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1 Introduction

In 1982, Weinberger [27] proposed the following discrete-time recursion to model a class of biological
processes
Unt1(x) = Qup](x), n=0,1,2,..., (1.1)

where the vector-valued function u,(r) € R* represents the population density of k species at time n
at the point € H C R™, H is the habitat of the species, @ is an R¥-valued mapping. In particular,
Weinberger [27, p. 358] derived a concrete population genetics model of the form

Unt1(X) = Quy](x) = . m(x—y)g(u,(y))dy, n=0,1,2,..., (1.2)
where x,y € R?, u,, € R denotes the gene fraction in the newly born individuals of the n-th generation, m
is the probability function describing the migration of the individuals and g(u,,) means the gene fraction
before migration. If we assume that the probability function m(x —y) takes the form of a Gauss kernel
function (also see Remark 5.6), which is the fundamental solution of a homogeneous reaction-diffusion
equation in R? (in fact, reaction-diffusion equations were also used to describe the spreading of gene
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fraction in the pioneer work on traveling wavefronts of reaction-diffusion equations [7,8]), then (1.2)
reduces to the following discrete-time integral recursion

1 _x—yl?
Un41(X) = Qluy](x) = 4 e 1 g(up(y))dy, n=0,1,2,..., (1.3)
wd R2
where d > 0 is a positive constant and | - | denotes the Euclidean norm in R2.

For model (1.2) and more general ones, the long term dynamical behavior has been investigated
extensively in the past thirty years, especially on traveling wavefronts and the asymptotic speed of
spread. We refer to [5, 6, 9-17, 22-24, 27-30], etc.

It is well-known that the stability of traveling wavefronts is very important in interpreting some phe-
nomena in physics, biology and chemical reactions [1,19,25] and in understanding the long time behavior
of evolutionary systems [20]. However, these results mentioned above only involve the existence of trav-
eling wavefronts and the asymptotic speed of spread, and the stability of traveling wavefronts in the
discrete-time recursions remains open. In this paper, we study the existence and stability of traveling
frontwaves in discrete-time integral recursions.

By the studies on the stability of traveling wavefronts in reaction-diffusion equations [20, 25, 26] and
lattice differential equations [2,3,18], it seems that the precise asymptotic behavior of traveling wavefronts
of (1.3) should be established. Therefore, we shall first consider the existence and precise asymptotic
behavior of traveling wavefronts in (1.3) before investigating the stability of monostable wavefronts. For
this purpose, the characteristic equation of the linearized system near the unstable equilibrium state will
be first investigated. Then we will construct proper upper and lower solutions depending on the constants
that were established by the characteristic equation. This allows us to prove the existence and precise
asymptotic behavior of traveling wavefronts in (1.3) by the monotone iteration technique [5,24].

Since the stability of traveling wavefronts deals with the long term behavior of the corresponding
Cauchy problem when the initial value is a spatial perturbation of the traveling wavefronts, it is necessary
to study some properties of the initial value problem of model (1.3). In particular, we first construct a
pair of upper and lower solutions by the traveling wavefronts, and then the squeezing technique [3,18,26]
is applied to such discrete-time integral recursions to prove the asymptotic stability and uniqueness of
traveling wavefronts in the sense of phase shift and circumnutation. In addition, the corresponding model
defined on R is also considered.

The rest of this paper is organized as follows. In Section 2, we establish the existence and discuss
the precise asymptotic behavior of traveling wavefronts of the discrete-time integral recursion (1.3). The
corresponding Cauchy problem is investigated in Section 3. In Section 4, we study the asymptotic stability
and uniqueness of the traveling wavefronts by the squeezing technique. Similar results on monostable
wavefronts of discrete-time recursions in R are given in Section 5.

2 Existence of traveling wavefronts

In this section, we shall establish the existence of traveling wavefronts of the discrete-time integral recur-
sion (1.3) by combining the monotone iteration technique with the upper and lower solutions method. In
what follows, x will be denoted by (x1,x2) without further interpretation, and dx will be interpreted as
dxydxs, so for y = (y1,y2). For n = 1,2, denote

C(R™,R) = {u(x)u(z) : R" — R is uniformly continuous and bounded}.

It is well-known that C'(R™,R) is a Banach space equipped with sup norm | - |. Assume that a < b with
a,b € R. Then Cj, ;) will be interpreted as

Clap) = {u(z)|u(z) € C(R",R) and a < u(z) < b,z € R"}.

For convenience, we first give the assumptions on g, which will be imposed throughout Sections 2-5.
(g1) g(0) =0, g(1) =1 and g(u) > u for all u € (0,1);
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(g2) g(u) is a C? function if u € [0,1] and 0 < ¢'(u) < ¢'(0) if u € [0, 1];

(g3) 0 < g'(u) < 1ifuell—p, 1] with some p € (0,1);

(g4) g((1+d)u) < (1 +d)g(u) for any u,d € [0,1] such that (1+ §)u € [0, 1].

We should note that there are many functions satisfying the assumptions (gl)—(g4), such as the so-
called Beverton-Holt stock recruitment curve, which takes the form

AU

9 =10 1

with A > 1. We refer to Kot [9] for more details.

Definition 2.1. A traveling wave solution of (1.3) is a special solution with form u,(x) = ¢(x1 cosb +
x9sin@+cn), in which (—ccos, —csinf) with ¢ > 0 and 6 € [0, 27| is the wave speed that the wave profile
¢ € C(R,R) spreads in R%. In particular, if ¢(&) is monotone in & € R, then it is called a traveling
wavefront.

By Definition 2.1, the traveling wavefront ¢(£) of (1.3) must satisfy the following integral equation

1 |2
o€ +c)= e~ g(p(§ —x1cosf —xosind))dx, € €R. (2.1)
47Td R2
Motivated by the background of traveling wavefronts [27], we also require that ¢ satisfies the following
asymptotic boundary conditions

i o(€) =0, Jim o(¢) = L (2.2)

Thus, our intention is to prove the existence of a monotone solution of (2.1) and (2.2). For this purpose,
we rewrite (2.1) as

o(&) = 471rd / e ‘Zf g(d(§ — ¢ — w1080 — xos8inf))dx, £ €R. (2.3)
R2

In order to apply the monotone iteration technique to prove the existence of a monotone solution of
(2.3) and (2.2), we will construct a profile set by the upper and lower solutions which are defined as
follows.

Definition 2.2. A continuous function ¢(§) € Cjo.1)(R,R) is an upper solution (a lower solution) of
(2.3) if it satisfies

P(&) = (<)471rd/ e~ i g(@(€é —c—x1cosf — zosinf))dx, £ eR.
R2

For A > 0,c¢ > 0, define

! O x|2 .

Lemma 2.3. Assume that ¢ > ¢* := 2,/dIn(g'(0)). Then A(\,c) = 1 has two distinct positive roots
A1) and Aa(c) with Ai(c) < Aa2(c) if ¢ > ¢* and no real roots if ¢ < ¢*. Moreover, Ai(c) and A2(c) are
given by

cE /2 — (c*)?

2d
and there exists n € (1, min{2, ifgg}) such that A(nAi(c),c) < 1.

/\172(0) =

The proof of Lemma 2.3 is clear and we omit it here. Using the constants in Lemma 2.3 with ¢ > 1,
we define continuous functions as follows:

¢(¢) = min{eM (D 4 g1 1}, 6(¢) = max{eM(IE — gem (I 0}, (2.4)

Lemma 2.4. ¢(&) is an upper solution of (2.3).



1188 LIN Guo et al. Sci China Math ~ May 2010 Vol. 53 No.5

Proof. Tt suffices to verify that ¢(€) satisfies the definition of an upper solution. If ¢(§) = 1, then
o(y) < 1 for y € R by the definition of ¢(§), which further implies that g(¢(§ — ¢ — x1 cos 6 — xzo sinf)) <
1, 1,22 € R by (gl) and (g2). Then the result holds when ¢(§) = 1.

If (&) = MO 4 gen (D€ then g(¢(y)) < ¢'(0)[e*(@)Y 4+ gem1(9)Y] for y € R. Therefore, it is sufficient
to prove that

4dd
= MEEAN (€), ¢) + ge™ SN (A (c), ¢),

e)\l(c)g + qenkl(c)g > g/(o) / o \I(\f [e)\l(c)(gfcfa:l cos 0 —xzosin 0) + qen)\l(c)(ﬁfcfa:l cos —x2 sin@)]dx
R2

which follows from the condition (g2) and Lemma 2.3. The proof is complete.
Lemma 2.5. ¢(§) is a lower solution of (2.3) if ¢ > 1 is large enough.

Proof. Tt suffices to verify that ¢(&) satisfies the definition of a lower solution. If ¢(§) = 0, then the
result holds because g(¢(y)) > 0 for all y € R.

By the condition (g2), there exists a constant L > 0 such that |¢”(u)| < ¢’(0)L, u € [0,1]. If ¢(§) =
eM (8 _ genM(©¢ then we only need to prove that

P(§) < %4/7(:21) / e ‘Zf d(§ — ¢ — x1 cos0 — xo sin B)dx
]RZ

4rd

Therefore, it is sufficient to show that

¢(§) <gl(0)/ e,";‘; e)\l(c)(gfcfazlCosefa:gsine)dx
R2

/ 2
9 (0)L / e o [q&(f — ¢ —x1 €080 — x5 sin 9)]2dX-
R2

= 4rd
- qgl(o) / e ‘zf en)\l(c)(g—c—ml cos O—x2 sin 9)dx
4d7d R2
B Lg/(o) / o ‘:L\f 62)\1(c)(§—c—z1 cos 0—xo sin9)dx
4rd R2

=eMEA (A (c), ) — qe™ A (nA1(c), ¢) — Le® M DEA (2X1(c), ¢) .

By Lemma 2.3 and the definition of ¢(¢), it is equivalent to prove that g(A(nAi(c),c) — 1)em (& <
—LA(2)1(c), €)e**(9)¢ which follows if ¢ > 11‘_/%(27])‘;1((06))’02) + 1. The proof is complete.
Repeating the monotone iteration processes in [5, Theorem 6.1] and [24, Theorem 3.3|, we can prove

the following result.
Theorem 2.6. Assume that ¢ > ¢* holds. Then (2.1) and (2.2) have a monotone solution ¢(§) such
that limg_, — oo P(&)e M1(DE = 1.
Remark 2.7. Theorem 2.6 is similar to the result in [24]. However, the upper solution in [24] cannot
be applied to the discussion in Lemma 4.2 of this paper, so we construct upper and lower solutions
different from that in [24].

From the smoothness of the heat equation [21], it is evident that the following property of traveling
wavefronts is true.
Theorem 2.8. Assume that ¢(¢) is formulated by Theorem 2.6. Then ¢(&) € C*(R,R) and limg_._
¢'(€)e (% = N (e).

3 Initial value problem

In this section, we first recall some results in [27] on the corresponding initial value problem of (1.3),
which takes the form

3.1
up(x) = u(x), (3-1)

{un+1(x) :Q[un](x)7 n=0,1,2,...,
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where u(x) € C(R? R) is a given function.
Theorem 3.1. Assume that u(x) € Clo,1). Then un(x) € Clo 1) for alln =0,1,2,...

The result in Theorem 3.1 is clear by the assumptions (gl) and (g2), so we omit the proof here. In
order to establish the comparison principle for (3.1), we need to introduce the upper and lower solutions.

Definition 3.2. Assume that v, (x) € Cjo 1) for alln = 0,1,2,... Then v,(x) is called an upper solution
(a lower solution) of (3.1) if

Unt1(x) = (L)Q[vn](x), n=0,1,2,..., and vo(x) = (L)u(x). (3.2)

Theorem 3.3. Assume that u,(x) and u,(x) are the upper and lower solutions of (3.1), respectively.
(i) If uo(x) = ug(x), then u,(x) = u, (x) for alln > 1;
(ii) If up(x) = u(x) = uy(x), then un(x) = u(x) > u,(x) for alln > 1;
(iil) If uo(x) = uy(x), then

up(x) — uy(x) = /R2 e 3 [9(uo(y)) — g(uy(y))]dy =0  for all x € R?.

Theorem 3.3 is clear and we refer to [27].
Remark 3.4. Since the traveling wavefront is monotone, the above item (iii) implies that the traveling
wavefront of (1.3) is strictly monotone such that ¢'(£) > 0 for £ € R.

Lemma 3.5. Assume that ¢(x1 cos8 + xosind + cn) is the traveling wavefront of (1.3) formulated by
Theorem 2.6. Then for any 61 € (0,27, there exist 6o € (0,1), 8 > 0 and o > 0 such that for each
§ € (0,00] and €T € R, the continuous function

U (x) = min{(1 + e~ ") p(21 cos Oy + zosin by + cn + €4 — ode ), 1} (3.3)

is an upper solution of (3.1) if ug(x) > u(x) for x € R2.

Proof.  Without loss of generality, we only consider the case ¥ = 0. If u,(x) = 1, then the result holds,
so we only consider the case u,(x) # 1. Let £ = x1 cos 61 + x2 siny + cn and 7 = y; cos 01 + y2 sin ;. We
shall prove the following inequality

1 2
(14 6e Pt p(E + ¢ — doe Py > And / e~ ha g((1 +6e PM)p(€ — doe P — 7))dy (3.4)
i R2
for all ¢ € R and n > 0. Let M > 0 be large enough but finite. We shall consider the above equation in
three cases.

By the definition of traveling wavefronts, (3.4) is equivalent to

Se PH (¢ ¢ — doe Aty > 41 g e T g((1+ 0e~Pr)g(& — doe P — 7))dy
Iy R2
1 |2
_ - _ —B(n+1) _
dmd oo € 9(¢(§ — doe 7))dy. (3.5)

According to (g4), (3.5) holds provided that

5676(’”1)@5(5 +c— 50676(’”1))

1 —pn vI? 1 vI?
> [ e Wt o — oy = [ e gl - doe Dy
47Td R2 47Td R2
=8 P P&+ ¢ — boe ) + 4(€ 4 ¢ — doe ) — B(€ + ¢ — boe P,
Note that ¢(& + ¢ — doe PHD) > ¢(€ 4 ¢ — §oeP™). Then it is sufficient to prove that
G(E+ ¢ — doe P _ 6(6 + ¢ — doe ) > Ge7P"[1 — e7Pp(E + ¢ — doe ™),

which is true once
P& +c—doe” ") <o/ (1) (3.6)
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for all p € [€ + ¢ — doe P € + ¢ — dgePnH1)],

If £ +c— doe P < —M, then (3.6) is clear if ¢ > 0 is large enough, which depends on the precise
asymptotic behavior in Theorems 2.6 and 2.8.

If |€ + ¢ — §oe™P"| < M, then (3.6) holds if 3 > 0 is small enough and ¢ > 0 is large enough, which
depends on the strict monotonicity of ¢(§) (see Remark 3.4).

We now consider the case £ + ¢ — doe™P" > M. Choose x € (0,1) such that ¢’(z) < x < 1 if 2 >
¢(M — do) > K, which is well-defined by (g3) if M > 0 is large enough. Then it is evident that

1 ly|?
~ ad —pn _ —pn _
i € gl 8ol — G )y

—~pn o2 —Bn §e—Png(f — Sge—bn
< 1+ de / ) g(q&({—dae*f}”—ﬂ)dy—i—ﬁée 07 PnP(€ — doe™ )
7<0

4md 2 2

by the monotonicity of ¢(£), which further implies that

1 _Iyl? on o
dmd J,, € M 9(A 0TI — doem —7))dy
1+ 5675” ly|? K(Seiﬁn 5675»“(;5(5 - (50675'”)
< T4 _ —pBn _
S 4nd /R2 e 1 g(p(€ — doe 7))dy + ) )
—pn —Bn _ —fBn
= (1 +8e79M)p(€ + ¢ — doe ") + "562 _ 0eTe(E ) doe= ")

Therefore, (3.4) holds for £ > M provided that

(14 6e P p(e + ¢ — boe PFDY — (1 4 6 P™) (€ 4 ¢ — doe ™)
> (14 6e PN (€ 4 ¢ — doe ™) — (14 6 P™)p(€ + ¢ — boe ™)
—pBn —pBn _ —pBn
=de (e —1)p(€ + ¢ — Soe ) > /<;5€2 o ¢(£2 boe )7
which is true if 5 > 0 is small enough. The proof is complete.

Lemma 3.6. Assume that ¢(x1 cos8 + xo8ind + cn) is the traveling wavefront of (1.3) formulated by
Theorem 2.6. Then for any 01 € [0,27], there exist o € (0,1), 8 > 0 and o > 0 such that for each
§ € (0,00] and £~ € R, the continuous function

u, (x) = (1 — e P p(xcos By + ysinby + cn + £ + doe Pm) (3.7)

is a lower solution of (3.1) if ug(x) < u(x) holds.
The proof of Lemma 3.6 is similar to that of Lemma 3.5, so we omit it here.

Remark 3.7. In Lemmas 3.5 and 3.6, the choices of o and  are uniform for § € (0, dp], which will be
very important in what follows.

Lemma 3.8. Assume that un,(x),vn(x) are defined by (3.1) with the initial values u(x),v(x), respec-
tively. If u(x) > v(x) and u(x),v(x) € Cio,1), then 0 < u1(x) — v1(x) < ¢'(0)]u(-) — ()], x € R?.

Lemma 3.8 follows from the assumption (g2), so the proof is omitted.

4 Stability of traveling wavefronts

In this section, we shall prove that the traveling wavefronts established in Theorem 2.6 are stable in the
sense of phase shift and circumnutation. The main result is first listed as follows.

Theorem 4.1. Let ¢(x1 cos 0+x5 sin 0+cn) be a traveling wavefront of (1.3) formulated by Theorem 2.6.
Assume that there exists 01 € [0,27] such that u(x) satisfies

) lim u(x)e (¢ = p, 1i§m inf u(x) >0
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uniformly in & = x1 cos by +xosinéy. Let § = )\11(0) In p and u,(x) be defined by (3.1) with up(x) = u(x).
Then

lim sup tun(X)

-1/ =0
n—00 g2 | G(21 o801 + wosin by + cn + &)

Before proving Theorem 4.1, we first establish several lemmas, throughout which the conditions of
Theorem 4.1 are imposed.

Lemma 4.2. For any p > 0 with p = (pcosf,psinby), there exists £(p) such that u, (x —2p) <
D&+ &o) < up (x4 2p) for all z1 cosby + zasinfs +cn =€ < &(p) and n=0,1,2,...
Proof.  Let g > 1 be large enough. Then

d(w1cos6y +xasinby + &) > u(x—p) and @(xqcosby + xesinby + &) < u(x + p)

hold for all x € R?, where ¢ and ¢ are defined by (2.4). Similar to those in Lemmas 2.4 and 2.5, we can
verify that ¢(€ + &) and ¢(£ + &) are the upper and lower solutions of (3.1), respectively. Then the
result is clear by the asymptotic behavior of traveling wavefronts in Theorem 2.6. The proof is complete.

Lemma 4.3. There exist constants § € (0,1),8 > 0,0 > 0 and 2o > 0 such that
(1 =8 PM)p(€ + &0 — 20 + doe™ ™) < up(x) < min{(1 4 6 P™)p(€ + & + 20 — doe "), 1}

for any & = x1cosf; + xosinfy +cn €R and n > 1.

Proof. In Lemma 4.2, let p = 1. Then the result is true if zo — o > 2 and £ < £(1) hold. If £ > £(1)
with n = 1, it is clear that there exists ' > 0 such that u;(x) > ¢’ holds uniformly. Therefore, there
exist § € (0,1),3 > 0,0 > 0 such that for £ = z; cos 1 + 2 sinfs + c,

(1 —38e PYp(€ + & — 20 + doe™P) < uy(x) < min{(1 + s P)(€ + & + 20 — doe™P), 1}

if z9 > 0 is large enough. In particular, let zo > 0 be large enough. Then § € (0,1),8 > 0,0 > 0 also
satisfy the conditions in Lemmas 3.5 and 3.6. By Theorem 3.3, the result holds and this completes the
proof.

Lemma 4.4.  There exists a constant Moy > 0 such that (1 — e)p(§ + 3e0) < ¢(§) < (1 +¢€)p(§ — 3e0)
for any e € (0,9) and & = My + &o.
Proof.  Note that lim¢_.oc ¢(§) = 1. Then the result is obvious if My > 0 is large enough.
Lemma 4.5. Let z and M be any given positive constants and u,’ (x),u,, (x) be solutions of (3.1) with
initial values

ut(x) = oS + & + 2)x(c + M) + (s + &o + 22) [1 = x(c + M)],
u” (x) = (s + & — 2)x(s + M) + ¢(c + & — 22) [ — x(c + M)],

respectively, where ¢ = x1 cosfy + xosinby, x(y) = min{max{0, —y}, 1} for all y € R. Then there exists
an € € (0,min{d/2,z/ (30)}) such that for any ¢ € [-M, ),

uf (x) < (1+€)p(s + & + 22 — 3ea), u] (x) = (1 —€)p(x + & — 22 — 3eo),

i which ¢ = x1 cosf + x9sin b + c.

Proof. By the definition of x(y), it is easy to see that u¥(x) < @(c + & +22), ¢ = x1 cos Oy + x3 sin b;.
Thus ¢(€ + & + 22) is an upper solution of (3.1) with the initial value u*(x). Theorem 3.3 and the
definition of x(y) imply that

ul(x) < p(E+& +22), €=uz1co80; +a9sinfs+cneR, n=12,...

Let My be defined by Lemma 4.3. Then the result is clear for £ > Mj. For the case £ € [—M, M),
we should note that the definition of u; (x) depends only on ¢(¢). Then the uniform continuity of u; (x)
and ¢(€) implies that the result is true if € > 0 is small enough.
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Similarly, we can prove the result of uy (x).

Proof of Theorem 4.1.  Define constants z+ and 2~ as follows:

2T Einf{zlz € AT}, At = {z >0

lim sup sup tun (%) < 1}
n—oo tek O(€+& +22)  J

lim inf inf tun (%) ) > 1},

-a A7}, AT =1z
z Sup{Z|Z S }7 {Z 0 n—oo {€R ¢(£ + 50 - 2Z

in which £ = x1 cosf + x2sin @ + cn. Then Lemma 4.3 implies that 2z and 2~ are well-defined. We now
prove that 2T = 2= = 0. Were the statements false, then there would exist N > 0 such that

sup un(X)
¢er @ (§+&o +227T)

where ¢'(0)e = ep(—M + & — 3eo) and € is given in Lemma 4.5 with z = 2%+ > 0. In particular, in
Lemma 4.5, let

<l+4+e, n>N, &=x1cosf+ xysinf+ cn,

ut(x) = d(E+ & +227), €=uax1c086; +x28in60; + N € [-M, +00)

with M > 0 large enough. Then uy(x) < ¢(E+& +227)+e =uT(x)+eif £ = 21 cosh +xasinf+cN €
[-M, +00). Lemma 3.8 implies that

un+1(x) < uf (%) + ep(—M + & — 3eo) < (14 2€)p(€ + & + 22T — 3eo)

for all £ = z1 cosfy + xosinby +cN + ¢ € [-M,00). By Lemma 4.2, uyi1(x) < ¢(€ + & + 21), where
& =uxyc0801 + x2sinb; + cN + ¢ € (—oo, —M] since M > 0 is large enough.
Let 8 > 0 be small enough. Then

un+1(x) < min{(1 4+ 2eefﬁ)¢(§ + &+ 22 —e0 — 260’67}6)7 1}

with € =z cosf; + x2sinfy + ¢N + ¢ € R. By the comparison principle and Lemmas 3.5 and 3.6 (also
see Remark 3.7), we can prove that

. Up, (X) .
lim sup sup <1, &=wm1cos0+ xo8inf + cn,
n—oo £€R @ (f + &0+ 22T — 50)

which is a contradiction to the definition of z. Thus zT = 0.
In a similar way, we can prove that z= = 0. The proof is complete.

Theorem 4.6. Assume that ¢(xq1 cosd + x2sinf + cn) and ¢1(x1 cosby + x2sinby + cn) are traveling
wavefronts of (2.2). If

lim_¢(@)e™ =1, dim_or(€)e™ =p,

[

then ¢(€) = ¢1(€ — &o) with & = All(c) Inp and £ € R.
Theorem 4.6 is a direct consequence of Theorem 4.1, so the proof is omitted.
Remark 4.7. Theorems 4.1 and 4.6 imply that the traveling wavefronts are asymptotically stable and

unique in the sense of phase shift and circumnutation, which is different from that in a discrete media,
see [4] and [27, p. 358].

5 The case H =R

In this section, we will give the corresponding results in the one-dimensional spatial case, which can be
regarded as the degenerate case of that in Sections 2-5. First, we consider the discrete-time recursions
on R [10],

1 _(@—w)?
Unt1(x) = Quy](z) = \/47rd/Re 1’ g(u,(y))dy, n=0,1,2,..., (5.1)
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where d > 0,2,y € R and g : R — R satisfies (g1)—(g4).
Definition 5.1. A traveling wavefront of (5.1) is a special solution of the form v,(x) = ¥(x + cn)
with ¢ > 0 and ¥ (t) being nondecreasing in t € R.

Substituting v, () = ¥(x + cn) into (5.1), then v satisfies

1 22
t+c) = /e_4d t—x))dr, teR. 5.2
Y(t+c) Jamd Je g (t — x)) (5.2)
We are also interested in the following asymptotic boundary conditions
. lim Y(t) =0, tlim Y(t) = 1. (5.3)

Similar to that in Section 2, we can establish the following result.

Theorem 5.2. Assume that ¢ > ¢* holds. Then (5.2) and (5.3) have a monotone solution 1 (t) such
that limy_, _ oo (t)e Mt = 1 and lim;_, _ oo ¢/ ()e (Ot = X1 (c), where ¢* and \i(c) are defined by
Lemma 2.3.

Consider the following initial value problem

{vn+1(x) :Q[’l}n](if), n=0,1,2,...,

5.4
vo(z) = v(z), o)

in which v(z) € Cjp,1) and the operator @ is defined by (5.1).

Theorem 5.3. Let ¥(x + cn) be a traveling wavefront of (5.1) formulated by Theorem 5.2. Assume
that v(z) satisfies
lim wv(z)e M@r =) ( lim v(z)eM (9 = p)

and
lim inf v(z) > 0 (hm inf v(z) > 0).

xr—00 r— —00

Let tg = All(c) Inp and v, (x) be defined by (5.4) with vo(x) = v(xz). Then

on(2) )—1‘:0)

lim sup Un () )—1‘:0 <lim sup W=z +en+1
- 0

n—co 4k | (T 4 cn + to n—0o0 yeR

The proof of Theorem 5.3 is similar to that of Theorem 4.1, so we omit it here. Moreover, the following
result is evident by Theorem 5.3.

Theorem 5.4. Assume that ¥(x+cn) is a traveling wavefront of (5.1) formulated by Theorem 5.2, and
Y1(x +cen) € Cpo 1) and Yo(—x + cn) € Coq) satisfy (5.2) and (5.3). If

i (O =, T (e O = o

then () = 1 (t —t1) = Pa(t — t2) with t = All(c) Inpy,ts = ,\11(0) In ps.
Remark 5.5. Theorems 5.3 and 5.4 imply that even for the one-dimensional case, the traveling wave-
front of (5.1) is stable and unique in the sense of phase shift and circumnutation, since there are only
two directions in the case of R.

The paper ends with the following two remarks.
Remark 5.6. It is easy to see that the method used in this paper can be generalized to the case that
the probability functions are more general than the Gaussian kernels (see, e.g., [17]).

Remark 5.7. We can also consider the corresponding problems for the reaction-diffusion equations and
obtain similar results. We shall investigate these in our forthcoming papers.
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