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Abstract The aim of this work is to study the traveling wavefronts in a discrete-time integral recursion

with a Gauss kernel in R
2. We first establish the existence of traveling wavefronts as well as their precise

asymptotic behavior. Then, by employing the comparison principle and upper and lower solutions technique,

we prove the asymptotic stability and uniqueness of such monostable wavefronts in the sense of phase shift and

circumnutation. We also obtain some similar results in R.
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1 Introduction

In 1982, Weinberger [27] proposed the following discrete-time recursion to model a class of biological
processes

un+1(x) = Q[un](x), n = 0, 1, 2, . . . , (1.1)

where the vector-valued function un(x) ∈ R
k represents the population density of k species at time n

at the point x ∈ H ⊆ R
m, H is the habitat of the species, Q is an R

k-valued mapping. In particular,
Weinberger [27, p. 358] derived a concrete population genetics model of the form

un+1(x) = Q[un](x) =
∫

R2
m(x − y)g(un(y))dy, n = 0, 1, 2, . . . , (1.2)

where x,y ∈ R
2, un ∈ R denotes the gene fraction in the newly born individuals of the n-th generation, m

is the probability function describing the migration of the individuals and g(un) means the gene fraction
before migration. If we assume that the probability function m(x − y) takes the form of a Gauss kernel
function (also see Remark 5.6), which is the fundamental solution of a homogeneous reaction-diffusion
equation in R

2 (in fact, reaction-diffusion equations were also used to describe the spreading of gene
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fraction in the pioneer work on traveling wavefronts of reaction-diffusion equations [7, 8]), then (1.2)
reduces to the following discrete-time integral recursion

un+1(x) = Q[un](x) =
1

4πd

∫
R2
e−

|x−y|2
4d g(un(y))dy, n = 0, 1, 2, . . . , (1.3)

where d > 0 is a positive constant and | · | denotes the Euclidean norm in R
2.

For model (1.2) and more general ones, the long term dynamical behavior has been investigated
extensively in the past thirty years, especially on traveling wavefronts and the asymptotic speed of
spread. We refer to [5, 6, 9–17, 22–24, 27–30], etc.

It is well-known that the stability of traveling wavefronts is very important in interpreting some phe-
nomena in physics, biology and chemical reactions [1,19,25] and in understanding the long time behavior
of evolutionary systems [20]. However, these results mentioned above only involve the existence of trav-
eling wavefronts and the asymptotic speed of spread, and the stability of traveling wavefronts in the
discrete-time recursions remains open. In this paper, we study the existence and stability of traveling
frontwaves in discrete-time integral recursions.

By the studies on the stability of traveling wavefronts in reaction-diffusion equations [20, 25, 26] and
lattice differential equations [2,3,18], it seems that the precise asymptotic behavior of traveling wavefronts
of (1.3) should be established. Therefore, we shall first consider the existence and precise asymptotic
behavior of traveling wavefronts in (1.3) before investigating the stability of monostable wavefronts. For
this purpose, the characteristic equation of the linearized system near the unstable equilibrium state will
be first investigated. Then we will construct proper upper and lower solutions depending on the constants
that were established by the characteristic equation. This allows us to prove the existence and precise
asymptotic behavior of traveling wavefronts in (1.3) by the monotone iteration technique [5, 24].

Since the stability of traveling wavefronts deals with the long term behavior of the corresponding
Cauchy problem when the initial value is a spatial perturbation of the traveling wavefronts, it is necessary
to study some properties of the initial value problem of model (1.3). In particular, we first construct a
pair of upper and lower solutions by the traveling wavefronts, and then the squeezing technique [3,18,26]
is applied to such discrete-time integral recursions to prove the asymptotic stability and uniqueness of
traveling wavefronts in the sense of phase shift and circumnutation. In addition, the corresponding model
defined on R is also considered.

The rest of this paper is organized as follows. In Section 2, we establish the existence and discuss
the precise asymptotic behavior of traveling wavefronts of the discrete-time integral recursion (1.3). The
corresponding Cauchy problem is investigated in Section 3. In Section 4, we study the asymptotic stability
and uniqueness of the traveling wavefronts by the squeezing technique. Similar results on monostable
wavefronts of discrete-time recursions in R are given in Section 5.

2 Existence of traveling wavefronts

In this section, we shall establish the existence of traveling wavefronts of the discrete-time integral recur-
sion (1.3) by combining the monotone iteration technique with the upper and lower solutions method. In
what follows, x will be denoted by (x1, x2) without further interpretation, and dx will be interpreted as
dx1dx2, so for y = (y1, y2). For n = 1, 2, denote

C(Rn,R) = {u(x)|u(x) : R
n → R is uniformly continuous and bounded}.

It is well-known that C(Rn,R) is a Banach space equipped with sup norm | · |. Assume that a < b with
a, b ∈ R. Then C[a,b] will be interpreted as

C[a,b] = {u(x)|u(x) ∈ C(Rn,R) and a � u(x) � b, x ∈ R
n}.

For convenience, we first give the assumptions on g, which will be imposed throughout Sections 2–5.
(g1) g(0) = 0, g(1) = 1 and g(u) > u for all u ∈ (0, 1);
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(g2) g(u) is a C2 function if u ∈ [0, 1] and 0 � g′(u) � g′(0) if u ∈ [0, 1];
(g3) 0 � g′(u) < 1 if u ∈ [1 − ρ, 1] with some ρ ∈ (0, 1);
(g4) g((1 + δ)u) � (1 + δ)g(u) for any u, δ ∈ [0, 1] such that (1 + δ)u ∈ [0, 1].
We should note that there are many functions satisfying the assumptions (g1)–(g4), such as the so-

called Beverton-Holt stock recruitment curve, which takes the form

g(u) =
λu

1 + (λ− 1)u

with λ > 1. We refer to Kot [9] for more details.

Definition 2.1. A traveling wave solution of (1.3) is a special solution with form un(x) = φ(x1 cos θ+
x2 sin θ+cn), in which (−c cos θ,−c sin θ) with c > 0 and θ ∈ [0, 2π] is the wave speed that the wave profile
φ ∈ C (R,R) spreads in R

2. In particular, if φ(ξ) is monotone in ξ ∈ R, then it is called a traveling
wavefront.

By Definition 2.1, the traveling wavefront φ(ξ) of (1.3) must satisfy the following integral equation

φ(ξ + c) =
1

4πd

∫
R2
e−

|x|2
4d g(φ(ξ − x1 cos θ − x2 sin θ))dx, ξ ∈ R. (2.1)

Motivated by the background of traveling wavefronts [27], we also require that φ satisfies the following
asymptotic boundary conditions

lim
ξ→−∞

φ(ξ) = 0, lim
ξ→∞

φ(ξ) = 1. (2.2)

Thus, our intention is to prove the existence of a monotone solution of (2.1) and (2.2). For this purpose,
we rewrite (2.1) as

φ(ξ) =
1

4πd

∫
R2
e−

|x|2
4d g(φ(ξ − c− x1 cos θ − x2 sin θ))dx, ξ ∈ R. (2.3)

In order to apply the monotone iteration technique to prove the existence of a monotone solution of
(2.3) and (2.2), we will construct a profile set by the upper and lower solutions which are defined as
follows.

Definition 2.2. A continuous function φ(ξ) ∈ C[0,1](R,R) is an upper solution (a lower solution) of
(2.3) if it satisfies

φ(ξ) � (�)
1

4πd

∫
R2
e−

|x|2
4d g(φ(ξ − c− x1 cos θ − x2 sin θ))dx, ξ ∈ R.

For λ � 0, c > 0, define

Λ(λ, c) =
g′(0)
4πd

∫
R2
e−

|x|2
4d e−λ(x1 cos θ+x2 sin θ+c)dx.

Lemma 2.3. Assume that c > c∗ := 2
√
d ln(g′(0)). Then Λ(λ, c) = 1 has two distinct positive roots

λ1(c) and λ2(c) with λ1(c) < λ2(c) if c > c∗ and no real roots if c < c∗. Moreover, λ1(c) and λ2(c) are
given by

λ1,2(c) =
c± √

c2 − (c∗)2

2d

and there exists η ∈ (1,min{2, λ2(c)
λ1(c)}) such that Λ(ηλ1(c), c) < 1.

The proof of Lemma 2.3 is clear and we omit it here. Using the constants in Lemma 2.3 with q > 1,
we define continuous functions as follows:

φ(ξ) = min{eλ1(c)ξ + qeηλ1(c)ξ, 1}, φ(ξ) = max{eλ1(c)ξ − qeηλ1(c)ξ, 0}. (2.4)

Lemma 2.4. φ(ξ) is an upper solution of (2.3).
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Proof. It suffices to verify that φ(ξ) satisfies the definition of an upper solution. If φ(ξ) = 1, then
φ(y) � 1 for y ∈ R by the definition of φ(ξ), which further implies that g(φ(ξ − c− x1 cos θ− x2 sin θ)) �
1, x1, x2 ∈ R by (g1) and (g2). Then the result holds when φ(ξ) = 1.

If φ(ξ) = eλ1(c)ξ +qeηλ1(c)ξ, then g(φ(y)) � g′(0)[eλ1(c)y +qeηλ1(c)y] for y ∈ R. Therefore, it is sufficient
to prove that

eλ1(c)ξ + qeηλ1(c)ξ � g′(0)
4πd

∫
R2
e−

|x|2
4d [eλ1(c)(ξ−c−x1 cos θ−x2 sin θ) + qeηλ1(c)(ξ−c−x1 cos θ−x2 sin θ)]dx

= eλ1(c)ξΛ(λ1(c), c) + qeηλ1(c)ξΛ(ηλ1(c), c),

which follows from the condition (g2) and Lemma 2.3. The proof is complete.

Lemma 2.5. φ(ξ) is a lower solution of (2.3) if q > 1 is large enough.

Proof. It suffices to verify that φ(ξ) satisfies the definition of a lower solution. If φ(ξ) = 0, then the
result holds because g(φ(y)) � 0 for all y ∈ R.

By the condition (g2), there exists a constant L > 0 such that |g′′(u)| < g′(0)L, u ∈ [0, 1]. If φ(ξ) =
eλ1(c)ξ − qeηλ1(c)ξ, then we only need to prove that

φ(ξ) � g′(0)
4πd

∫
R2
e−

|x|2
4d φ(ξ − c− x1 cos θ − x2 sin θ)dx

− g′(0)L
4πd

∫
R2
e−

|x|2
4d [φ(ξ − c− x1 cos θ − x2 sin θ)]2dx.

Therefore, it is sufficient to show that

φ(ξ) � g′(0)
4πd

∫
R2
e−

|x|2
4d eλ1(c)(ξ−c−x1 cos θ−x2 sin θ)dx

− qg′(0)
4πd

∫
R2
e−

|x|2
4d eηλ1(c)(ξ−c−x1 cos θ−x2 sin θ)dx

− Lg′(0)
4πd

∫
R2
e−

|x|2
4d e2λ1(c)(ξ−c−x1 cos θ−x2 sin θ)dx

= eλ1(c)ξΛ (λ1(c), c) − qeηλ1(c)ξΛ (ηλ1(c), c) − Le2λ1(c)ξΛ (2λ1(c), c) .

By Lemma 2.3 and the definition of φ(ξ), it is equivalent to prove that q(Λ(ηλ1(c), c) − 1)eηλ1(c)ξ �
−LΛ(2λ1(c), c)e2λ1(c)ξ, which follows if q > LΛ(2λ1(c),c)

1−Λ(ηλ1(c),c) + 1. The proof is complete.
Repeating the monotone iteration processes in [5, Theorem 6.1] and [24, Theorem 3.3], we can prove

the following result.

Theorem 2.6. Assume that c > c∗ holds. Then (2.1) and (2.2) have a monotone solution φ(ξ) such
that limξ→−∞ φ(ξ)e−λ1(c)ξ = 1.

Remark 2.7. Theorem 2.6 is similar to the result in [24]. However, the upper solution in [24] cannot
be applied to the discussion in Lemma 4.2 of this paper, so we construct upper and lower solutions
different from that in [24].

From the smoothness of the heat equation [21], it is evident that the following property of traveling
wavefronts is true.

Theorem 2.8. Assume that φ(ξ) is formulated by Theorem 2.6. Then φ(ξ) ∈ C1(R,R) and limξ→−∞
φ′(ξ)e−λ1(c)ξ = λ1(c).

3 Initial value problem

In this section, we first recall some results in [27] on the corresponding initial value problem of (1.3),
which takes the form {

un+1(x) = Q[un](x), n = 0, 1, 2, . . . ,

u0(x) = u(x),
(3.1)
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where u(x) ∈ C(R2,R) is a given function.

Theorem 3.1. Assume that u(x) ∈ C[0,1]. Then un(x) ∈ C[0,1] for all n = 0, 1, 2, . . .

The result in Theorem 3.1 is clear by the assumptions (g1) and (g2), so we omit the proof here. In
order to establish the comparison principle for (3.1), we need to introduce the upper and lower solutions.

Definition 3.2. Assume that vn(x) ∈ C[0,1] for all n = 0, 1, 2, . . . Then vn(x) is called an upper solution
(a lower solution) of (3.1) if

vn+1(x) � (�)Q[vn](x), n = 0, 1, 2, . . . , and v0(x) � (�)u(x). (3.2)

Theorem 3.3. Assume that un(x) and un(x) are the upper and lower solutions of (3.1), respectively.
(i) If u0(x) � u0(x), then un(x) � un(x) for all n � 1;
(ii) If u0(x) � u(x) � u0(x), then un(x) � u(x) � un(x) for all n � 1;
(iii) If u0(x) � u0(x), then

u1(x) − u1(x) � 1
4πd

∫
R2
e−

|x−y|2
4d [g(u0(y)) − g(u0(y))]dy � 0 for all x ∈ R

2.

Theorem 3.3 is clear and we refer to [27].

Remark 3.4. Since the traveling wavefront is monotone, the above item (iii) implies that the traveling
wavefront of (1.3) is strictly monotone such that φ′(ξ) > 0 for ξ ∈ R.

Lemma 3.5. Assume that φ(x1 cos θ + x2 sin θ + cn) is the traveling wavefront of (1.3) formulated by
Theorem 2.6. Then for any θ1 ∈ [0, 2π], there exist δ0 ∈ (0, 1), β > 0 and σ > 0 such that for each
δ ∈ (0, δ0] and ξ+ ∈ R, the continuous function

un(x) = min{(1 + δe−βn)φ(x1 cos θ1 + x2 sin θ1 + cn+ ξ+ − σδe−βn), 1} (3.3)

is an upper solution of (3.1) if u0(x) � u(x) for x ∈ R
2.

Proof. Without loss of generality, we only consider the case ξ+ = 0. If un(x) = 1, then the result holds,
so we only consider the case un(x) �= 1. Let ξ = x1 cos θ1 +x2 sin θ1 + cn and τ = y1 cos θ1 + y2 sin θ1. We
shall prove the following inequality

(1 + δe−β(n+1))φ(ξ + c− δσe−β(n+1)) � 1
4πd

∫
R2
e−

|y|2
4d g((1 + δe−βn)φ(ξ − δσe−βn − τ))dy (3.4)

for all ξ ∈ R and n � 0. Let M > 0 be large enough but finite. We shall consider the above equation in
three cases.

By the definition of traveling wavefronts, (3.4) is equivalent to

δe−β(n+1)φ(ξ + c− δσe−β(n+1)) � 1
4πd

∫
R2
e−

|y|2
4d g((1 + δe−βn)φ(ξ − δσe−βn − τ))dy

− 1
4πd

∫
R2
e−

|y|2
4d g(φ(ξ − δσe−β(n+1) − τ))dy. (3.5)

According to (g4), (3.5) holds provided that

δe−β(n+1)φ(ξ + c− δσe−β(n+1))

� 1 + δe−βn

4πd

∫
R2
e−

|y|2
4d g(φ(ξ − δσe−βn − τ))dy − 1

4πd

∫
R2
e−

|y|2
4d g(φ(ξ − δσe−β(n+1) − τ))dy

= δe−βnφ(ξ + c− δσe−βn) + φ(ξ + c− δσe−βn) − φ(ξ + c− δσe−β(n+1)).

Note that φ(ξ + c− δσe−β(n+1)) > φ(ξ + c− δσe−βn). Then it is sufficient to prove that

φ(ξ + c− δσe−β(n+1)) − φ(ξ + c− δσe−βn) > δe−βn[1 − e−β ]φ(ξ + c− δσe−βn),

which is true once
φ(ξ + c− δσe−βn) � σφ′(μ) (3.6)
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for all μ ∈ [ξ + c− δσe−βn, ξ + c− δσe−β(n+1)].
If ξ + c − δσe−βn < −M , then (3.6) is clear if σ > 0 is large enough, which depends on the precise

asymptotic behavior in Theorems 2.6 and 2.8.
If |ξ + c − δσe−βn| � M , then (3.6) holds if β > 0 is small enough and σ > 0 is large enough, which

depends on the strict monotonicity of φ(ξ) (see Remark 3.4).
We now consider the case ξ + c − δσe−βn > M . Choose κ ∈ (0, 1) such that g′(x) < κ < 1 if x >

φ(M − δσ) > κ, which is well-defined by (g3) if M > 0 is large enough. Then it is evident that

1
4πd

∫
τ�0

e−
|y|2
4d g((1 + δe−βn)φ(ξ − δσe−βn − τ))dy

� 1 + δe−βn

4πd

∫
τ�0

e−
|y|2
4d g(φ(ξ − δσe−βn − τ))dy +

κδe−βn

2
− δe−βnφ(ξ − δσe−βn)

2

by the monotonicity of φ(ξ), which further implies that

1
4πd

∫
R2
e−

|y|2
4d g((1 + δe−βn)φ(ξ − δσe−βn − τ))dy

� 1 + δe−βn

4πd

∫
R2
e−

|y|2
4d g(φ(ξ − δσe−βn − τ))dy +

κδe−βn

2
− δe−βnφ(ξ − δσe−βn)

2

= (1 + δe−βn)φ(ξ + c− δσe−βn) +
κδe−βn

2
− δe−βnφ(ξ − δσe−βn)

2
.

Therefore, (3.4) holds for ξ > M provided that

(1 + δe−β(n+1))φ(ξ + c− δσe−β(n+1)) − (1 + δe−βn)φ(ξ + c− δσe−βn)

� (1 + δe−β(n+1))φ(ξ + c− δσe−βn) − (1 + δe−βn)φ(ξ + c− δσe−βn)

= δe−βn(e−β − 1)φ(ξ + c− δσe−βn) � κδe−βn

2
− δe−βnφ(ξ − δσe−βn)

2
,

which is true if β > 0 is small enough. The proof is complete.

Lemma 3.6. Assume that φ(x1 cos θ + x2 sin θ + cn) is the traveling wavefront of (1.3) formulated by
Theorem 2.6. Then for any θ1 ∈ [0, 2π], there exist δ0 ∈ (0, 1), β > 0 and σ > 0 such that for each
δ ∈ (0, δ0] and ξ− ∈ R, the continuous function

un(x) = (1 − δe−βn)φ(x cos θ1 + y sin θ1 + cn+ ξ− + δσe−βn) (3.7)

is a lower solution of (3.1) if u0(x) � u(x) holds.

The proof of Lemma 3.6 is similar to that of Lemma 3.5, so we omit it here.

Remark 3.7. In Lemmas 3.5 and 3.6, the choices of σ and β are uniform for δ ∈ (0, δ0], which will be
very important in what follows.

Lemma 3.8. Assume that un(x), vn(x) are defined by (3.1) with the initial values u(x), v(x), respec-
tively. If u(x) � v(x) and u(x), v(x) ∈ C[0,1], then 0 � u1(x) − v1(x) � g′(0)|u(·) − v(·)|, x ∈ R

2.

Lemma 3.8 follows from the assumption (g2), so the proof is omitted.

4 Stability of traveling wavefronts

In this section, we shall prove that the traveling wavefronts established in Theorem 2.6 are stable in the
sense of phase shift and circumnutation. The main result is first listed as follows.

Theorem 4.1. Let φ(x1 cos θ+x2 sin θ+cn) be a traveling wavefront of (1.3) formulated by Theorem 2.6.
Assume that there exists θ1 ∈ [0, 2π] such that u(x) satisfies

lim
ξ→−∞

u(x)e−λ1(c)ξ = ρ, lim inf
ξ→∞

u(x) > 0
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uniformly in ξ = x1 cos θ1 +x2 sin θ1. Let ξ0 = 1
λ1(c) ln ρ and un(x) be defined by (3.1) with u0(x) = u(x).

Then

lim
n→∞ sup

x∈R2

∣∣∣∣ un(x)
φ(x1 cos θ1 + x2 sin θ1 + cn+ ξ0)

− 1
∣∣∣∣ = 0.

Before proving Theorem 4.1, we first establish several lemmas, throughout which the conditions of
Theorem 4.1 are imposed.

Lemma 4.2. For any p > 0 with p = (p cos θ1, p sin θ1), there exists ξ(p) such that un (x − 2p) <
φ(ξ + ξ0) < un (x + 2p) for all x1 cos θ1 + x2 sin θ2 + cn = ξ � ξ(p) and n = 0, 1, 2, . . .

Proof. Let q > 1 be large enough. Then

φ(x1 cos θ1 + x2 sin θ1 + ξ0) � u(x− p) and φ(x1 cos θ1 + x2 sin θ1 + ξ0) � u(x + p)

hold for all x ∈ R
2, where φ and φ are defined by (2.4). Similar to those in Lemmas 2.4 and 2.5, we can

verify that φ(ξ + ξ0) and φ(ξ + ξ0) are the upper and lower solutions of (3.1), respectively. Then the
result is clear by the asymptotic behavior of traveling wavefronts in Theorem 2.6. The proof is complete.

Lemma 4.3. There exist constants δ ∈ (0, 1), β > 0, σ > 0 and z0 > 0 such that

(1 − δe−βn)φ(ξ + ξ0 − z0 + δσe−βn) � un(x) � min{(1 + δe−βn)φ(ξ + ξ0 + z0 − δσe−βn), 1}

for any ξ = x1 cos θ1 + x2 sin θ2 + cn ∈ R and n � 1.

Proof. In Lemma 4.2, let p = 1. Then the result is true if z0 − σ > 2 and ξ < ξ(1) hold. If ξ > ξ(1)
with n = 1, it is clear that there exists δ′ > 0 such that u1(x) > δ′ holds uniformly. Therefore, there
exist δ ∈ (0, 1), β > 0, σ > 0 such that for ξ = x1 cos θ1 + x2 sin θ2 + c,

(1 − δe−β)φ(ξ + ξ0 − z0 + δσe−β) � u1(x) � min{(1 + δe−β)φ(ξ + ξ0 + z0 − δσe−β), 1}

if z0 > 0 is large enough. In particular, let z0 > 0 be large enough. Then δ ∈ (0, 1), β > 0, σ > 0 also
satisfy the conditions in Lemmas 3.5 and 3.6. By Theorem 3.3, the result holds and this completes the
proof.

Lemma 4.4. There exists a constant M0 > 0 such that (1 − ε)φ(ξ + 3εσ) � φ(ξ) � (1 + ε)φ(ξ − 3εσ)
for any ε ∈ (0, δ) and ξ � M0 + ξ0.

Proof. Note that limξ→∞ φ(ξ) = 1. Then the result is obvious if M0 > 0 is large enough.

Lemma 4.5. Let z and M be any given positive constants and u+
n (x), u−n (x) be solutions of (3.1) with

initial values

u+(x) = φ(ς + ξ0 + z)χ(ς +M) + φ(ς + ξ0 + 2z) [1 − χ(ς +M)] ,

u−(x) = φ(ς + ξ0 − z)χ(ς +M) + φ(ς + ξ0 − 2z) [1 − χ(ς +M)] ,

respectively, where ς = x1 cos θ1 + x2 sin θ1, χ(y) = min{max{0,−y}, 1} for all y ∈ R. Then there exists
an ε ∈ (0,min{δ/2, z/ (3δ)}) such that for any ς ∈ [−M,∞),

u+
1 (x) � (1 + ε)φ(ς + ξ0 + 2z − 3εσ), u−1 (x) � (1 − ε)φ(x+ ξ0 − 2z − 3εσ),

in which ς = x1 cos θ1 + x2 sin θ1 + c.

Proof. By the definition of χ(y), it is easy to see that u+(x) � φ(ς + ξ0 + 2z), ς = x1 cos θ1 + x2 sin θ1.
Thus φ(ξ + ξ0 + 2z) is an upper solution of (3.1) with the initial value u+(x). Theorem 3.3 and the
definition of χ(y) imply that

u+
n (x) < φ(ξ + ξ0 + 2z), ξ = x1 cos θ1 + x2 sin θ2 + cn ∈ R, n = 1, 2, . . .

Let M0 be defined by Lemma 4.3. Then the result is clear for ξ > M0. For the case ξ ∈ [−M,M0],
we should note that the definition of u+

1 (x) depends only on φ(ξ). Then the uniform continuity of u+
1 (x)

and φ(ξ) implies that the result is true if ε > 0 is small enough.
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Similarly, we can prove the result of u−1 (x).

Proof of Theorem 4.1. Define constants z+ and z− as follows:

z+ � inf{z|z ∈ A+}, A+ =
{
z � 0

∣∣∣∣ lim sup
n→∞

sup
ξ∈R

un(x)
φ(ξ + ξ0 + 2z)

� 1
}
,

z− � sup{z|z ∈ A−}, A− =
{
z � 0

∣∣∣∣ lim inf
n→∞ inf

ξ∈R

un(x)
φ(ξ + ξ0 − 2z)

� 1
}
,

in which ξ = x1 cos θ + x2 sin θ + cn. Then Lemma 4.3 implies that z+ and z− are well-defined. We now
prove that z+ = z− = 0. Were the statements false, then there would exist N > 0 such that

sup
ξ∈R

un(x)
φ (ξ + ξ0 + 2z+)

� 1 + ε, n > N, ξ = x1 cos θ + x2 sin θ + cn,

where g′(0)ε = εφ(−M + ξ0 − 3εσ) and ε is given in Lemma 4.5 with z = z+ > 0. In particular, in
Lemma 4.5, let

u+(x) = φ(ξ + ξ0 + 2z+), ξ = x1 cos θ1 + x2 sin θ1 + cN ∈ [−M,+∞)

with M > 0 large enough. Then uN(x) � φ(ξ+ξ0 +2z+)+ε = u+(x)+ε if ξ = x1 cos θ1+x2 sin θ1+cN ∈
[−M,+∞). Lemma 3.8 implies that

uN+1(x) � u+
1 (x) + εφ(−M + ξ0 − 3εσ) < (1 + 2ε)φ(ξ + ξ0 + 2z+ − 3εσ)

for all ξ = x1 cos θ1 + x2 sin θ1 + cN + c ∈ [−M,∞). By Lemma 4.2, uN+1(x) � φ(ξ + ξ0 + z+), where
ξ = x1 cos θ1 + x2 sin θ1 + cN + c ∈ (−∞,−M ] since M > 0 is large enough.

Let β > 0 be small enough. Then

uN+1(x) � min{(1 + 2εe−β)φ(ξ + ξ0 + 2z+ − εσ − 2εσe−β), 1}
with ξ = x1 cos θ1 + x2 sin θ1 + cN + c ∈ R. By the comparison principle and Lemmas 3.5 and 3.6 (also
see Remark 3.7), we can prove that

lim sup
n→∞

sup
ξ∈R

un (x)
φ (ξ + ξ0 + 2z+ − εσ)

� 1, ξ = x1 cos θ + x2 sin θ + cn,

which is a contradiction to the definition of z+. Thus z+ = 0.
In a similar way, we can prove that z− = 0. The proof is complete.

Theorem 4.6. Assume that φ(x1 cos θ + x2 sin θ + cn) and φ1(x1 cos θ1 + x2 sin θ1 + cn) are traveling
wavefronts of (2.2). If

lim
ξ→−∞

φ(ξ)e−λ1(c)ξ = 1, lim
ξ→−∞

φ1(ξ)e−λ1(c)ξ = ρ,

then φ(ξ) = φ1(ξ − ξ0) with ξ0 = 1
λ1(c) ln ρ and ξ ∈ R.

Theorem 4.6 is a direct consequence of Theorem 4.1, so the proof is omitted.

Remark 4.7. Theorems 4.1 and 4.6 imply that the traveling wavefronts are asymptotically stable and
unique in the sense of phase shift and circumnutation, which is different from that in a discrete media,
see [4] and [27, p. 358].

5 The case H = R

In this section, we will give the corresponding results in the one-dimensional spatial case, which can be
regarded as the degenerate case of that in Sections 2–5. First, we consider the discrete-time recursions
on R [10],

vn+1(x) = Q[vn](x) =
1√
4πd

∫
R

e−
(x−y)2

4d g(vn(y))dy, n = 0, 1, 2, . . . , (5.1)
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where d > 0, x, y ∈ R and g : R → R satisfies (g1)–(g4).

Definition 5.1. A traveling wavefront of (5.1) is a special solution of the form vn(x) = ψ(x + cn)
with c > 0 and ψ(t) being nondecreasing in t ∈ R.

Substituting vn(x) = ψ(x + cn) into (5.1), then ψ satisfies

ψ(t+ c) =
1√
4πd

∫
R

e−
x2
4d g(ψ(t− x))dx, t ∈ R. (5.2)

We are also interested in the following asymptotic boundary conditions

lim
t→−∞ψ(t) = 0, lim

t→∞ψ(t) = 1. (5.3)

Similar to that in Section 2, we can establish the following result.

Theorem 5.2. Assume that c > c∗ holds. Then (5.2) and (5.3) have a monotone solution ψ(t) such
that limt→−∞ ψ(t)e−λ1(c)t = 1 and limt→−∞ ψ′(t)e−λ1(c)t = λ1(c), where c∗ and λ1(c) are defined by
Lemma 2.3.

Consider the following initial value problem
{
vn+1(x) = Q[vn](x), n = 0, 1, 2, . . . ,

v0(x) = v(x),
(5.4)

in which v(x) ∈ C[0,1] and the operator Q is defined by (5.1).

Theorem 5.3. Let ψ(x + cn) be a traveling wavefront of (5.1) formulated by Theorem 5.2. Assume
that v(x) satisfies

lim
x→−∞ v(x)e−λ1(c)x = ρ

(
lim

x→∞ v(x)eλ1(c)x = ρ
)

and
lim inf
x→∞ v(x) > 0

(
lim inf
x→−∞ v(x) > 0

)
.

Let t0 = 1
λ1(c) ln ρ and vn(x) be defined by (5.4) with v0(x) = v(x). Then

lim
n→∞ sup

x∈R

∣∣∣∣ vn(x)
ψ(x+ cn+ t0)

− 1
∣∣∣∣ = 0

(
lim

n→∞ sup
x∈R

∣∣∣∣ vn(x)
ψ(−x+ cn+ t0)

− 1
∣∣∣∣ = 0

)
.

The proof of Theorem 5.3 is similar to that of Theorem 4.1, so we omit it here. Moreover, the following
result is evident by Theorem 5.3.

Theorem 5.4. Assume that ψ(x+cn) is a traveling wavefront of (5.1) formulated by Theorem 5.2, and
ψ1(x + cn) ∈ C[0,1] and ψ2(−x+ cn) ∈ C[0,1] satisfy (5.2) and (5.3). If

lim
t→−∞ψ1(t)e−λ1(c)t = ρ1, lim

t→−∞ψ2(t)e−λ1(c)t = ρ2,

then ψ(t) = ψ1(t− t1) = ψ2(t− t2) with t1 = 1
λ1(c)

ln ρ1, t2 = 1
λ1(c) ln ρ2.

Remark 5.5. Theorems 5.3 and 5.4 imply that even for the one-dimensional case, the traveling wave-
front of (5.1) is stable and unique in the sense of phase shift and circumnutation, since there are only
two directions in the case of R.

The paper ends with the following two remarks.

Remark 5.6. It is easy to see that the method used in this paper can be generalized to the case that
the probability functions are more general than the Gaussian kernels (see, e.g., [17]).

Remark 5.7. We can also consider the corresponding problems for the reaction-diffusion equations and
obtain similar results. We shall investigate these in our forthcoming papers.

Acknowledgements This work was partially supported by National Natural Science Foundation of China

(Grant No. 10871085) and US National Science Foundation (Grant Nos. DMS-0412047, DMS-0715772).



1194 LIN Guo et al. Sci China Math May 2010 Vol. 53 No. 5

References

1 Bates P W, Fife P C, Ren X, et al. Traveling waves in a convolution model for phase transition. Arch Ration Mech

Anal, 1997, 138: 105–136

2 Chen X, Fu S, Guo J S. Uniqueness and asymptotics of traveling waves of monostable dynamics on lattices. SIAM J

Math Anal, 2006, 38: 233–258

3 Chen X, Guo J S. Existence and asymptotic stability of travelling waves of discrete quasilinear monostable equations.

J Differential Equations, 2002, 184: 549–569

4 Cheng C P, Li W T, Wang Z C. Spreading speeds and traveling waves in a delayed population model with stage

structure on a 2D spatial lattice. IMA J Appl Math, 2008, 73: 592–618

5 Diekmann O. Thresholds and traveling waves for the geographical spread of infection. J Math Biol, 1978, 6: 109–130

6 Diekmann O. Run for your life. A note on the asymptotic speed of propagation of an epidemic. J Differential Equations,

1979, 33: 58–73

7 Fisher R. The wave of advance of advantageous gene. Ann Eugen, 1937, 7: 355–369

8 Kolmogorov A N, Petrovskii I G, Piskunov N S. Study of a diffusion equation that is related to the growth of a quality

of matter, and its application to a biological problem. Byul Mosk Gos Univ Ser A Mat Mekh, 1937, 1: 1–26

9 Kot M. Discrete-time travelling waves: Ecological examples. J Math Biol, 1992, 30: 413–436

10 Lewis M A. Spread rate for a nonlinear stochastic invasion. J Math Biol, 2000, 41: 430–454

11 Lewis M A, Li B, Weinberger H F. Spreading speed and linear determinacy for two-species competition models. J

Math Biol, 2002, 45: 219–233

12 Li B, Lewis M A, Weinberger H F. Existence of traveling waves for integral recursions with nonmonotone growth

functions. J Math Biol, 2009, 58: 323–338

13 Li B, Weinberger H F, Lewis M A. Spreading speeds as slowest wave speeds for cooperative systems. Math Biosci,

2005, 196: 82–98

14 Liang X, Zhao X Q. Asymptotic speeds of spread and traveling waves for monotone semiflows with applications. Comm

Pure Appl Math, 2006, 60: 1–40

15 Lui R. Biological growth and spread modeled by systems of recursions. I Mathematical theory. Math Biosci, 1989, 93:

269–295

16 Lui R. Biological growth and spread modeled by systems of recursions. II Biological theory. Math Biosci, 1991, 107:

255–287

17 Lutscher F. Density-dependent dispersal in integrodifference equations. J Math Biol, 2008, 56: 499–524

18 Ma S, Zou X. Existence, uniqueness and stability of traveling waves in a discrete reaction-diffusion monotone equation

with delay. J Differential Equations, 2005, 217: 54–87

19 Mischaikow K, Hutson V. Travelling waves for mutualist species. SIAM J Math Anal, 1993, 24: 987–1008

20 Sattinger D H. On the stability of waves of nonlinear parabolic systems. Adv Math, 1976, 22: 312–355

21 Smoller J. Shock Waves and Reaction Diffusion Equations. New York: Springer-Verlag, 1994

22 Thieme H R. Asymptotic estimates of the solutions of nonlinear integral equations and asymptotic speeds for the

spread of populations. J Reine Angew Math, 1979, 306: 94–121

23 Thieme H R. Density-dependent regulation of spatially distributed populations and their asymptotic speed of spread.

J Math Biol, 1979, 8: 173–187

24 Thieme H R, Zhao X Q. Asymptotic speeds of spread and traveling waves for integral equations and delayed reaction

diffusion models. J Differential Equations, 2003, 195: 430–470

25 Volpert A I, Volpert V A, Volpert V A. Traveling Wave Solutions of Parabolic Systems, Translations of Mathematical

Monographs 140. Providence: AMS, 1994

26 Wang Z C, Li W T, Ruan S. Existence, uniqueness and asymptotic stability of traveling wave fronts in nonlocal reaction

diffusion equations with delay. J Dynam Differential Equations, 2008, 20: 573–607

27 Weinberger H F. Long-time behavior of a class of biological model. SIAM J Math Anal, 1982, 13: 353–396

28 Weinberger H F. On spreading speeds and traveling waves for growth and migration models in a periodic habitat. J

Math Biol, 2002, 45: 511–548

29 Weinberger H F, Kawasaki K, Shigesada N. Spreading speeds of spatially periodic integro-difference models for popu-

lations with non-monotone recruitment functions. J Math Biol, 2008, 57: 387–411

30 Weinberger H F, Lewis M A, Li B. Analysis of linear determinacy for spread in cooperative models. J Math Biol, 2002,

45: 183–218



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


