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ABSTRACT

Avian influenza is a zoonotic disease caused by the transmission of the avian influenza A virus, such as
H5N1 and H7N9, from birds to humans. The avian influenza A H5N1 virus has caused more than 500 hu-
man infections worldwide with nearly a 60% death rate since it was first reported in Hong Kong in 1997.
The four outbreaks of the avian influenza A H7N9 in China from March 2013 to June 2016 have resulted
in 580 human cases including 202 deaths with a death rate of nearly 35%. In this paper, we construct two
avian influenza bird-to-human transmission models with different growth laws of the avian population,
one with logistic growth and the other with Allee effect, and analyze their dynamical behavior. We obtain
a threshold value for the prevalence of avian influenza and investigate the local or global asymptotical
stability of each equilibrium of these systems by using linear analysis technique or combining Liapunov
function method and LaSalle’s invariance principle, respectively. Moreover, we give necessary and suffi-
cient conditions for the occurrence of periodic solutions in the avian influenza system with Allee effect

of the avian population. Numerical simulations are also presented to illustrate the theoretical results.

© 2016 Elsevier Inc. All rights reserved.

“Dedicated to our friend Dr. Dingbian Qian, Professor in the School
of Mathematical Sciences at Soochow University, Suzhou, Jiangsu
Province, China, who was critically infected by the H7N9 avian in-
fluenza virus in April 2013, fearfully stayed in the intensive care
unit for more than two months, and miraculously recovered.”

1. Introduction

Influenza A viruses are divided into subtypes based on two pro-
teins on the surface of the virus: hemagglutinin (HA) and neu-
raminidase (NA). For example, the avian influenza A virus desig-
nation of H7N9 identifies it as having HA of the H7 subtype and
NA of the N9 subtype (CDC [8]). Avian influenza A H7 viruses are
a group of influenza viruses that normally circulate among birds.
H7 influenza infections in humans are uncommon, but have been
confirmed world-wide in people who have direct contact with in-
fected birds. Most infections have been mild involving only con-
junctivitis and mild upper respiratory symptoms (CIDRAP [9] and
OIE [59]). Although some H7 viruses (e.g. H7N2, H7N3 and H7N7)
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have occasionally been found to infect humans, H7N9 had previ-
ously been isolated only in birds, with outbreaks reported in the
Netherlands, Japan, and the United States. Until the 2013 outbreak
in China, no human infections with H7N9 viruses had ever been
reported (CIDRAP [9] and OIE [59]).

Differing from the highly pathogenic avian influenza virus
H5N1, the H7N9 virus does not induce clinical signs in poultry and
is classified as a low pathogenicity avian influenza virus (LPAIV)
[46]. However, the virus can infect humans and most of the re-
ported cases of human H7N9 infection have resulted in severe
respiratory illness [39]. From March 31 to August 31, 2013, 134
cases had been reported in mainland China, resulting in 45 deaths
(NHFPC [45]), an unusually high rate for a new infection and high
death rate. Genetic characterization of H7N9 shows that the virus
resulted from the recombination of genes between several parent
viruses noted in poultry and wild birds in Asia [37]. Evidence sug-
gests that the gene that codes for HA has its origin in ducks and
the gene that codes for NA has its origin with ducks and probably
also wild birds. The HA genes were circulating in the East Asian
flyway in both wild birds and ducks, while the NA genes were in-
troduced from European lineages and transferred to ducks in China
by wild birds through migration along the East Asian flyway [40].
There is very little information on the H7N9 virus in wild birds
to access their potential as source of domestic poultry and human
infection. The mode of H7N9 virus transmission between avian
species remains unknown, but various wild birds have been im-
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plicated as a source of transmission. Jones et al. [31] showed that
society finches, zebra finches, sparrows, and parakeets are suscep-
tible to H7N9 virus and shed virus into water. Jones et al. [32] fur-
ther demonstrated that interspecies transmission of H7N9 virus oc-
curs readily between society finches and bobwhite quail but only
sporadically between finches and chickens, and transmission oc-
curs through shared water. Since the experimental data of Pantin-
Jackwood et al. [46] showed that quail and chickens are suscepti-
ble to infection, shed large amounts of virus, and are likely impor-
tant in the spread of the virus to humans, it is therefore conceiv-
able that passerine birds may serve as vectors for transmission of
H7N9 virus to domestic poultry [32]. Data indicate that the novel
avian influenza A H7N9 virus was most likely transmitted from the
secondary wholesale market to the retail live-poultry market and
then to humans [4,11] . To control the outbreak, from late April
to early June in 2013, local authorities of the provinces and mu-
nicipalities, such as Jiangsu, Shanghai, and Zhejiang, temporarily
closed the retail live-poultry markets which proved to be an effec-
tive control measure. There were no reported cases in the summer
and fall 2013. However, the virus came back in November 2013 and
again in November 2014 and November 2015. In fact, the second
outbreak (from November 2013 to May 2014), the third outbreak
(from November 2014 to June 2015), and the fourth outbreak (from
November 2015 to June 2016) caused 130 human cases with 35
deaths, 216 confirmed human cases with 99 deaths, and 110 con-
firmed human cases with 44 deaths, respectively (NHFPC [45]).

Mathematical modeling has become an important tool in ana-
lyzing the epidemiological characteristics of infectious diseases and
can provide useful control measures [3,36] . In 2007, Iwami et al.
[28] proposed ordinary differential equation (ODE) models to char-
acterize the dynamical behavior of avian influenza between hu-
man and avian populations. Since then various models have been
used to study different aspects of avian influenza transmitted by
the H5N1 virus. Lucchetti et al. [43] developed an ODE model to
describe the transmission dynamics of the avian influenza A virus
from birds to humans and used the model to fit the human cases
reported by the WHO. Iwami et al. [29] investigated relations be-
tween the evolution of virulence and the effectiveness of pandemic
control measures after the emergence of mutant avian influenza.
Jung et al. [33] extended the study of Iwami et al. [28] for the pre-
vention of the pandemic influenza to evaluate the time-dependent
optimal prevention policies, which were associated with elimina-
tion policy and quarantine policy, considering its execution cost.
Iwami et al. [30] designed and analyzed a deterministic patch-
structured model in heterogeneous areas (with or without vacci-
nation) illustrating transmission of vaccine-sensitive and vaccine-
resistant strains during a vaccination program. Gumel [24] incor-
porated the dynamics of both wild and domestic birds and the
isolation of individuals with symptoms of both the avian and mu-
tant strains. Ma and Wang [44] formulated a discrete-time model
with reproductive and overwintering periods to assess the impact
of avian influenza transmission in poultry. Bourouiba et al. [5] in-
vestigated the role of migratory birds in the spread of H5N1 avian
influenza among birds by considering a system of delay differen-
tial equations for the numbers of birds on patches, where the de-
lays represent the flight times between patches. See also Gourley
et al. [22]. Tuncer and Martcheva [52] constructed several bird-to-
human transmission models to investigate the mechanisms for the
seasonality in avian influenza H5N1 transmission. Wang and Wu
[55] constructed a periodic systems of delay differential equations
modeling the spread of avian influenza by migratory birds between
the refuge ground and the summer breeding site. Chong and Smith
[12] proposed two Filippov models with threshold policy to deter-
mine culling of infected birds and quarantine.

Considering the fact that the domesticated birds are probably
the important infectious source for human population, Iwami et al.

[28] assumed that the avian populations are subject to the rule of
constant growth. But the possibility that migrant birds are viewed
as the original infection source is the largest [62]). Migratory hosts
may transmit pathogens to new areas, leading to the exposure and
potential infection of new host species [1]. Resident hosts, im-
munologically naive to these novel pathogens, may subsequently
act as local amplifiers. For example, the global spread of West Nile
Virus is considered to be greatly facilitated by migratory birds in-
troducing the virus to other wildlife and humans in many parts
of the world [47]. It is well-known that the logistic growth, where
the rate of reproduction is proportional to both the existing popu-
lation and the amount of available resources and increases quickly
at first and then more slowly as the population approaches its car-
rying capacity, is more reasonable than the constant growth for the
wildlife birds, including migratory and resident birds. Allee effect,
a phenomenon in which the reproduction rate of a population de-
creases when its density drops below a certain critical level, was
firstly observed by Allee [2] about aggregation and associated co-
operative and social characteristics among members of a species
in animal populations. The phenomenon in biology is called strong
Allee effect, which is particularly relevant to endangered species
and small or invasive populations. Habitat destruction, spread of
alien species, overharvest, pollution (including siltation), and dis-
ease (caused by either alien or native pathogens) are responsible
for endangering species [57]. The study of Serrano et al. [49] on
Allee effect in colonial birds demonstrates that Allee effect, that is
positive density dependence, appears to be the cause of the evolu-
tion of dispersal behavior. Skagen and Yackel [50] observed that
population density of small bird populations is correlated posi-
tively with both per capita fecundity and population growth rate
due to the Allee effect.

It has been reported that some wild species, such as the African
wild dog Lycaon pictus [6] and the island fox Urocyon littoralis [13],
suffer from both disease and an Allee effect. Diseases can drive
populations to low densities as a result of Allee effect, in partic-
ular for diseases having reservoirs or affecting populations that are
at small pre-epidemic sizes [18] or for native island species ex-
posed to new pathogens [56]. In wild populations of Serins (Seri-
nus serinus), Senar and Conroy [48] reported that avian pox infec-
tions were very virulent and survival rates of infected birds were
half that of uninfected ones. Recently, great attention has been
paid to the theoretical modeling and analysis of the joint interplay
of infectious disease and Allee effects (see [20,21,26,27,34,35,51] ,
and the references cited therein). On one hand, it has been ob-
served that recurrent infectious disease outbreaks tend to enhance
the deleterious role of Allee effects within diseases capable of in-
ducing reductions in host fitness [35]. On the other hand, sus-
tained oscillations can occur induced by Allee effects via bifurca-
tions [7,26,35,51] .

In this paper we construct two simplified avian-human epi-
demic models according to different growth rates of the avian
population, namely, with avian population being subject to logis-
tic growth and Allee effect. We always assume that the avian in-
fluenza virus does not spread from person to person and mutate.
The avian population is classified into two subclasses: susceptible
and infective, denoted by Sy(t) and I4(t), respectively, and the hu-
man population is classified into three subclasses: susceptible, in-
fective and recovered/removed, denoted by Sy(t), I5(t), and Rp(t),
respectively. In order to construct the corresponding model, we
make the following assumptions:

(1) The net growth rate of the susceptible avian population is de-
scribed by the function g(Sq), where g(-) : R, — R is continu-
ous, R = (—o00,00), Ry =10, 00);

(2) All new recruitments and newborns of the human population
are susceptible, the rate is denoted by ITj;
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(3) The avian influenza virus is not contagious from an infective
human to a susceptible human. It is only contagious from an
infective avian to a susceptible human;

(4) An infected avian keeps in the state of disease and cannot re-
cover, but an infected human can recover and the recovered hu-
man has permanent immunity;

(5) The incidence rate between the susceptible avian and the infec-
tive avian is bilinear. The incidence rate between the suscepti-
ble human and the infective avian is also bilinear.

Based on the above assumptions, we have the following SI-SIR
avian influenza model:

ds,

TITG = g(sa) - ,Basala

dl

ditf = ,Basala — (Ua+ 8a)la

ds

(T: =y, — BpSpla — Sy (1)
dl,

= BiSnla — (g + 8, + Yy

dR

dith = VI — UnRp,

where f, is the transmission rate from infective avian to suscep-
tible avian, u, is the natural death rate of the avian population,
84 is the disease-related death rate of the infected avian; 8 is the
transmission rate from the infective avian to the susceptible hu-
man, wy is the natural death rate of the human population; §, is
the disease-related death rate of the infected human; y is the re-
covery rate of the infective human. If the susceptible avian popu-
lation is subject to the logistic growth, then

g(Sa) = ra5a<1 - %) (2)

where r; and K, are the intrinsic growth rate and maximal carry-

ing capacity of the avian population, respectively. If the susceptible
avian population is subject to Allee effect, then

g(Sa)zraSa<1 —i>(i“—1), 3)

M, mgq

where rg, Mg, and mg(mg < Mg) are the intrinsic growth rate, the
maximal carrying capacity and the critical carrying capacity of the
avian population, respectively. We assume that all parameters are
positive.

We will analyze the global asymptotical stability of these sys-
tems and compare the sizes of the basic reproduction numbers for
both cases. The paper is organized as follows. The global analysis
of avian-human epidemic models in which the avian population is
subject to the rule of logistic growth law and Allee effect is dis-
cussed in Sections 2 and 3, respectively, where the human popula-
tion is always subject to the rule of constant growth. In Section 4,
we compare the sizes of two basic reproduction numbers and pro-
vide numerical simulations of the model for both cases. A brief
discussion about the biological interpretations and conclusions is
given in the last section.

2. Model (1) with logistic growth for avian population
2.1. The model

If the net growth rate of the avian population is subject to the
logistic growth law in system (1), then we obtain the following SI-

SIR model:
ds, S
T;I =T14Sq <] - é) - ﬂasala
dI
(T: = ,Basalu — (Ma +0a)la
ds
(T: = Iy — BulaSp — nSh (4)
dl,
@ = BulaSy — (o + 8 + VI
dRy,

— =yl — uyR,
dt Vi — Mpky,

where r; (Kg) is the intrinsic growth rate (the maximal carrying
capacity) of the avian population, the assumptions and the mean-
ings of the other parameters are the same as in (1). System (4) has
a unique solution satisfying initial conditions in ]Ri which is the
positively invariant set for system (4).

We can deduce two disease-free equilibria given by
A(0,0,5;,0,0) and B(Kg0,S;,0,0) from system (4), where
st =

h Hp

Following the definition and computation procedure in Diek-

mann et al. [19] and van den Driessche and Watmough [54], we

can rewrite system (4) as follows:

dX
where,
I, (t) BalaSa
I (t) BnlaSh
Sa(t) 0
X(t) = - ,
©=1s 0 0
R, (t) 0
(Ma + 8a)1a
(Un + 0+ V)Iy
S
y | pasi-pes(1-3) |
wnSp + BnlaSy — T
WhRp — vy
then,
Baka O Wa + 8q 0
F=|pBS; 0]. V= 0 Mp+0n+v |,
BaKq 0
Ha+8q
Fvl=1| BsS: 0
Ma~+Sq

Hence, we derive the basic reproduction number as follows

If Rp1 > 1. we can also derive a unique endemic equilibrium given
by C(Sg, I3, S;*, Ii*, Ri*), where

h>"h°
Ua + Sa ra(fa + 8a)
Sk — , = ————2(Rg1—-1),
a ,Ba a I(aﬂg ( 0,1 )
ok I, ok ﬂhl;*sﬁ* ok VII:F*

S = R = ,
Y T e A o
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Before analyzing the dynamical behavior of the full model (4),
we study the dynamical behavior of the avian-only subsystem.

2.2. Analysis of the avian-only subsystem

Consider the avian-only subsystem, given by the first two equa-
tions of system (4), as follows:

ds, S
T: = ra5a< Ka ) BaSala

d
de = ,BaSaIa - (ﬂa + (Sa)lw

(5)

It should be noted that the above avian system is independent of
the human system. Clearly, RZ is the positively invariant attracting
set of subsystem (5). Next we will discuss the dynamical behavior
of solutions to subsystem (5) in RZ2.

2.2.1. Local stability of the avian-only subsystem (5)

The avian-only subsystem (5) always has two disease-free equi-
libria given by Aq(0, 0) and Ba(Kq, 0). If Rg 1 > 1, the system also
has a unique endemic equilibrium given by Cq (Si*, I*).

Lemma 2.1. (i) The disease-free equilibrium A, is always unstable;
(i) If ““ﬂ—:‘s“ > Ky (ie, Roq <1) then the disease-free equilibrium
By is locally asymptotically stable for positive trajectories; (iii) If 0 <
“”72‘5“ < Kq (ie, Roq > 1), then the disease-free equilibrium B is un-
stable but the endemic equilibrium C, is locally asymptotically stable.

Proof. The characteristic equation of the Jacobian matrix at an ar-
bitrary equilibrium (Sg, Iy) is

(o (e s

(i) If (Sq.Ig) = (0,0), the eigenvalues are Ay =14>0, Ay =
—(a + 8a) < 0. Hence, the equilibrium A, is always unsta-
ble.

(ii) If Rp1 <1 and (Sq,Ia) = (Kq, 0), the eigenvalues are A =
—Tqa <0, Ay = (a +64)(Ro,1 — 1) < 0. Hence, the equilib-
rium By is locally asymptotically stable.

(iii) If Roq1 > 1 and (Sq, Is) = (Kqg, 0), the eigenvalues are Aq =
—1a <0, Ay = (a+8a)(Rp1 —1) > 0. Hence, the equilib-
rium Bg is unstable; If Rg1 > 1 and (Sq, Io) = (Si*, I}*), the
above characteristic equation becomes

= (BaSa — —8a))+,335a1,1 =0

2 ok 2wk
py Kas At ISEIE = 0.

Since S}* >0 and I}* > 0 if Rgq > 1, all eigenvalues have
negative real parts. Hence, the equilibrium C,; is locally
asymptotically stable. O

Remark 2.2. If Rp1 =1, then the endemic equilibrium C; coin-
cides with the disease-free equilibrium B, which is a saddle-node
and is locally asymptotically stable for positive trajectories.

2.2.2. Global stability of the avian-only subsystem (5)

Lemma 2.3. (i) If ""TZ‘S“ > Ky (ie, Roq < 1), then the disease-free
equilibrium By is globally asymptotically stable for positive trajecto-
ries; (ii) If 0 < “‘%—J’aaﬂ <Ky (ie, Roq1 > 1), then the endemic equilib-
rium Cg is globally asymptotically stable.

Proof. (i) If Ry <1, we choose a Liapunov function as follows

=S4 — Ka—KalnE—i-Ic,

Then we have

®)
_ 40(5;1(7(]1(0 — Bala(Sa = Ka) + BaSala — (pa + 8a)]a
_ —ra(s?fl@ + BaKala — (1ta + 80)la
= KO g 480 (Roy 1) <0
Since  {(Sa.la) € B2 : U1 = 0} = {(Sq. la) € B2 : Sq = Ko I = 0} =

{Bs}, according to LaSalles invariance pr1nc1ple (Hale [25]),
the equilibrium B, is globally asymptotically stable for positive
trajectories.

(ii) If Rg,; > 1, we choose a Liapunov function

Vy = (su — S 1ni“> + (1 e —prInde )
Sz* I**

Then we obtain

dv, "
| =aso(r(1- ) - Bule)
+ (I — I**)(,Basa — Ma — 8q)
asﬂ
+ Bala = I57) (Sa — S;)
_ _ri Q)2
- I(a (Sa Sa ) = O

It follows that D ={(Sq.lo)eintR%:: %2 =0} = {(Sq.la) : Sa =
Si* I > 0}. If D is an invariant set of subsystem (5), then Ip = I}*
by the first equation of subsystem (5). Hence D, = {C,}. LaSalle’s
invariance principle implies that the equilibrium C, is globally
asymptotically stable. O

2.3. Analysis of the full system
Since the first four equations of system (4) are independent of

the variable R,, we only need to analyze the dynamical behavior
of the following equivalent system

ds, Sa
T;I = rasa< Ka> BaSala
dI
?; = BaSala — (Ha + 8a)la
ds (6)
(T: = Iy — BulaSp — UsSh
dlh
= BulaSy — (U + S + V)l

Clearly, ]Ri is a positively invariant attracting set. We discuss the
dynamical behavior of system (6) in the positively invariant set R%.

2.3.1. Local stability of the full system (6)

System (6) always has two disease-free equilibria given
by Agn(0.0,S;,0) and By (Ka, 0,55, 0); if Rg 1 > 1, then sys-
tem (6) also has a unique endemic equilibrium given by
Can (S, I3, Si 1),

Lemma 2.4. (i) The disease-free equilibrium Ay, is always unstable;
(i) If “"T:‘S“ > Ky (i.e, Ro1 < 1), then the disease-free equilibrium By
is locally asymptotically stable for positive trajectories; (iii) If “"Tt‘s“ <

Kq (ie, Rpq1 > 1), then the disease-free equilibrium By, is unstable
and the endemic equilibrium Cg, is locally asymptotically stable.
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Proof. The characteristic equation of the Jacobian matrix at an ar-
bitrary equilibrium (Sq, Ia, Sp, I) takes the form

A+ Bula + ) (A + pp + 8, +¥)

(2 (o= Tgrso— o))
x (A = (BaSa — ta — 8a)) + ﬂ§5a1a> =0.

(i) If (Sa.la; Sy, Ip) = (0,0,S5;,0), the eigenvalues are Ay =14 >0,
Ay = —(fa+6a), A3 = =y, Ag = —(ip + 8 + ¥ ). Hence, Agy is
always unstable.

(ii) If Roq1 <1 and (Sq.la.Sp.Iy) = (Kq, 0,55, 0), the eigenvalues
dare )\.] =14 <0, )\.2 = (Ma +(Sg)(R0Y1 — 1) <0, )\.3 =—Up < 0,
ry=—(up +8,+y) < 0. Hence, the equilibrium B, is locally
asymptotically stable.

(iii) If Ro,1>1 and (Sa,la, Sp. Iy) = (Ka, 0,5}, 0), the eigenvalues
are Ay =-13 <0, Ay = (Uqg +5a)(R0_1 -1)>0, A3 = —up <0,
Mg =—(p + 8, +7y) <0. Hence, the equilibrium B, is unsta-
ble; If Roq > 1 and (Sa, la, Sy, Iy) = (S3*. I5*, S;*, I;*). the char-
acteristic equation of the Jacobian matrix at the endemic equi-
librium Cg, is

(32 + Sin+ BSII ) Ot Bl + 1)
a
x(A+pp+3+y)=0

Since Si* > 0,I3* > 0 if Rgq > 1, all eigenvalues have negative
real parts. Hence, the endemic equilibrium C, is locally asymp-
totically stable.

O

Remark 2.5. If Rp; =1, then the equilibrium Cj, coincides with
the equilibrium B, which is a saddle-node and is locally asymp-
totically stable for positive trajectories.

2.3.2. Global stability of the full system (6)

Theorem 2.6. (i) If ““ﬁ—t‘s“ > Ky (i.e. Rpq1 < 1), then the disease-free

equilibrium By, of the full system (6) is globally asymptotically stable;

(ii) If 0 < “"T“S“ < Kq (ie, Ro1 > 1), then the endemic equilibrium
Can Of the full system (6) is globally asymptotically stable.

Proof. (i) According to Lemma 2.3, the disease-free equilibrium By
of the avian-only subsystem (5) is globally asymptotically stable if
Ro.1 < 1. To prove the global stability of By, we only need to con-
sider system (6) with the avian components already at the disease-
free steady state, given by

ds
dth Ty — pnSh
(7)
Uy 480+ )
a - Mn h+ ¥V )p.

Clearly, we can obtain that S, — S;, Iy — 0 if ¢ — oco. Hence, the
disease-free equilibrium B, is globally asymptotically stable.

(ii) Similarly, by Lemma 2.3, the endemic equilibrium C, of
avian-only subsystem (5) is globally asymptotically stable if R 1 >
1. To prove the global stability of the equilibrium C,,, we only need
to consider system (6) with the avian components already at the
endemic steady state, given by

ds
(Tth = Iy — Bul*Sh — 1Sk

dI,., (8)

= Buly*Sp — (n + O + V).

We can easily deduce that subsystem (8) has a unique positive
equilibrium (S;*, I;*) which is locally asymptotically stable.

To prove the global stability of the positive equilibrium (S;*, I;*

of subsystem (8), we choose a Lyapunov function as follows

o wi (I In

then,
av| _ds, Spds,  dilidi,
dt © dt S, dt ' dt I, dt
Using the relationships that (at endemic state) I, = B,[;*S;* +
Sy and pp + 8, +y = ﬁ"’éisz*, we obtain
s, SprdS
T st~ T S = maS)
S;; kok
- E(Hh — Bnla"Sh — nSh)
= (Bul"Sy" + unSp" — Brlg™Sn — 1nSn)
S**
- é(ﬁhlé*sﬁ* + WnSy" = Brlg"Sh — 1nSh)
S** S
— G _“h _ 7h + 2B, [+ S**
Mn h ( Sh SZ*) IBh a °h
= Buli"Sh — Bz g
h
and
dl, I di
- - th = (Bulg"Sh — (Un + 3 + V) In)
dt I d

ok

I
- IL(/gh[;*Sh — (p 4+ 0p + ¥)In)

(/3111 *Sp — Buly Sy I**)
I** £33 £33
Buli*Sh — Buli* Sy =L I**
[+
= Bul Sy + Buli Syt — Buli Syt - I** ﬂhlé*sh;*h~

Therefore, we have

m%_m%(_&_w

h
TPle'S) ( S IS
Since the arithmetic mean exceeds the geometric mean, we have
_SHE 5 g
Sp ST
3- ﬁ - % - %E <0
AR e
Hence, 9| <0. Due to D={(Sy.Iy) cintR? : % =0} =

{(S;*, Ix*)}, by the LaSalle’s invarlance principle, it follows that
Sp — S;* and I, — I* if t — oo. Therefore, the endemic equilibrium
C,n of the full system (6) is globally asymptotically stable. O

Now we can state our results for the original SI-SIR model
(4) with logistic growth for the avian population.

Corollary 2.7. (i) The disease-free equilibrium A of model (4) with lo-
gistic avian growth is always unstable; (ii) If ““ﬁ—t‘s‘l >Kq (ie, Roq <
1), then the disease-free equilibrium B of model (4) is globally asymp-
totically stable for positive trajectories; (iii) If 0 < "““ﬂ—:‘s" <K, (ie,
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Ro.1 > 1), then the disease-free equilibrium B of model (4) is unstable
but the endemic equilibrium C of model (4) is globally asymptotically
stable.

Remark 2.8. If the susceptible avian population is subject to con-
stant growth, that is, g(Sq) = I1g — aSqa, Where Ilg is the recruit
rate of new recruitments and newborns and pu, is the mortality
rate of the avian population, then we can obtain analogous results
and the dynamics are very much similar to that of system (4) with
logistic avian growth.

3. Model (1) with Allee effect for avian population
3.1. The model

If the avian population is subject to Allee effect in system (1),
then we have the following SI-SIR model:

dsS, Sa\( Sa

a1 ) (g 1) - pesi

dl

?; = BaSala — (ha + 8a)la

ds

dith = Iy — BulaSh — tSh (%)
dl,

@ = BulaSy — (e + 8 + Y)Iy

dR

dith =yl — tnRp,

where rq, Mg and mg (mg < M,) are the intrinsic growth rate,
the maximal carrying capacity and the critical carrying capacity
of the avian population, respectively, other assumptions and the
meanings of other parameters remain unchanged. System (9) has
a unique solution satisfying the initial conditions in Ri which is a
positively invariant set.

Define the basic reproduction number by

Rz = Ba(Mg + mg) (g + 84)
' (Ma + 80) + Mamaﬂc% '

We can deduce three disease-free equilibria given by
H1(0,0,5;,0,0), Hy(mg,0,S;,0,0), and H3(Mq,0,S;,0,0), where
SE:E—Z. If Ropp>1, we can also derive a unique endemic

equilibrium given by Ha(Sg*, I*, Sp*, I, Ry*), where

Ha + 8q Tq ﬂgMama + (o + aa)z
S = , I = — Roo — 1),
a /3a a lga Mama,Bg ( 0,2 )
ok Hl’l ] ﬂhlg*sfl* ok ]/I;*
Sh = ok > *h = ’ h = .
Brl* + n Mh+ 0 +y Hn

Comparing the relationship between Ry, and 1, we have the fol-
lowing results:

(i) R0,2<1©““Tt‘s“<maor“”ﬂ—t‘s">Ma;
(ii) R0,2>1@ma<#aT+ﬁ<Ma;

(i) Roo =1« £ = mq or Hotds — M,

Before analyzing the dynamical behavior of the full model
(9) with Allee effect, once again we first study the dynamical be-
havior of the avian-only subsystem.

3.2. Analysis of the avian-only subsystem

Consider the following avian-only subsystem:

dSq _ Sa Sa
a T4Sa (1 - ﬁa) (nTa - 1) — BaSala (10)
dl,

a _ —_
E = ,Basala (l/La + (Sa)lw

Similarly, RZ is a positively invariant set of the subsystem (10).
First we discuss its dynamical behavior in Ri.

3.2.1. Local stability of the avian-only subsystem (10)

The avian-only subsystem (10) always has three disease-free
equilibria given by 0(0, 0) , A(mg, 0) and B(Mg, 0); if Rgy > 1,
then the subsystem also has a unique endemic equilibrium given
by E(Si*, I3*).

Lemma 3.1. (i) The disease-free equilibrium O is always locally
asymptotically stable but the disease-free equilibrium A is always un-
stable; (ii) The disease-free equilibrium B is unstable if 0 < “”T*;‘S“ <
M, but locally asymptotically stable if “‘%—t‘sﬂ > M, for positive tra-
jectories; (iii) The endemic equilibrium E is unstable if my < “”T*;‘S“ <
Masma byt Jocally asymptotically stable if Maf™Ma < “”Tta“ < M,.

Proof. The characteristic equation of the Jacobian matrix of an ar-

bitrary equilibrium (Sg, 1) is
—352 + 2(Mg + mg)Sq
A— a —1) - Bd
[ <ra< Mama ﬂa ‘

[A = (BaSa — ta — 8a)] + ﬂgsala =0.

(i) If (Sq,1) = (0,0), the eigenvalues are Ay = -1 <0, Ay =
—(a + 8a) < 0. Hence, the disease-free equilibrium O is al-
ways locally asymptotically stable; If (Sq,1I;) = (mg, 0), the
eigenvalues are Aq = W >0, Ay =Bq(mg— ““ﬂ—t‘s").
Hence, the equilibrium A is always unstable;

(ii) If (Sq, 1) = (Mg, 0), the eigenvalues are A; = W <0,
Ay = Ba(Mg — ““TJ;‘S“). Ifo < “”Tt‘s" < Mg, then A, > 0. Hence,

the equilibrium B is unstable; If Matda o ppo then Ay < 0.

a
Hence, the equilibrium B is locally asymptotically stable;
(iii) If mq < ““TJ;‘S" < Mg and (Sq, Io) = (S5, I}*), the above char-
acteristic equation becomes

A +arl+b=0, (11)
where
a=— Ta  2(fa+8a) Mu+ma_ﬂa+8a
Mgmyq Ba 2 Ba '
2 2
b= ra(l/«a + 6a)(,BaIVIa)na + (Ma + 80) )(RO,Z _ 1)

Iwamalga2

Clearly, if Moima - ““TJ;‘S" <M, then @ > 0 and b > 0.

Thus all eigenvalues have negative real parts and the en-

demic equilibrium E is locally asymptotically stable; if mg <
““Ttaa < % then a < 0 and b > 0. Hence all the eigen-

values have positive real parts and the endemic equilib-
rium E is unstable. If ““TJ;‘S“ = MaiMa the characteristic Eq.
(11) has purely imaginary eigenvalues 4 iw, where w =
VBESeIx* > 0. In this case, the endemic equilibrium E is a
center or a fine focus.
Next, we shall study the type of the equilibrium E if ““ﬂ—t‘s‘l =
%. Making a transformation

S=S,—S* I=l—I
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System (10) can be turned into
as - S+Si*\ S+ S
= Ta(S+S; )(1 - )( = —1>
—Ba(S+SHU+I) (12)

dl
g5 = PaS+SOUA+I) = (ha+8) T+ 1)

Simplifying system (12), it becomes

ds Ta
— = —BS - 052 gs— s3
dt Pa Mym, Pa Mym, (13)
dI .
T Bali*S + BdlS.
Letx=Sy= ZLI System (13) can be written as
dx TaSH* B T
./ ZS**I** _ ‘'ava 2 _ a _ a 3
dt ﬂa alad’y Mamux Sixy Mamax
I/ (14)

d
—}t’ =/ B2SEIEX 4 Baxy.

According to the Hopf bifurcation formula in Guckenheimer and
Holmes [23] in two-dimensional systems

dx dy
T —wy + f(x,¥), G = OX 8.,

the singular point (0, 0) of system (14) is a stable fine focus of
order one for ¢ < 0, where

_ fooe+ Foy 1 Sy + &y

16
fxy (fax + fyy) 8xy (8xx + 8yy) — Fx8xx + fyygyy
16w ’
in which the partial derivatives are all evaluated at (0, 0) as fol-
1ows: fox = o, fiyy =0, oy =0, Gy =0, fux = 7,3,;‘:50 fy =

\/’537"*, fyy =0, 8« =0, gy = Pa, &y = 0. Then ¢ = z5;7%- < 0. Thus,
ca

I

the trivial equilibrium (0, 0) of system (14) is a stable fine focus of
order one. Hence, the endemic equilibrium E of subsystem (10) is
a stable fine focus of order one for ”"—t‘sﬂ = w

In summary, the endemic equilibrium E of the avian-only sub-
system (10) is locally asymptotically stable if Me3™Ma < ""ﬂ*;‘g“ < Mq

and unstable if m, < "“ﬂ—ts" < Mafma 0

Remark 3.2. If ““TJ;‘S" = mg, then the equilibrium E coincides with
the equilibrium A, which is a saddle-node and the disease-free
equilibrium A is unstable for positive trajectories; If ““E‘S” Mg,

then the equilibrium E coincides with the equilibrium B, which is
a saddle-node and the disease-free equilibrium B is locally asymp-
totically stable for positive trajectories.

In order to discuss the existence and uniqueness of limit cycles
in the avian-only subsystem (10), we introduce a lemma.

Lemma 3.3. ( [15, 16]) Let f(x) and g(x) be continuously differentiable
functions on an open interval (rq, 1) and ¥ (y) be a continuously dif-
ferentiable function on R. Consider the Liénard system

dx X
G=vo- [ rawdu
Xo
dy
dt
and assume that
(i) 242 > o0;

(15)
=-g(X)

(ii) there is a unique xo € (rq, 1p) such that (x —xg)g(x —xg) > 0
for x ;é Xg and g(xg) =0
(iii) f(x0) 45 (£33) < 0 for X # xo.
&(x)
Then system (15) has at most one limit cycle, and if it exists, it is

hyperbolic.
Theorem 34. If mq < “"TJ;‘S‘I M"*"“ then the avian-only subsys-
tem (10) has a unique limit cycle Wthh is hyperbolic.
Proof. In order to apply Lemma 3.3, we make a transformation
Sa=x I =¢, dt =

System (10) can be written as

—x"ldr.

dx
o= Bee! - ra<1 - ﬁ><7 - 1) —y(y) — F(x)
J ( 5.) a/ \MMa (16)
Jr
%:%_ﬁa E_g(x),
where ¥ (y) = Bae”, F(x) =ra(1 - g-) (5 — 1), and g(x) = fa —
(a+da)
ool
Set ry =mq, r,=YaiMa We check the three conditions of
Lemma 3.3:
(i) 4 = Buev > 0.
(ii) M ““XJ;‘S" > 0. We choose xg = —“‘};5“ € (r1,12), where xo

satlsﬁes that g(xg) = 0. Hence, (x —xg)g(x —xg) > 0 for x #

X0-
f(X) dF(X) —2rg (X _

(iii) = o (x — Mafima), fxo) = Mf;“a (X0 —
Mu+ma) [ _  —rax(x—(Ma+mq)) (f(x)) _
2 0. g0 T Mamqa(Bax—(1ta+38a))’ dxgx)’ —

h(x)
Mama(Bax—(tta+8a))?’

8a)X — (tha + 8a) (Mg + mgq)),

where  h(x) = rq(—28aX? +4(uq +

& (h(0) = —4fara(x — Hee),

When X = “”ﬁ*;‘s“ =Xy, W®) =0, W(x) > 0 for mg <x<X
and HW(x) < 0 for X<x<TatM p(R)=2(uq+
BQ)ra(“"Tt‘S" — Mafmay _ 0. Hence, we have h(x) < h(X) <0,

f(xo)%(%) <0 for mg < x < Ma3Ma and x 2 xq.

Thus, system (16) satisfies the three conditions of Lemma 3.3.
So the avian-only subsystem (10) has at most one limit cycle, and
it is hyperbolic.

Next, we prove the existence of a limit cycle of subsystem (10).
We choose B, as a perturbed parameter. The equation ““T“S“ =

Matma implies that B, = 2(““*6”) .Set u = By — 2(“““3“) , where |u|
« 1. According to Lemma 31 we have the followmg results
If w <0 (ie, #ﬂTt&u > W), then the endemic equilibrium E

is locally asymptotically stable; If u =0 (i.e., “"Tt‘s" = M”mﬂ) then
the endemic equilibrium E is a stable fine focus of order one; If
u > 0 (ie., MQT?H < M““"“) then the endemic equilibrium E is an
unstable focus.

By the results in Zhang and Feng [60] (p.207), there exists at
least one stable limit cycle in the neighborhood of the endemic
equilibrium E of system (10) for sufficient small u > 0. Thus, sys-

tem (10) has a unique limit cycle which is hyperbolic for m, <
Pvaﬁ+5a ~ Ma;-ma. O
a

3.2.2. Global stability of the avian-only subsystem (10)

In order to study global stability of these equilibria, we need
to analyze the critical point at infinity of the avian-only subsystem
(10).

Making a Poincaré transformation

1 u 1 I
=— 1, == [ N
Sa 7 la Zorz Sa,u 5,

and let dt = ‘Zi—zt. Then system (10) can be written as
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du g ra(Mq +mg)
E - Mamuu + (ﬂa B Mymq w
+ Bati?z + (rq — g — 8q)uz? (17)
dz Ta Ta(Ma + Ma) , 2 3
dr — Mgmgq - Mymg z +,3aUZ ez

It is clear to see that there is a unique equilibrium C(0, 0) on the
u-axis. The eigenvalues of the Jacobian matrix of the equilibrium
C(0, 0) of system (17) are Ay = Ay = Marﬁnﬂ. Hence, the equilibrium
C(0, 0) is an unstable node.

Making another Poincaré transformation

v 1 1 Sa
Sa_Z’ Ia_E or Z—E,U—E

and letting dt = %‘. Then system (10) is transformed into
z

dv 5 5 v v
= —BaVZ + (g + 8g)V2° — Bav*z + rav<z— E)(m—a —z)
dz

7= —BaVZ* + (la + 80)2.

(18)

Let z = 0. Then system (18) has an equilibrium D(0, 0) which is a
higher order singular point. The geometric property of the higher
order singular point D(0, 0) of system (18) is decided by the fol-
lowing system:

g—: = —Bavz
dz (19)
7= —BaVZ* + (la + 80)2.
Making a time transformation
dt =dty/z
Then system (19) becomes
dv
E = —fBav
dz (20)
I = —Bavz + (o + 82)2>.

System (20) has a unique equilibrium (0, 0) which is a higher or-
der singular point with one of the eigenvalues being zero. By the
results in Zhang et al. [61], the equilibrium (0, 0) is a saddle-node.

Thus, we have the following results: system (10) has two crit-
ical points at infinity given by (0, 0) and D(0, 0), where C(0, 0)
corresponds with the critical point at infinity of the Sg-axis and is
an unstable node, and D(0, 0) corresponds with the critical point
at infinity of the I;-axis and is a saddle-node.

Hence, we can always divide the region Ri into sub-regions D,
and D, as follows:

(i) If0 < ”‘197:‘3“ < mg, then the sub-region D; is surrounded by
the saddle-node separatrix BD, curve DO, and curve OB; the
sub-region D, is surrounded by the saddle-node separatrix
BD, curve (D, and curve CB.

(i) If mg < “”Tt‘s“ < MatMa - then the sub-region D; is sur-
rounded by the saddle-node separatrix DA, curve DO, and
curve AO; the sub-region D, is surrounded by the saddle-
node separatrix DA, curve AC, and curve CD.

(iii) If MafMa < ““—t‘s“ < M,, then the sub-region D; is sur-

rounded by the saddle-node separatrix DA, curve DO, and

curve AO; the sub-region D, is surrounded by the saddle-
node separatrix DA, curve AC, and curve CD.

If ““ﬂ—t‘s“ > Mg, then the sub-region D; is surrounded by the

saddle-node separatrix DA, curve DO, and curve AO; the sub-

region D, is surrounded by the saddle-node separatrix DA,
curve AC, and curve CD.

(iv

—

The global dynamics of the avian-only subsystem (10) can be
summarized in the following theorem.

Theorem 3.5. (i) The disease-free equilibrium O of the avian-only
subsystem (10) is always globally asymptotically stable in Dq; (ii) If

Mg < ““—t‘s“ < MatMa ' then there is a limit cycle in the neighborhood

of the endemic equilibrium E of the avian-only subsystem (10) which
is globally asymptotically stable in Dy; (iii) If MatMa < "“ﬂ—t‘ga < Mg,
then the endemic equilibrium E of the avian-only subsystem (10) is
globally asymptotically stable in D,; (iv) If “”ﬁ—t‘sa > Mg, then the
disease-free equilibrium B of the avian-only subsystem (10) is glob-
ally asymptotically stable in D,.

Proof. Lemma 3.1 implies that the disease-free equilibrium O
is always locally asymptotically stable, the endemic equilibrium
E is locally asymptotically stable for MafMe < “"TZ‘S“ < Mg, and
the disease-free equilibrium B is locally asymptotically stable for

(i) If (Sq, Ia) € Dy, it should be noted that subsystem (10) has no
endemic equilibrium in the interior of D; and the S;- and I-
axes are positively invariant, so there is no limit cycle in D;.
Hence, the disease-free equilibrium O is globally asymptoti-
cally stable in D; (see Fig. 1(a)).

(ii) If mq < #g%a < Magma and (S, I) € Dy, by Lemma 3.1 and
Theorem 3.4, subsystem (10) has a unique limit cycle which
is hyperbolic in D, and the endemic equilibrium E is an
unstable focus, thus we can deduce that the limit cycle
is internally stable (semistable from inside); according to
Lemma 3.1, the equilibrium B is an unstable node, the in-
finite point C is an unstable node, the infinite point D is a
saddle-node, and the saddle-node separatrix DA is a curve
from the point D to the point A, thus solutions starting from
the exterior of the limit cycle are tending to the limit cy-
cle, that is, the limit cycle is externally stable (semistable
from outside). Hence, the limit cycle is globally asymptoti-
cally stable in D, (see Fig. 1(b)).

(iii) If MafMa < “ﬁ# <Mg and (Sq, Ia) € Dy, by Theorem 3.4,
we know that there is no limit cycle in the neighborhood
of the endemic equilibrium E in the D,. On the other hand,
according to Lemma 3.1, the endemic equilibrium E is a sta-
ble focus, the equilibrium B is an unstable saddle, the infi-
nite point C is an unstable node, the infinite point D is a
saddle-node, and the saddle-node separatrix DA is a curve
from the point D to the point A, thus solutions starting from
the region D, are tending to the equilibrium E. Hence, the
endemic equilibrium E is globally asymptotically stable in D,
(see Fig. 1(c)).

(iv) If ““Tt‘s‘] > Mg and (Sq, Iq) € Do, it should be noted that there
is no endemic equilibrium in the region D,, so there is no
limit cycle. By Lemma 3.1, the equilibrium B is a stable node,
the infinite point C is an unstable node, the infinite point
D is a saddle-node, and the saddle-node separatrix DA is a
curve from the point D to the point A, thus all solutions
starting from the region D, are tending to the disease-free
equilibrium B. Hence, the disease-free equilibrium B is glob-
ally asymptotically stable in D, (see Fig. 1(d)). O

3.3. Analysis of the full system

Since the first four equations of system (9) are independent of
the variable Ry, similarly we only analyze the dynamical behavior
of the following equivalent system
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0 A (ma, 0) B (M., 0) C S
(a) 0< N(lngﬂ < Mg
Pa -
L.
D
0 A(ima, 0) B (M., 0) C "~ Sa

7 M [
(C) mdg a < “aﬁt a < M,

Fig. 1. The plots are the global phase portraits of the avian-only subsystem (10) with respect to “"gf”. (@) 0 < et < e (b) my < Metde

(d) Lere > M,

dSq Sa Sa

= raSa(] - ﬁa) (mﬁ - 1) — BuSala

dl,

dar = BaSala — (Ka + 8a)la

ds (21)
T: = Hh — ,BhIaSh — ,u,hSh

dl,

a = BulaSh — (i + 8p + ¥ ).

We discuss the dynamical behavior of system (21) in its positively
invariant set R%.

3.3.1. Local stability of the full system (21)

System (21) has three equilibria given by O0,(0,0,S;,0),
Agn(mg,0,5;,0), and Bg(Mg,0,S;,0). 1If Rgp>1, system
(21) also has a unique endemic equilibrium given by Eg, (S&*, I}*,
SEE 1),

Lemma 3.6. (i) The disease-free equilibrium O, is always locally
asymptotically stable and the disease-free equilibrium Ay, is always
unstable; (ii) If “”ﬁ—?” < Mg, then the disease-free equilibrium By, is

unstable; if ““ﬁ—t‘s‘l > Mg, then the disease-free equilibrium B, is lo-

cally asymptotically stable; (iii) If mq < 2% o MatMa  tpen the en-
Ba 2

demic equilibrium Egy is unstable; if Ma™Me < "“ﬂ—t‘s" < Mg, then the

endemic equilibrium E,, is locally asymptotically stable.

Proof. The characteristic equation of the Jacobian matrix of an ar-
bitrary equilibrium (Sq, Ia, Sp, I) of system (21) is given by

s ra(=383 + 2(Mg + mq)Sa — Mama) Bl
Mo, ala

©

0 A (ma, 0) B (Ma, 0) c~ S
, Ba+d mg+M,
(b) ma < g L e
I
D
0 A (ma, 0) B (Ma, 0) ¢ Sa

(d) #2fla > M,

manrMa; (C) m,,;Ma < u‘}}tﬁa < Mg;

Ba Ba

(A = BaSa + tha +80) + /35501,,}

A+ Bula + ) A+ pup + 8, +y) =0.

(i) If (Sa,la,Sp.Iy) = (0,0,5;,0), the eigenvalues are A; =
~Ta, A2 = —(fa +38a), A3 = —fp, Ag=—(Uy + 8 +y). Obviously,
these eigenvalues are negative. Hence, the disease-free equilib-
rium Og, is always locally asymptotically stable; If (Sq, Is, Sy, 1) =
(mg, 0, S;‘l, 0), the eigenvalues are

(Mg —mg)rqg

+4
A3 = —p, hg = —(p + S + V).

Since one of the eigenvalues is positive, the disease-free equilib-
rium Agy, is always unstable.
(ii) If (Sq, Ia, Sp, In) = (Mg, 0, S;;, 0), the eigenvalues are

_ (mg —Mg)rq _ Ma+ a
Al—Tskz—ﬂa Mq - Be )

A3 = —fpra=—(Up+ 0 +7).
Obviously, if "”—J;‘S“ > Mg, all the above eigenvalues are negative,
the disease-free equilibrium By, is locally asymptotically stable; If
0< ’*"TE‘SG < Mg, then A, > 0. Hence the disease-free equilibrium
B, is unstable.

(i) If mq <229 < My and (Sa, la, Sp. ) = (S5*, I5*, S ;™).
the above characteristic equation becomes

O+ mp+ 8+ V) + Bl + ) A2 +ar +b) =0, (22)

where the meanings of a and b are the same as in the characteris-
tic equation (11). Since the characteristic equation (22) has at least
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two negative eigenvalues A = —(up+38,+¥), A = —(Bpla* + up),
the local stability of the endemic equilibrium E,;, of system (21) is
decided by the equation A2 +aX +b = 0. Lemma 3.1 implies that if
% < MTYSG < Mg, then the endemic equilibrium E,;, is locally

asymptotically stable; if mg < ““ﬂ—t‘g“ < Matia - then the endemic
equilibrium Eg, is unstable. O

Remark 3.7. If “et% _ M. then the equilibrium E,, coincides

with the equilibrium Bg,, which is a saddle-node and is locally
asymptotically stable for positive trajectories.

3.3.2. Global stability of the full system (21)

Set E] = {(Sa, Ia,Sh,Ih) . (Sa, Ia) c D],Sh > 0, Ih > O} and E2 =
{(Sa, Ia, Sy, Iy) = (Sa, la) € D2, Sy, > 0,1, > 0}, where D; and D, are
defined in Theorem 3.5.

Theorem 3.8. (i) The disease-free equilibrium O, of system (21) is
always globally asymptotically stable in Ey; (ii) If Maf™a < ““TJ;‘S“ <
Mg, only the endemic equilibrium Eq, (S5%, Ig*, Sp*, I}*) of system
(21) is globally asymptotically stable in E,; (iii) If "“TJ;‘S” > Mg, only
the disease-free equilibrium By, (Mq, 0, S}, 0) of system (21) is glob-
ally asymptotically stable in the region E,.

Proof. (i) If (Sq, Ia, Sy, Iy) € Eq, then (Sq, Is) € Dq. According to
Theorem 3.5, the disease-free equilibrium O of the avian-only sub-
system (10) is always globally asymptotically stable in the region
D;. To prove the global stability of the disease-free equilibrium O,
we only need to consider the system (21) with the avian compo-
nents already at the disease-free steady state, given by

ds,
(Tth = I — wsSh
(23)
di,
@ =+ 8+ V.

Obviously, I, — 0, S, — S} if t — oo. Hence, the equilibrium Oy, is
always globally asymptotically stable in the region E;.

(i) If Mafma < “%‘ < Mg and (Sq, Ia, Sy, Iy) € E, then (Sq, Iq)
€ D,. According to Theorem 3.5, the endemic equilibrium E of the
subsystem (10) is globally asymptotically stable in the region D,.
To prove the global stability of the endemic equilibrium E,,, we
consider system (21) with the avian components already at the en-
demic steady state given by

ds

ar = = Bal*Sy = 1aSi o
24

dl

‘TZ = Palg"Sh — (in + 8 + ¥ ).

According to the proof of Theorem 2.6(ii), Sy — Si*, I, — [;* if t —
oo. Hence, the endemic equilibrium E, is globally asymptotically
stable in the region E,.

(iii) If 225 > My and (Sa, lov S, Iy) € Ea, then (Sq, Ia) € Da.
By Theorem 3.5, the disease-free equilibrium B of the subsystem
(10) is globally asymptotically stable in the region D,. To prove
the global stability of the disease-free equilibrium B, we consider
system (21) with the avian components already at the disease-free
steady state, given by

ds,

a - Iy — wnSh
d
(T: =—(Up+ 8+ V)l

Obviously, I, — 0, S, — S; if t — oo. Hence, the disease-free equi-
librium By, is globally asymptotically stable in the region E,. O

Lemma 3.9. The full system (21) has a unique periodic solution if and
only if the subsystem (10) has a unique limit cycle.

Proof. At first, we prove the sufficient condition. According to
Theorem 3.4, the subsystem (10) has a unique limit cycle. Let the
w-periodic solution (S;(t), Iz(t)) be the unique limit cycle of the
subsystem (10). We will prove that the third equation of system
(21) has a unique w-periodic solution S, (t).

Any solution of the third equation of system (21) can be repre-
sented by

t t s
Si(t) =e o IH(S)dSW[EMUSh (to) + Iy, / efto '“(”)d“euhsds},

to

where Sp(tp) is the initial value of Sy(t). Thus, all solutions of the
third equation of system (21) on the three-dimensional cylinder

I' x Rt x RT =T x [0, 00) x [0, c0)
are denoted as

.- t s _
Sy(t) = e Prlo ’ﬂ“”wnf[eﬂhfosh (to) + I, / ef Ia(u)dueMSds],
to

to
(25)
where I = {(Sa(t), [, (t)) : t € [0, w]}, RT =0, 00).
In (25), we have

it
Sp(t +w) = o Pty Ta()ds—py (t+w) |:e;1.htosh (to)

to

t+w s
ey

_ e—ﬂh ffoﬂw I (S)dSB*ﬁh ]};ﬁ‘;, I (S)dSe—;Lh (t+w) |:el/«hf0 Sn(to)

to+w s ¥
+11, / el oM ertis s
to

+w

t+w s ¥
+ Hh/ efrho I“(“)d”e""sds:l
to

w 7 to+tw 5
— e—ﬁn f,::rw Ia (S)dse—uht {e*ﬂh f[(;fr la (S)dse—p,hw |:E'M't05h (tO)

to+w s ¥
+ I, f efrl I“(”)d"e"'lsds}

to

t+ to+@ 5\ F
I, / Y P I b g 5-) gy
to+w

_ e*ﬁh f[; Ta(S)dSe—uht {e—ﬁn I ia(s)dse—m,a) |:euhtosh (to)
to+w 5
+ Hh/ ePrho '"(“)d”euh5d3:|
to

¢ -
o ]
to

If

e~ B lo’ I (5)ds o—pup@ I:em.to Sy (to)

to+w s -
+ 1, / e '“(“)d“eﬂhsds] = et (to),

to

ie, if
ffoer P Jo zz(“)dueuhsds
Sh(to) = o ,
eﬂhfn[eﬁh Jo la(®)dspppo ]]
then
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- t s -
Sp(t) = e Pl bt [euhfos;; (to) + Ty | el ’“(”)d“e“'ﬁds]

to
(26)

is a unique periodic solution of the third equation of system (21).
Similarly,

INh (t) = e~ (Hntdn+y)t |:e(lin+8,,+y)r01; (to)

t
+ Bn / €<““+5"“’)51~a(5)5~h(s)d5} (27)
to

is a unique periodic solution of the fourth equation of system (21),

where
Br [T eWntditr)ST (5)S) (s)ds

* —
[ (to) = e tdty o [eluntdnty)o — 1] -

Hence, (Sq(t).I;(t).S,(t). I,(t)) is a unique periodic solution of
system (21).

We now prove the necessary condition. If system (21) has a
unique periodic solution, then the subsystem (10) must have at
least one periodic solution. Suppose that the subsystem (10) has
two periodic solutions Sa(), L)) and (¢1(t), @,(t)). Then
Ga(6). T (6). S4(0). Ty (©)) and (¢1(8), pa(t), $3(t). pa(t)) are periodic
solutions of system (21), where

ot t S
¢3 (t) — e—ﬁn ./[0 P> (s)ds—pupt (eﬂht0¢§‘ (tO) + Hh / eﬁh /fo ¢2(u)due#h5ds>
to
and

da(t) = e~ (Hntdn+y)t (e(uﬁ&.ﬂ/)tn(ﬁ (to)

+ B f[ t ety )3 eh) (5) s (S)d5>

. Iy f[tom o g 200 pups g
with ¢3(to) = e“h[?)[eﬁh I§ 02 g1
B ™ e T 5)g3 (5)ds
e(l—Lh+5h+}/)tO[e(/l,,1+5h+3/)ll)_-1]
the subsystem (10) has a unique limit cycle. O

and ¢;(to) =

. This is a contradiction. Therefore,

Theorem 3.10. If m, < ““T*f“ < MaiMa - then the unique periodic so-

lution (Sq(t), I, (t). S, (). I,(t)) of the full system (21) is globally
asymptotically stable if and only if the unique limit cycle (Sy(t), Ia(t))
of the subsystem (10) is globally asymptotically stable.

Proof. The necessary condition is obvious. We only prove the suf-
ficient condition.

By Theorem 3.5, the unique limit cycle I' of the subsystem
(10) is globally asymptotically stable in D, if my; < "“Tt‘s“ < w
For any solution (Sq(t), I4(t)), by the results in Coppel [17] (p. 82)
or Coddington and Levinson [14] (p. 323), we have

Jim [Sa(6) = Sa(t + ) = 0. lim [la(t) ~Ta(t +0) = 0.
where c is some constant depending on (Sq(t), Ia(t)).
Next, we prove that lim;_ }Sh (t) =Syt + c)| = 0. Since
1S4(6) = Sp(0)] = el PO emmt=t0)|S, () — i (to) .
we have
tlim |5h (t) - §h(t)| =0.
Since tlim |Ia () = Ia(t + c)| =0, Ve > 0, there exists a T; > 0 such
that if t > Ty, then
Lt+c)—e <Iy(t) <t +c)+e. (28)

We construct the following equations:

ds: .
T: =TI}, — BpUa(t +¢) + &)Sp — wnSh, (29)
ds; )
ar = Iy = B (Ua(t +¢) — €)Sp — S (30)

The Eq. (29) has a unique periodic solution S~g (t) and
lim IS, () =S, ()] =0

The Eq. (30) has a unique periodic solution ST; (t) and
lim IS () =S5 ()] =0,

where,

N 7
S,: (t) = e*ﬂh Jig Ua(s+c)+e)ds—pupt |:e“hf05; (to)

t - ]
+ 10, eﬁh ]10[’u(u+c)+8]dueuhsds .
to

~ tIT
S (t) = e Pl llesror—eldsmime [eﬂhfos;: (to

~

t - ]
+ 10, eﬂh flo[’a(quC)*S]dUeuhst i
to

S]T (t) is defined on the three-dimensional cylinder I'™ x R* x
Rt =T~ x[0,00) x [0,00) and SNZ (t) is defined on the three-
dimensional cylinder 't x Rt x R* =T'* x [0, o0) x [0, 00), Where
I ={Ga(t), la(t) +&) st €[0,w]} and T+ ={(Sa(t),la(t) —¢):
t € [0,w]}, RT =0, 00).

By the third equation of system (21) and the comparison theo-
rem of ordinary differential equations, we have

S, (£) < Sp(t) < Sf(t) (31)
for t > Ty.

Next, we prove that
Jim IS, () = Sp(t+ )| =0, Jim IS5 (6) = Su(t+0)| =0.

Since
dSy(t +¢)
dt

we have,

=TIy — Bpla(t + ©)Sp(t + ) — ppSp(t +0),

~ t 7
Syt +¢) = e Prliglals+Ods—unt [e“thS; (to +©)

t s -

to

Thus,
S*}; (t) — §h (t+¢) —o P Ja fa(s+c)ds—/4;,(t—to)[e,ﬁhg(t,ro)s’:* (to)
—Sp(to+0)]

- t s
n e—ﬂh ft; (Ta(s+C)+&)ds—pyt e,Bh Jio I,,(u+c)due;4h5

to
x [eﬁhs(s—tg) —1]ds,
§h+ (t) — §h (t+0) :e_.Bh /rtu Ta(5+C)dS—Mn(f—fo)[e—ﬂhs(t—to)sg* (to)
= Si(to +0)]

- t -
—Bn fyy (Ta(s+0)—e)ds—punt P Jiy Taw+O)du s
to

+e

x [e~Pre=to) _ 1]ds.

If & is small enough, then
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lim |S(6) = Sp(t +©)[ = 0. lim [§:(¢) = Sy(t +©)| = 0.
By (31), we have

Sy (6) = Sp(t +¢) < Sp(6) = Sp(t +¢) < SF (t) = Su(t + 0.
Since

|S; (©) = St +0)] < |S; () = S5 (O] + |8, () = Sp(t + ).

|Si(©) =St +0)] < |S;(®) = S O] + |85 () = Sp(t + ).
we have

lim [, (£) = $y(t +0)| = 0. lim [S; () =Sy (£ + )| = 0.
Hence,

lim |Sh(t) = Syt +0)| =0.

Similarly, we can prove lim;_, |Ih(t) — T+ c)| =0. O

Let F; = {(Sa. la, Sy, In. Rp)|(Sa, la) € D;, Sy = 0,1, > 0, R, > 0}
with i =1, 2. Finally, we have the following results on the global
dynamics of the original system (9) with Allee effect for the avain
population.

Corollary 3.11. (i) The disease-free equilibrium H;(0,0,S;,0,0) of
model (9) avian Allee effect is always globally asymptotically sta-
ble in Fy; (ii) if "“T*u‘s‘l > M,, then the disease-free equilibrium
H3(Mq,0,5;,0,0) of model (9) avian Allee effect is globally asymp-
totically stable in Fy; (iii) if w < ““TJ;‘S" < My, then the unique
endemic equilibrium Hy (S5, I5*, Sp*. I;*, Ry*) of model (9) avian
Allee effect is globally asymptotically stable in F,; (iv) if mg <
““—*ﬂ‘s“ < w then there is a unique periodic solution of model
(9) avian Allee effect at the neighborhood of the endemic equilibrium
Hy(S5*, 157, Sp*, Ip*, Ry*) which is globally asymptotically stable in F.

4. Numerical simulations

4.1. Comparison and numerical simulations of the basic reproduction
numbers

By the results in Sections 2 and 3, we know that the basic re-
production numbers of systems (4) and (9) are Rg; = Kaba  and

a+0a
Ba(Ma+mq) (jta+8a) : .
= PaaTa) FaTld) - respectively. Now we keep the maximal
RO’Z (Mu+5a)2+Mamaﬂg ’ p Y P

carrying capacity in systems (4) and (9) identical (i.e., K, = My),
then we can easily obtain that

Ry — R 1 = :30 (Mg + mg) (pa + 8a) _ lgaKa
02 0! (fa +80)* + Mama,Bg Ma + a
_ Ba(Ma 4+ mg) (tta + 8a) BaMq

- (fa+80)* + Mama,Bg B Ma + a
Bama(ta + 8a + BaMa) Ba (L5522 — My)
T (e + 80)[(1a + 80)? + Mama 2]
Thus, we have the following results:
(i) If K, = Mg and ““Tt‘s” <mg, then Ro 1 > 1> Rpy;
(ii) If Ko = Mg and mq < 4% < Mg, then Ro; > Ro2 > 1;
If Ky = My and ““Tt‘s‘] = Mg, then Rpq =Ro2=1;
If Ky = My and MGTEBG > Mg, then RO,] < ngz <1

(iii)
(iv)

In order to substantiate the above results, we present some nu-
merical simulations as follows. First we fix some parameters. We
assume human and the wild avian can survive 70 years and 8
years, respectively. Hence the natural death rates of human and
wild avian population are g, = 3.91 % 10~ and g = 3.4246 % 10~*

3

The basic reproduction number

5
1.26 1.28 1.3 1.32 1.34
o i i ; ; i x 107

0.5 1 1.5 2 25 3 3.5 4
By x107®

Fig. 2. The plot shows the changes of R and Rg, with respect to Sq.

per day, respectively. We also assume that the disease-related
death rates of the infected avian and the infective human popu-
lation are 8; =4+ 104 and 8, = 0.3445 per day, respectively; the
intrinsic growth rate of the avian population is rq = 5 % 10-3; the
maximal and critical carrying capacities of the avian population
are K; = Mg = 50,000 and mg = 800, respectively. The numerical
simulations of the basic reproduction numbers of both systems are
given in Fig. 2.

From Fig. 2, we know that if 8; < 11078, then Ro1 < Roz <
1; if Ba>2%1078, then Rpq > Roa > 1; if By =1.48492 x 108,
then Rp 1 = Rp2 = 1. These results support the theoretical conclu-
sions.

4.2. Numerical simulations of the models

Noted that the expression ""Tt‘g" is a key quantity. The rela-

tionship between “”Tt‘s" and K, or my, M, determines whether
the avian influenza disappears or not. When 4,84, mg and Mg
are fixed, then B, is a key parameter. In this subsection, we in-
vestigate the influence of parameter B, on the number of in-
fected humans by performing some numerical simulations. Be-
sides the fixed parameters in the above subsection, we further
assume that the recovery rate of infectious human individuals is
0.1 per day, so y =0.1. In general, avian influenza mainly out-
breaks in a specific location. We estimate that the number of sus-
ceptible avian population is between 100,000 and 1,000,000, the
number of infective avian population is between 0 and 100, and
the number of susceptible human population is between 100,000
and 1,000,000 in the region. So we choose the initial values as
(54(0), 14(0), S,(0), I,(0), R, (0)) = (100, 000, 100, 100, 000, 1, 0).

Firstly, we study the influence of parameter 8, on the num-
ber of infective individuals of model (4) with logistic avian growth.
When parameters Ky, (g, and &, are fixed, the threshold value
B =1.48492 x 108 such that Rg; =1. If B4 < Bz, the disease
disappears and the solution I(t) is asymptotically stable and con-
verges to the disease-free state value (see Fig. 3(A)); If Bq > B, the
endemic disease is prevalent, the solution I;(t) is asymptotically
stable and converges to the endemic state value (see Fig. 3(B)). Fur-
thermore, we can also observe that the peak value of I,(t) increases
with B, increasing from Fig. 3.

Secondly, we investigate the influence of parameter 8, on the
number of infective individuals of model (9) with avian Allee ef-
fect. Recall that Ry, =1« “”—*ﬂ‘sﬂ =mg or ““—J;‘s" = M,. Then for
fixed parameters ptq, 8q, Mg and Mg, the threshold value B; =
1.48492 x 10~8 or 9.28075 x 107 such that Rg, = 1. Accord-
ing to Corollary 3.11, for the above parameter and initial val-
ues, if Bq > 9.28075 x 1077, the disease disappears and the solu-
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Fig. 3. The plots display the changes of I(t) with 8, varying where B, = 6 x 10-°. (A) Solutions I;(t) are asymptotically stable and converge to the disease-free state value;

(B) Solutions I,(t) are asymptotically stable and converges to the endemic state value.

tion I,(t) is asymptotically stable in the region F, (see Fig. 4(A));
if 2.9231 x 1078 < B; < 9.28075 x 107, the endemic disease is
prevalent, the solution I,(t) is asymptotically stable in the region
F, (see Fig. 4(B)).

Thirdly, we simulate the periodic solutions of model (9) with
avian Allee effect. Parameters [iq,8q,Lp,Y,Mq,mq and r, are
chosen as before. Other parameters and initial values are selected
as follows: IT, =30, B,=6x10"8 §, =0.3445, (S4(0),14(0),
S, (0),1,(0), R, (0)) = (1,000, 000, 2000, 100, 000, 30, 5). When
Ba=257x10"7 or PBa=2.58x10"7, then “/,%5 is be-

tween mg and w which satisfies the condition of
Corollary 3.11. Hence, there is a unique periodic solution of
system (9) in the neighborhood of the endemic equilibrium which
is globally asymptotically stable in F, (see Fig. 4(C)).

Finally, we examine the influence of parameter 8, on the num-
ber of infective individuals of model (4) with logistic avian growth
and model (9) with avian Allee effect. When the birds are at en-
demic state, we can observe that the human population is also at
endemic state even if bird-to-human contact rate (8,) is reduced
by 99% (see Fig. 5). Furthermore, we can also observe that the peak
value of I,,(t) and the endemic state value of these systems increase
when B}, is increasing (see Fig. 5).

5. Discussion

It is believed that the H7N9 was transferred to ducks in China
by wild birds through migration along the East Asian flyway [40].
Experimental data [46] showed that it is conceivable that passer-
ine birds may serve as vectors for transmission of H7N9 virus to
domestic poultry [32], which in turn transmitted the virus to hu-
mans through live-poultry markets [4,11], . After the first outbreak
in the spring of 2013, the H7N9 avian influenza resurged in China
from November 2013 to May 2014, from November 2014 to June
2015, and from November 2015 to June 2016 (WHO [58]). The data
strongly indicate that it is becoming seasonal and persistent like
the H5N1 avian influenza. Tuncer and Martcheva [52] used pe-
riodic contact/incidence rates to model the seasonality in H5N1
avian influenza transmission. Since the live-poultry markets are
open all year around, the contact/incidence rates are more likely
to be constant in this case. Cross-sectional surveys conducted in
China after the outbreaks of the avian influenza A H7N9 viruses

show a high degree of awareness of human avian influenza in
both urban and rural populations, a higher level of proper hy-
gienic practice among urban residents, and in particular a dramat-
ically reduced number of visits to live markets in urban popula-
tion after the H7N9 outbreak in 2013. Taking into account the psy-
chological effect toward avian influenza in the human population,
we [41] proposed a bird-to-human transmission model in which
the avian population exhibits saturation effect. However, our study
shows that the saturation effect within avian population and the
psychological effect in human population cannot change the sta-
bility of equilibria but can affect the number of infected humans
if the disease is prevalent, so there is no periodic solutions. In Liu
et al. [42], we also took account of the incubation periods of avian
influenza A virus, constructed a bird-to-human transmission model
with different time delays in the avian and human populations
combining the survival probability of the infective avian and hu-
man populations at the latent time, and obtained global asymptot-
ical stability of equilibria of the system. Once again the time delays
in such models do not induce oscillations. Chen et al. [10] argued
that the lack of understanding of the virus ecology in birds has
resulted in the persistent circulating of H7N9 in China. Since the
H7N9 virus does not induce clinical signs in poultry and is classi-
fied as a low pathogenicity avian influenza virus [46], we believe
that the population dynamics of avian species contribute signifi-
cantly to the persistence and potential periodicity of the virus in
avian as well as human populations. Note that it has been observed
[49] the growth of some avian populations exhibit Allee effect due
to habitat destruction, spread of alien species, pollution, and dis-
eases.

In this paper, to study the transmission dynamics of avian in-
fluenza from birds to humans we constructed ordinary differen-
tial equation models with two different growth laws for the avian
population: (i) logistic growth and (ii) Allee effect. We obtained
a threshold value for the prevalence of avian influenza and dis-
cussed the local or global asymptotical stability of each equilib-
rium of these systems. Our results indicate that the asymptotic
dynamics of the model with logistic growth for the avian popu-
lation are completely determined by the basic reproduction num-
ber: the disease-free equilibrium exists and is locally asymptoti-
cally stable if the basic reproduction number is less than the unity;
the disease-free equilibrium becomes unstable and the endemic
equilibrium exists and is locally asymptotically stable if the basic
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Fig. 4. The plots bring to light the changes of I,(t) with B, varying. (A) I,(t) is asymptotically stable in the region F, and converges to the disease-free state value where the
disease-free equilibrium is (50, 000, 0, 767263.43, 0, 0); (B) I,(t) is asymptotically stable in the region F, and converges to the endemic state value; (C) The periodic solution

I(t) is asymptotically stable in F,.

reproduction number is greater than the unity. Global asymptotic
stability of these equilibria were also established by using Liapunov
function method and LaSalle’s invariance principle. For the model
with Allee effect for the avian population, beside stability results
it was shown that periodic solutions exists via Hopf bifurcations.
Global stability of the periodic solutions was also considered.

Recall that for the system (4) with logistic avian growth, the
basic reproduction number was given as follows

(32)

There were two disease-free equilibria given by A(0, 0, S¥, 0, 0) and
B(Kq, 0, S}, 0,0), where S; = 2—”; If Rp,; > 1, and a unique endemic
equilibrium given by C(Sg*, I;*, Sp*, If*, Ri*), where

a + Sa ra(fa + 8a)
St =F— = ————(Ro1— 1), 33
a ,Ba a Kaﬂg ( 0,1 ) ( )
AR N R L L8 (34
Bule* + tn Mh+ 3 +y M
We only consider the biologically meaningful equilibria

B(Kq,0,S;,0,0) and C(S§*, Ig*, Sp*, I;*, Ry*), the results about

system (4) with logistic avian growth can be summarized in the
following chart (BRN=basic reproduction number).

For the system (9) with Allee effect in the avian population, the
basic reproduction number is given by

,Ba(Ma +mg) (Mo + 3a)
(Ma + 8a)% + MamafB2

There are three disease-free equilibria given by H;(0,0, S, 0,0),
Hy(mq.,0,5;,0,0), and H3(Mq,0,S;,0,0), where S; = % and if
n

Ro. > 1, there is also a unique endemic equilibrium given by
Hy(S5x, 13, S, Ii*. Ry*), where

Rop2 = (35)

h*"h>’
Ma + 8q Tq ,BgMama + (Ua + 8q)?
S = M= — Rox—1), 36
a ,Ba a ,Ba Mamaﬁg ( 0,2 ) ( )
I1, BulyS v
- , ok , R — 37
NTB Ay T e+ Sty 37

Similarly, considering only the biologically meaningful equilibria
we can summarize the results about system (9) with Allee effect
in the avian population in the following chart (GSPS=globally sta-
ble periodic solution).

Through the analysis, we found that if the maximal carrying
capacity of the avian population of each system is the same (i.e.,
Ko = Mg) and mq < #at8a - M, then Ro.1 > Ro2 > 1, which indi-

Ba
cates that the transmission speed of the avian influenza virus of
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Fig. 5. The plots reveal the changes of I,(t) with B, varying. (A) I,(t) of system (4) with avian logistic growth is asymptotically stable and converges to the endemic state
value; (B) I;(t) of system (9) with avian Allee effect converges to the endemic state value; (C) The periodic solution I;(t) of system (9) with avian Allee effect is asymptotically

stable.

system (4) (with logistic growth) is greater than system (9) (with
Allee effect) and the endemic disease of the two systems is preva-
lent; if the maximal carrying capacity of each system is the same
and “"Tt‘s“ < mg, then Ry > 1 = Ry, which indicates that the en-
demic disease of system (4) is prevalent but the endemic disease
of system (9) disappears; if the maximal carrying capacity of each
system is the same and ““ﬁ—ta“ > Mg, then Rgq < Rg2 < 1, which
indicates that the endemic disease of both systems disappears.
Therefore, we can make the quantity ““T*‘S“ greater than the maxi-

a
mal carrying capacity of the avian population to control the disease

by reducing B, (transmission rate from infective avian to suscepti-
ble avian) or increasing (4 (natural death rate of the avian popula-
tion) and §, (disease-related death rate of the infected avian). The
effective methods will be to reduce the transmission between the
susceptible and infective avian populations and isolating or culling
the infective birds if necessary.

For the system (4) with logistic avian growth, from Table 1 we
can see that if “"Tté“ > Ky so that Ry 1 < 1, then the disease-free

equilibrium B(Kq, 0, S5, 0, 0) is globally stable; if “"Tt‘sﬂ < Kq so that
Ro,1 > 1, then the disease-free equilibrium B(Kq, 0,S;,0,0) be-
comes unstable and the endemic equilibrium C(Sg*, I§*, S;*, I*, Rj*)
exists and is globally stable. For the system (9) with Allee ef-
fect in the avian population, the dynamics are more interesting.

Table 1
Stability chart for system (4) with logistic avian growth.

Conditions BRN B(Kq,0,S;,0, 0) C(S, I, S I, Ryx)
@ >K; TRoi1<1 Globally stable Does not exist
Motde K Roy>1  Unstable Globally stable

o

If Mg < ““Tt‘sﬂ (where M, is the maximal carrying capacity of the
avian population) so that Ry, < 1, then the disease-free equilib-
rium H,(mg, 0, S;, 0,0) with less avian density (where mq is the
critical carry capacity of the avian population, m; < M) is unsta-
ble and the disease-free equilibrium Hs (Mg, 0, Sj;, 0,0) with more
avian density is globally stable; if 8, increases or pq + 84 increases
such that %M" < ““—J;‘S” < Mg so Rg, > 1, then the disease-free
equilibrium H3 (Mg, 0, S}, 0,0) with more avian density becomes
unstable and an endemic equilibrium Hg(Sg*, I, Sp*, II*, Rp*) ex-
ists and is globally stable; if mg < “”TJZB" < %M“ SO Rgp > 1 re-
mains hold, then the endemic equilibrium Ha(S5*, 155, S I RyF)
becomes unstable and there is a globally stable periodic orbit bi-
furcated from it; if, further, “‘13% <mg so that Rgy <1, both
disease-free equilibria Hp(mg, 0,5;,0,0) and H3(Mq, 0, S}, 0, 0) ex-
ist and the disease die out. We have provided references to sup-
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Table 2

Stability chart for system (9) with Allee effect in the avian population.

Ha(Se, 1%, S, I Ri*)  H3 (M, 0,5, 0,0)

Conditions BRN Hy(mg, 0,5}, 0,0)
M, < uaﬂtéa Roz <1 Unstable
mﬂerM{, - [l-‘};’nlsa <M, Ro2 > 1 Unstable
Mg < uaﬂ:én < maiMy Ro2>1  Unstable
,l,,ﬂtaa <m, Ro2 <1  Unstable

Does not exists Globally stable

Globally stable Unstable
Unstable (GSPS) Unstable
Does not exist Unstable

port the observation that the H7N9 avian virus has been transmit-
ted from wild birds to domestic poultry and then to humans and
pointed out some potential avian species that are believed to be
responsible for the cross-species transmission. Though we are not
able to obtain data on specific avian species and apply our models
and conclusions directly, we believe that our results on the exis-
tence and stability of periodic solutions in the model with Allee
effect for the avian population may be useful in understanding the
seasonal/periodic outbreaks of the H7N9 avian influenza.

From the expressions of the basic reproduction numbers Rg 1
and R, defined in (32) and (35), respectively, and the existence
and stability conditions listed in Tables 1 and 2, it seems that
the parameters involving human population do not appear and
the overall disease could be controlled if it can be controlled in
birds. Theoretically it is true: if there is no disease among birds
then there is no outbreaks in humans since there is no human-
to-human transmission yet. However, H7N9 is classified as a low
pathogenicity avian influenza virus and causes no symptoms and
mortality in birds. Controlling the disease in the avian population
is very difficult and the basic reproduction numbers do not pro-
vide effective control measures for the human population. Notice
that B, (the transmission rate from infective avian to susceptible
human) appears in the expressions (34) and (37) for the steady
state values of [}*, the number of infective human individuals. In
fact, it should be understood that 8, = c;p,, where ¢, is the con-
tact rate between a susceptible human and an infective bird and
pp is the probability of transmitting the virus per contact. Thus, to
prevent spread of the avian influenza virus from birds to humans,
we suggest to reduce contacting poultry and to take extra protec-
tion when contacting is necessary. If either ¢, =0 or p, =0, then
I;* = 0 and there is no outbreaks in humans. This also explains that
in the spring of 2013, when the poultry markets in Jiangsu, Shang-
hai, and Zhejiang were temporarily closed, the outbreak was con-
trolled soon.

Our study also indicates that if birds are at endemic state, then
the human population is also at endemic state even if the bird-
to-human contact rate (8;) is reduced by 99% (see Fig. 5). Further-
more, we can see that the peak value of I;(t) and the endemic state
value of these systems increase when S, is increasing (see Fig. 5).
Our models results may not accurately describe all situations, but
they can explain most of situations because perfect prevention (i.e.
100% reduction of 8;) is unlikely to happen in reality.

Note that asymptotic dynamics of avian influenza models con-
sisted of bird and human populations, in particular global stabil-
ity in such models, have been studied by other researchers, see
for example [28] and [24]. Constant growth was assumed for the
avian population in these studies. Compared to their models and
results, our main contributions are as follows: First, we assumed
that the growth rate of the avian population follows either the lo-
gistic law or the Allee effect, which is more general than the con-
stant growth rate. Secondly, we not only obtained global stability
of the disease-free and endemic equilibria but also established the
global stability of the periodic solutions generated via Hopf bifur-
cations. To the best of our knowledge, there are very few results
on the global stability of periodic solutions for epidemic models.
Thus, our techniques could be useful to study the existence and

global stability of periodic solutions in similar ecological and epi-
demiological models.

The roles of wild birds and domestic birds in the transmission
of the H5N1 avian influenza are different and mathematical mod-
els have been proposed to include both types of birds [5,22,43,52].
It will be very interesting to include both wild birds and do-
mestic birds in modeling the bird-to-human transmission of the
H7N9 avian influenza, we are considering such a model, estimat-
ing model parameters, and trying to simulate the datasets on re-
ported human H7N9 cases from China. The results will be reported
somewhere else in the future.

Since the H7N9 virus is classified as a low pathogenicity avian
influenza virus (LPAIV) [46], we ignored the recovery class of birds
in our models. The model of Vaidya and Wahl [53] predicts that
birds infected by avian influenza virus lose their immunity in ap-
proximately 4 weeks, it would be interesting to take account of the
recovery class of birds in future models of avian influenza.
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Appendix A

In this section, we prove the global stability of the full system
(4) with logistic avian growth and the full system (9) with avian
Allee effect by using LaSalle’s invariance principle.

A.1. Boundedness of solutions

For system (4) with logistic avian growth, we have the follow-
ing result.

Lemma A.1. All solutions of system (4) with initial values in Ri are
bounded.

Proof. Define a function 1 = Sq + Iy + Sy, + I, + Ry, then for each v:
0 < v < min{ugq, up}, the following inequality holds:

dn Ka(ra +v)?
— m< ————— -2
dt TV = 4r,
Applying the theory of differential inequalities (|38]), we obtain
that

+ 1, = ¢.

0 < 7(Sa. Ia, Shs I, Ry) (£) < %(1 _e M)

+1(Sa(0).1a(0). Sy(0). I1(0). Ry (0))e ™",

and for t — oo we have 0 <7 < £.

For € =1, there exists ty > O, if t > ty then (Sq+Io + Sy + 1, +
Rp() < % + 1. Furthermore, (Sq+ I + S + 1 + Rp) () is continu-
ous on the interval [0, ty], S0 (Sq+ Ia + Sy + I, + Ry) (t) has a max-
imum value A* on the interval [0, ty]. Choose M = max{A*, % +1},
then (Sq + Ia + Sy + I + Ry) (t) < M. Hence all the solutions of sys-
tem (4) with initial values in Ri are confined in the region D =
{(Sa, Ia,Sh, Ih’ Rh) € Ri . Sa +Ia +Sh +Ih +Rh < M} O



134 S. Liu et al./Mathematical Biosciences 283 (2017) 118-135

Similarly, for system (9) with avian Alle effect, we have the fol-
lowing result.

Lemma A.2. All solutions of system (9) with initial values in
R3 are uniformly bounded in the region F ={(Sa,la,Sp, Iy, Rp) €
R : Sq+lq + Sp + I, + Ry, < max{A, 5)-4-1}} where w:0<w <

min{rg, fLa + 8a, pp}, p = M\;’wﬂ + Iy, Ag is the maximum
value of (Sq+Ia + Sy +1In + Rh)(t) on interval [0, t{].

Proof. The proof is similar to that of Lemma A.1, we omit it. O

A.2. Another proof of Theorem 2.6

Proof. (i) According to Lemma 2.3, the disease-free equilibrium B,
of system (5) is globally asymptotically stable if Rg; < 1 which im-
plies that S; — K, and I, — 0 if t — oco. Hence, we analyze the
global stability of By, only at the region Do; = {(Sq, lu, Sp, I4)|Sa =
Ko, Io = 0,54+ Io + Sy + I, < M}. Consider system (6) with the avian
components already at the disease-free steady state, given by

ds,
dth ITj, — pSk
(38)
dl,
@ = —(n + S + V).

Choose a Liapunov function as follows

Vo1 =S, = S;, —S;ll‘lsi1 + I,
Sh
then,
dv- Sy — St
A = IR, - nSh) — (i + S+ VI
dt |as) N

= —ISL:(Sh —Si)? = (Un + 85 + ¥ < 0.
Since Do1 = {(Sa, Ia, Sy, In)1Sa = Ka, s = 0,Sa + Ia + Sy + 1, <M :
dvi =0} = {(Sa. Ia, Sp. Iy) : Sa = Ka. Ia = 0. S = S, I, = 0} = {Bap},
accordmg to LaSalle’s invariance principle (Hale [25]), the equilib-
rium By, is globally asymptotically stable for positive trajectories.
(ii) Similarly, by Lemma 2.3, the endemic equilibrium C; of sys-
tem (5) is globally asymptotically stable if Rg; > 1 which shows
that Sq — Si* and I — I* if t — co. We consider the global sta-
bility of C,, only at the region Doy = {(Sq, la, S, ) |Sa = Si*, Ia =
Ii*,Sa + Ia + Sp + I, < M}. Consider system (6) with the avian com-
ponents already at the endemic steady state, given by

ds
¢ = Tn = Buli™Sh — 11aSh 59)
39
di
*h = Bulg"Sh — (Un + 3n + V)
Choose the following Liapunov function
V22_S <S** lns**>+1h (Ih**_ HI;:T ’
According to the proof of Theorem 2.6(ii), we have dg% <0.
(39)

Due to D02 = {(Sa,Ia,Sh, Ih)|Sa = ** g = IZ*,Sa + I -‘rsh +Ih <M:
dv# =0} = {(Sg", I;*. Sp*. 1)} = {Cah} by the LaSalle’s invariance
prmcnple the endemlc equ111br1um Cgn is globally asymptotically
stable. O

A.3. Another proof of Theorem 3.8

Set E1 ={(Sa, 10, Sp, Iy) : (Sa,la) € D1, Sa+1la+Sp+ 1, <
max{Ap. 2 +1}} and  E; = {(Sa.la, Sp. 1) : (Sa.la) € D2, Sa+1a +
Sy + 1, <max{Ag, 2 +1}}, where D; and D, are defined in
Theorem 3.5.

Proof. (i) If (Sq Ia, Sp Iy) € Eqp, then (Sq I;) € Dq. Accord-
ing to Theorem 3.5, the disease-free equilibrium O of the avian-
only subsystem (10) is always globally asymptotically stable in
the region D; which implies that S, — 0 and I, — O if
t — oo. So we only consider the global stability of O, only
at the region Ejp = {(Sq, la, Sy, In)|Sa =0,1a =0,Sq +la+ Sy + 1, <

max{Ag, £ + 1}}. Now consider system (21) with the avian com-
ponents already at the disease-free steady state, given by
ds
dth Ty, — wrSn
40
dl, (40)

a - —(n + S + V)

Choose a Liapunov function as follows
Vi1 =5, — S* ln + Iy,

According to the proof of Theorem 2.6(i), we have E;; =
{(Sa. la» Shs 1y)|Sa = Koo Ia = 0, Sa + Ia + Sy + I, < max{€ + 1, Ap} :
M1 = 0} = {(Sa.Ja Sp-Ty) : Sa = 0.1a = 0.5, = S;. Iy = 0} = {Ogy}.
LaSalles invariance principle (Hale [25]) implies that the equilib-
rium Oy, is globally asymptotically stable for positive trajectories
in the region E;.

(ii) 1f Magma < % <M, and (S, I, S Iy) € E,, then (S,
I) € D,. According to Theorem 3.5, the disease-free equilibrium
E of the subsystem (10) is always globally asymptotically sta-
ble in the region D, which shows that S — Si* and I, — I* if
t — oo. Thus we only need to analyze the global stability of Eg,
only at the region Eyy = {(Sa,la, Sy, In)|Sa = Si¥, la = Ii*, Sa + Ia +
Sp+ Iy < max{Ap, £ + 1}}. Once again consider system (21) with
the avian components already at the disease-free steady state,
given by

ds;

dar T Iy — Baly"Sp — 4nSh )
d
d: Baly™Sp — (n + O + V).

Choose the following Liapunov function

S S I I

e (2 -n ) r(oml)
According to the proof of Theorem 2.6(ii), we have Ep; =
{(Sa, Ia,Sh, Ih)|Sa = Z*, Ig = I** Sa+1g +Sh +Ih < max{Ao, % + ]} :
Y2 — 0) = {(Sa, o S In)  Sa = S5 la = I3, Sy = St Iy = ¥} =
{Eqn}, LaSalle’s invariance pr1nc1p1e then implies that the equilib-
rium Eg, is globally asymptotically stable for positive trajectories
in the region f

(iii) If ””+“ > Mg and (Sg, I, Sp, In) € Ep, then (Sq Ig) €
D,. By Theorem 3.5, the disease-free equilibrium B of the sub-
system (10) is globally asymptotically stable in the region D,
which illustrates that S — My and I, — 0 if ¢ — oo. Sim-
ilarly we only need to study the global stability of By, only
at the region Eyy = {(Sa. I, Sp, In)|Sa = Ma, Ia = 0,Sa + la + Sp + I, <
max{Ag, £ + 1}}. To do so we consider system (21) with the avian
components already at the disease-free steady state, given by

% = ITp — wpSh

dl
d: — (e + 8 + VI

Choose a Liapunov function as follows

V33=Sh 5 —S*ln *+Ih,

S

Proceeding with the proof process of (i), we have E;;, =
{(Sa- la, Sp. 1) |Sa = Ma, Io = 0,Sa + I + S + I < max{Ag, 2 + 1} :
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53— 0} = {(Sav o Sho In) © Sa = Ma, Ja = 0, S = S;. I = 0} = {Ba ),

by LaSalle’s invariance principle we claim that the equilibrium
B, is globally asymptotically stable for positive trajectories in the
region E,. O
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