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Abstract. In this paper, we establish a Hopf bifurcation theorem for abstract Cauchy problems in which the linear operator
is not densely defined and is not a Hille–Yosida operator. The theorem is proved using the center manifold theory for non-
densely defined Cauchy problems associated with the integrated semigroup theory. As applications, the main theorem is
used to obtain a known Hopf bifurcation result for functional differential equations and a general Hopf bifurcation theorem
for age-structured models.
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1. Introduction

The Hopf bifurcation theorem, proved by several researchers (see Andronov et al. [3], Hopf [23], Friedrichs
[16], Hale [18]), gives a set of sufficient conditions to ensure that an autonomous ordinary differential
equation with a parameter exhibits non-trivial periodic solutions for certain values of the parameter. The
theorem has been used to study bifurcations in many applied subjects (see Marsden and McCraken [38]
and Hassard et al. [21]).

In the 1970s, several Hopf bifurcation theorems were obtained for infinite dimensional systems in order
to establish the bifurcation of periodic solutions of the Navier–Stokes equations. Such results are usually
based on the so-called Liapunov–Schmidt or center manifold reduction approach. We refer to Iudovich
[26], Sattinger [41], Iooss [25], Joseph and Sattinger [27], Marsden [37], Marsden and McCraken [38],
Crandall and Rabinowitz [9], Henry [22], Da Prato and Lunardi [12], and Kielhőfer [29] for results on the
subject. The Hopf bifurcation theorem has also been extended to functional differential equations, see
Hale [19], Hale and Verduyn Lunel [20], Diekmann et al. [14] and the references cited therein. We also
refer to Golubitsky and Rabinowitz [17] for a nice commentary on Hopf bifurcation theorem and more
references.

It has been observed that Hopf bifurcation also occurs in age-structured models (Prüss [40], Cushing
[11], Swart [42], Kostova and Li [30], Bertoni [8]). Recently, we proved a Hopf bifurcation theorem for
a specific class of age-structured model (Magal and Ruan [36]). However, there is still no general Hopf
bifurcation theorem for general classes of age-structured models. This is one of our motivations for writing
this paper.

Several types of differential equations, including functional differential equations, age-structured mod-
els in population dynamics and epidemiology, some partial differential equations, and evolution equations
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with nonlinear boundary conditions, can be written as non-densely defined semilinear Cauchy problems
(see Da Prato and Sinestrari [13], Thieme [43,44], Liu et al. [32], Magal and Ruan [34], and Chu et al.
[10]). The main purpose of this paper is to present a general Hopf bifurcation theory for the non-densely
defined abstract Cauchy problem:

du(t)
dt

= Au(t) + F (μ, u(t)), ∀t ≥ 0, u(0) = x ∈ D(A), (1.1)

where A : D(A) ⊂ X → X is a linear operator on a Banach space X,F : R ×D(A) → X is a Ck map
with k ≥ 2, and μ ∈ R is the bifurcation parameter. Here, we study the Cauchy problem (1.1) when
D(A) is not dense in X and A is not a Hille–Yosida operator. Also, the solutions must be understood as
integrated solutions of (1.1), that is,

t∫

0

u(s)ds ∈ D(A), ∀t ≥ 0,

and

u(t) = x+A

t∫

0

u(s)ds+

t∫

0

F (μ, u(s))ds, ∀t ≥ 0.

We will apply the center manifold theorem developed in Magal and Ruan [36] to prove a Hopf bifur-
cation theorem for the abstract non-densely defined Cauchy problem (1.1). This result requires some
clarification because it has not been proved elsewhere. Since the problem is written as a Cauchy problem,
the method may seem fairly classical; however, the result is new and general, which can be applied to
several types of equations as mentioned above. In fact, we will apply the main theorem to obtain a known
Hopf bifurcation result for functional differential equations and a general Hopf bifurcation theorem for
age-structured models. The latter is new and useful in studying the dynamics of age-structured models
arisen in population dynamics and epidemiology.

The rest of the paper is organized as follows. In Sect. 2, we state the general Hopf bifurcation theorem
for the non-densely defined Cauchy problem (1.1). In Sect. 3, the center manifold reduction theorem for
non-densely defined Cauchy problems is recalled. In Sect. 4, the main result, Theorem 2.4, is proven. In
Sect. 5, we apply Theorem 2.4 to establish Hopf bifurcation theorems for delay differential equations and
age-structured models.

2. Hopf bifurcation theorem

Non-densely defined Cauchy problems were initiated by Da Prato and Sinestrari [13] using the idea of the
sum of operator theory and by Arendt [4,5] using the notion of integrated semigroups. In these earlier
works on non-densely defined Cauchy problems, it was assumed that A is a Hille–Yosida operator, that
is, there exist two constants ωA ∈ R and MA ≥ 1 such that (ωA,+∞) ⊂ ρ(A) and

‖(λI −A)−k‖L(X) ≤ MA

(λ− ωA)k
, ∀λ > ωA, ∀k ≥ 1,

where L(X) is the space of bounded linear operators from X into X and ρ(A) is the resolvent set of A.
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2.1. Assumptions

To compare densely and non-densely defined Cauchy problems, we first consider the Cauchy problem

du(t)
dt

= Au(t), t ≥ 0, u(0) = x ∈ D(A). (2.1)

The problem (2.1) is considered as a Cauchy problem on the closed subspace

X0 := D(A).

Recall that A0 : D(A0) ⊂ X0 → X0, the part of A in X0, is the linear operator on X0 defined by

A0x = Ax for each x ∈ D(A0) =
{
x ∈ D(A)) : Ax ∈ D(A)

}
.

In order to define the solution of the Cauchy problem (2.1), we make the following assumption on the
linear operator A.

Assumption 2.1. Assume that A : D(A) ⊂ X → X is a linear operator on a Banach space (X, ‖.‖) such
that there exist two constants, ωA ∈ R and MA ≥ 1, such that (ωA,+∞) ⊂ ρ(A) and the following
properties are satisfied:

(a) limλ→+∞(λI −A)−1x = 0, ∀x ∈ X;
(b) ‖(λI −A)−k‖L(X0) ≤ MA

(λ−ωA)k , ∀λ > ωA, ∀k ≥ 1.

One may observe that in Assumption 2.1 (b), the Hille–Yosida condition is satisfied only on the closure
of the domain X0. Assumption 2.1 implies in particular that A0 is the infinitesimal generator of a strongly
continuous semigroup {TA0(t)}t≥0 of bounded linear operators on X0 and

‖TA0(t)‖L(X0)
≤ MAe

ωAt, ∀t ≥ 0.

Moreover, since the resolvent set of A is non-empty, we know (see for example Magal and Ruan
[35, Lemma 2.1]) that

ρ(A) = ρ (A0).

Next, we turn to the Cauchy problem

du(t)
dt

= Au(t) + x, t ≥ 0, u(0) = 0. (2.2)

Using Assumption 2.1, we may explicitly define {SA(t)}t≥0 , the integrated semigroup generated by A,
as follows

SA(t) = (μI −A0)

t∫

0

TA0(s)(μI −A)−1ds, ∀t ≥ 0, ∀μ ∈ (ωA,+∞).

For each t ≥ 0, SA(t) is a bounded linear operator on X (since (μI −A)−1 maps X into D(A)). It turns
out that for each x ∈ X, t → SA(t)x is the unique integrated solution of the Cauchy problem (2.2). Then,
we can consider the non-homogeneous Cauchy problem

du(t)
dt

= Au(t) + f(t), t ≥ 0, u(0) = x ∈ D(A) (2.3)

for some f ∈ L1((0, τ),X).
It is well known that the Cauchy problem (2.3) has at most one integrated solution (see Thieme [44]).

Under Assumption 2.1 the existence becomes an issue. When A is a Hille–Yosida operator, we have the
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following estimation

‖SA(t) − SA(s)‖ ≤ MA

t∫

s

eωAldl, ∀t ≥ s ≥ 0.

In particular, the map t → SA(t) is locally Lipschitz continuous in the norm of operators. Using this
property, Kellermann and Hieber [28] proved that if A is a Hille–Yosida operator, then for each f ∈
L1((0, τ),X) the map t → ∫ t

0
SA(t− s)f(s)ds is continuously differentiable and

u(t) = TA0(t)x+
d

dt

t∫

0

SA(t− s)f(s)ds

is the unique integrated solution of the Cauchy problem (2.3). We refer to Arendt [4,5], Neubrander [39],
Kellermann and Hieber [28], Thieme [44], and Arendt et al. [6] for more detailed results on this topic.

Recently, the situation where A is not a Hille–Yosida operator has been studied (see Magal and Ruan
[34] and Thieme [47]). Here, we only assume that integrated solutions exist when f ∈ C([0, τ ],X), so we
make the following assumption.

Assumption 2.2. There exists a function δ : [0,+∞) → [0,+∞) with

lim
t(>0)→0

δ(t) = 0, (2.4)

such that for each τ > 0 and f ∈ C([0, τ ],X), t → ∫ t

0
SA(t− s)f(s)ds is continuously differentiable and∥∥∥∥∥∥

d

dt

t∫

0

SA(t− s)f(s)ds

∥∥∥∥∥∥ ≤ δ(t) sup
s∈[0,t]

‖f(s)‖ , ∀t ∈ [0, τ ]. (2.5)

One may observe that the property (2.4) in Assumption 2.2 plays a crucial role in obtaining some
estimations for the solutions (see Magal and Ruan [35, Proposition 2.14]). Moreover, using the results of
Thieme [47], Assumption 2.2 is equivalent to the fact that there exists τ > 0 such that

V ∞(SA, 0, τ) < +∞, ∀τ > 0, and lim
t(>0)→0

V ∞(SA, 0, t) = 0,

where V ∞(SA, 0, τ) is the semivariation of {SA(t)}t≥0 on [0, τ ] defined by

V ∞(SA, 0, τ) := sup

{∥∥∥∥∥
n∑

i=1

(SA(ti) − SA(ti−1))xi

∥∥∥∥∥
}
< +∞,

in which the supremum is taken over all partitions 0 = t0 < . . . < tn = τ of the interval [a, b] and
over any (x1, · · · , xn) ∈ Xn with ‖xi‖X ≤ 1,∀i = 1, . . . , n. We refer to Magal and Ruan [34] for some
characterization of the existence of integrated solutions expressed in terms of the resolvent.

From here on, we set

(SA 
 f) (t) :=
d

dt

t∫

0

SA(t− s)f(s)ds.

Recently, a center manifold reduction theory has been developed by Magal and Ruan [36] for non-
densely defined Cauchy problems satisfying Assumptions 2.1 and 2.2. Our goal in this article is to provide
some general setting under which Hopf bifurcation occurs. In the sequel, we assume that 0 is an equilib-
rium for each μ ∈ R small enough, that is,

F (μ, 0) = 0, ∀μ ∈ R.
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Moreover, replacing A by A + ∂xF (0, 0) and F by G(μ, u(t)) = F (μ, x) − ∂xF (0, 0)x, the problem is
unchanged (since Theorem 3.1 in Magal and Ruan [34] implies that A+ ∂xF (0, 0) satisfies Assumptions
2.1 and 2.2). So without loss of generality, we can assume that

∂xF (0, 0) = 0.

We make the following assumption.

Assumption 2.3. Let ε > 0 and F ∈ Ck ((−ε, ε) ×BX0 (0, ε) ;X) for some k ≥ 4. Assume that the
following conditions are satisfied:

(a) F (μ, 0) = 0, ∀μ ∈ (−ε, ε) , and ∂xF (0, 0) = 0.
(b) (Transversality condition) For each μ ∈ (−ε, ε) , there exists a pair of conjugated simple eigenvalues

of (A+ ∂xF (μ, 0))0, denoted by λ(μ) and λ(μ), such that

λ(μ) = α(μ) + iω(μ),

the map μ → λ(μ) is continuously differentiable,

ω(0) > 0, α(0) = 0,
dα(0)
dμ

�= 0,

and

σ (A0) ∩ iR =
{
λ(0), λ(0)

}
. (2.6)

(c) The essential growth rate of {TA0(t)}t≥0 is strictly negative, that is,

ω0,ess (A0) < 0.

The above conditions are closely related to the usual conditions for the finite dimensional case. The
only difference with respect to the finite dimensional case is assumption (c) that is necessary to deal with
spectral theory of the semigroup generated by A0.

2.2. Hopf bifurcation theorem

The main result of this article is the following theorem.

Theorem 2.4. (Hopf Bifurcation) Let Assumptions 2.1–2.3 be satisfied. Then, there exist a constant ε∗ > 0
and three Ck−1 maps, ε → μ(ε) from (0, ε∗) into R, ε → xε from (0, ε∗) into D(A), and ε → γ(ε) from
(0, ε∗) into R, such that for each ε ∈ (0, ε∗) there exists a γ(ε)-periodic function uε ∈ Ck (R,X0) , which
is an integrated solution of (1.1) with the parameter value μ = μ(ε) and the initial value x = xε. So for
each t ≥ 0, uε satisfies

uε(t) = xε +A

t∫

0

uε(l)dl +

t∫

0

F (μ(ε), uε(l)) dl.

Moreover, we have the following properties

(i) There exist a neighborhood N of 0 in X0 and an open interval I in R containing 0, such that for
μ̂ ∈ I and any periodic solution û(t) in N with minimal period γ̂ close to 2π

ω(0) of (1.1) for the param-
eter value μ̂, there exists ε ∈ (0, ε∗) such that û(t) = uε(t + θ) (for some θ ∈ [0, γ(ε))), μ(ε) = μ̂,
and γ(ε) = γ̂.

(ii) The map ε → μ(ε) is a Ck−1 function and we have the Taylor expansion
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μ(ε) =
[ k−2

2 ]∑
n=1

μ2nε
2n +O(εk−1), ∀ε ∈ (0, ε∗) ,

where
[

k−2
2

]
is the integer part of k−2

2 .

(iii) The period γ(ε) of t → uε(t) is a Ck−1 function and

γ(ε) =
2π
ω(0)

⎡
⎢⎣1 +

[ k−2
2 ]∑

n=1

γ2nε
2n

⎤
⎥⎦+O(εk−1), ∀ε ∈ (0, ε∗),

where ω(0) is the imaginary part of λ(0) defined in Assumption 2.3.

Remark 2.5. In Assumption 2.3, if we only assume that k ≥ 2 and the condition (2.6) is replaced by

σ (A0) ∩ iω(0)Z =
{
λ(0), λ(0)

}

(i.e. the spectrum of A0 does not contain a multiple of λ(0)). Then, by the Hopf bifurcation theorem of
Crandall and Rabinovitz [9], we deduce that the assertion (i) of Theorem 2.4 holds.

3. Center manifold theorem

The goal of this section is to recall and explain the center manifold theorem proved in Magal and
Ruan [36]. We start by introducing some notations. Let X and Z be two Banach spaces. Denote by
L(X,Z) the space of bounded linear operators from X into Z and by L(X) the space L(X,X). Let
A : D(A) ⊂ X → X be a linear operator. We denote by R(A) the range of A,N (A) the null space of
A. If A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators
on X (respectively, the generator of an integrated semigroup), we denote by {TA(t)}t≥0 this semigroup
(respectively, {SA(t)}t≥0 this integrated semigroup). Recall that A is invertible if A is a bijection from
D(A) into X and A−1 is bounded. If X is a C-Banach space, we recall that the resolvent set of A is
defined by ρ(A) = {λ ∈ C : λI −A is invertible} . Moreover, we denote by σ(A) := C\ρ(A) the spectrum
of A. Let Y be a subspace of X. Y is said to be invariant by A if

A (D(A) ∩ Y ) ⊂ Y.

Denote by A |Y : D(A |Y ) ⊂ Y → X the restriction of A to Y, which is defined by

A |Y x = Ax, ∀x ∈ D(A |Y ) = D(A) ∩ Y.
Denote by AY : D(AY ) ⊂ Y → Y the part of A in Y, which is defined by

AY x = Ax, ∀x ∈ D(AY ) = {x ∈ D(A) ∩ Y : Ax ∈ Y }.
As before, we define

X0 := D(A) and A0 := AX0 .

For a given bounded linear operator L ∈ L(X), ‖L‖ess is the essential norm of L defined by

‖L‖ess = κ (L (BX(0, 1))),

here BX(0, 1) = {x ∈ X : ‖x‖X ≤ 1} , and for each bounded set B ⊂ X,κ(B) = inf
{
ε > 0 : B can be

covered by a finite number of balls of radius ≤ ε
}

is the Kuratovsky measure of non-compactness.
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Definition 3.1. Let L : D(L) ⊂ X → X be the infinitesimal generator of a linear C0-semigroup {TL(t)}t≥0

on a Banach space X. Define the growth bound ω0(L) ∈ [−∞,+∞) of L by

ω0(L) := lim
t→+∞

ln
(
‖TL(t)‖L(X)

)

t
.

The essential growth bound ω0,ess(L) ∈ [−∞,+∞) of L is defined by

ω0,ess(L) := lim
t→+∞

ln (‖TL(t)‖ess)
t

.

Assumption 3.2. Assume that Assumptions 2.1–2.2 are satisfied and there exist two bounded linear
operators of projection with finite rank, Π0c ∈ L (X0) \ {0} and Π0u ∈ L (X0) , such that

Π0cΠ0u = Π0uΠ0c = 0

and

Π0kTA0(t) = TA0(t)Π0k, ∀t ≥ 0, ∀k = {c, u}.
Assume in addition that
(a) If Π0u �= 0, then ω0

(−A0 |Π0u(X0)

)
< 0.

(b) σ
(
A0 |Π0c(X0)

) ⊂ iR.

(c) If Π0s := I − (Π0c + Π0u) �= 0, then ω0

(
A0 |Π0s(X0)

)
< 0.

In Assumption 3.2 we assumed that there is a state space decomposition of X0

X0 = X0s ⊕X0c ⊕X0u,

which corresponds, respectively, to the stable X0s = Π0s (X0), center X0c = Π0c (X0), and unstable
X0u = Π0u (X0) linear manifold for the linear operator A0. We assume that X0c and X0u have a finite
dimension and are positively invariant by the resolvent of A0. Moreover, we assume that

σ
(
A0 |Π0u(X0)

) ⊂ {λ ∈ C : Re(λ) > 0}
and

σ
(
A0 |Π0c(X0)

) ⊂ iR.

Furthermore, we assume that the growth rate of
{
TA0(t) |Π0s(X0)

}
t≥0

(which is the linear semigroup on
Π0s (X0) generated by A0Π0s(X0) the part of A0 in Π0s (X0)) is negative. One may observe that under
Assumptions 2.1–2.2, Assumption 3.2 is satisfied if and only if the following two properties hold:
(a) The essential growth rate of ω0,ess (A0) < 0;
(b) σ (A0) ∩ iR �= ∅.

Since the ranks of Π0c and Π0u are finite, we can apply Proposition 3.5 in Magal and Ruan [36] and
deduce that for each k = {c, u} , there exists a unique bounded linear operator Πk : X → X on X
satisfying:
(i) Πk |X0= Π0k;
(ii) Πk(X) ⊂ X0;
(iii) Πk (λI −A)−1 = (λI −A)−1Πk, ∀λ > ωA.

Set

Πs = I − (Πc + Πu) and Πh = I − Πc.

Then, we have for each k ∈ {c, h, s, u} that

Πk(λI −A)−1 = (λI −A)−1Πk, ∀λ > ωA,

Πk (X0) ⊂ X0,
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and for each k ∈ {c, u} that

Πk(X) ⊂ X0.

For each k ∈ {c, h, s, u} , set

X0k = Π0k (X0) , Xk = Πk(X), Ak = A |Xk
= AXk

, and A0k = A0 |X0k
= AX0k

.

Then, for each k ∈ {c, u} , we have

Xk = X0k.

The point with the above construction is that if t → u(t) is a solution of

u(t) = x+A

t∫

0

u(s)ds+

t∫

0

f(s)ds, t ≥ 0,

for some x ∈ D(A) and some f ∈ C ([0,+∞) ,X) , using the results obtained in Magal and Ruan [36,
Chapter 3], we know that for each k ∈ {c, h, s, u} , the linear operator Ak : D(Ak) ⊂ Xk → Xk (with
D(Ak) = Xk ∩ D(A)) satisfies Assumptions 2.1–2.2, and t → Πku(t) is an integrated solution of the
Cauchy problem

dΠku(t)
dt

= AkΠku(t) + Πkf(t), t ≥ 0, Πku(0) = Πkx,

that is, t → Πku(t) satisfies

Πku(t) = Πkx+Ak

t∫

0

Πku(s)ds+

t∫

0

Πkf(s)ds.

In particular, if k ∈ {c, u} , since X0k = Xk, we have Ak = A0k. Moreover, since dim (X0k) < +∞, the
linear operator A0k is a bounded linear operator, so t → Πku(t) satisfies the following ordinary differential
equation

dΠku(t)
dt

= A0kΠku(t) + Πkf(t), ∀t ≥ 0, Πku(0) = Πkx.

We define Ck
b (X0c,X0h) as the set of bounded maps from X0c into X0h which are k-time continuously

differentiable and all derivatives are bounded maps. The following result is proved in Magal and Ruan
[36, Theorem 4.21]. This theorem is inspired by Theorem 3 in Vanderbauwhede and Iooss [48].

Theorem 3.3. (Local Center Manifold) Let Assumption 3.2 be satisfied. Let r > 0 and F : BX0 (0, r) → X
be a map. Assume that there exists an integer k ≥ 1 such that F is k-time continuously differentiable in
BX0 (0, r) with F (0) = 0 and DF (0) = 0. Then, there exist a neighborhood Ω of the origin in X0 and a
map Ψ ∈ Ck

b (X0c,X0h), with Ψ(0) = 0 and DΨ(0) = 0, such that the following properties hold:
(i) If I is an interval of R and xc : I → X0c is a solution of

dxc(t)
dt

= A0cxc(t) + ΠcF (xc(t) + Ψ (xc(t))) (reduced equation) (3.1)

such that

u(t) := xc(t) + Ψ (xc(t)) ∈ Ω, ∀t ∈ I,

then for each t, s ∈ I with t ≥ s,

u(t) = u(s) +A

t∫

s

u(l)dl +

t∫

s

F (u(l)) dl.
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(ii) If u : R →X0 is a map such that for each t, s ∈ R with t ≥ s,

u(t) = u(s) +A

t∫

s

u(l)dl +

t∫

s

F (u(l)) dl

and

u(t) ∈ Ω, ∀t ∈ R,

then

Πhu(t) = Ψ (Πcu(t)) , ∀t ∈ R,

and Πcu : R →X0c is a solution of (3.1).

A first key tool to prove the above theorem is the truncation method used by Vanderbauwhede and
Iooss [48]. One may observe that in order to apply such a truncation method, we need to assume that
the dimension of X0c ⊕X0u is finite. One may also observe that in order to define the reduced Eq. (3.1)
we need to extend the projector Π0c : X0 → X0, because F maps X0 := D(A) into X in general. So
Proposition 3.5 in Magal and Ruan [36] also plays an important role to define the reduced Eq. (3.1).

In order to apply Theorem 3.3, we only need to define the semiflow generated by the Cauchy problem

du(t)
dt

= Au(t) + F (u(t)), t ≥ 0, u(0) = x ∈ D(A) (3.2)

locally around 0. We assume that F is Lipschiz continuous. Consider a truncation function ρ ∈
C∞ ([0,+∞) , [0,+∞)) defined by

ρ(x) =

⎧⎨
⎩

0, if x ≥ 2
∈ [0, 1], if x ∈ [1, 2]
1, if x ∈ [0, 1]

and define Fr : D(A) → X by

Fr(X) =
{
ρ
(
r−1 ‖x‖)F (x), if ‖x‖ ≤ ε

0, if ‖x‖ ≥ ε.

Then, we have the following properties:
(i) Fr(X) = F (x) for each x ∈ BX0(0, r) and each r ∈ (0, ε] ;
(ii) There exists r0 > 0 such that Fr ∈ Lip(X0,X) for each r ∈ (0, r0] ;
(iii) limr(>0)→0 ‖Fr‖Lip = 0.

Let r∗ ∈ (0, r0] such that

BX0(0, r
∗) ⊂ Ω.

Since Fr∗ is Lipschitz continuous, we can define a unique nonlinear semiflow {U(t)}t≥0 on X0, such that
for each x ∈ X0, t → U (t)x is the unique integrated solution of the Cauchy problem

dU(t)x
dt

= AU(t)x+ Fr∗(U(t)x), t ≥ 0, U(0)x = x ∈ X0, (3.3)

or equivalently t → U(t)x is the unique continuous map from [0,+∞) into X0 satisfying the fixed point
problem

U(t)x = TA0(t)x+ (SA 
 Fr∗(U(.)x)) (t), ∀t ≥ 0. (3.4)

Now, since F and Fr∗ coincide on BX0(0, r
∗), we deduce by applying Theorem 3.3-(ii) that if

{u(t)}t∈R
⊂ BX0(0, r

∗) is a complete orbit of {U(t)}t≥0 , that is,

u(t) = U(t− s)u(s), ∀t, s ∈ R with t ≥ s,
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then

u(t) ∈ M, ∀t ∈ R,

where the center manifold M ⊂ X0 is defined as

M := {xc + Ψ (xc) : xc ∈ X0c} ⊂ X0. (3.5)

Now, by projecting u(t) on X0c we deduce that t → Πcu(t) satisfies the reduced equation

dΠcu(t)
dt

= A0cΠcu(t) + ΠcF (Πcu(t) + Ψ (Πcu(t))).

In particular, if u(t) = x is an equilibrium of (3.3) in BX0(0, r
∗), or if t → u(t) is a periodic solution of

(3.3) in BX0(0, r
∗), then t → Πcu(t) is a solution of the reduced Eq. (3.1).

Conversely, since the first derivative of Ψ is bounded, we deduce that Ψ is Lipschitz continuous, and
since Ψ(0) = 0, we can find r1 ∈ (0, r∗) such that for each xc ∈ BXc

(0, r1) , we have

‖xc + Ψ (xc)‖ ≤ r∗.

Now if t → xc(t) is a global solution of the reduced Eq. (3.1) such that

‖xc(t)‖ ≤ r1, ∀t ∈ R,

by applying Theorem 3.3-(i), we deduce that t → xc(t) + Ψ (xc(t)) is a complete orbit of {U(t)}t≥0 in
BX0(0, r

∗). In particular, t → u(t) is an integrated solution of the abstract Cauchy problem (3.2).
In order to prove the Hopf bifurcation theorem, we need an additional result about the spectral prop-

erties of the linearized equation around an equilibrium. Assume that x ∈ BX0(0, r
∗) is an equilibrium

of (3.2) (i.e., x ∈ D(A) and Ax + F (x) = 0). Then (see Magal and Ruan [35]), since F is differentiable
around x, we know that x → U(t)x is differentiable. Moreover, V (t) = ∂xU(t) (x) is a solution of the
Cauchy problem

dv(t)
dt

= Av(t) +DF (x) (v(t)), t ≥ 0, v(0) = y ∈ D(A).

More precisely, {V (t)}t≥0 is the strongly continuous semigroup of bounded linear operators on D(A)
generated by (A+DF (x))0 , the part of A + DF (x) : D(A) ⊂ X → X in D(A). Now, since x ∈
BX0(0, r

∗), xc = Π0cx is also an equilibrium of the reduced Eq. (3.1). Moreover, the linearized equation
of (3.1) around xc is given by

dyc(t)
dt

= A0cyc(t) + ΠcDF (xc + Ψ (xc)) (yc(t) +DΨ (xc) (yc(t))) := L(yc(t)).

The goal of the following proposition is to describe the relationship between the spectrum of L and the
spectrum of (A+DF (x))0 , which has been proved in Magal and Ruan [36, Proposition 4.22].

Proposition 3.4. Let the assumptions of Theorem 3.3 be satisfied. Let η > 0 such that

sup
λ∈σs(A0)

Re (λ) < −η < η < inf
λ∈σu(A0)

Re(λ).

Then, there exists r1 ∈ (0, r∗) such that

BX0(0, r1) ⊂ Ω.

Assume that x ∈ BX0(0, r1) is an equilibrium of {U(t)}t≥0 (i.e. x ∈ D(A) and Ax+ F (x) = 0). Then

Π0hx = Ψ (Π0cx)

and Π0cx is an equilibrium of the reduced equation

dxc(t)
dt

= A0cxc(t) + ΠcF (xc(t) + Ψ (xc(t))).
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Moreover, consider the linearized equation at Π0cx,

dyc(t)
dt

= L (x) yc(t)

with

L (x) = [A0c + ΠcDF (x) [I +DΨ (Π0cx)]] ,

we have the following spectral properties

σ (L (x)) = σ ((A+DF (x))0) ∩ {λ ∈ C : Re(λ) ∈ [−η, η]}.

4. Proof of the Hopf bifurcation theorem

To prove Theorem 2.4, we apply Theorem 3.3 and Proposition 3.4. In order to apply the reduction
technics, we first incorporate the parameter into the state variable by considering the following system⎧⎪⎪⎪⎨

⎪⎪⎪⎩

dμ(t)
dt

= 0
du(t)
dt

= Au(t) + F (μ(t), u(t))

(μ(0), u(0)) = (μ0, u0) ∈ (−ε, ε) ×D(A).

(4.1)

Note that F is only defined in a neighborhood of (0, 0) ∈ R×X. In order to rewrite (4.1) as an abstract
Cauchy problem, consider the Banach space R×X endowed with the usual product norm∥∥∥∥

(
μ
x

)∥∥∥∥ = max (|μ| , ‖x‖),

and the linear operator A : D(A) ⊂ R×X → R×X defined by

A
(
μ
x

)
=
(

0
Ax+ ∂μF (0, 0)μ

)
=
(

0 0
∂μF (0, 0) A

)(
μ
x

)

with

D(A) = R×D(A).

Observe that by Assumption 2.3-(a) we have ∂xF (0, 0) = 0, and the linear operator A is the generator of
the linearized equation of system (4.1) at (0, 0) . Consider the function F : (−ε, ε) × BX0 (0, ε) → R×X
defined by

F
(
μ
x

)
=
(

0
F (μ, x) − ∂μF (0, 0)μ

)
.

Using the variable v(t) =
(
μ(t)
u(t)

)
, we can rewrite system (4.1) as the following abstract Cauchy problem

dv(t)
dt

= Av(t) + F (v(t)), t ≥ 0, v(0) = v0 ∈ D(A). (4.2)

We first observe that F is defined on BR×X (0, ε) and is 4-time continuously differentiable. Moreover,
using Assumption 2.3-(a), we have

F(0) = 0 and DF(0) = 0.

In order to apply Theorem 3.3 and Proposition 3.4 to system (4.2), we need to verify Assumption 3.2.
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4.1. State space decomposition for system (4.2)

In order to apply the center manifold theorem, we need to study the spectral properties of the linear
operator A. From Assumption 2.3 (b) and (c), we know that

σ (A0) ∩ iR =
{
λ(0), λ(0)

}
and ω0,ess (A0) < 0.

For each λ0 ∈ σ (A0) with Re (λ0) > ω0,ess (A0) , λ0 is a pole of the resolvent of A0. That is, there exists
an integer k̂ ≥ 1 such that

(λI −A0)
−1 =

∞∑
k=−k̂

(λ− λ0)
k
BA0

k,λ0
,

where

BA0
k,λ0

:=
1

2πi

∫

S(λ0,ε)+

(λ− λ0)
−(k+1) (λI −A0)

−1
dλ

for ε > 0 small enough. The bounded linear operator BA0
−1,λ0

is the projector on the generalized eigenspace
of A0 associated with λ0.

Set

ΠA0
0c = BA0

−1,λ(0) +BA0

−1,λ(0)

and

ΠA0
0u =

∑
λ∈σ(A0):Re(λ)>0

BA0
−1,λ.

Since λ(0) and λ(0) are simple eigenvalues of A0, we have

BA0
−1,γ = lim

λ→γ
(λ− γ) (λI −A0)

−1 for γ = λ(0) or γ = λ(0).

Lemma 4.1. Let Assumptions 2.1 and 2.2 be satisfied. Then

σ (A) = σ (A0) = σ (A0) ∪ {0} = σ(A) ∪ {0},
and for each λ ∈ ρ (A) ,

(λI − A)−1

(
μ
x

)
=
(

λ−1μ
(λI −A)−1

[
x+ ∂μF (0, 0)λ−1μ

]
)
.

Proof. Let λ ∈ C\ (σ(A) ∪ {0}) . Then

(λI − A)
(
μ
x

)
=
(
μ̂
x̂

)

⇔
(

λμ
λx−Ax− ∂μF (0, 0)μ

)
=
(
μ̂
x̂

)

⇔
{
μ = λ−1μ̂,
x = (λI −A)−1

[
x̂+ ∂μF (0, 0)λ−1μ̂

]
.

It follows that

(λI − A)−1

(
μ̂
x̂

)
=
(

λ−1μ̂
(λI −A)−1

[
x̂+ ∂μF (0, 0)λ−1μ̂

]
)
,

so

ρ (A) ⊃ C\σ(A) ∪ {0} .
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It is clear that 0 ∈ σ (A) because

A
(

μ

(−A)−1
∂μF (0, 0)μ

)
=
(

0
0

)
.

Moreover, if λ ∈ σ(A), we have

(λI − A)
(

0
x

)
=
(

0
x̂

)
⇔ (λI −A)x = x̂.

So λ ∈ σ (A) . �

Lemma 4.2. Let Assumptions 2.1–2.2 be satisfied. The linear operator A : D(A) ⊂ R×X → R×X satisfies
Assumptions 2.1–2.2. Moreover, we have

TA0(t)
(
μ
x

)
:=
(

μ
TA0(t)x+ SA(t)∂μF (0, 0)μ

)
(4.3)

and

SA(t)
(
μ
x

)
:=

⎛
⎝ tμ

SA(t)x+
t∫
0

SA(l)∂μF (0, 0)μdl

⎞
⎠. (4.4)

Furthermore,

ω0,ess (A0) = ω0,ess (A0) .

Proof. To prove that A satisfies Assumptions 2.1–2.2 it is sufficient to apply Theorem 3.1 in Magal and
Ruan [34]. Recall that

(λI −A0)
−1
x =

+∞∫

0

e−λtTA0(t)xdt

and

(λI −A)−1x = λ

+∞∫

0

e−λtSA(t)xdt.

Thus, for each λ > 0 large enough,
+∞∫

0

e−λt

(
μ

TA0(t)x+ SA(t)∂μF (0, 0)μ

)
dt =

(
λ−1μ

(λI −A0)
−1
x+ λ−1(λI −A)−1∂μF (0, 0)μ

)

and

λ

+∞∫

0

e−λt

⎛
⎝ tμ

SA(t)x+
t∫
0

SA(l)∂μF (0, 0)μdl

⎞
⎠ dt =

(
λ−1μ

(λI −A)−1x+ λ−1(λI −A)−1∂μF (0, 0)μ

)
.

It follows that TA0(t) and SA(t) are defined, respectively, by (4.3) and (4.4).
Using formula (4.3), we deduce that

‖TA0(t)‖ess = ‖TA0(t)‖ess , ∀t ≥ 0,

(since μ ∈ R) and it follows that

ω0,ess (A0) = lim
t→+∞

ln (‖TA0(t)‖ess)
t

= lim
t→+∞

ln (‖TA0(t)‖ess)
t

= ω0,ess (A0).

This completes the proof. �
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Next, we compute the projectors on the generalized eigenspace associated with some eigenvalue of A.
Consider λ0 ∈ {λ ∈ σ (A) : Re(λ) > ω0,ess (A0)} \{0}. Since

ω0,ess (A0) = ω0,ess (A0) and σ (A) = σ (A0) = σ (A0) ∪ {0} = σ(A) ∪ {0} ,

it follows that λ0 is a pole of order k0 of the resolvent of A0. Since Re (λ0) > ω0,ess (A0) , by Lemma 3.11
in Magal and Ruan [36], we deduce that λ0 is a pole of order k0 of the resolvent of A. Moreover, λ0 is a
pole of order k1 of the resolvent of A. We have

(λI − A)−1 =
∞∑

k=−k0

(λ− λ0)
k
BA

k,λ0

and

(λI −A)−1 =
∞∑

k=−k1

(λ− λ0)
k
BA

k,λ0

for |λ− λ0| small enough. The projector on the generalized eigenspace of A (respectively, A) associated
with λ0 is BA

−1,λ0
(respectively, BA

−1,λ0
).

We have k1 = k0. Indeed, we have

(λI − A)−1

(
μ
x

)
=
(

λ−1μ
(λI −A)−1

[
x+ ∂μF (0, 0)λ−1μ

]
)
,

so

lim
λ( �=λ0)→λ0

(λ− λ0)
k1 (λI − A)−1

(
μ
x

)

= lim
λ( �=λ0)→λ0

(
(λ− λ0)

k1 λ−1μ

(λ− λ0)
k1 (λI −A)−1

[
x+ ∂μF (0, 0)λ−1μ

]
)

=
(

0
BA

−k1,λ0

[
x+ ∂μF (0, 0)λ−1

0 μ
]
)
.

Since the above limit exists, it follows that k0 ≤ k1, and since BA
−k1,λ0

�= 0 it follows that k0 = k1. So we
obtain the following lemma.

Lemma 4.3. Let λ0 ∈ {λ ∈ σ (A) : Re(λ) > ω0,ess (A0)} \{0}. Then, λ0 is a pole of order k0 of the resolvent
of A if and only if λ0 is a pole of order k0 of the resolvent of A.

Now we compute

BA
k,λ0

:=
1

2πi

∫

S(λ0,ε)+

(λ− λ0)
−(k+1) (λI − A)−1

dλ.

Set
(
μ̂
x̂

)
:= BA

k,λ0

(
μ
x

)
.
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Since

(λI − A)−1

(
μ
x

)
=
(

λ−1μ
(λI −A)−1

[
x+ ∂μF (0, 0)λ−1μ

]
)

=

(
0∑

k=−k0

(λ− λ0)
k
BA

k,λ0
x

)

+

(
λ−1μ∑

k=−k0

(λ− λ0)
k
BA

k,λ0
∂μF (0, 0)λ−1μ

)
,

it follows that

μ̂ =
1

2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1

λ−1μdλ,

x̂ =
∑

j=−k0

1
2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1 (λ− λ0)

j
BA

j,λ0
x dλ

+
∑

j=−k0

1
2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1 (λ− λ0)

j
λ−1BA

j,λ0
∂μF (0, 0)μdλ

and

λ−1 =
+∞∑
l=0

(λ− λ0)
l (−1)l

λl+1
0

.

Since
1

2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1 (λ− λ0)

j
λ−1dλ

=
1

2πi

+∞∑
l=0

(−1)l

λl+1
0

∫

SC(λ0,ε)+

(λ− λ0)
[j+l−(k+1)]

dλ

and

∫

SC(λ0,ε)+

(λ− λ0)
[j+l−(k+1)]

dλ =

2π∫

0

(
ρeiθ
)[j+l−(k+1)]

iρeiθdθ

= iρ[j+l−k]

2π∫

0

(
eiθ
)[j+l−k]

dθ

=
{

2πi, if l = k − j
0, otherwise,

it implies that

1
2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1 (λ− λ0)

j
λ−1dλ =

(−1)k−j

λk−j+1
0

.
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For l = 0, it yields ∫

SC(λ0,ε)+

(λ− λ0)
[j−(k+1)]

dλ =
{

2πi, if j = k
0, otherwise

and
∑

j=−k0

1
2πi

∫

SC(λ0,ε)+

(λ− λ0)
−k−1 (λ− λ0)

j
BA

j,λ0
x dλ = BA

k,λ0
x.

Therefore, we obtain

μ̂ =

{
(−1)kμ

λk+1
0

, k ≥ 0
0, k < 0

and

x̂ = BA
k,λ0

x+
k∑

j=−k0

(−1)k−j

λk−j+1
0

BA
j,λ0

∂μF (0, 0)μ.

From the above computation, we obtain the following lemma.

Lemma 4.4. We have the following:

(i) The projector on the generalized eigenspace of A associated with

λ0 ∈ {λ ∈ σ (A) : Re(λ) > 0}
a pole of order k0 of the resolvent of A is given by

BA
−1,λ0

(
μ
x

)
=

⎛
⎝

0

BA
−1,λ0

x+
−1∑

j=−k0

(−1)−1−j

λ−j
0

BA
j,λ0

∂μF (0, 0)μ

⎞
⎠.

(ii) λ(0) and λ(0) are simple eigenvalues of A and the projectors on the generalized eigenspace of A
associated with λ(0) and λ(0) are given by

BA
−1,γ

(
μ
x

)
=
(

0
BA

−1,γ

[
x+ γ−1∂μF (0, 0)μ

]
)

for γ = λ(0) or γ = λ(0).

The projector on the generalized eigenspace of A associated with 0 is given in the following lemma.

Lemma 4.5. 0 is a simple eigenvalue of A and the projector on the generalized eigenspace of A associated
with 0 is given by

BA
−1,0

(
μ
x

)
=
(

μ

(−A)−1
∂μF (0, 0)μ

)
.

Proof. Since 0 ∈ ρ(A), it follows that

lim
λ→0

λ (λI − A)−1

(
μ
x

)
= lim

λ→0

(
μ

λ(λI −A)−1x+ (λI −A)−1∂μF (0, 0)μ

)

=
(

μ

(−A)−1
∂μF (0, 0)μ

)
=: Π0

(
μ
x

)
.

This completes the proof. �
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From the above results, we obtain a state space decomposition with respect to the spectral properties
of the linear operator A. More precisely, the projector on the unstable linear manifold is given by

ΠA
u =

∑
λ∈σ(A):Re(λ)>0

BA
−1,λ

and the projector on the linear center manifold is defined by

ΠA
c = BA

−1,0 +BA
−1,λ(0) +BA

−1,λ(0)
.

Set

ΠA
s := I − (ΠA

c + ΠA
u

)
.

4.2. Proof of Theorem 2.4

Using the results of Sect. 4.1, we deduce that A satisfies Assumption 3.2 and we can apply Theorem 3.3
to the system

dv(t)
dt

= Av(t) + F (v(t)), t ≥ 0, v(0) = v0 ∈ D(A). (4.5)

Set

X0c = ΠA
c

(
R×D(A)

)

and

X0h =
(
I − ΠA

c

) (
R×D(A)

)
.

Using Theorem 3.3, we can find Ψ ∈ Ck
b (X0c,X0h) such that the manifold

M = {xc + Ψ (xc) : xc ∈ X0c}
is locally invariant by the semiflow generated by (4.5).

By applying ΠA
c to both sides of (4.5), we obtain the reduced system in X0c = ΠA

c (R×X) :

d

dt

(
μ(t)
xc(t)

)
= A0c

(
μ(t)
xc(t)

)
+ ΠA

c F
((

μ(t)
xc(t)

)
+ Ψ

(
μ(t)
xc(t)

))
, (4.6)

where (
μ(t)
xc(t)

)
= ΠA

c

(
μ(t)
u(t)

)
.

Now, since
(
μ
0

)
is a branch of the equilibrium of (4.5), it corresponds to a branch of the equilibrium(

μ
xc(μ)

)
= ΠA

c

(
μ
0

)
of system (4.6). Applying Proposition 3.4, to system (4.5) and using Assumption

2.3, we deduce that the spectrum of the linearized equation of (4.6) around
(

μ
xc(μ)

)
consists of

{
0, λ(μ), λ(μ)

}
.

It follows that we can apply the Hopf bifurcation theorem in the book by Hassard et al. [21] to system
(4.6). The proof of Theorem 2.4 is complete.
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5. Applications

In this section, we present some examples to demonstrate how our main results can be applied to study
Hopf bifurcation in different types of equations. For the sake of simplicity, we only consider some applica-
tions in the Hille–Yosida case. Examples where the linear operator is not Hille–Yosida will be considered
elsewhere. The first subsection is devoted to delay differential equations, and we will obtain a known
result on Hopf bifurcation in this context. Then, we will turn to systems of age-structured models and
will provide some new Hopf bifurcation results.

Here, the case of delay differential equations is chosen only as an illustration, while the application to
age-structured models will provide some results which can be used in various contexts. We also refer to
Chu et al. [10] for an application of Theorem 2.4 to parabolic equations.

5.1. Delay differential equations

For r ≥ 0, let C := C ([−r, 0]; Rn) be the Banach space of continuous functions from [−r, 0] into R
n

endowed with the supremum norm

‖ϕ‖∞ = sup
θ∈[−r,0]

‖ϕ(θ)‖ .

Consider the system of delay differential equation with parameter
{
dx(t)
dt

= Bx(t) + f(μ, xt), ∀t ≥ 0,

x0 = ϕ ∈ C,
(5.1)

where μ ∈ R, xt ∈ C satisfies xt(θ) = x (t+ θ) , B ∈ Mn(R) is an n× n real matrix, and f : R × C → R
n

is a Ck map with k ≥ 4.

As described in Liu et al. [32], by setting v(t) =
(

0
xt

)
, we can rewrite the delay differential Eq. (5.1)

as the following abstract non-densely defined Cauchy problem on the Banach space X = R
n × C,

dv(t)
dt

= Av(t) + F (μ, v(t)), t ≥ 0, v(0) =
(

0Rn

ϕ

)
∈ D(A),

where A : D(A) ⊂ X → X is the linear operator defined by

A

(
0Rn

ϕ

)
=
(−ϕ′(0) +Bϕ(0)

ϕ′

)

with

D(A) = {0Rn} × C1 ([−r, 0],Rn)

and F : R ×D(A) → X is defined by

F

(
μ,

(
0Rn

ϕ

))
=
(
f(μ, ϕ)

0C

)
.

We assume that f(μ, 0) = 0, ∀μ ∈ R, and set

L

(
μ,

(
0Rn

ψ

))
= ∂xF (μ, 0)

(
0Rn

ψ

)
=
(
∂ϕf(μ, 0)ψ

0C

)
=:
(
L̂ (μ, ψ)

0C

)
.
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By Proposition 3.11 in Liu et al. [32], we know that the linear operator A + L (μ, .) : D(A) → X is a
Hille–Yosida operator. Moreover, ω0,ess((A+ L (μ, .))0) = −∞ and

σ (A+ L (μ, .)) = σ ((A+ L (μ, .))0)
= σP ((A+ L (μ, .))0)
= {λ ∈ C : det (Δ (μ, λ)) = 0},

where

Δ (μ, λ) := λI −B − L̂
(
μ, eλ.I

)
.

Hence, A + L satisfies Assumptions 1.1, 1.2 and 1.3(c). In order to apply the Hopf bifurcation theorem
obtained above to system (5.1), we need to make the following assumption.

Assumption 5.1. Let ε > 0 and f ∈ Ck ((−ε, ε) ×BC (0, ε) ; Rn) for some k ≥ 4. Assume that there exists
a continuously differentiable map λ : (−ε, ε) → C such that for each μ ∈ (−ε, ε) ,

det (Δ (μ, λ(μ))) = 0

and λ(μ) is a simple eigenvalue of (A+ ∂xF (μ, 0))0 , which is equivalent to

lim
λ→λ(μ)

det (Δ (μ, λ))
(λ− λ(μ))

�= 0

and

dim (N (Δ(μ, λ (μ)))) = 1.

Moreover, assume that

Im (λ(0)) > 0, Re(λ(0)) = 0,
dRe(λ(0))

dμ
�= 0,

and

{λ ∈ Ω : det (Δ (λ, 0)) = 0} ∩ iR =
{
λ(0), λ(0)

}
. (5.2)

From Theorem 2.4 and the results in Liu et al. [32], we can derive the following Hopf bifurcation the-
orem for delay differential equations. We refer to the books of Hale [19], Hassard [21], Hale and Verduyn
Lunel [20], Wu [50], Diekmann et al. [14], and Arino et al. [7] for more results on Hopf bifurcation in the
context of delay differential equations. See also Adimy [1] and Adimy and Arino [2] for related results
using integrated semigroup method.

Theorem 5.2. Let Assumption 5.1 be satisfied. Then, there exist a constant ε∗ > 0 and three Ck−1 maps,
ε → μ(ε) from (0, ε∗) into R, ε → ϕε from (0, ε∗) into C, and ε → γ(ε) from (0, ε∗) into R, such that for
each ε ∈ (0, ε∗) there exists a γ(ε)-periodic function xε ∈ Ck (R,Rn), which is a solution of (5.1) for the
parameter value μ = μ(ε) and the initial value ϕ = ϕε. Moreover, we have the following properties:

(i) There exist a neighborhood N of 0 in R
n and an open interval I in R containing 0 such that for μ̂ ∈ I

and any periodic solution x̂(t) in N with minimal period γ̂ close to 2π
ω of (5.1) for the parameter

value μ̂, there exists ε ∈ (0, ε∗) such that x̂(t) = xε(t + θ) (for some θ ∈ [0, γ(ε))), μ(ε) = μ̂, and
γ(ε) = γ̂.

(ii) The map ε → μ(ε) is a Ck−1 function and

μ(ε) =
[ k−2

2 ]∑
n=1

μ2nε
2n +O(εk−1), ∀ε ∈ (0, ε∗),

where
[

k−2
2

]
is the integer part of k−2

2 .
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(iii) The period γ(ε) of t → uε(t) is a Ck−1 function and

γ(ε) =
2π
ω

⎡
⎢⎣1 +

[ k−2
2 ]∑

n=1

γ2nε
2n

⎤
⎥⎦+O(εk−1), ∀ε ∈ (0, ε∗),

where ω is the imaginary part of λ(0) defined in Assumption 5.1.

Remark 5.3. In Assumption 5.1, if we only assume that k ≥ 2 and replace condition (5.2) by

{λ ∈ C : det (Δ (0, λ)) = 0} ∩ iωZ = {iω,−iω}
with ω = Im(λ(0)), then using Remark 2.5, we deduce that assertion (i) of Theorem 5.2 holds. So we
derive a well-known Hopf bifurcation theorem for delay differential equations (see Hale [19, Theorem 1.1,
p. 246], and Hale and Verduyn Lunel [20, Theorem 1.1, p. 332 ]).

5.2. Age structured models

The existence of non-trivial periodic solutions in age-structured models was studied in Prüss [40], Cushing
[11], Swart [42], Kostova and Li [30], and Bertoni [8] and it was believed that such periodic solutions
are induced by Hopf bifurcation. However, there is no general Hopf bifurcation theorem for age-struc-
tured models. In Magal and Ruan [36], we used the center manifold theorem to prove a Hopf bifurcation
theorem for a specific age-structured model. In this subsection, our goal is to establish a general Hopf
bifurcation theorem for a general class of age-structured models (Webb [49], Iannelli [24])⎧⎪⎨

⎪⎩
∂u

∂t
+
∂u

∂a
= −D(a)u(t, a) +M(μ, u(t, .))(a), a ≥ 0, t ≥ 0,

u(t, 0) = B (μ, u(t, .))
u(0, .) = u0 ∈ L1 ((0,+∞),Rn) ,

(5.3)

where μ ∈ R is a parameter, D(.) = diag(d1(.), . . . , dn(.)) ∈ L∞((0,+∞),Mn(R+)),M : R×L1((0,+∞),
R

n) → L1((0,+∞),Rn) is the mortality function, and B : R×L1((0,+∞),Rn) → R
n is the birth function.

Further assumptions on M and B will be given later.
We assume that there exists a smooth branch of equilibrium from which the bifurcation will occur.

Assumption 5.4. Assume that there exists a parameterized curve μ → u(μ)(.) from (−ε, ε) into
L1 ((0,+∞),Rn) such that

u(μ) ∈ W 1,1 ((0,+∞),Rn),

∂u(μ)(a)
∂a

= −D(a)u(μ)(a) +M(μ, u(μ))(a) for almost every a ≥ 0,

and

u(μ)(0) = B (μ, u(μ)).

Here, we follow the results developed in Thieme [43] and Magal [33]. Consider the Banach space

X = R
n × L1 ((0,+∞),Rn),

the linear operator A : D(A) ⊂ X → X defined by

A

(
0
ϕ

)
=
( −ϕ(0)

−ϕ′ −Dϕ

)

with

D(A) = {0} ×W 1,1 ((0,+∞),Rn)
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and the function F : R×D(A) → X defined by

F

(
μ,

(
0
ϕ

))
=
(
B (μ, ϕ)
M(μ, ϕ)

)
.

We observe that A is non-densely defined since

D(A) = {0} × L1 ((0,+∞),Rn) �= X.

Setting v(t) =
(

0
u(t, .)

)
, we can rewrite system (5.3) as the following non-densely defined abstract

Cauchy problem

dv(t)
dt

= Av(t) + F (μ, v(t)), t ≥ 0, v(0) =
(

0
u0

)
∈ D(A). (5.4)

We need to specify the type of nonlinearity we are considering here. So we make the following assump-
tions.

Assumption 5.5. Assume that there exists γ ∈ L∞ ((0,+∞),Mp×n(R)) for integer p ≥ 1 such that:
(a) (Birth function) The map B : R ×L1 ((0,+∞),Rn) → R

n is 4-time continuously differentiable and
has the following form

B(μ, ϕ) =

+∞∫

0

β

⎛
⎝μ,

+∞∫

0

γ(s)ϕ(s)ds

⎞
⎠ (a)ϕ(a)da+ Θ

⎛
⎝μ,

+∞∫

0

γ(s)ϕ(s)ds

⎞
⎠,

where Θ : R × R
p → R

n and β : R × R
p → L∞ ((0,+∞),Mn(R)) are C4 maps.

(b) (Mortality function) The map M : R×L1 ((0,+∞),Rn) → L1 ((0,+∞),Rn) is 4-time continuously
differentiable and has the following form

M (ϕ) (a) = M̂

⎛
⎝μ,

+∞∫

0

γ(s)ϕ(s)ds

⎞
⎠ (a)ϕ(a)

and

M̂ : R × R
p → L∞ ((0,+∞),Mn(R)).

We observe that for λ > max
i=1,...,n

sup
a≥0

ess (−di(a)) , λ ∈ ρ(A), and (since the matrices D(a) and D(l)

commutes)

(λI −A)−1

(
α
ψ

)
=
(

0
ϕ

)

⇔ ϕ(A) = e
−

a∫
0

λ+D(l)dl
α+

a∫
0

e
−

a∫
s

λ+D(l)dl
ψ(s)ds.

The linear operator A is a Hille–Yosida operator and A0, the part of A in D(A), is the infinitesimal
generator of the strongly continuous semigroup {TA0(t)} of bounded linear operators on D(A),

TA0(t)
(

0
ϕ

)
=
(

0
T̂A0(t)ϕ

)
,

where

T̂A0(t) (ϕ) (a) =

⎧⎪⎨
⎪⎩

exp

(
−

a∫
a−t

D(l)dl

)
ϕ(a− t), if a ≥ t,

0, otherwise.



Z. Liu, P. Magal and S. Ruan ZAMP

Notice that

A

(
0

u(μ)

)
+ F

(
μ,

(
0

u(μ)

))
= 0.

So we make the following change of variables

w(t) := v(t) −
(

0
u(μ)

)

and obtain
dw(t)
dt

= Aw(t) +G(μ,w(t)), t ≥ 0, w(0) = x ∈ D(A), (5.5)

where

G(μ, x) = F

(
μ, x+

(
0

u(μ)

))
− F

(
μ,

(
0

u(μ)

))
.

Note that

G(μ, 0) = 0, ∀μ ∈ (−ε, ε).

The linearized equation of (5.4) around the equilibrium
(

0
u(μ)

)
(or (5.5) around the equilibrium 0) is

given by

dv̂(t)
dt

= Av̂(t) + ∂xF

(
μ,

(
0

u(μ)

))
v̂(t), t ≥ 0, v̂(0) = x ∈ D(A).

To simplify the notations, we set

xμ =
(

0
u(μ)

)
.

We first estimate the essential growth rate of the strongly continuous semigroup generated by
(A+ ∂xF (μ, xμ))0 , the part of A+ ∂xF (μ, xμ) : D(A) ⊂ X → X in D(A). We observe that

∂xF (μ, xμ)
(

0
ϕ

)
=

⎛
⎝ ∂xB (μ, u(μ)) (ϕ)

L1(a)ϕ(a) + L2

(
+∞∫
0

γ(s)ϕ(s)ds
)

(a)

⎞
⎠ ,

where L1 ∈ L∞ ((0,+∞),Mn(R)) is defined by

L1(a) := M̂

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠ (a)

and

L2 (γ̂) (a) = ∂γ̂H

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠ (a) (γ̂),

here H : R × R
p → L∞ ((0,+∞),Rn) is the map defined by

H(μ, γ̂)(a) = M̂ (μ, γ̂) (a)u(μ)(a).

We split ∂xF (μ, xμ) into the sum of two operators

∂xF (μ, xμ)
(

0
ϕ

)
= B

(
0
ϕ

)
+ C

(
0
ϕ

)
,
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where B : D(A) ⊂ X → X is the bounded linear operator

B

(
0
ϕ

)
=
(

0
L1(.)ϕ(.)

)

and C : D(A) ⊂ X → X is the compact bounded linear operator defined by

C

(
0
ϕ

)
=

⎛
⎝ ∂xB (μ, u(μ)) (ϕ)

L2

(
+∞∫
0

γ(s)ϕ(s)ds
)

(a)

⎞
⎠.

We consider the linear non-autonomous semiflow {U(a, s)}a≥s≥0 ⊂ Mn(R) on R
n generated by

dU(a, s)x
da

= (−D(a) + L1(a))U(a, s)x for almost every a ≥ s ≥ 0,

U(s, s)x = x ∈ R
n.

This is, a → U(a, s)x is the unique solution from (s,+∞) into R
n of the integral equation

U(a, s)x = e
−

a∫
s

D(r)dr
x+

a∫

s

e
−

a∫
l

D(r)dr
L1(l)U(l, s)xdl.

We make an assumption on the estimation of U(a, s).

Assumption 5.6. Assume that there exist two constants, ν > 0 and M ≥ 1, such that

‖U(a, s)‖ ≤ Me−ν(a−s), ∀a ≥ s ≥ 0.

Set

Ω := {λ ∈ C : Re(λ) > −ν}.
Here, we use the same approach as in Thieme [45], Magal [33], or Magal and Ruan [34]. More precisely,
for each λ ∈ Ω set

Rλ

(
α
ψ

)
=
(

0
ϕ

)

⇔ ϕ(a) = e−λaU(a, 0)α+

a∫

0

e−λ(a−s)U(a, s)ψ(s)ds. (5.6)

Then, Rλ is a pseudo-resolvent and

Rλ = (λI − (A+B))−1
.

Moreover, for each ωA+B ∈ (0, ν) , we can find MA+B ≥ 1 such that∥∥∥(λI − (A+B))−1
∥∥∥ ≤ MA+B

(λ+ ωA+B)n , ∀λ > −ωA+B, ∀n ≥ 1. (5.7)

Then, (A+B)0 , the part of A+B in D(A), generates a strongly continuous semigroup
{
T(A+B)0

(t)
}

t≥0

on D(A), which is defined by

T(A+B)0
(t)
(

0
ϕ

)
=
(

0
T̂(A+B)0

(t)ϕ

)
,

where

T̂(A+B)0
(t) (ϕ) (a) =

{
U(a, a− t)ϕ(a− t), if a ≥ t,
0, otherwise.
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From (5.7) we obtain ∥∥T(A+B)0
(t)
∥∥ ≤ MA+Be

−ωA+Bt, ∀t ≥ 0.

Thus, for each ωA+B ∈ (0, ν) ,

ω0,ess ((A+B)0) ≤ ω0 ((A+B)0) ≤ −ωA+B.

Now, since C is a compact bounded linear operator, we can apply the perturbation results in Thieme [46]
or in Ducrot et al. [15] to deduce that

ω0,ess ((A+B + C)0) ≤ −ωA+B, ∀ωA+B ∈ (0, ν).

We obtain the following proposition.

Proposition 5.7. Let Assumptions 5.4–5.6 be satisfied. Then

ω0,ess ((A+ ∂xF (0, x0))0) < 0,

that is, the essential growth rate of the strongly continuous semigroup
{
T(A+∂xF (0,x0))0

(t)
}

t≥0
is strictly

negative.

In order to apply Theorem 2.4, it remains to precise the spectral properties of (A+ ∂xF (μ, xμ))0 . Let
λ ∈ Ω. Since (λI − (A+B)) is invertible, it follows that (λI − (A+ ∂xF (μ, xμ))) = (λI − (A+B + C))
is invertible if and only if I − C (λI − (A+B))−1 is invertible. Moreover, when I − C (λI − (A+B))−1

is invertible we have

(λI − (A+B + C))−1 = (λI − (A+B))−1
[
I − C (λI − (A+B))−1

]−1

. (5.8)

Here, in order to compute the resolvent and to derive a characteristic equation, we need more details. We
have

∂ϕB (μ, u(μ)) (ϕ) =

+∞∫

0

βμ,u(μ)(a)ϕ(a)da

+

+∞∫

0

L3

⎛
⎝μ,

+∞∫

0

γ(s)ϕ(s)ds

⎞
⎠ (a)da

+DΘ

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠
⎛
⎝

+∞∫

0

γ(s)ϕ(s)ds

⎞
⎠,

where

βμ,u(μ)(a) = β

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠ (a)

and L3 : R × R
p → L∞ ((0,+∞),Mn(R)) is given by

L3 (μ, γ̂) (a) = ∂γ̂Ĥ

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠ (a) (γ̂),

in which Ĥ : R × R
p → L∞ ((0,+∞),Rn) is the map defined by

Ĥ(μ, γ̂)(a) = β (μ, γ̂) (a)u(μ)(a).
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Consider the system

(
I − C (λI − (A+B))−1

)(α
ϕ

)
=
(
α̂
ϕ̂

)

or

(
α
ϕ

)
− C

⎛
⎝ 0

e−λ.U(., 0)α+
.∫

0

e−λ(.−s)U(., s)ϕ(s)ds

⎞
⎠ =

(
α̂
ϕ̂

)
.

We obtain the system
⎧⎪⎪⎨
⎪⎪⎩
α− ∂ϕB (μ, u(μ))

(
e−λ.U(., 0)α+

.∫
0

e−λ(.−s)U(., s)ϕ(s)ds
)

= α̂

ϕ(a) − L2

(
+∞∫
0

γ(s)
[
e−λsU(s, 0)α+

s∫
0

e−λ(s−l)U(s, l)ϕ(l)dl
]
ds

)
(a) = ϕ̂(a).

(5.9)

Set

Γ1(ϕ) =

+∞∫

0

βμ,u(μ)(a)ϕ(a)da

and

Γ2(ϕ) =

+∞∫

0

γ(a)ϕ(a)da.

We obtain

[
I − ∂ϕB (μ, u(μ)) e−λ.U(., 0).)

]
α− ∂ϕB (μ, u(μ))

⎛
⎝

.∫

0

e−λ(.−s)U(., s)ϕ(s)ds

⎞
⎠ = α̂.

By applying

ϕ → Γ1

⎛
⎝

s∫

0

e−λ(s−l)U(s, l)ϕ(l)dl

⎞
⎠ =: x1

and

ϕ → Γ2

⎛
⎝

s∫

0

e−λ(s−l)U(s, l)ϕ(l)dl

⎞
⎠ =: x2

to both sides of the second equation of system (5.9), we obtain
[
I − ∂ϕB (μ, u(μ))

(
e−λ.U(., 0).

)]
α

−
⎡
⎣x1 +

+∞∫

0

L3 (μ, x2) (a)da+DΘ

⎛
⎝μ,

+∞∫

0

γ(s)u(μ)(s)ds

⎞
⎠ (x2)

⎤
⎦
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= α̂, x1 − Γ1

⎛
⎝

.∫

0

e−λ(.−l)U(., l)L2(x2)(l)dl

⎞
⎠− Γ1

⎛
⎝

.∫

0

e−λ(.−l)U(., l)L2(Γ2

(
e−λ.U(., 0)α

)
)(l)dl

⎞
⎠

= x̂1, x2 − Γ2

⎛
⎝

.∫

0

e−λ(.−l)U(., l)L2(x2)(l)dl

⎞
⎠

−Γ2

⎛
⎝

.∫

0

e−λ(.−l)U(., l)L2(Γ2

(
e−λ.U(., 0)α

)
)(l)dl

⎞
⎠ = x̂2, (5.10)

where

x̂1 := Γ1

⎛
⎝

s∫

0

e−λ(s−l)U(s, l)ϕ̂(l)dl

⎞
⎠

and

x̂2 := Γ2

⎛
⎝

s∫

0

e−λ(s−l)U(s, l)ϕ̂(l)dl

⎞
⎠.

The above system can be rewritten as a finite dimensional system of linear equations

Δ (μ, λ)

⎛
⎝ α
x1

x2

⎞
⎠ =

⎛
⎝ α̂
x̂1

x̂2

⎞
⎠

and we obtain the characteristic equation

det(Δ (μ, λ)) := 0.

When Δ (μ, λ) is invertible, we have

Δ (μ, λ)−1 =
1

det(Δ (μ, λ))
[cof(Δ (μ, λ))]T ,

where cof(Δ (μ, λ)) is the matrix of cofactors of Δ (μ, λ). So we obtain⎛
⎝ α
x1

x2

⎞
⎠ =

1
det(Δ (μ, λ))

[cof(Δ (μ, λ))]T
⎛
⎝ α̂
x̂1

x̂2

⎞
⎠. (5.11)

We denote [cof(Δ (μ, λ))]T by

[cof(Δ (μ, λ))]T =

⎛
⎝N11 N12 N13

N21 N22 N23

N31 N32 N33

⎞
⎠,

where the blocks Nij are such that the system (5.11) can be rewritten as⎛
⎝ α
x1

x2

⎞
⎠ = det(Δ (μ, λ))−1

⎛
⎝N11α̂+N12x̂1 +N13x̂2

N21α̂+N22x̂1 +N23x̂2

N31α̂+N32x̂1 +N33x̂2

⎞
⎠ . (5.12)

Finally, using the second equation of (5.9), we have

ϕ(a) = ϕ̂(a) + L2(x2)(a) + L2

⎛
⎝

+∞∫

0

γ(s)e−λsU(s, 0) (α) ds

⎞
⎠ (a). (5.13)
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Therefore, we derive that if det(Δ (μ, λ)) �= 0, then
(
I − C (λI − (A+B))−1

)
is invertible, and using

Eqs. (5.9), (5.12), and (5.13), we obtain the following explicit formula
(
I − C (λI − (A+B))−1

)(
α
ϕ

)
=
(
α̂
ϕ̂

)

⇔

⎧⎪⎪⎨
⎪⎪⎩

α = det(Δ (μ, λ))−1 (N11α̂+N12x̂1 +N13x̂2) ,
ϕ(a) = ϕ̂(a) + det(Δ (μ, λ))−1L2(N31α̂+N32x̂1 +N33x̂2)(a)

+ det(Δ (μ, λ))−1L2

(
+∞∫
0

γ(s)e−λsU(s, 0) (N11α̂+N12x̂1 +N13x̂2) ds
)

(a).

(5.14)

We observe that the only singularity in the above expression comes from det(Δ (μ, λ))−1 when λ
approaches an eigenvalue. By the above discussion, we obtain the following result.

Lemma 5.8. Let Assumptions 5.4–5.6 be satisfied. Then, we have the following:

(i) σ(A+B + C) ∩ Ω = σp(A+B + C) ∩ Ω = {λ ∈ Ω : det(Δ (μ, λ)) = 0} .
(ii) If λ ∈ ρ(A+B + C), we have the following formula for the resolvent

(λI − (A+B + C))−1

(
α̂
ϕ̂

)
=
(

0
ψ

)

⇔ ψ(a) = e−λaU(a, 0) det(Δ (μ, λ))−1 (N11α̂+N12x̂1 +N13x̂2 )

+

a∫

0

e−λ(a−s)U(a, s)
[
ϕ̂(a) + det(Δ (μ, λ))−1L2(N31α̂+N32x̂1 +N33x̂2)(a)

+ det(Δ (μ, λ))−1L2

⎛
⎝

+∞∫

0

γ(s)e−λsU(s, 0)
(

N11α̂+
N12x̂1 +N13x̂2

)
ds

⎞
⎠ (a)

⎤
⎦ ds, (5.15)

where

x̂1 =

+∞∫

0

βμ,u(μ)(a)

⎛
⎝

a∫

0

e−λ(a−l)U(a, l)ϕ̂(l)dl

⎞
⎠ da,

x̂2 =

+∞∫

0

γ(a)

⎛
⎝

a∫

0

e−λ(a−l)U(a, l)ϕ̂(l)dl

⎞
⎠ da

and Nij is defined in (5.11).
(iii) If λ0 ∈ {λ ∈ Ω : det Δ (μ, λ) = 0} = Ω ∩ σ(A+B +C), then λ0 is isolated. Moreover, λ0 is a simple

pole of the resolvent of A+B + C if

lim
λ→λ0

det(Δ (μ, λ))
λ− λ0

�= 0.

Furthermore, λ0 is a simple eigenvalue if in addition to condition (5.12) the dimension of the
eigenspace of A+B + C associated with λ0 is 1, which is equivalent to

dim (N (Δ(λ0, μ))) = 1.

Proof. Assume that λ ∈ Ω and det (Δ (λ, μ)) �= 0. From (5.6), (5.8), and (5.14 ) we obtain (5.15).
Therefore, we obtain that {λ ∈ Ω : det (Δ (λ, μ)) �= 0} ⊂ ρ(A+B + C) and

σ(A+B + C) ∩ Ω ⊂ {λ ∈ Ω : det (Δ (λ, μ)) = 0}.
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Conversely, assume that λ ∈ Ω and det (Δ (λ, μ)) = 0. We claim that we can find
(

0
ψ

)
∈ D(A) \ {0}

such that

(A+B + C)
(

0
ψ

)
= λ

(
0
ψ

)
. (5.16)

Indeed, set (
α
ϕ

)
= (λI − (A+B))

(
0
ψ

)

⇔
(

0
ψ

)
= (λI − (A+B))−1

(
α
ϕ

)
.

So we can find a solution of (5.16) if and only if we can find
(
α
ϕ

)
∈ X\{0} satisfying

[
I − C (λI − (A+B))−1

](
α
ϕ

)
= 0.

Now from the above discussion, this is equivalent to find (α, x1, x2)T �= 0 satisfying

Δ(λ, μ)(α, x1, x2)T = 0,

where

x1 =

+∞∫

0

βμ,u(μ)(a)

⎛
⎝

a∫

0

e−λ(a−l)U(a, l)ϕ(l)dl

⎞
⎠ da,

x2 =

+∞∫

0

γ(a)

⎛
⎝

a∫

0

e−λ(a−l)U(a, l)ϕ(l)dl

⎞
⎠ da.

But by the assumption det (Δ (λ, μ)) = 0, we can find
(

0
ψ

)
∈ D(A) \ {0} satisfying (5.16), which yields

λ ∈ σp(A+B + C). Hence, {λ ∈ Ω : det (Δ (λ, μ)) = 0} ⊂ σp(A+B + C) and (i) follows. Assertion (iii)
follows from (5.15 ) and the same argument as in the second of the above proof. The proof is complete. �

From the above discussion we know that Assumptions 1.1, 1.2 and 1.3(c) hold. In order to apply the
Hopf bifurcation theorem obtained above to system (5.3), we only need to make the following assumption.

Assumption 5.9. There exists a continuously differentiable map λ : (−ε, ε) → C such that for each
μ ∈ (−ε, ε),

det (Δ (μ, λ(μ))) = 0,

and λ(μ) is a simple eigenvalue of (A+ ∂xF (μ, xμ))0 that is equivalent to verify that

lim
λ→λ(μ)

det (Δ (μ, λ))
(λ− λ(μ))

�= 0

and

dim (N (Δ(μ, λ (μ)))) = 1.

Moreover, assume that

Im (λ(0)) > 0, Re(λ(0)) = 0,
dRe(λ(0))

dμ
�= 0,
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and

{λ ∈ Ω : det (Δ (λ, 0)) = 0} ∩ iR =
{
λ(0), λ(0)

}
. (5.17)

If λ(μ) is a solution of the characteristic equation, so is λ(μ). So from the above assumption, we obtain
a pair of conjugated simple eigenvalues. Now, using Theorem 2.4, we derive the following Hopf bifurcation
theorem for system (5.3).

Theorem 5.10. Let the Assumptions 5.4–5.6 and 5.9 be satisfied. Then, there exist a constant ε∗ > 0
and three Ck−1 maps, ε → μ(ε) from (0, ε∗) into R, ε → u0,ε from (0, ε∗) into L1((0,+∞),Rn), and
ε → p(ε) from (0, ε∗) into R, such that for each ε ∈ (0, ε∗) there exists a p(ε)-periodic function uε ∈
Ck
(
R, L1((0,+∞),Rn)

)
, which is a solution of (5.3) for the parameter value μ = μ(ε) and the initial

value u0 = u0,ε. Moreover, we have the following properties:
(i) There exist a neighborhood N of 0 in L1((0,+∞),Rn) and an open interval I in R containing 0 such

that for μ̂ ∈ I and any periodic solution û(t) in N, with minimal period p̂ close to 2π
Im(λ(0)) , of (5.3)

for the parameter value μ̂, there exists ε ∈ (0, ε∗) such that û(t) = uε(t+ θ) (for some θ ∈ [0, p(ε))),
μ(ε) = μ̂, and p(ε) = p̂.

(ii) The map ε → μ(ε) is a Ck−1 function and

μ(ε) =
[ k−2

2 ]∑
n=1

μ2nε
2n +O(εk−1), ∀ε ∈ (0, ε∗),

where
[

k−2
2

]
is the integer part of k−2

2 .

(iii) The period p(ε) of t → uε(t) is a Ck−1 function and

p(ε) =
2π

Im (λ(0))

⎡
⎢⎣1 +

[ k−2
2 ]∑

n=1

p2nε
2n

⎤
⎥⎦+O(εk−1), ∀ε ∈ (0, ε∗),

where Im (λ(0)) is defined in Assumption 5.9.

Remark 5.11. If we only assume that k ≥ 2, and the condition (5.17) is replaced by

{λ ∈ C : det (Δ (0, λ)) = 0} ∩ iωZ = {iω,−iω}
with ω = Im(λ(0)), then using Remark 2.5, we deduce that assertion (i) of Theorem 5.10 holds.

5.3. Coupled systems

To conclude the paper, we would like to mention that the above theorem also applies to a coupled system
of an ordinary differential equation and a partial differential equation of the form⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
+
∂u

∂a
= −D(a)u(t, a) + M̃(μ,

+∞∫
0

γ̂(a)u(t, a)da, V (t))(a)u(t, a)

u(t, 0) = B (μ, u(t, .), V (t))
dV (t)
dt

= −CV (t) +G(μ, V (t),
+∞∫
0

γ̂(a)u(t, a)da)

u(0) = u0 ∈ L1 ((0,+∞),Rn) , V (0) = V0 ∈ R
p,

(5.18)

where B has the following form

B(μ, ϕ, V ) =

+∞∫

0

β

⎛
⎝μ,

+∞∫

0

γ̂(s)ϕ(s)ds, V

⎞
⎠ (a)ϕ(a)da+ Θ

⎛
⎝μ,

+∞∫

0

γ̂(s)ϕ(s)ds, V

⎞
⎠.
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Indeed, in system (5.18), we can rewrite the ordinary differential equation as an age-structured model⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂v

∂t
+
∂v

∂a
= −Cv(t, a),

v(t, 0) = G(μ,
+∞∫
0

v(t, a)da,
+∞∫
0

γ̂(a)u(t, a)da)

v(0, .) = v0 ∈ L1 ((0,+∞),Rn).

Then, by setting

V (t) :=

+∞∫

0

v(t, a)da,

we deduce that V (t) satisfies the original ordinary differential equation

dV (t)
dt

= −CV (t) +G(μ, V (t),

+∞∫

0

γ̂(a)u(t, a)da).

Thus, by setting w(t, a) = (u(t, a), v(t, a)), we obtain a system of the form⎧⎪⎪⎨
⎪⎪⎩

∂w

∂t
+
∂w

∂a
= −D̂(a)w(t, a) + M̂(μ,

+∞∫
0

γ(a)w(t, a)da)(a)w(t, a)

w(t, 0) = B̂ (μ,w(t, .))
w(0, .) = w0 ∈ L1 ((0,+∞),Rn × R

p),

where
+∞∫

0

γ(a)w(t, a)da =

⎛
⎝

+∞∫

0

γ̂(a)u(t, a)da,

+∞∫

0

v(t, a)da

⎞
⎠.

So we can apply Theorem 5.10 to system (5.18). Following the above procedure, one can also apply The-
orem 5.10 to study Hopf bifurcation in the coupled epidemic models for mutating pathogens considered
by Li et al. [31].
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