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In this paper, we study the asymptotic behavior of solutions of
non-autonomous parabolic problems with singular initial data.
We first establish the well-posedness of the equation when the ini-
tial data belongs to L'(£2) (1 <r <oo) and WI'(£2) (1 <r < N),
respectively. When the initial data belongs to L"(£2), we estab-
lish the existence of uniform attractors in L"(£2) for the family of
processes with external forces being translation bounded but not

translation compact in Lﬁ)c(]R; L"(£2)). When we consider the exis-

tence of uniform attractors in Hg)(.Q), the solution of equation lacks
the higher regularity, so we introduce a new type of solution and
prove the existence result. For the long time behavior of solutions
of the equation in W17 (£2), we only obtain the uniform attracting
property in the weak topology.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Let 2 c RN be a bounded smooth domain. Consider the following non-autonomous nonlinear

reaction-diffusion equation
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ur— Au+ f(x,u)=g(x,t) in2,t>r,

u=~0
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where f(x,u) € C(RN x R, R) satisfies

fx,0)=0, (1.2)
|fxouw) = fFx )] <Cla@|lu = v|(ul”~" + vIP~T +1) (13)

with p > 1 and a(x) € L#(£2), B > 1. Suppose that the external force g(t) = g(-,t) is translation
bounded in L} (R; X), p>1, ie, ge Ll (R; X),

loc

t+1
1817y 5., = SUP [ e[ ds <+
t

where the local p-power integral is the Bochner integral and X is a Banach space. We are interested
in X =L"(£2) and W17(£2), respectively.
By a solution u € C([7, T]; X)) NC((z, T]; X)) N L ((t, T]; X1) of (1.1), we mean that

loc

t
u(t) =e2u(r) + / e[~ f(x, u(s)) + gx,5)]ds fort <7/ <t<T,
-L-/

u(t’) - u(r) inX'ast' — t,

(1.4)

where € > 0, X% is the fractional power space associated to the operator A. This type of solution is
also called an e-regular mild solution in [6].

Elliptic and parabolic problems with the nonlinearity analogous with the one of (1.1) have drawn
much attention. After the work [5], authors in [20] studied the existence, nonexistence and multiplic-
ity of solutions for the problem

—Au=xrax)u? +bx)uP in$2,
u=o, uz#0 in §2, (1.5)
u=0 on 052,

where 2 is a bounded domain in RN, A is a parameter and the exponents p and q satisfy 0 <
g<l<pwithp<2*—1if N>3, p<ooifn=1 or 2. Here 2*:=2N/(N — 2). Let OqZ(qz?)/,
op = (pz%)/. With some assumptions, they proved that if a(x) € L' (£2) with 73 > 04 and b(x) €
L™ (§2) with T, > 0p, then (1.5) has at least two solutions v and w; and if a(x) € L°9(£2) and b(x) €

L°r (£2), then (1.5) has no solution. For the parabolic problem, authors in [1] investigated the dynamics
of the semiflow ¢ induced on H(l)(.Q) by the following Cauchy problem

ur— Au= f(x,u) inf, t>0,
u=20 onos2, t>0, (1.6)
u(0) = up, Xes2,

where £2 ¢ RN is a bounded domain with smooth boundary. A model nonlinearity of (1.6) is

k
foxuy=aou+ Y a;xul’'u,

j=1
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where a;(x) in L*°(£2) for j=0,...,k, 2<p1 <p2 <---<pp <2 2* =00 if N=1,2. When
fx,u) = u+aXuP, p>1, up € L°(£) and ug > 0, the estimates of positive solutions of (1.6) with
a(x) € C(£2) and the blow-up of solutions of (1.6) with a(x) € C2(£2) have been studied respectively
in [36]. Recently, if f(x,u) =ax)ud +bx)uP, 0<q<1<p, akx) eL¥R2), b(x) e LA(2), a, B >1,
it has been proved in [28] that there exists a unique positive solution

ueC([0,TI; L (2)) N Ly

e ((0,T); L™(£2)) (1.7)
of (1.6) with ug € L' (£2), 1 <r < o0, and ug > ydgp, where y is a positive constant, d = dist(x, 92).
Authors in [38] analyze the dynamics of the following non-autonomous nonlinear parabolic model
problem

Uur— Au= f(t,x,u) ing2,t>s,
u=20 on 052, (1.8)
u(s) = uS’

where £ is a bounded domain in RN and f(t,x,u):R x 2 x R — R is a suitable smooth function
satisfying

f(t,x,wu <Ct,x)ul>+D(t,x)|ul forallueR (1.9)

for some C(t,x) € C*(R; LP(£2)) with 0 <@ <1 and p > N/2, and some function D with values in
L"(£2), 1 <r < oo. Under some other assumptions, they prove that the solutions of (1.8) are global,
and there exist two extremal complete trajectories ¢, and ¢y, one minimal and one maximal, that
bound all complete trajectories corresponding to (1.8). Moreover, there exists a pullback attractor for
the process corresponding to (1.8), which is bounded by ¢, and ¢y. See details in [38]. For other
studies, see [4,37,42]. It is natural to consider problem (1.1) with general nonlinearity satisfying (1.2)-
(1.3).

To investigate the behavior of solutions of (1.1) when time tends to infinity, the first task is to study
the well-posedness of the problem. The autonomous case, study has been considered extensively.
When the initial data u(0) € L'(£2) and — f(x, u) = |u|”~'u, after the work of [34,46,47], authors in
[13] obtained the local existence and uniqueness of the solution of (1.6) in the sense of (1.7). In [6],
authors studied the abstract parabolic problem

{ut:AU-l-f(t,U), t > to, (110)

u(to) = uo,

where the linear operator A : D(A) ¢ X® — X© satisfies that —A is a sectorial operator in the Banach
space X°, f(t,u) satisfies some local Lipschitz condition. They obtained that there exists a unique
solution (e-regular mild solution) of (1.10), and applied their abstract results to the heat equation and
Navier-Stokes equation. For other related studies, we refer readers to [7,8,23,24,37,42].

To obtain the existence of uniform attractors in L'(£2) for the family of processes corresponding
o (1.1), higher regularity of solutions of (1.1) than the results in [13,28] is needed. Since the nonlin-
earity f(x,u) and external force g(x,t) of (1.1) depend on x, and g(x, t) belongs to L%C(R; X), which
is equipped with the local p-power mean convergence topology different from the topology of X¢
associated to linear operator A, —f(x,u) + g(x,t) is not an e-regular map, and the abstract results
for (1.10) in [6] cannot be applied directly to system (1.1). To overcome this, we decompose system
(1.1) into a linear system and an autonomous nonlinear system. Using some estimates for the solution
of the linear systems, we show that there exists a unique e-regular solution for the nonlinear system,
and get the local existence and regularity of solutions of (1.1) when the initial data belongs to L"(£2)
and W17 (£2), respectively.
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There are papers both on the existence of attractors for autonomous evolution equations, e.g.
[9-12,22,25,32,39-41,43,44,48], and on the existence of uniform attractors for non-autonomous evo-
lution equations, e.g. [16-19,29-31,33,45]. We first establish the existence of uniform attractors in
L"(£2) for (1.1) as g(x,t) is translation bounded but not translation compact in Lﬁ)C(R; L'($2)). It is
shown that there are different dissipative conditions for r =2 and the general case 1 <r < oco. Us-
ing the regularity of solutions of (1.1) obtained in Theorem 3.1, we establish the existence results in
L"(£2) without any further assumption on g(x,t). When we consider the existence of uniform attrac-
tors for (1.1) in W17(£2), the situation becomes more complicated. We know from Remark 3.1 that
even if g(x,t) € Lg (R, WI7T(£2)), solutions of (1.1) cannot enter in W?27(£2). Therefore, this brings
some difficulties in taking priori estimates of the solutions in obtaining compact uniformly absorb-
ing set. For r = 2, we can overcome this. By the standard Fatou-Galerkin method, we show that
there exists a unique weak solution u € C([z, T]; H}($2)) N L2 ((t, T); H*(£2)) N L®((7, T); H}(2)),
which also belongs to C([7, T]; H)(£2)) N C((t, T]; W!*2€2(£2)) and satisfies (1.4). For the general
case 1 <r < N, we only get that there exists a bounded uniformly absorbing set in W1-7(£2) for the
family of processes corresponding to (1.1), and the uniform attracting property in the weak topology
for any bounded set B c W17 (£2).

This paper is organized as follows: in next section, we give some definitions and recall some results
which will be used in the following sections; in Section 3, we consider the well-posedness of (1.1) in
L"(£2) and W17 (£2), respectively; in Section 4, we prove the existence of uniform attractors in L"(£2);
in Section 5, we first prove the existence of uniform attractors in H(l)(.Q), and then show the uniform
attracting property in the weak topology of the family of processes defined in W (£2); in Section 6,
we give the relationship between pullback, forward and uniform attractors corresponding to (1.1).

2. Preliminaries

Let 2 be a bounded smooth domain. Denote by HfI(Q) the Bessel potential spaces and Hq_s(.Q) =
(HZ/(Q))/, 1<qg<oo s>0, % + % = 1. Notice that HS(.Q) = W59(£2), the standard Sobolev-
Slobodeckii spaces, whenever g =2 and s € R, or ¢ > 1 and s is an integer. See details in [2,3].
We summarize some well-known embeddings as follows:

s, Sy . N N 1 1
Hy (2) > Hg (2), ifsj——2>2s5——,1>—2>—>0,
! 2 q1 q2 a1 Q2 (2.1)

HS(Q2) s CN@).  ifs— N sns=o0
q ’ g 17

Let A: D(A) c X — X° be a linear operator which satisfies that —A is a sectorial operator in the
Banach space X°. Denote by X%, « >0, the fractional power space associated to the operator A and
by eA! the analytic semigroup generated by A. Without loss of generality we can assume that eAl is
uniformly bounded, that is,

(=2 eMx| p < Mlxllxe, t>0, 0<a < B. (2.2)

See details in [26,35,41].
We recall the following compactness theorem (see [16, Theorem I1.1.4], [27, Theorem 1.5.1]).

Theorem 2.1. Let E, E1, E be three Banach spaces satisfying E1 € E C Eq. Assume that p1 > 1 and po > 1.
Consider the space

Wy, 500,85 E1, Eg) = {y (), t € [0, t] | (t) € LP*(0, T; Eq), ¥/ (t) € LP°(0, T; Eg)}
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with the norm

90, fivol ds) s fivor ds)

Then the following embedding is compact:
W, po(0,t; E1, Eo) € LP1(0, T; E).

Let y(t) € Cl([to,t1]), y >0, and the following inequality

y'(©) +cy(t) <h() (2.3)
holds with ¢ > 0. We need the following result which comes from [16].

Lemma 2.2. Let y(t) be uniformly continuous on [tg, o0), y > 0, and satisfies (2.3), where ¢ > 0 and h(t) >
forall t > ty. Suppose that

/ h(s)ds < Cq, Vt=>ty.

Then
y(O) < y(t)e 0 4+ ¢ (1-e7) T < y(to)e 0 ¢y (1+¢7).

Consider a non-autonomous evolution equation of the type

U =Asr(u), telk. (2.4)

In system (1.1), Ag)(u) = Au — f(x,u) + g(x,t), o(t) = g(x,t). For every s € R we are given an
operator Ay (s)(+) : E1 = Eo, where Eq, Eg are Banach spaces. The functional parameter o (s), s € R, in
(2.4) reflects the dependence on time of the equation, and is called the time symbol (or the symbol) of
Eq. (2.4). The values of the function o (s) belong to some metric or Banach space =, i.e., o(s) € & for
every (or almost every) s € R.

We supplement Eq. (2.4) with an initial data at t =17, 7 € R:

Ule=r=1ur, U¢€E, (2.5)
where E is a Banach space, E1 C E C Eg. Assume that for any symbol o (s) € X, ¥ C Z is a parameter
set, problem (2.4)-(2.5) is uniquely solvable for each t € R and arbitrary u; € E. Let also u(t) € E for
any t > t. Thus, u(t) can be represented in the form

ut)=Us({t, T)uy, ureE, 7eR t>21,0=0065)eXCE&

Definition 2.1. The two-parameter family of mappings {U,(t,7), t > 7, T € R}, 0 € X, acting in the
Banach space E is said to be a family of processes with time symbol o € X if for each o € X,

Us(t,T):E—E, t>1,T7€R
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and satisfies the following multiplicative properties:

Us(t,9)Us (s, T) =Us(t, T), VEZ2s>T, TER,

Us(t,7)=1Id isthe identity operator, T € R.

Note that the following translation identity is valid for the family of processes U, (t,T), 0 € X,
generated by a problem, which is uniquely solvable, and for the translation semigroup {T (h) | h > 0}:

Ug(t—l-h,f—l-h):UT(h)(;(t,T), YVoeX, t>1,T€eR, h>0.

Definition 2.2. A family of processes {U (t, T)} is said to be (E x X, E) weakly continuous if for any
t>1, T €R, the mapping (u,o) — Uy (t, T)u is weakly continuous from E x X to E.

Denote by B(E) the collection of the bounded sets of E. Let B € B(E). Its Kuratowski measure of
non-compactness «(B) is defined by

k (B) = inf{§ > 0| B admits a finite cover by sets of diameter < §}.
For its properties, see details in [21]. Let Bt =,z Uss Us (5, T)B.

Definition 2.3. A family of processes {U, (t, T)}, 0 € X, is said to be uniformly (with respect to (w.r.t.)
o € X) w-limit compact if for any T € R and B € B(E), B; is bounded for every t and lim;_, o K (B;) =
0.

A set Bg belonging to E is said to be uniformly (w.r.t. o € X') absorbing for the family of processes
{Us(t,T)}, 0 € X, if for any T € R and every B € B(E), there exists tg = to(t, B) > t such that

| Ust. 1)BS B forallt > to.

oeX

A set P belonging to E is said to be uniformly (w.r.t. o € X) attracting for the family of processes
{Us(t,T)}, 0 € X, if for an arbitrary fixed T € R and any B € B(E),

lim (sup distg (U (t, T)B, P)) =0.
t—00 ogex

Here distg (X, Y) denotes the Hausdorff distance from the set X to the set Y in the space E:

distg(X,Y) = sup in{/ ly — X E.

xeX Y&

We now introduce the notion of the uniform attractor Aj.

Definition 2.4. A closed set Ay is said to be the uniform (w.rt. o € X') attractor of a family of
processes {Us(t,T)}, 0 € X, if it is uniformly (w.r.t. o € X') attracting (attracting property) and is
contained in any closed uniformly (w.r.t. o € X') attracting set A’ of the family of processes {U (t, T)},
oeX: Ay C A’ (minimality property).

To describe the general structure of the uniform attractor of a family of processes, we need the
notion of the kernel of a process. A curve u(s), s € R, is said to be a complete trajectory of the process
{Ug (t, D)} if

Us(t,Du(t)=u(), Vvt=t, 1€k (2.6)
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Definition 2.5. The kernel K, of the process {U, (t, T)} consists of all bounded complete trajectories
of the process {U, (t, T)}:

Ko ={u(-) | u() satisfies (2.6) and |u(s) |, < My forall s e R}.
The set
Ko () ={u(t)|u()eKs} CE, teR,
is called the kernel section at time t.
Let w; x(B) = ﬂt% B:. The following existence result for uniform attractors can be founded
in [31].
Theorem 2.3. Let X' be a subset of some Banach space, and let T (t) be a continuous invariant (T (t) X = X)

semigroup on X satisfying the translation identity. A family of processes {U (t, T)}, 0 € X, possesses a com-
pact uniform (w.r.t. o € X) attractor Ay satisfying

Ay =wo 5 (Bg) =wr 5(Bg), VT eR
if and only if it

(i) has a bounded uniformly (w.r.t. o € X') absorbing set By; and
(ii) is uniformly (w.r.t. o € X') w-limit compact.

Moreover, if X' is a weakly compact set, the family of processes {Us(t, T)}, 0 € X, with {T(h)}p>0 is
(E x X, E) weakly continuous and satisfy (i)-(ii), then Ax satisfies

Az = As, =wo,5(Bo) = | ] K5 (0).

oeXx

Here, X is the weak closure of X and K, (0) is the section at t = 0 of kernel ICy of {U (t, T)} with symbol
oelX.

3. Well-posedness of (1.1)
Let A= A. Define & (u) by

t
@ (u)(t) = A Du(1) +feA(t_s)[—f(x, u(s)) + g(x,s)] ds. (3.1)

T

The linear operator A = A with Dirichlet boundary conditions in a bounded and smooth domain
£ can be seen as an unbounded operator in LI(£2), 1 < q < oo, with domain D(A) = W29(2) N

Wé’q(.Q). In this situation, —A = —A is a sectorial operator and generates an analytic semigroup e
in L9(£2). Denote by {Eg}aeR the fractional power spaces associated to A with the norm |u|| e =

IA%ul|pa(e2), u € EY. Notice that E) = L9(£2) and Ey = W29(22) N Wé’q(.Q). We know from [3] that

1 1 (3.2)
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3.1. Local existence of solutions of (1.1)in L' (£2), 1 <1 < 00

By the standard duality arguments, (2.1) and (3.2) imply that

o . Nr N
Ef - L"(2) forv ———, 0<a < —,
N —2ar 2r’
E0 = ["(£2), (3.3)
Nr N r
E¥ < 1°(2) fors> ———, —— <a <0, = )
N —2ar 2r r—1

Theorem3.1.let1 <r <ooand g(x,t) € Ll‘)’ (R; LT (£2)), p > 1. Assume that f (x, u) satisfies (1.2)—(1.3) with
a(x) € LP(£2), B > 1, and exponent p > 1 such that

1 p—1 2 1 p—1 2
42 - ==). 34
,3+ - <N (resp ,3+ . N) (3.4)

Then for each v € L"(§2), there exist R = R(v) > 0 and T = T(v) such that for any u, € L"(£2) with ||u; —
VL (@) < R, there exists a continuous function u(-; u¢):

ueC([r, T L"(82))NC((x,TL; Ef) for some

{N N N N 1}
0 < e <€y <min + —— — — 1,

) (3.5)
2r 2r 2p 2rp p

which is the unique solution of (1.1) in the sense of (1.4). This solution is a classical solution and satisfies

. |p—1 Jol N
uecC r,T;EQ, 0<6<H min ,p€e +14+ ———N — — 3.6
((z,TLE}), O< 0<{p,0++2r 25} (3.6)
. . |Ip—1 Jo, N
lim (t — )% |u(, u =0, 0<6<6p<min €+ 1 —N—— 3.7
Jim =0 Jutunly =0, 0<o <o <minf Pt pes 14 Lo B )
Ifuq¢, up; € B(v, R), then
(t — ) |Jur (€, ure) — ua(t, uze) | g S Milluir —uzellr o),
.| D— Y N
Vte[t,T], 0 <8 <6y <min ,06+1—|——N—— (3.8)
2r 208
Furthermore, the time of existence is uniform on any bounded set (resp. compact set) S of L ($2).
Proof. Let X% = E¢~!, From (3.3) we have
o v Nr N
X' > 1" (2) forv ——————  I1<a< —+1,
N + 2r — 2ar 2r
X' =1"(£2), (3.9)
o s Nr N
X' <—1’(82) fors>—— 1—— <a<1.

N +2r — 2ar’ 2r

We first establish the following two claims.
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Claim 1. For some 0 < € < g < min{%, % + 2,3,0 13y there exists y (€) with

er o

v =pet1+—Pn_N 4
=P or 28

such that for any u, ¢ € C((t, T, X1+6),

|56 < Caflato]| o, (lullyrie +1).

| £ w) = @) gpior < Call a0 s ) 1 = @llxre (lullre + Il ve +

2

(3.10)

(3.11)

(3.12)

Proof of Claim 1 Since 1 5T p ! < §» we know that there exists y(€) such that (3.10) holds and

y)>1 —|— i) N for some € € (0, €g]. Furthermore, (3.10) implies that

1 N — 2er N+ 2r—2y(e)r
L I« y@©r

B Nr = Nr
Choosing m > 1 such that
l<_ [N—Zer]pglgN—i-Zr—Zy(e)r’
B B Nr m Nr

together with (1.3) we have

1
| fx, u)||Lm(9) <C3[</\a(x)|m|u|pmdx> +1]

< Cafla@ | s (1l s~ +1).
LFm"(2)

From (3.9) and (3.13) we have

mp
fiX1Te s [FnP(2) — L™(2) — X7,

which implies that (3.11) holds.
By similar arguments, we get (3.12). O

Claim 2. Forany t; <t, 0 <6 <6y < %,

t

/ e =9 g(x, 5)ds

t

ool
< Mael?t(ty — 1) Fa,

X140

where

M M( e’ ) ! lex, 0| 1+1

2 = ) P m. ) - -
b 1 L (R;L7(R2))

P =1/ 1 -qp)a b P4

(3.13)

(3.14)
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Proof of Claim 2. From (2.2) we get that

2

/ e =9 g(x, 5)ds

t

X1+0

ty
<M /(tz - 5)_9 “g(xv S) || L7(£2) ds
t

ty % t %
< M(](tz — s)_qeeqs dS) (/e—ps Hg(X, S) ” fr(g) dS)
t

t

t1+1
1 —_p+1 _
<Me2———(t; — t1) +q<e P /Hg(x,s)“fr(mds
t1

(1—qbo)1
t14+2 t14+n+1 %
+e_p(t1+]) / Hg(x’ S)Hfr(ﬂ) d5+...+e_P(t1+n) / Hg(x’ s)”fr(g) ds+>
t1+1 ti+n
1 1 1
ty—t e - -2
SME (i ) (1 ke e P 4 )P 200 ey
(1 —qbo)¢
eP P 1 ty—t —0+41
:M<ep—1) : Hg(x,t)HLg(R;U(Q))e2 Wty —t) 4. O
(1—qbo)
Note that the solution u(t) of (1.1) can be decomposed into the sum
ut) =v(t)+ w),
where v(t) and w(t) solve the problems

ve—Av=g(x,t) in2,t>1,

v=0 onods2, (3.15)
v(T)=0, T e R,

and
wt—Aw+T(x, w)=0 inf2,t>r,
w=0 on 452, (3.16)

w(T) = U, T eR,
respectively, where 7(x, w) = f(x,w+v).
By Claim 2, as in the proof of Theorem 1 of [6], the linear equation (3.15) has a unique solution

v(t) in the sense of (1.4) such that

v(t) e C([T, T XYY nc((x, T1; X')
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with 0 <0 < % and satisfies

t
v(t) = / et g(x, 5)ds. (3.17)
T
For the nonlinear function f(x, w) of (3.16), choosing p such that % % by Claims 1-2 and (3.17)
we obtain
|7 w) o = £ &) | e
<G Ha(X)HLﬂ(Q)(||”||§1+e +1)
= C2fax HLﬁ(Q)(”W + V)i +1)
<G Ha(X)HLﬁ(Q)(”W||X1+e + 1) (3.18)
and

”’f(xa W]) - ’.f(xv W2) ny(e)
=||fx, wi+v) = fF& W2+ V)| 0

< Cala®) [ g oy W1 = wallxree (W + VIR + Iwa + VIEL +1)
< Cs]|a)| o) Iwr = Wallxrse (Iwa e + w2l +1). (319)
By (3.18)-(3.19), applying Theorem 1 of [6], we know that Eq. (3.16) has a unique e-regular solution
w(t) e C([t, Tl X') N C((z, T]; X'*)
for some € satisfying (3.5). Therefore,
Ju® —ur |y = v + w©O —uc|
<|wt) —ur| o + [vO)] 0 >0 ast— T+

and u(t) is the unique solution of (1.1) in the sense of (1.4).
By Claim 2 and Theorem 1 of [6], we obtain (3.6)—(3.8). This completes the proof. O

3.2. Local existence of solutions of (1.1)in W17 (£2),1<r <N

Theorem 3.2.let1 <r < Nand g(x,t) € Lg (R; LT (£2)), p > 2. Assume that f (x, u) satisfies (1.2)—(1.3) with
a(x) € LP(£2), B > 1 and exponent p > 1 such that

N-—r N Nr 1 ( N-—r N Nr 1) (320)
< , =1). .
N+ T BN+ R N T )

Then for each v € W17 (£2), there exist R = R(v) > 0 and T = T(v) such that for any u; € W (§2) with
lur — vilwire) < R, there exists a continuous function u(-; ur):
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ueC([z, Tl W”(.Q)) NC((r, Tl Er%Jre) for some

N 1 1 N-—r N N+r 1}

0<e<eo<min=——— — + + — (3.21)

2r 2°2p 2r 2Bp 2rp ' 2p

which is the unique solution of (1.1) in the sense of (1.4). This solution is a classical solution and satisfies

1 1 1 N+r N-r N
ueC((r,T];Erz+9), 0<6<6fy<minf - — —, pe + T ——1t, (3.22)
2 p 2r 2r 28

. 0 —
Jim (¢ = o) Juc. ur)IIEr%e =0,

2r 2r 28

|1 1 N+r N-r N
0 <0 <6y <min E—E,pe+ — .

Ifuiz,uz; € B(v, R), then

(t—-r)9||u1(t,u1f)——uz(t,uzaHE%ws;Maumr — Uz |l
r

|1 1 N+r N-r N
Vie[r,T], 0<0 <6y <miny - — —, pe + — — — 1.
2 p 2r 2r 28
Furthermore, the time of existence is uniform on any bounded set (resp. compact set) S of W17 (£2).

_1
Proof. Let X¥ = E, 2. From (3.3) we have that

o . Nr 1 1 N
X > 1"(R2) forv ————, <<=+ —,
N+r—2ar 2 2 2r
X7 =L'(2), (3.23)
o s Nr 1 N 1
X <—1’2) fors>——— - —— << -
N+r—2ar 2 2r 2

Similar to the proof of Claim 1 in the proof of Theorem 3.1, for any u, ¢ € C((z, T]; X”E) and

(N 1 1 | N—r N N+r . .
some 0 < € <min{5: — 5, 2T 2 T35~ W}' there exists y (€) with

Ner N-r N1 3.2
o o P ap TPES; '

pe <y(e)=

such that (3.11)-(3.12) hold with the constant C. In fact, since

N-—-r Nr

+ <
N+’ T BN+

b

there exists ¥ (€) such that (3.24) holds for some € in (3.21). From (3.24) we get that

1 1 N+r—20+eée)r N+r—2y@©)r
1_1, N+r=2a+eor Ntr=2y(@r
Nr Nr
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Choosing 1 <m < B8 such that

1 +N+r—2(1+e)rp< 1 < N+r—2y(6)r’

B Nr Sm Nr

using (3.13)-(3.14) and (3.23), we obtain (3.11)-(3.12).

Fort1 <ty, 0 <0 <0y < % — 1 as the proof of Claim 2 in the proof of Theorem 3.1, we have

t
f e =9 g(x, 5)ds

t

X140

)
< Mf(tz _g)%—(1+9) Hg(x’ s) HU(Q) ds
t

1
el \»r 1 ! g
M X, t Y et )20 g
<ep_1> Hg( ; )HL{,’(R;U(Q))<1 —q(90+%)) (t2 —t1)

The rest of the proof is similar to that of Theorem 3.1. The proof is completed. O

Remark 3.1. If g(x,t) € L)' (R; W1(£2)), the solution of (1.1) with u(t) = u; € W!'(£2) has higher
regularity, that is,

1 —1 N+r N-r N
ueC((t,T];Er2+0), 0 <6 <6y < min P , PE tr_ 0 ,
p 2r 2r 28

and for uq¢, uz; € B(ug, R),

(t — )7 |lur(t, ure) — ua(t, uze) | 1y S Msllurr —uarllwire),
E/

-1 N+r N-r N
2r 2r 28 )

Vtel[t,T], 0<9<90<min{pp , PE +

4. Existence of attractors in L (R2)
_9 1, p-1 2
4.1. r—2, E+T < N
Let H=1%(2), V = H\(£2), and V' = (H}(£2))' the dual of V. Denote by | - | the norm of H.
In order to establish the global existence of solution of (1.1) with the initial data belonging to H, we
need the following dissipative condition: Suppose that there exist constants co and ¢, with 0 <cp <

(1 — ag)11, where o is a constant satisfying 0 < g < 1 and A1 is the first eigenvalue of —A in V,
such that

fx, wu > —colu® —c}. (4.1)

Similar dissipative conditions are also introduced in [7,22,44,48], specially in [7].
For a fixed external force go(t) := go(x,t) € Lﬁ (R; X), consider the following translation:

Zo={T(hgo(t) |heR} ={go(h+1t)|he R},
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where T(h), h € R, is the translation operator. Denote by

Hx(8o) = [{T(h)go(t) ‘ he R}]LP,W(R;X)

loc

the closure of Xo in L} (R; X), which is the subspace of L} (R; X) endowed with the local weak

convergence topology. By Proposition V.4.2 of [16] we know that
le® i wox) < 180 pgixy: V2O € Hx(20). (4.2)

Theorem 4.1. Assume that f (x, u) satisfies (1.2)-(1.3) with a(x) € L?, 8 > 1 and exponent p > 1 such that

1 p—1 2

8T 2 TN

and (4.1) holds. Let go(t) € Lg(R; H), p > 2. Then the family of processes {Ug(t, T)}, & € Hu(go), corre-
sponding to problem (1.1) possesses a compact uniform (w.r.t. g € Hy(go)) attractor Az, (g, in H satisfying:

Arty(e0) = @01y (Bo) = | ) Kg(0), (4.3)
geHy (o)

where By is the uniformly (w.r.t. g € Hy(go)) absorbing setin H.

Proof. We first show that the family of processes {U4(t, T)}, & € HH(go), corresponding to problem
(1.1) is well defined.
Taking the scalar product in H of (1.1) with u, we have

1d
o (MG) Hz + [ Vu@) H2 +(f(x, u(®)), u®)) = (gx, ), u(t)). (4.4)
By (4.1), we have that
(f (%, u@®), u@®) > —collull® - cyl£2|. (4.5)
Using the fact that p > 2 and Young’s inequality we obtain

s 0,u®)| < g0 [u®]

1 1
<-Ju ]+ =g 0"
q p
2

1 2—q 1
<aoh u@)|* + [a«xom—%] "4 5 lex 0. (4.6)

2
Let Mg =c|2] + 1 +12-9. By Poincaré inequality, it follows from (4.4)-(4.6) that
q(opri) 2

d 2
lu® 1" +2(0 —aom — o) fu®)|* < 2Ma + Slgcol”.
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Let A =2((1—og)r1 —cg). Using Lemma 2.2 and (4.2), from the above inequality we have

t
[u®|? < Ju@)Pe-4¢0 + f e~ A=) (2M4 + %H g(x.5) “p) s

2 1
< HU(T) ||Ze—A(t—T) + (2M4 + E Hgo(x, t) ” fg(R;H)) (1 + Z) (47)

Thus, the family of process {Ug(t, 7)}: Ug(t, T)ur = u(t), Ug(t,T)H — H, g€ Hu(go), t > 7, T € R,
is well defined, where u(t) is the solution of (1.1).
Let

RS =2(2Ma+ 2 |0 0y e ) (14 5 )
p P(R;H) A
(4.7) also implies that the family of processes possesses a uniformly absorbing set
Bo={ueH ||ul <Ro},
that is, for any bounded set B C H, there exists Tg = To(t, B) such that

|J Ugt.t)BCBo, Vt>To.
geHn(go)

Since p > 2, by the regularity of solutions of (1.1) obtained in Theorem 3.1, we can choose 6 =
such that

N[—=

Bi= |J JUgr+1.1)Bo

geHu(go) TeR

is also a uniformly absorbing set and bounded in V. By standard Sobolev compact embedding, we
know that the family of processes {Ug(t, 7)}, & € HH(go), is w-limit compact in H and possesses a
compact uniform (w.r.t. g € Hy(go)) attractor Az, (g, in H.

Next, we show that (4.3) holds. We claim that if u;, — u; in H, g, — go weakly in L%C(R; H),
then for any fixed t > 7, t € R,

Ug,(t, T)ug, — Ug,(t, T)u; weaklyin H. (4.8)

For fixed T € R, let
up(t) =Ug, (t, T)Uq,, u(t) =Ug,(t, T)ur, (4.9)

be the solutions of the equation

%Un(t) — Aug(t) + f(x, un()) = ga(x, 1) (4.10)
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and (1.1), respectively. The regularity of solutions of (4.10) implies that

t
/IIVun(s) | ds < Co(t).

As in Claim 1 in the proof of Theorem 3.1, we can choose 0 < € < % and y(e) > % such that

£ G un®) ]y < G| £ (6 un®©) | gy
< Csfla | s o) (lun® 5 +1)

< Colla®) || 5 g (IVun®)|” +1).

Since the operator A is an isometry between V and V’, from (4.11) and (4.12) we have

t

t t t
Sl lids< [aue . ds+ [ 17 um) o ds+ [ ol

T

< Cro(7,

a(x) HL/S(.Q)’ go(x.0) LP (R;H)® Ro).

Similar to the derivation of (4.7), together with (4.12)-(4.13), we obtain that

{un(®)} is bounded in L°(R¢; H),
bounded in L2 _(R;: V),

loc

{U,Q(t)} is bounded in L? (R‘E; V’),

loc

where R; = [t, 00). Using Theorem 2.1, we know that

{un(t)} is precompactin L} (R¢; H).

loc

743

(411)

(412)

(413)

(4.14)

(4.15)

Therefore, by taking, if necessary, a subsequence (which we still denote by u,(t)), there exists 1(t) €

L®(R;; H)NL2 (R.: V) such that

loc

up(t) = u(t) *-weaklyinL®(R;; H),

—~%(t) weaklyin L2 (Ry; V),

loc

—U(t) stronglyinL? (R;; H).

loc

In particularly, as n — oo,

ul(t) — ' (t) weaklyin L2 (Re; V'),

loc

Aup(t) = AU(t) weaklyin L2 (Ry; V'),

loc

f(x, un(®)) = w(t) weaklyin L2 (R¢; V'),

loc

Za(x, t) = go(x,t) weaklyin L? (R;; H).

loc

(4.16)

(4.17)
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Taking n — oo, we obtain the equality
u'(t) — AU + w(t) = go(x, t)

in the distribution sense of the space D’(R;; V’). Thanks to (4.15), using Theorem II.1.8 of [16], we get
that u(t) € C([z, T,l; H) for any Tg > 0, which implies that u(t) = Uy, since ug, — u; strongly in H.

Now, we show that w(t) = f(x,u(t)), which implies that u(t) is the solution of (1.1), and by
uniqueness, U(t) = u(t). Due to the strong convergence in (4.16), we can extract a subsequence of
{un ()} (which we still denote by uy(t)) such that u,(x, t) — u(x,t) (n — oo) for almost every (x,t) €
2 x [t,T}]. By the continuity of f(x,u), f(x,un(t)) — f(x,U(t)) (n— oo) for almost every (x,t) €
2 x [t,Tj). From (4.11)-(4.12), we get that

t
fo(x, un(9)) | ds < Cin,

where Cq7 is independent on n. Similar to the proof of Lemma 113 in [27], we obtain that
f(x, up(t)) = f(x,u(t)) weakly in leoc(]Rt; V’). Thus, w(t) = f(x, U(t)).

Finally, by the strong convergence of (4.15), we get that for almost every t > t, u,(t) converges
strongly to u(t) in H. Therefore,

(un(@®), v) > (u(®),v) forae.t>1, veCP ().

It follows from (4.15) that {{u,(t), v)} is uniformly bounded. For all v € CSO(Q) and t; >0, by (4.17)
we have

t+tq
(un(t +t1) — up(0), v) = f (0cun(s), v)ds < Cratq|Ully ||up(©) HLﬁx(RT;V’) < Cuistallvllv,

t

which implies that {{u(t), v)} is locally equicontinuous. Thus, by (4.15) again,
(un(®), v) = (u(t),v), vVt>1, veCFE),

which implies that (4.8) holds, since C3°(§2) is dense in H.
Using Theorem 2.3, we know that (4.3) holds. This completes the proof. O

Remark 4.1. For 1 < p < 2, from Theorem 3.1 we notice that the solution of (1.1) with g(x,t) €
Ll’: (R; L"(£2)) does not belong to W17(£2). If we improve the regularity of g(x,t), that is, g(x,t) €
Lg (R; W17 (£2)), choosing 6 = % and 0 <0’ < % such that 8 — 9’ < %, similar to the proof of Claim 2
in the proof of Theorem 3.1, for t; < t; we can obtain

t

/ e =9 g(x, 5)ds

t1 X140
2
<M / (t2 =)™ g(x, 9) | 1o ds
t
:C/2M<ep _ 1) 1 Hg(x7 t)HLg(R;Wl.r(_Q))etz h (t2 —t1) ( )+q’
[1—q(6 — 6]
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where C} and (), are two constants. Therefore, as the proof of Theorem 3.1, we get that the solution
of (1.1) with g(x,t) € L} (R; W"(£2)) and u(t) € L'(£2) can enter in W"(R).

For p = 2, substituting the assumption on gg(x,t) in Theorem 4.1 with go(x,t) € L,’; (R; V), we
obtain the same result as in Theorem 4.1 with Hy(go) being replaced by Hy (go).

For 1 < p < 2, substituting the dissipative condition (4.1) and go(x,t) € Lg(}R; H) in Theorem 4.1
with (5.21) and go(x,t) € Lg (R; V), respectively, proceeding as in the derivation of (5.22) and (5.23)
(see Section 5.2), we get that there exists a uniformly (w.r.t. g € Hy (go)) absorbing set for the family
of processes {Ug(t, 7)}, g € Hv(go) in H. In this situation, as the proof of Theorem 4.1, we can obtain
that there exists a compact uniformly absorbing set in H for the family of processes and the family
of processes is weak continuous in H. Therefore, the result of Theorem 4.1 still holds with Hy(go)
being replaced by Hy (go). O

4.2, 1—I—/)T_l<%,r>l

|

In this case, the theory of Hilbert spaces cannot be used. We need other dissipative conditions
instead of (4.1). Assume that

.. fx9)s
lim inf
5—>00 s|2

>0 (4.18)

and
p>r, ifr>2,
' (419)
p>2, ifl<r<?2.
Multiplying (1.1) by |u|""2u and integrating by parts, using the boundary condition, we get
1d r 4o —1) 2 o
;EHu(t)||Lr(g)+7r2 /‘V(|u|2)‘ dx+/f(x, w)ul"?udx
Q Q
=/g(x, t)lul""?udx
Q
r—1
< g 0o Il - (4.20)
By the dissipative condition (4.18), there exist positive constants C14 and Ci5 such that
Fx wul?u > Cralul” - Cis. (4.21)

Using (4.19), we have
r—1
Hg(x, t) H Lr() “u”Lr(Q)

—@r-1
Cia r 1 Cigr r
< _— r - ,t r
: llu”“m+r<—2(r—l)> |80 g)

—r-D1 7%
Cia, p—r[1/ Cur T p
< 5 Ml + = [;<2(r_1)) } +5Hg(x,t)HLr(9). (4.22)
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Let M5 = %[}(%)—(Hnﬁ. It follows from (4.20)-(4.22) that

d Ciar T2
dt ”u(t)H;j(Q) + T”uuzr(g) < Cisr + Msr + E Hg(x, t) ler(g).

Using Lemma 2.2 and (4.2), we obtain that

C
[u® [0 < U@} ™

2
r p 2
+ (C15r+ Msr + D |g0(x. 0) ”LE(R;L’(Q))> <1 * C14T)'

Therefore, problem (1.1) generates a family of processes {Ug(t, T)}, g € Hir(2)(8o), acting in L"(£2).
Moreover, let

Ry =2 C15T+M5r+ﬁ||go(x t|? .
0 D PN R LT () Ciar )’
the set

Bo={ueL(£2)|llullr2) < Ro} (4.23)

is uniformly (w.r.t. g € Hyr(2)(8o)) absorbing, i.e., for any bounded set B C L"(£2) and for all g €
Hir(2)(8o), there exists T1(t, B) such that for all t > Tq(z, B), Ug(t, T)B C By.

Theorem 4.2. Assume that f (x, u) satisfies (1.2)-(1.3) with a(x) € L?, B > 1 and exponent p > 1 such that

1 -1 2
—i—'O <
B r N

and (4.18)-(4.19) hold. Let go(t) € Lg (R; L"(£2)). Then the family of processes {Ug(t, T)}, & € Hir(2)(&o),
corresponding to problem (1.1) possesses a compact uniform (w.r.t. g € Hyr(2)(go)) attractor Az, y in
L' (£2) satisfying:

) (8o

A @) (80) = @0 Hyr (o) (80) (Bo) = U Kg(0), (4.24)
geH r(2)(80)

where By is the uniformly (w.r.t. g € Hyr(2)(go)) absorbing set in L' (£2).

Proof. By the fact that p > 2 and the regularity of solutions of (1.1), choosing 8 = % we know that

B = U ng(r+1,r)30 (4.25)

geH r()(80) TER

is also a uniformly absorbing set and bounded in W(l)’r(.(z). Thus, there exists a compact uniformly
(w.rt. g € Hir(2)(80)) absorbing set in L'(£2) for the family of processes {Ug(t, 7)}, & € Hir(2)(£0),
acting in L'(£2). This implies that the family of processes {Ug(t, T)} possesses a uniform attractor
AHU(_Q)(gO) in L"(£2). To show (4.24), by Theorem 2.3, we only need to check the weak continuity of
the family of processes {Ug(t, T)}, & € Hir(2)(8o).
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and

N[—=

Let u,(t) and u(t) be the solutions of (4.10) and (1.1), respectively. Choosing 0 < € <

y(€e) = % as in Claim 1 of the proof of Theorem 3.1, we have

” f(X, Un(t)) ” W-1r(2) < Cy7 ” f(X, Un(t)) ”Er(e)—l
< Ciglaco | s g (lun © [ +1)

< Ci9]a® | s o (Jun® [y 1.0y + 1)- (4.26)

For every v e W' (£2), 1 +1 =1,

‘/u;(t)vdx <f|Vun(t)||vU|dx+f|f(x, un(t))v|dx+/|g(x, t)||vldx
2 2 2 2

< H un(t) H W(}r(ﬂ) ”U”WLT/(_Q) + H f(x7 U) || W71~T(Q) ”U”Wl‘r’(g)

+ C19Hg(X, t) ”Lr(g)llvnwl,r/(g)- (427)

By (4.25)-(4.27), we obtain that

t
/Hu;z(t)”;vhr ds < Cao(T. [[go(x, t)HLf(R;U(Q))’ Ha(x)HLﬂ(Q)’ Ro).
T

Thus, by the fact

t
[ 190066} < €
T

we obtain that

{un(®)} is precompact in Lj,.(R¢; L™ (£2)).

loc

The rest of the proof is similar to that of Theorem 4.1 after (4.15). This completes the proof. O

Remark 4.2. If g(x,t) € Lg (R; WL (£2)), by Remark 4.1 we notice that the assumption (4.19) in The-
orem 4.2 can be relaxed, i.e., p >, and the result of Theorem 4.2 still holds with H;r)(go) being
replaced by Hyy1.r()(80). For 1 < p <r, substituting assumption (4.18) and go(x,t) € LE (R; L"(£2)) in
Theorem 4.2 with (5.21) and go(x,t) € Lg (R; W17 (£2)), respectively, we have the same conclusion as
in Theorem 4.2 with Hyr()(go) being replaced by Hy1.r()(g0). O

43 T+ 21 =2 r>1

==

In this case, from Theorem 3.1 we know that the time of existence for the solutions of (1.1) is
only uniform on compact S C L"(£2). Thus, we cannot obtain existence of uniform attractor in L' (£2).
However, we have:
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Theorem 4.3. Assume that f (x, u) satisfies (1.2)-(1.3) with a(x) € L?, B > 1 and exponent p > 1 such that

1 p—-1 2

B r N’

and (4.17)-(4.18) hold. Let go(t) € Lg (R; L"(£2)), p > 2. Then there exists a compact set A such that A
uniformly (w.r.t. g € Hyr(2)(8o)) attracts every compact set B in L™ (§2).

5. Existence of attractors in W17 ()

51 r=2 <1,N>2

NP+ ,B(N-i—Z)

Suppose that the nonlinear function f satisfies the following conditions:

—(x,8) > —cq, —X(x, s)| < b(), (5.1)

of ‘af
ds 0

where c1 is a positive constant such that ¢; < %(1 — 2011, 01 < % and b(x) € L?(£2).

From Theorem 3.2 and Remark 3.1 we know that if g(x,t) belongs to L{;(R; L"(£2)) and
LY (R; W17 (£2)), respectively, the solutions of (1.1) cannot enter in H?(£2) := W22(£2) in both cases.
Therefore, this brings some difficulties in priori estimates on solutions. To overcome this, using stan-
dard Faedo-Galerkin method, we first show that there exists a new type of solutions of (1.1).

1
Claim3.u e C([t,T]; V)NC((z, T]; E22 +E) is a solution of (1.1) in the sense of (1.4), and

ueC([t,TLV)NL;

loc

([r,TL; D(=A)) NL®(R¢; V) (5.2)
is the weak solution of (1.1).

Proof of Claim 3. Since the injection of V in H is compact, (—A)~! can be considered as a self-
adjoint compact operator in H. By the elementary spectral theory of self-adjoint compact operators
in a Hilbert space, there exists a sequence {)L]}OO1 and a family of elements {a)]}oo1 of D(—A), which
are orthonormal in H, such that

—A(,()]:)\.]CI)], j:1,2,...,
. (5.3)
O<i1<A2,..., Aj—>o00asj—> oo.
Let Hyp = span{wy,wy,...,wy} in H, Py : H— H;, be the orthogonal projector. Let un(t) =

Z'}Ll bjm(t)wj(x) be a solution of the following ordinary differential equation

dUn _ b w1 p p
T— mAUn + Py f (X, um) = Pmg(x, t), (5.4)

Um(T) = Ppug,

where bj i, (t) are absolutely continuous scalar functions on [z, T].
Multiplying (5.4) by —Au,, and integrating by parts, we have

d
o [Vum (@) H2 + | Aum(t)Hz + (P f (X, Um), —AUm) = (Pmg(x, ), — Alpm(t)). (5.5)
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Note that the third term on the left-hand side of (5.5) can be rewritten as
af
<me(x Um), Aum / (X, um)Vum + /—(X um)|vum| (5.6)
and by (5.1),

<f\b<x>\|wm|

‘ / ﬂ(x, Um)Vuny
0x

Q Q
< Ilb(x)H IVt |
< Za 1P® |* + o1 | Vum 2. (5.7)
The term on the right-hand side of (5.5) satisfies
1 1
(Pmg(x.0), = Aun () < 5 [gx. O + | Auml” (5.8)
By (5.1), from (5.5)-(5.8) we have that
LNV + [ Auno
dt m m
<2(er +00i) | Vun© | + 5 [ (5.9)

which yields
d 2 2
o HVuma)H + (1 =2an)r —2¢1) | Vum(®) |

< 5o 1000 + [gtx. 0

< %03 Ilb(x)H + g Of + Caa. (5.10)

Thus, applying Gronwall’s inequality to (5.10) and integrating (5.9) from 7 to T, respectively, we obtain
that

Um(t) isbounded in L*°((t, 00); V),
bounded in L*([7, T1; H*(£2)).
Since upy(t) € C([t,T]; V) and Pphu;s — uy (m — oo) strongly in V, we have
Up(t) =~ Ut) =-weaklyin L®((r,T]; V),
—~1U@t) weaklyin L*([t, T]; H*(£2)),
— U(t) stronglyin C([,T]; V).

Similar to the proof of (4.8), we obtain the result. O
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In the rest of this subsection, the solutions of (1.1) are meant the solutions in sense of Claim 3.
In obtaining the compact uniformly attracting set in V for the family of processes {Ug(t, 1)}, g €
Hy(go), we use the idea in [31]. We first introduce a new class of external forces which are similar
to Definition 3.1 in [31].

p
loc

Definition 5.1. A function ge L
n > 0 such that

(R; X) (p > 1) is said to be p-normal if for any € > 0, there exists

t+n
sup f lgx.9)|% <e.
teR

t

where X is a Banach space.

Denote by L} (R; X) the set of all p-normal functions in L} (R; X). It is easy to see that L} (R; X) C
LY (R; X).

Lemma 5.1. If go € LP (R; X) then for any T € R,

t
lim sup/e‘“t_s) e, s) H;ds =0

A—+00 t>t

uniformly w.r.t. g € Hx(go).
The proof is similar to Lemma 3.1 in [31].

Theorem 5.2. Assume that f (x, u) satisfies (1.2)-(1.3) with a(x) € L?, B > 1 and exponent p > 1 such that

N-2 2N
<
N+2° T BN+2)

1, N>2,

and (5.1) holds. Suppose that go(x, t) € LP (R; H) is p-normal, p > 2. Then the family of processes {Ug(t, )},

loc
g € Hy(go), corresponding to problem (1.1) possesses a compact uniform (w.r.t. g € Hy(go)) attractor

Ay (g0) In'V satisfying:

Ati(go) = @0, Hy(g0) (Bo) = U Kg(0), (5.11)
geMy(go)

where By is the uniformly (w.r.t. g € Hy(go)) absorbing setin V.

Proof. Taking the scalar product in H of (1.1) with —Au, we have that

| =

[Vu() H2 + (—Au, —Au) + (f(x,u), — Au)

N | =
Q

t
=(g(x,t), —Au)

1 2 1
<5 lgx. 0| + Sl = Aul?. (5.12)
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Proceeding as in the derivation of (5.10), it follows from (5.12) that

d
o ||Vu(t)H2 + (1 =2a)r —2¢1) | Vu®)|?

< sm ool + et o]+ can

Applying Lemma 2.2 and (4.2), from above we have that

[vu@|’ <

H Vu(t) H Ze_((l—zal))q —2c1)(t—T)

1
1
+< + (1—-201)2 — 2

1>(|\go(x, t)Hfng;H) + Ca3).

751

Thus, the family of processes {Ug(t, )}, & € HH(8o), acting in V is well defined. This estimate also

implies that the set

={u® eV |[u®], < Ro}

is the uniformly (w.r.t. Hy(go)) absorbing set, where

For any bounded set B C V, let To(t, B) > T such that UgeHH(go) U(t,T)B C Bg, t > Tg.

Let Vi, = span{wi, w3, ...,wn} in V and Py, : V — V,, be an orthogonal projector. For any u €

D(—A), write

R5:2<1+

p
Tz =g ) 180 g + o)

u(t) = Pru(t) + (I — Pm)u(t) £ ug (t) + uz(t).

Taking the scalar product in H of (1.1) with —Au;, proceeding as in the derivation of (5.12), we have

Similar to (5.7),

1d
§d—||V”2(t)H (—Aty, —Auz) + (f (x, u), —Aup)
1
<sle o]’ + —|| — Aug|*.
! 2
‘ (x, u)Vuy | < —Hb(X)H —IIVuzII :

By (5.1) and (5.14), proceeding as in the derivation of (5.9), from (5.13) we get that

d
Vo + a0 <

which implies that

Q2c1 + V|V | + b |* + |gx. 0],

(5.13)

(5.14)

(5.15)
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d
Vi + 0 =200 = D[ Vi O < b0 | + | 0
<b@]* + |gx 0| + Caa. (5.16)
By Gronwall’s lemma, (5.16) yields

t
HVUz(t) ”2 < HVUZ(TO + ])||Ze—(km—261—])(t—(To—H)) 4+ / e—(Am—2c1—1)(t—s) ”g(x’ t) ”P ds
To+1

t
+ (b | + C2a) / e~ m=201-D=9) gyt > To 4 1. (517)
To+1

For any € > 0, by Lemma 5.1 we can choose A, (Am > 2¢1 + 1) large enough such that

t
f e tm=20-DE9 | g(x 1)|Pds <€, Ve>To+1, (5.18)

To+1
and

t

(|6 [|* + Caa) / o~ (=261 -1)(t=5) g
To+1

1

Let T1_T0—|—1—i—A 2c] 1ln . For any t > T1, we have

| Vua(To + 1) | 2o~ Gm=20-DE=Tot D) _ ¢ (5.20)

Therefore, (5.17)-(5.20) imply that

| Vua(0)|* <3e. ¥t >Ti. ge€Hu(go).

Using the properties of the Kuratowski measure of non-compactness and Theorem 2.4, we know that
the family of processes {Ug(t, 7)}, & € HH(&o), corresponding to problem (1.1) has the uniform (w.r.t.
g € Hy(go)) attractor Az, (gy) in V.

To show (5.11), according to Theorem 2.3, we only need to verify the weak continuity of the
family of processes {Ug(t, 7)}, & € Hn(go), acting in V. Let uy, — u; weakly in V, g, — go weakly
in Lﬁ)C(R; H). Let uy(t) = Ug, (t, T)ug, be the solution of Eq. (4.10), u(t) = Ug, (t, T)u,. Similar to the
proof of Theorem 4.1, we can obtain

{un(®} isbounded in L®°(R¢; V) NLE (Re; D(—A)),
{up,®} isbounded in L2 (Ry; H1(2)).
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Similar to the proof of the weak continuity of the family of processes in Theorem 4.1, we can obtain
that Ug, (t, T)ug, = Ug, (t, T)u; weakly in V.
This completes the proof. O

N—2 2N
5.2. 1<r<N, N—Hp+m<l
We first recall a result in [37, Proposition 48.5].

Lemma 5.3. Let §2 be an arbitrary bounded domain and let {e’"}t>o be the Dirichlet heat semigroup in £2. For
all1 < p <ococandall ® € LP(£2), there holds

At —t
le ‘PHLP @ SMe(@)e @l p (. £>0.
We need the following dissipative condition:
f(x,u)>0 forae xe 2. (5.21)

Suppose that g(x,t) LE(R; W17 (£2)). Notice that u(t) satisfies Eq. (3.1), by Theorem 3.2 and
(5.21), we have

t

u() =eA‘H)u(T)+/6A(t_s)[—f(X7U(S)) +g(x,5)]ds

t
<eAtDy(7) + / e g(x,5)ds. (5.22)

T
Using Lemma 5.3, from (5.22) we have

t

4 a1y < 1A U@ gy + [ 14809 y11 5
T

t
< MG(Q)e_)Ll(t_T) ”U(T) || WLr(2) + C24M6(Q) / e—)q =5 Hg(x’ S) H Wlr(2) ds
T

< MG(Q)e_)Ll(t_T) ” u(r) || Wlr(2)

t t

1
q
+c241v16(.<2)< / o= 7 (t=5) ds) ( / e~ 5P e, s) H’Cvl,r(m d5>

T T

ST

< M6(Q)e_)\1 = ” u(r) || WLlr()

2 % e%]p P
+ C24M6(Q)(m> <m) ”gO(X, t) HLII;(R;Wl’r(Q))' (523)
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Therefore, the family of processes {Ug(t, 7)}, & € Hyy1r(o)(80), acting in the space Wl (2) is well
defined. Let

Ro = 2CsaMe() 2 )" (=20 ’
0 =2C24Mg( )<m> T HgO(X’t)HLg(R;W”(sz))’

1 M

the set

Bo={u® e W' () | |u® | 1+, < Ro} (5.24)

is the uniformly (w.rt. g € Hy1r()(80)) absorbing set for the family of processes {Ug(t, 7)}.

We know from Remark 3.1 that the solutions of (1.1) cannot enter in W?2'(§2). However, we can
obtain the existence of uniform attractor in the weakly topological space W ~17(£2).

Theorem 5.4. Assume that f (x, u) satisfies (1.2)-(1.3) with a(x) € L?, 8 > 1 and exponent p > 1 such that

N-—r Nr

N+’ T BiNnEn

1, 1<r<N,

and (5.21) holds. Let go(x,t) € Lg(IR; WL (£2)), p > 2. Then the family of processes {Ug(t, 7)), g €
Hy1r(e)(80), is well defined in WL (2) and possesses a uniformly (w.r.t. Hy1r()(80)) absorbing set in
W7 (£2). Moreover, there exists a compact set A in W17 (2) such that A uniformly (w.r.t. Hy1ro)(80))
attracts bounded set B of W17 (§2) in the topology of W ~17(£2).

Proof. The existence of a uniformly absorbing set in W17 (£2) is obtained in (5.24). The proof of
continuity of the process in the topology W ~1:7(£2) is similar to the proof of Theorem 4.2. O

6. Properties of attractors

In this section, we investigate the relationship between pullback, forward attractors corresponding
to problem (1.1) and uniform attractors obtained in Theorems 4.1, 4.2 and 5.2. Lots of work have been
done on studying the existence of pullback attractors for non-autonomous dynamical systems, e.g.
[13-15,38,45,49]. Non-autonomous dynamical systems can often be formulated in terms of a cocycle
mapping ¢ on a state space E for the dynamics in E that is driven by an autonomous dynamical
system {6;}rcr in what is called a parameter space X. Let X' be a metric space and {0:;};cr be a
group acting on X' satisfying:

(1) 6g(0) =0 forall o € X;
(2) Br45(0) =6:(05(0)) for all t,s e R;
(3) the mapping (t, o) — 0;(0) is continuous.

A mapping ¢ : Ry x ¥ x E — E is called a cocycle on E if it satisfies:
(1) ¢(0,0,x) =x for all (0,x) e ¥ x E;
(2) ¢t +5,0,X) =¢(t,0s(0),¢d(s,0,x)) forall t,se R, and all (0,x) € ¥ x E;

(3) the mapping (t,o,x) — ¢(t, 0, x) is continuous.

A family of nonempty compact subsets {Ay}scx of E is called a pullback (or cocycle) attractor of
¢ with respect to 6, if for all o € X, it satisfies:
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(1) ¢(t,0,As) = Ap, (o) for all t e Ry (¢-invariance);
(2) lim¢_, oo distg (¢ (t, 0_¢(0), B), As) =0 for all bounded B C E.

A family of nonempty compact subsets {A,}secx of E is said to be a forward attractor of ¢, if it

satisfies the ¢-invariance property and if, in addition, {A,}scx forward attract each bounded set B
of E, i.e.,

lim_distg (¢ (.. B). Ag o)) =0.

Suppose that assumptions of Theorem 4.1 hold. By Theorem 3.1 and (4.6), we can define a contin-
uous cocycle ¢ on H:

¢)(t’g’uf):u(t)v v(t’g’uT)ER‘L’ XHH(gO) X H’ (6])

where u(t) is the solution of problem (1.1) with initial data u; € H and external force function g €
Hy(go). By Theorem 3.4 of [45], from the proof of Theorem 4.1 we deduce that the cocycle ¢ defined
by (6.1) possesses a pullback attractor A" in H:

AT ={ A} ere0 = {22 BO) geriyy o)

where Bj is the bounded uniformly absorbing set that is the same one as in Theorem 4.1, and

H

wg(Bo) =[] [ Jo(t. 0-c(2), Bo)

s>0t>s
Therefore, we have:

Proposition 6.1. Under the assumptions of Theorem 4.1, the cocycle ¢ corresponding to problem (1.1) possesses
a pullback attractor Al = {Af}ge11y(g9) and a forward attractor A5 = { A5} get1(go) in H. Moreover,

H H
Aty (g0) = U Alg = U A2g'
g€HH(&o) g€HH(8o)

Analogously, we have:

Proposition 6.2. Under the assumptions of Theorem 4.2, the cocycle ¢ corresponding to problem (1.1) pos-

r r r
sesses a pullback attractor .Aﬁ ) — {Aig(m}geﬁmm(go) and a forward attractor .Aé ) —

L' .
{‘AZg( )}geHLr(m(gO) in LT (§2). Moreover,

_ L") _ L'(£2)
AHU(Q) (g()) - U Alg —_ U Azg .
geH 1 (2)(20) geH 1 (2)(20)

Proposition 6.3. Under the assumptions of Theorem 5.2, the cocycle ¢ corresponding to problem (1.1) pos-
sesses a pullback attractor AY = {A{,}gery gy and a forward attractor Aj = (A}, }gety (o) in V. More-
over,

1% \%
A (go) = U Alg = U A2g'
geHn(go) geHu(go)
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