameter. By Theorem 3.4, we can see that

A1Ay — A3 = X[r(o + 03 + 1X7) (01 + 0l3) — T8l + [0ty + 1ot 03] = X" {[1(0ty + 0t3) + 1PX7](01 + 0l3) — Tty + T0y 03 + [0l }

=x {x*(on +o3)r? + [(01 + 03)% + 0103 — 0T + ﬂ“z} =Xx'f(r).

Thus, the equation A;A; — As = 0 is equivalent to the following quadratic equation
Fr) =x (on + 03)r% + [(0t1 + 03)° + 0103 — 0] + piory = 0, (4.1)
and also implies that R; = 1. Ry = 1 is, in turn, equivalent to

Toly = U0 + T 03 + T(0 + 03) (01 + 03 + TX°) =To 03 +1(0 + ocg)2 + oty + 12 (0 4 03)X*

> rogos 4 (0 + 03)° + 21/ UonX (0 + 03).

This shows that

oy = 010 + (01 + o3)” + 24/ pUox (o + 0t3)

always holds if R; = 1. Hence, the corresponding discriminant of the quadratic function of Eq. (4.1) satisfies
2
A= [O(z — o0 — (0 + 0(3)2] — 406X (0 + 013)

= [ocz — o0tz — (0t + 03) + 2/ oo (o + ocg)] [ocz — o0t — (ol + 03)% — 2/ poax* (o + 063)} > 0.

Therefore, there exist two positive real roots (see Fig. 2(a))

2
oy — o 03 — (04 + 03)° — \/[(0(1 +03)% + oq 03 — 0] — Aot (0t + 0t3)x*
2x (o1 + 03)

a1 = )

2
o — otz — (ot +03)° + \/[(oc1 +03)” + o ot3 — 0] — Aot (ot + 0t3)x*

ro =
@ 2x(oq + ot3)

and when A = 0 there exists one positive real root with multiplicity two (see Fig. 2(b))
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Fig. 2. (a) The graph of f(r) when A > 0 and (b) The graph of f(r) when A = 0.
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To sum up, if u <r <req or r>ry, then f(r) > 0 (i.e., AjA; — A; > 0), which indicates that the endemic equilibrium E* is
locally asymptotically stable. While if r.; < 1 < 1, then f(r) < 0 (i.e., AjA; — A; < 0), which implies that E* is unstable and
periodic solutions may arise from the endemic equilibrium via Hopf bifurcation.

Without loss of generality, we set ri(p) =14 + p (i=1,2,3), where r;(0) = r satisfies that

(A1Ay = A3)l, ), = 0. (4.2)
We also need to determine the sign of the real part of g—;, at p = 0 when the above equation is valid. Differentiating Eq. (3.1)
with respect to p, we have

di

3,2 L +x° 72 + 2442
dp

dp

which leads to

di.
+ X" (0 + o3)A +A2%+ (02 — aqa3)x* =0,

[ _x*},z + x7(0g + 0t3) A + (0tp — 011 03)X*
dP N 3).2 +2A1A -I—Az '
Thus

. d.
Vo= 51gn{Re <@

_ signd Re( 12— 11% —A+ (% +05)00) | _ sign{on — 0063 — Ay + (oq + 013)Aq}
Az —Al(l)l

= sign{op — o053 — X" (0t + 0t3) + (04 + 0t3) (061 + 03 +1X*)} = sign{ocz — 03 — (0 + oc3)2 —2rx* (o + oc3)}

= sign{—%}.

From Fig. 2, we know that V¢, =1#0ifr=ry4,Vo =-1#0if r =r, and Vi = 0 if r = r3. Hence, we have the following
result.

(4.3)

o — X" 4+ X7 (0 + o) i + (0 — 01 03)X*
po> } a Slgn{Re (‘ 302 1 2A,0i + A;

Theorem 4.2. [fr =1 or r = 1y, then model (2.1) undergoes a non-degenerate Hopf bifurcation at the endemic equilibrium E".
Note that if r = r, then the real part of% lp—o becomes zero such that the transversality condition fails. To determine the
whether or not a degenerate Hopf bifurcation occurs, differentiate (4.3) again with respect to p, we obtain that

?r X4 x (o0 + )] (37 + 2A0 0+ Ay) &
dp? (377 + 241/ + Ay)’

[(62 +2A0) 4+ 20X + 1 (o + ocg)] (X 22 4+ x° (01 + 03) 1+ (012 — 0t1.03)X7]
+ .

(3% +2A17+ Ay)
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It follows from the assumption (4.2) and the fact o, =o, that Re(g;|p o) =0, which implies that
Oy = 0063 + (0 + 03)* + 2res(oty + o3)x* holds. Then

2 . .
sign Re ((11 )2 _ sign{Re <(2a)l + 0y + o3)[-Az + (0 + 0(3)6012+ (0t — 01 og)]) }
L (=342 1 2A,0i + Ay)

Re (O(] + 063)(062 — 0103 —Az) — 2(0(1 + OC3)A2 + [2(0(2 — 01003 —Az) + (O(1 + OC3)2]C0i
Ay — Aywi)?

= SIgn{[(oc1 + 03) A1 — 2(0 + 03)A2) (Ay — A%) — 2A1 A2 [2(cty + 03)A; + (o1 + zx3)2]}

I
@
QQ
=
B
Jr
1
Nt
=
N
=
&
S
N
|
>
>
N
=
=
s
N
=
Jr
B
_l’_
1
&
=

n{ (o + 03)A1As — (0 + 03)AS — 2A2 + 2A,A7 — 4A%A; — 2(oy + oc3)A1A2}

:Slgn{ (o1 + 03) (ArAy + A2) — 2A2(A2+A$)}:—1<0.

Hence, if r = 13, then Re(% |p o) =0and Re(‘dj’;2 |)—o) < 0.That s, p = 0 is local maximum point of the real part of eigenvalues

(i.e., a(p) < a(0) = 0 is always satisfied when 0 < |p| < 1). It indicates that the endemic equilibrium E” is locally asymptot-
ically stable when r = r5. So we obtain the following theorem.

Theorem 4.3. If A = 0, there is no Hopf bifurcation for model (2.1) at the endemic equilibrium E*.

Remark 4.4. From the above theoretical analyses, we have obtained the following results. If

Toly — To03 A

M>T::ucl7

i.e,, Ro < 1, measles will be extinct eventually. If

s TO — 1003 — 1(00 4 03) (0 + 0a0ty)
0

) < U< e,
i.e, R1 < 1< Rg, measles will be endemic. If 4 < u, (i.e., Ry > 1), then measles will be outbreak periodically. The outbreaks
of measles in the United States before 1963 were about 2-3 years (see Fig. 7).

To investigate the stability of the periodic solutions generated from the Hopf bifurcation of the 3-dimensional model
(2.1), we need to use the center manifold theorem, the normal form theory, and the criterion for super- or sub-critical Hopf
bifurcation in the 2-dimensional space. The stability of the periodic solution and the direction of bifurcation depend on the
sign of the value of a stability quantity K at the bifurcation point. Details for the stability quantity K are given in Appendix A.
Although we have not been able to obtain a simple express of K to find general conditions for stability, our results can be
used to calculate the stability quantity K numerically.

5. Optimal vaccination strategy

Optimal control theory has been used to explore optimal control strategies for various infectious diseases, see, for exam-
ple, Kirschner et al. [25], Culshaw et al. [13], Karrakchou et al. [22], Kar and Batabyal [21], Lenhart and Workman [26], and
the references cited therein. The objective of this section is to seek an optimal vaccination strategy to prevent the spread of
measles. Specifically, the optimal vaccination strategy aims at exploring the possibility of achieving the following two goals:

(1) To make the number of infectious individuals z(t) as small as possible during a certain vaccination period.
(2) To keep the vaccination ratio of measles as low as possible during a certain vaccination period.

The vaccination ratio p(t) is not more than the intrinsic growth rate r of the susceptible, that is, yu(t) € [0, 1]. For these rea-

sons, we use optimal control techniques to study the optimal vaccination rate of susceptible individuals. The vaccination rate
is chosen as a control variable and we consider the following objective functional associated with model (2.1):

minJ(u =, mir <r/ [z(t) (t))dt (5.1)

in Q3 = {u(t) € L'(0,T)|0 < u(t) < r}, where T represents the vaccination period, T denotes a positive weight parameter.
Model (2.1) can be written as
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X xX(1 —X) — Xz — ux
b= |V| =8td W= Xz — oy
z %Y — o3z

We have the existence of an optimal vaccination strategy.
Theorem 5.1. For the objective functional J(ut) associated with model (2.1) defined in Qs, there exists an optimal vaccination
strategy p* minimizing J(W).

Proof. To prove the existence of an optimal vaccination strategy p* minimizing J(u), we apply Theorem I11.4.1 from [ 18], that
is, we only need to check the following assumptions:

(H1) The set of controls and corresponding state variables is non-empty.

(H2) The admissible control set is convex and closed.

(H3) Each right hand side of the state system is continuous, is bounded above by a sum of the bounded control and the
state, and can be written as a linear function of u with coefficients depending on time and the state.

(H4) The integrand of the objective functional is concave.

(H5) There exist constants C;,C; >0, and B°>1 such that the integrand of the objective functional satisfies
L(t, ¢, 1) = Gi|u" - Ca.

It is obvious that Q3 is an nonempty set of Lebesgue integrable functions on 0 < t < T with values in R. Note that the solu-
tions are bounded, so the admissible control set is bounded and convex. For the assumption (H3), it follows that

[1x1(1 = X1) = x1Z1 — uxy —1%2(1 — X2) + X225 + X2

lg(t, b1, 1) — 8(t, o, 1) X1Z1 — 04y — X2Zp + 1Y,

L 0y — U321 — 02y, + U3Zp

[(r— (X1 — X2) +1(X2 +Xx1)(X2 — X1) +X2(22 — 21) + 21 (X2 — X1)

= X221 —22) + Z1(X1 — X2) + 1 (Y, — Y1)

L LY —Y,) +03(22 — 71)

< (r— WXy — x| +1|xa +x1[|X1 — X2| + %2122 — 21| + |21][%2 — X4

+[X2llz1 = za| + |Z1][x1 — Xa| + 0|y, — V4| + 02lyy — Yol + %3122 — 24

={(r— ) +1lx2 + X1 + 2|z} %2 — x1| + (o1 + 02) [y, — V1| + x| + 03)|22 — z4]

<Milxy — X1+ Maly, — Y1l + Mslza — z1| < M(|x2 — X1| + [y — V1| + 122 — z1]) = M|y — ¢,
where M; = (r — 1) +%¥,M2 =01 + 0p, M3 = 03 +% and M = max{M;,M,,Ms}. Thus, assumption (H3) is also
satisfied.

Let p € (0,1) and u(t), v(t) € Qs, we have

L(t,z(t), (1 = pju(t) + po(t)) — (1 = p)L(t, 2(¢), u(t)) — pL(t, 2(t), v(t)) = % [(1 —p)’u(t) + p*v*(6) + 2p(1 *P)u(f)v(f)]

- S0~ 3 P(0) = 5 (7P — p)(u(t)

—v(t)’ <0«=pe(0.1), p*<p.
Hence, L(t,z(t), (1 — p)u(t) + pv(t)) < (1 — p)L(t, z(t), u(t)) + pL(t, z(t), v(t)), which shows that the assumption (H4) holds.
Finally, notice that
T T .
20 +5 20 > 5420 > Glul” -G

with C; =3, " =2, and C; > 0. So assumption (H5) is satisfied. Hence, there exists an optimal vaccination strategy u* min-
imizing J(u). O
We now seek for the minimal value of J(u). To accomplish this, we define the Hamiltonian H for the control problem as

3
H(t, ¢(t), u(t)) = 2(t) + %Mz(f) + Y kgt o, ). (52)
i=1

If (¢*(t),w(t)) is an optimal solution of the optimal control problem, then there exists a non-trivial vector function
A(t) = (21(8), 22(t), A3(t)) satisfying the following equalities:
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do(t) __ OH(L.$(0).4" (5),A(8))
de 172 ’
0 = HEAO L (0.2(1)
ap ’
) OH(t.¢(t), 1" (£),A(L
7(t) = — LA 00)

It follows from the above derivative that
w(t)=0, if <0,

ou
o< w(t)<r, if §i=0,
wit)=r, if >0,

o

Now, we apply the necessary conditions to the Hamiltonian H given by (5.2). Following the results in ([26]), we have the
following conclusions.

Theorem 5.2. Let (x*(t),y*(t),z*(t)) be an optimal orbit associated with the optimal vaccination strategy p*(t) for the optimal
control problem (5.1), then there exist adjoint variables 21 (t), 2 (t) and A5(t) that satisfy

D= —=ia(r—p=2rx(t) —2) — 2'(1),
/1'2 = Ay0l; — A30ly,

A3 = -1 + (/11 — Az)x*(t) + /130{3

with the boundary conditions 4(T)=0(i=1,2,3). Moreover, the optimal vaccination strategy p'(t) is given by
W (t) = min{r, max{0,4£“}},

Proof. To determine the adjoin equations and the boundary conditions, we use the Hamiltonian (5.2). Setting
x(t) = x*(t),y(t) =y*(t) and z(t) = z*(t), and differentiating the Hamiltonian (5.2) with respect to x,y and z, we have

OoH

P — g = A= =21 (0) = 2) — ' (B),
1'2 = *% = Ja0ly — /3002,
I3 = _?9_21 = =1+ (1 — L)X (t) + 303
By the optimality condition, we obtain that
S—Z ST (6) — X () =0, = () = Al";(t) .

Using the property of the control space, we have

w(t) =0, if 220 <0,
o< w(t)<r, if X0 =0,
wi(t)=r, if 220> 0.

This can be rewritten in compact notation
W (t) = min {r, max {0, Alxr(t)}}. (5.3)

This proves the conclusions. [

To solve the optimality system, we use the initial and boundary conditions together with the characterization of the opti-
mal control u*(t) given by (5.3). In addition, the second derivative of the Lagrangian with respect to u is positive, which
shows that the optimal problem is minimum at control g (t). By substituting the values of p*(t) in the control model
(5.1), we get the following model

@ _ e (£)(1 - x*(6)) — x* (2 (£) — min{r, max{0, 2X ) yx'(¢),
Y — x*(t)z° (t) — ouy*(b),
L= wy(t) - oz (1),

To find out the optimal control and states, we will numerically solve the above model.
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Fig. 3. The plot represents the variation of the number of infectious individuals I(t) with time when p = 0.7033 (u > p,).

6. Numerical simulations

From Remark 4.4, we know that the measles-free equilibrium is globally asymptotically stable if the vaccination ratio of
susceptible population u > 4, the endemic equilibrium is asymptotically stable if u., < u < p4, and measles appears in
epidemic cycles if u < u,. Hence, we choose some suitable parameters of model (2.1) to simulate the theoretical conclusions
obtained in the previous sections.

Choosing the following parameters values r = 0.8,0; = 0.22,; = 0.4 and o3 = 0.22, we obtain that u, = 0.7032 and

U = 0.2308.
Case 1: u> i,
When p = 0.7033, measles will become extinct ultimately (see Fig. 3).
Case 2: [, < U< [y

Case 3:

Case 4:

When p = 0.4, measles will become endemic as shown in Fig. 4 which shows that the number of the infectious
individuals will be in a stable level.

H<He

When p = 0.2, measles will be outbreak periodically (see Fig. 5).

The optimal vaccination strategy p*(t)

To control the spread of measles at the lowest economical cost, we apply optimal control theory to obtain the opti-
mal vaccination strategy p*(t) by numerical calculations. We take T = 0.001 and the remaining parameters as
same as above. The changes of the infectious individuals and corresponding optimal vaccination strategy u*(t)
with time are shown in Fig. 6. To prevent the spread of measles more effectively, we should adopt the large vac-
cination ratio at the beginning and reduce vaccination ratio gradually (see Fig. 6(B)).

Mo <H<Hq
0.55 T T T T T

o
w
o

o
w

o
N
a

The number of measles infections

o
N

[=}
o
o

0.1 1 1 1 1 1
0 100 200 300 400 500 600

Time (day)

Fig. 4. The plot represents the variation of the number of infectious individuals I(t) with time when u = 0.4 (i, < it < le).
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g. 5. The plot represents the oscillation of the number of infectious individuals I(t) with time when © = 0.2 (u < p,).
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Fig. 6. (A) The change of the number of infectious individuals I(t) under the optimal vaccination strategy u*(t) with time, and (B) the variation of optimal
vaccination strategy u*(t) with time.

Table 1

The data of measles cases from 1951 to 1962 in U.S. (thousands).
Year 1951 1952 1953 1954 1955 1956 1957 1958 1959 1960 1961 1962
Cases 450 680 450 680 550 600 500 760 400 430 410 470

Case 5: Fitting the data of measles cases in the U.S. from 1951 to 1962.

To verify the reasonableness of our model, we simulate the data of measles cases in the U.S. from 1951 to 1962 by
model (1.1). According to the report of CDC [10], the data of measles cases from 1951 to 1962 are given in Table 1.
We fix the carrying capacity of the susceptible 1 = 2.00 x 10'°, i.e., b = 5.00 x 10~"". Since the vaccine of measles
was licensed in 1963, the vaccination ratio of the susceptible is equal to 0 before 1963 (i.e., # = 0). The initial val-
ues of the susceptible S(0), exposed E(0), infectious I(0), the intrinsic growth rate r, the infective rate g, the natural
death rate d, the rate of progression to infectious o and the recovered rate § are regarded as parameters. We esti-
mate those parameters by calculating the minimum sum of square (MSS) (Zhang et al. [41])

MSS = log, (data per year) — log, (cases on the first month -+ - - - + cases on the twelfth month))?
> (logy( ) 2 )

with Matlab tool fminsearch, which is part of the optimization of toolbox. All estimated values of those parame-
ters are obtained as follows: r = 16.1526 per month, = 9.9514 x 10~* per month, d = 2.0322 x 10~* per month,
o = 1.6835 per month and 6 = 1.5772 per month. The effect of fitting is exhibited in Fig. 7 which shows that the
simulation provides a good match with the data of measles cases in the U.S. from 1951 to 1962.
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Fig. 7. Comparison of the reported measles data in the U.S. from 1951 to 1962 and the simulated solution I(t) of model (1.1).
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Fig. 8. (A) The variation of optimal vaccination strategy p*(t) with time and (B) the number of infectious individuals I(t) under optimal vaccination strategy
e (t) with time.

Case 6: Optimal control strategy of US measles in the U.S.

According to the parameter values obtained from the real measles data in the U.S., we design a vaccination strat-
egy to prevent the outbreak of measles in the U.S. Since vaccination for measles was licensed in 1963, we use the
number of cases reported in December 1962 as the initial value of system (1.1), that is
1(0) = 4.7 x 105/12 = 3.9167 x 10*. In addition, we take the vaccination period T = 120 months (i.e. 10 years).
In order to reduce errors, we adopt the sixth-order Runge-Kutta method to approximatively simulate the optimal
control p*(t). The change of the vaccination coverage ratio p*(t) with time is shown in Fig. 8(A), and the number of
infectious individuals I(t) under the optimal vaccination strategy p*(t) with time is exhibited in Fig. 8(B). From
Fig. 8, we know that adopting vaccination strategy u*(t) can effectively control the spread of measles in U.S.
Hence, as proposed in [39], the partial-offset subsidy vaccination policy should be adopted between 1963 and
1965 and a voluntary vaccination policy can be taken after 1965.

7. Conclusion

Great attention has been paid to the investigation of the existence of complex dynamics, such as oscillations and chaos, in
measles epidemic models (Bolker and Grenfell [7], Earn et al. [16], Grenfell [19]). It is believed and has been shown that such
dynamics are strongly related to the seasonal forcing (Conlan and Grenfell [12]). In this paper, based on the mechanism and
characteristics of measles transmission, we proposed a susceptible-exposed-infectious-recovered (SEIR) epidemic model
with vaccination and studied the effect of vaccination in controlling the spread of measles. Two critical threshold values,
U and p,, of vaccine coverage ratio were obtained. It was shown that measles will be extinct when the vaccination ratio
> ., will be endemic when p, < u < p,, and will be outbreak periodically when u < p,. Moreover, we applied the opti-
mal control theory to obtain an optimal vaccination strategy p*(t) and gave some numerical simulations for those theoretical
findings. Therefore, we were be able to prove the periodic outbreaks of measles in our model without the seasonal forcing.
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Based on our model, its analysis, and the numerical simulations, we can provide some explanation on the characteristics
of the measles epidemics in the United States from 1950 to 2009. Due to the absence of measles vaccination before 1963,
about 500,000 measles cases and 500 deaths were reported annually, and with epidemic cycles every 2-3 years, which is
in accord with our theoretical analysis. At this point, vaccine immunization rate u is lower than p,, and then the number
of infectious individuals will exhibit periodical outbreaks. Following the licensure of vaccine in 1963, the incidence of mea-
sles declined more than 98%, and 2-3 year epidemic cycles no longer appeared, which indicates the number of measles cases
was stabilized at a fixed value when the vaccination rate exceeds one critical threshold value p, but it is less than the other
critical threshold value u . Because measles vaccination ratio among 2-years-old children rose from 70% in 1990 to 91% in
1997, the reported cases descended rapidly after the 1989-1991 resurgence. This decline was due to a high vaccination ratio
of preschool-aged children. Fewer than 500 cases have been reported annually since 1993, and fewer than 200 cases per year
have been reported since 1997. A record of total 37 cases was reported in 2004. Measles elimination in the U.S. was achieved
in 2004, which implies that as the vaccination ratio increases further, then the cases of measles infection reduce gradually,
especially when the vaccination ratio is more than the larger critical value p,, the measles is extinct. Hence, our model can
illustrate the spread of measles in the United States reasonably and also verify the effectiveness of measles vaccination. In
fact we fit the data of measles cases in the U.S. from 1951 to 1962.

The data on measles cases reported by the Chinese Center for Disease Control and Prevention (CCDC [11]) were presented
in Fig. 1(B). We believe that the situation in China now is probably close to the case when the vaccination ratio u > p.,. How
to estimate parameters so that our model can be used to simulate the data in Fig. 1(B)? What effective control and preven-
tion strategies should be implemented so that measles can be eradicated in China? We leave these for future consideration.
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Appendix A

We discuss the stability and the direction of the bifurcating periodic solutions with the help of the normal form theory.
First we transform the equilibrium E*(x*,y*,z*) to the origin by the transformations
X=x-Xx, Y=y-y", Z=z-27,

under which, splitting off the linear part A,H and the non-linear part B, of model (2.1) yields

H=AH+B,, (A1)

where
X - 0 —x —1X* - XZ
H=|Y|, A=|2z2 -o4 x* |, B = XZ
Z 0 o —03 0
By straightforward calculation, A, has eigenvalues 4, = —A;, 1, = wi and /3 = —wi, whose eigenvectors can be expressed as
. T T T
B X Xty N 03 O I - R O

a, = o5 % ,1} ) sz[ qrx +qwl7a2+a2171} ) CIaf{ qrx qwl%xz azlﬂ )

where q = i
Since
0 -o 0
A.[Im(q,),Re(q,), 4] = [@wRe(q,), —wlm(q,), 21¢;] = [Im(q,),Re(q>),q;] |0 0 0|, (A2)
0 0 4
we have
qo  —qrx oq)iotg
P=[lm(q;),Re(q2),qu] = | 2 2 —2rn
0 1 1
and then
a1 021 43
P'=lap a» ap

13 Gp3 033
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where
P (o4 +o3) (001 4 0tz +1Xx*) Gy — (o1 +03) don 0l + 03
g0 03+ 2rx) (g +03) X @ 2 qog 403+ 21X (0 +0z) + X q(0l + 05 4 21X ) (0t + 0l3) + X*
G — oLX [qr(oy +0o3)+ 1] Gy qoia (o +03) G —qoia (0t +0t3)
2T qoo(on + oz + 21X (0 + o3) + x0T qotg + 05+ 2k ) (0 +03) X2 qotg + 03 + 21X (0 + 03) + X7
P qrx*(rx* + 001 ) (0t +03) — 0l3X* X Hq(rxt o) (o + o) dan qoi3(cty +0i3)
T qo(on + o5+ 21X (0 + o)+ X0’ 2 q(otg + 03+ 21K ) (0 +03) X0 qeo(otg + 03 + 21X (0 + 03) + X7
Furthermore,
0 -w O
P'AP=|w 0 O
0 0 i
To put model (2.1) into normal form, we make another linear transformation
(X X X1 X
Y|=P|Y;| <= |Y;|=P"|Y
| Z Z1 | Z1 Z
to obtain
[ X, Xi] g1(X1,Y1,Zy) 0 - 0][X; g:(X1,Y1,Zy)
Y, | =P 'AP|Y |+ |&X,Y,Z) | =|w 0 O||Y:|+|gX,Y1,2y)], (A.3)
| Z, Zy | 8:(X1,Y1,Z4) 0 0 4] [Z 83(X1,Y1,Z4)
where
2
. X
X1,Y1,Z1) = —ra WX, —qrx’Y Z a1 —a Xy —qrx*'Ys +—7Z1 | (Y1 + Z4),
81(X1,Y1,Zy) 11<q 1—( 1+u1+a3 1> + (ax; 11)<q 1—( 1+a1+a3 1)(1+1)
. 2 .
X1,Y1,Z1) = —ra Xy —qx'Y1+—Z ay —a Xy —qrx'Y1+—Z71 | (Y1 + Z4),
8,(X1,Y1,Zy) 12(‘1 1—( ]+061+O(3 1> + (ax 12)(‘] 1—4q ]+061+O£3 1)(1+1)
. 2 .
X X
X1,Y1,Z1) = —-ra wX; — qrx*Y V4 a3 —a wX; — qrx’Y Z1 ) (Y1 +Zy).
g3(X1,Y1,Zy) 13<q 1—(q 1+oc1+fx3 1) + (a3 13)<q 1—4q 1+oc1+ot3 1)( 1+7Z4)
Selecting a center manifold
Z1 = h(X;,Y1) = AX2 + BX Yy +CY? + - -,
leads to
Zy = 2AX1 X, + BY X1 + BX1Yq + 2CYY; --- = (2AX; + BY)X; + (BX; + 2CY)Y; + - --
= (2AXq + BY1)[~0Y1 + 81 (X1, Y1,Z1)] + (BXy + 2CY1)[@X1 + & (X1, Y1, Z1)] + -+
= BwX? + 2Cw — 2Am)X; Y1 — BwyY? ... (A4)
It follows from (A.3) that
Zi =1 X1 + 85X, Y1,Z1) = J(AXS +BXq Y1 + CY2 + ) 4+ 85(X1,Y1,Z1) = biX3 + boXq Yy + bsY2 4 - (A.5)

where

by =Ak — r013qzw27

by = By + 2a13¢*r? wx* + (a3 — a13)qo,

bs = C21 — ay3@*r’ (x°)? — (az3 — ag3)qrx".
Combing (A.4) and (A.5), we obtain

Bw = Al — rapq??,
2Cw — 2Am = Biy +2a13¢°r*x* + (a3 — a43)q,
—Bw = Ciy — a3@r3(x")? — (A3 — Gy3)qrx*,
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which gives

m {(1137'(] 2202 + 2(X*)’12 4+ )2 = 2r/qX") — (A3 — 13)q>(21X" — Xy )},

W [algrq W*(2(x")? = 2r2x" — 20%) — (a3 — G13)q? (2rx* — )vl)],
= @ [alg,rqz(ZwZ(x*)zr2 + X202 = 2% 17 @% = 200%) + (A3 — a13)q(21X° ? + 1x° 23 — L w?)).
/‘1 A

Hence, the normal form of model (2.1) is given by
0 -w][X M (X1,Y

:{ H1}+g2(1, 1)’ (A.6)
o 0 Y: g@(Xy,Yq)

g(X1, Y1) = & (X1, Y1,AX] + BXi Yy + CY)

¥
_Y1

where

Xt X 2 X
:—al s (6121 — a1 —1raq % -‘rOCg)(AX? + BX Y -‘rCY%) +qAa)(021 —aq1 — 2raq —OC] -‘rOCg)X?
X 3

————qrx* |(ay; — a 2a,19x°1? Yy
+K061+Oc3 q )( 21 1) + 2a11q +OC}
+ {Za“rq rxiA —Bw) + (a1 — an)<qu —qrx’A+ X A)}X%Yl

o1 + 03

+ {2 ngr rx*B — Cw) + (az — an)(qu + o X o<3B - qrx*B)}XlYf —ran 2 @*X3 — [a;1g*rx

+ (021 — an)qrx ]Y] [Zanqzrzx*a) + qw(a21 — an)]Xl Y]7

g2(X1, Y1) =g, (Xh Y1,AX: + BX,Y; + cyf)

= 0 <a22 ayp —1radq ot OC3> (AX] +BX1Y1 + CY1> + qA(,O ((122 aip — 2raypp %+ a3>X1
X x*
_ * _ 2 * 402 CY3
+ Kocl o )(azz a12) + 2a12gX°r e } 1
+ 2a12rq (rx*A — Bw) + (az; — a12) (qBa) qrx*A taTn A)}Xle
3

5

+ X % B-— qrx*B)}X1 Y2 —rapq?o’X?

|
|

— [ang’r’x + (azz —aR)qrx']Y; + [2a126°r*% @ + qo(az; — a12)] X1 Y.

2a12qr rx*B — Cw) + (A — ar2) (qu +

241

By using the formula in Hassard et al. [20] and Zhang and Chen [40] and complex calculations, we obtain the stability
coefficient

3 (1) 3g(1) 3g(2) 3(2)
_K(0,0)= |28 P8, 08" T8
16| ox3 " ox,0Y  oxloY, oY’
1 { Pgh <32g(1) azgm) ~ Pg? (azg@) +32g<2>> 7(92g<1> g +32gm 52g<2>}

+7
16w |0X10Y1 \ ox; — ay; | 0Xi:9Y1\ ax; = oY’ Xz X3 ax; oy

1 X"
= ]6 {Gchu(a21 — a1 — 2ra11m> + {4a11qr

s

X . X* .
ﬁ(rx B—Cw) + (ax — an)<qu+ T oc3B_ qrx B)}

3

X ok _ _ *
+ {4a12qr . (rx*A — Bw) + (az — a12) (qBa) + o+ s A—qrx A)}
+6C {Zauqrzx PR + (ayp — au)(m —qrx )} } + 160 {[2a11¢°r’x" w + q(az — a11)]

x [=2ranqPm3 +2a11¢°r’x" + 2(az1 — a1)qrx’| — [2a126°r*x° @ + q(ax — ar,)]
x [“2ranqPo? +2a124°r°X" + 2(az — a12)qrx’] — 4anapriqio’
+ 4[a126°T°X" + (az2 — G12)qrx°| [a11G°T°X° + (@21 — G11)qrX°] }.

Therefore, we have the following conclusion:
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Proposition A.1. If Eq. (3.1) has a negative eigenvalue together with two purely imaginary eigenvalues, and the eigenvalues cross
the imaginary axis with nonzero speed (ie., V.= Re(g—;] |p—0) # 0), then the periodic orbits which are bifurcated from the

equilibrium E* are stable when K < 0 and unstable when K > 0. The direction of bifurcation are super-critical (sub-critical) when
VK <0 (VK > 0).

We will give an example to investigate the stability of periodic solutions generated from the Hopf bifurcation.

Example A.2. Consider

x=rx(1-x) —xz —0.4x,
y=xz-02z (A7)
z=0.6y-0.2z

According to the above analyses, it is easy to see that if 0.4 < r < 0.4286 (i.e., Ro < 1), then the disease-free equilibrium E; is
globally asymptotically stable; if the 0.4286 < r < 0.6261 or r > 14.3739 (i.e,, R1 < 1 < Ry), the endemic equilibrium E" is
asymptotically stable; if the 0.6261 < r < 14.3739 (i.e.,, Ry > 1), the endemic equilibrium E" is unstable. Especially, if
r=r4q =0.6261 or r = r; = 14.3739, then the Jacobian matrix of model (A.7) at the endemic equilibrium E* has a negative
eigenvalue together with two purely imaginary eigenvalues, and the eigenvalues cross the imaginary axis with nonzero
speed since Re(g—;; li—r,) = 0.0222 > 0 and Re(g—;’; li—r,) = —0.1062 < 0. Hence, we can see that a Hopf bifurcation is bifurcated
from the endemic equilibrium E*. Next, we justify the stability and the direction of periodic solutions bifurcated from the
endemic equilibrium E".
We only discuss the case for r = r¢;. From (A.6), the normal form of the model (A.7) is

%] 1 0 -0,1292Hx1} gV (X1, Y1)
[YJ _{0.1292 o Jlvi) T lgom, v | (A8)

where

gV = —0.2063X3 + 0.1080Y3 — 0.2678X;Y; — 0.1334X; + 0.7204X3Y; — 0.0903X;Y7 + 0.0029Y; — 0.0100X;
—0.2926X3Y7 — 0.0012Y7 + 0.1070X;Y; + 0.0370Y7,

g? = 0.0604X2 — 0.2049Y? + 0.6149X,Y; + 0.1696X; — 0.9032X7Y; + 0.0480X,Y? + 0.0007Y; + 0.0143X;
+0.4164X3Y3 +0.0017Y] — 0.1523X;Y; — 0.0526Y7.

The coefficient of the stability is

1
K = 5 (~0.1334 x 6 — 2 x 0.9032 — 2 x 0.0903 + 6 x 0.0007) + 5=——5 555 * [~2 x 0.2678(~0.2063 + 0.1080)

—2x0.6149(0.0604 — 0.2049) + 4 x 0.2063 x 0.0604 — 4 x 0.1080 x 0.2049] = —0.0812 < 0.

It follows from Re(%

& lr—r,) > 0 and K < 0 that stable periodic orbits are bifurcated from the endemic equilibrium E* and the

direction of bifurcation is super-critical.
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