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Control of invasive hosts by generalist parasitoids
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This article was motivated by the invasion of leaf-mining microlepidopteron attacking horse chestnut
trees in Europe and the need for a biological control. FollowingOwen & Lewis(2001, Bull. Math. Biol.,
63, 655–684), we consider predation of leafminers by a generalist parasitoid with a Holling Type II func-
tional response. We �rst identi�ed six equilibrium points and discussed their stabilities in the non-spatial
model. The model always predicts persistence of the parasitoid. Depending on the parameter values,
the model may predict that the host persists and goes extinct or there is something like an Allee effect
where the outcome depends on the initial host density. Special cases were also studied for small carrying
capacities leading to complex dynamical behaviours. Then, numerical simulations of the spatial reaction–
diffusion model enabled us to identify the conditions for which the leafminer's advance can be stopped
and reversed by parasitoids. Compared to the ordinary differential equation model, the incorporation of
space, combined with the polyphagy of the parasitoid, leads to a decrease of the parameter domain of
coexistence. This is in stark to several other models in which space promotes coexistence by enabling
hosts to escape.

Keywords: ODE; PDE; invasion process; biological control; host–parasitoid system; generalist parasitoid;
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1. Introduction

Propagation of invasive species has been studied both experimentally and theoretically for many years,
starting withFisher(1937) andSkellam(1951). FollowingFisher(1937), many partial differential equa-
tion (PDE) models have been proposed to describe biological invasions. More recently, studies have
focused on the estimation of the spatial spread (Hastings, 2000) and the parameters that determine it
(Snyder, 2003). It is possible, on the basis of these works, to identify which parameters humans should
concentrate on to stop invasions and even sometimes to reverse them. This can happen through the
introduction of competitors, as shown, e.g. byOkuboet al. (1989), or predators.

Predators are able to stop or reverse invasions, as shown �rst byOwen & Lewis(2001). A slowdown
of invasion can be obtained if the functional response is linear (Type I) and if the preys show a weak
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There exist some insecticides to eradicate leafminers (Mertlik, 1999; Lohrer et al., 2000), but we
do not know the consequences for the environment and they are expensive. An ecological method is to
remove leaves in which pupae overwinter (Deschka, 1993; Gilbertet al., 2003; Kehrli & Bacher, 2003),
a method which can be applied only locally. Even so, populations are able to rebuild rapidly even after
a signi�cant control (Gilbert et al., 2003) and it takes only 2 or 3 years for this leafminer to reach its
carrying capacity (Gilbert et al., 2004).

A method of control was proposed by Bacher and colleagues (Kehrli et al., 2005). This method
is to increase the reservoir of parasitoids. The parasitism rate could be increased only to 17%, which
is insuf�cient to control leafminers (Kehrli et al., 2005). Parasitic wasps, pathogens and predators are
the natural enemies (Heitland et al., 1999; Backhauset al., 2002). Predation by birds is signi�cant
but not high enough to control the leafminers (Grabenwegeret al., 2005). Twenty different parasitoid
species are known to develop onC. ohridella(Grabenweger, 2003). None of them are able to control
the propagation of the leafminer, as the parasitism rate is generally very low, less than 5% (Heitland
et al., 1999; Freiseet al., 2002). Nevertheless, the method used by Bacher and colleagues and the lack
of real alternative force us to carry on studying the potential use of parasitoids and identify the conditions
under which they could be more effective.

3. Mathematical model

Let u.x; t / andv.x; t / denote the densities of leafminers (hosts) and parasitoids, respectively, at location
x 2 < and timet > 0. The model consists of two reaction–diffusion equations:

(
ut D Duxx C r1u f .u/ � vp.u/;

vt D Dvxx C 
 v p.u/ C r2vg.v/;
(3.1)

with f .u/ D 1 � .u=K1/, p.u/ D Eu=.1 C Ehu/ andg.v/ D 1 � v=K2, where

D D diffusion rate;
r1 D growth rate of leafminers;
r2 D growth rate of parasitoids;
K1 D carrying capacity of leafminers;
K2 D carrying capacity of parasitoids in absence of focal hosts;
E D encounter rate;
h D harvesting time;

 D conversion ef�ciency.

D, r1, r2, K1, K2, E, h and
 are constant parameters.
The general structure of the model is typical of predator–prey models with diffusive dispersal. How-

ever, it has some special features because of the nature of the system we want it to describe. In the
speci�c system that motivates the model, the parasitoid is a generalist that is already established in a
region where the leafminers have been introduced and may spread. Because the parasitoid can persist
at a positive density in the absence of the leafminers, its population dynamics in the absence of the
leafminers are described by a logistic equation with a positive growth rate. This is different from stan-
dard predator–prey models, which usually envision the predator as a specialist that is strictly dependent
on the prey species in the model and whose density is limited only by the availability of the prey species.
The ultimate goal of the modelling process is to understand when the leafminers can or cannot invade
a region where the generalist parasitoids are present, so we envision dispersal on a fairly large spatial
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and denote

� D a2 � b and � D 2a3 � 3abC c:

The existence conditions of the positive equilibria are deduced by the conditions given byMurray
(1989):

– If � > 0 and either� D 0 or j� j 6 2�
2
3 , we have zero, one, two or three non-trivial equilibria.

This is a necessary but not suf�cient condition to have three non-trivial equilibria.

– If � > 0 and j� j > 2�
2
3 or � 6 0 , we have at most one non-trivial equilibrium.

We analyse the system in the phase plane by �rst calculating the nullcline equations and second
studying the existence and the stability of equilibria.

Nullcline equations are for prey,.u0D 0/ v D r1
E K1

. K1 � u/. 1 C Ehu/, and predators,.v0D 0/ v D

K2
�
1 C 


r2

Eu
1CEhu

�
, which are shown in Fig.1.

Intersections of nullclines give the different equilibria. We have three cases:

(i) If K2 > r1
E and eitherr1h

4K1

�
K1 C 1

Eh

� 2 6 K2

�
1C 


hr2

K1� 1
Eh

K1C 1
Eh

�
andK1 > 1

Eh or K1 < 1
Eh, there

is no non-trivial equilibrium and the semi-trivial equilibrium.0; K2/ is stable (Fig.2).

In Case (i), the leafminers always disappear; parasitoids control them. This condition includes the fact
that if the parasitoid density is high enough and the host density is small enough, there is no establish-
ment of leafminers.

(ii) If K2 > r1
E , r1h

4K1

�
K1 C 1

Eh

� 2 > K 2

�
1 C 


hr2

K1� 1
Eh

K1C 1
Eh

�
andK1 > 1

Eh , there are two non-trivial

equilibria; one of them is a saddle point. The semi-trivial equilibrium.0; K2/ and the larger
non-trivial equilibrium (u2,v2) are both locally stable and the outcome will depend on the initial
conditions (Fig.3).

FIG. 1. Nullclines for leafminers (black) and parasitoids (grey).
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FIG. 2. Phase plane and the direction �eld for Case (i).

FIG. 3. Phase plane and the direction �eld for Case (ii).

In Case (ii), leafminers could survive. It depends on the initial conditions. If the initial leafminer
density is high enough, they establish, but if that is not the case, they vanish. In this case, parasitoids
induce an Allee effect.

REMARK If K2 > r1
E , r1h

4K1

(
K1C 1

Eh

)2 D K 2

(
1C γ

hr2

K1�
1

Eh

K1C
1

Eh

)
andK1 > 1

Eh , there is a unique non-

trivial equilibrium which is a saddle-node (Fig.4). In this case, the semi-trivial equilibrium(0, K2) is
stable.

This case is derived from the previous one when the saddle point and the stable non-trivial equilib-
rium join in one point to give a saddle-node. But, due to the very restrictive conditions, this case is for a
particular set of parameters and occurs rarely. In this case, leafminers disappear.

(iii) If K2 < r1
E , we have one non-trivial equilibrium (Fig.5a) or three non-trivial equilibria (Fig.5b).
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FIG. 9. Phase plane whenr1 D 3, K1 D 1, E D 200.2, h D 5, r2 D 0.1, K2 D 0.0029 andγ D 12.9425, there is a homoclinic
loop.

FIG. 10. Phase plane whenr1 D 3, K11, E D 200.2, h D 5, r2 D 0.1, K2 D 0.0029 andγ D 14, there are two equilibria, a
stable focus and a saddle. There exists an open set of initial population densities such that both host and parasitoids approach to
steady-state values.

4.2 Analysis for small carrying capacities

When there are three non-trivial equilibria, the dynamics of the model can be very complex and various
types of bifurcations, including codimension-3 bifurcations, can occur (see, e.g.Zhu et al., 2002). In
the following, by computer simulations we consider the dynamics and bifurcations at the two small
non-trivial equilibria (which are very close to each other; see Figs.6–10). By symmetry, similarly one
can study the dynamics and bifurcations at the two large non-trivial equilibria (which are very far away
from each other).
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FIG. 14. The effect of the diffusion rate on the propagation speed of leafminers.

6. Discussion

The studied system has interesting and complex dynamics including the existence of multiple non-trivial
equilibria and various types of bifurcations in the non-spatial model, even though their biological rele-
vance may be minor, in particular at very low carrying capacity. Some similar analyses on predator–prey
model were made byDu & Lou (2001) andDu & Shi (2006). We observed saddle-nodes reminiscent
of Greenman & Hudson(1999, 2000). The existence of multiple attractors implies that the outcome of
the interaction will often be a function of the initial conditions, as observed inMiller et al. (2004) and
Krivan & Sikder (2003). Bifurcations in similar predator–prey systems have earlier been studied by
Hainzl (1988, 1992). For some parameter ranges, the model predicts that a generalist parasitoid can in-
duce something like an Allee effect on the leafminers, in the sense that small leafminer populations will
go extinct, while larger ones persist. Allee effect and bistability in a spatially heterogeneous predator–
prey model have been proved byDu & Shi (2007). For other parameter ranges, the equilibrium with no
leafminer is unstable but there is a stable equilibrium where both parasitoids and leafminers are present.
The coexistence of two equilibria, one being locally stable and the other locally unstable, is a strong hint
towards the existence of travelling waves in the spatial model, which enable the system to switch from
one state to the next. This analytical part will be developed in a further paper.

The mathematical analysis enabled us to understand the `control conditions' using only three out
of eight parameters: the carrying capacity for parasitoids (K2), the growth rate of the host (r1) and the
encounter rate (E). Indeed, these three parameters allow us to distinguish two cases: invasion when
K2 < r1=E and a possible control whenK2 > r1=E (Table1). A method such as the augmentative
method, targeting at increasing the carrying capacity for parasitoids (K2), proposed by Bacher and col-
leagues may be a good applied solution to the invasion of the leafminer (Kehrli et al., 2005). Indeed,
placing containers with leaves out of which only parasitoids can emerge below attacked trees is equiva-
lent to an increase of the parasitoids' carrying capacity. This idea did not work out in the study ofKehrli
et al. (2005), but these authors did not take into account that the control cannot be immediate, as shown
in Fig. 13. Thus, the potential for control of this leafminer using concepts and results from our work
needs to be yet assessed, but represents so far the only hope for a biological solution to the problem.

Predator–prey systems have been widely studied, but most often with specialist predators (Briggs &
Hoopes, 2004; Owen & Lewis, 2001). Recent work focusing on generalist predators includes Faganet al.
(2002), Ehler (1998), Liebhold et al. (2000), Schreiber(1997), etc., while other authors focused on
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