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Abstract

This paper is concerned with the existence of travelling wave solutions in a class
of delayed reaction—diffusion systems without monotonicity, which concludes
two-species diffusion—competition models with delays. Previous methods do
not apply in solving these problems because the reaction terms do not satisfy
either the so-called quasimonotonicity condition or non-quasimonotonicity
condition. By using Schauder’s fixed point theorem, a new cross-iteration
scheme is given to establish the existence of travelling wave solutions. More
precisely, by using such a new cross-iteration, we reduce the existence of
travelling wave solutions to the existence of an admissible pair of upper and
lower solutions which are easy to construct in practice. To illustrate our main
results, we study the existence of travelling wave solutions in two delayed
two-species diffusion—competition systems.

Mathematics Subject Classification: 35K57, 35R20, 92D25

1. Introduction

In recent years, great attention has been paid to the study of the existence of travelling
waves in reaction—diffusion systems with delays. In a pioneering work, Schaaf [27]
systematically studied two scalar reaction—diffusion equations with a single discrete delay
for the so-called Huxley nonlinearity as well as Fisher nonlinearity by using the phase space
analysis, the maximum principle for parabolic functional differential equations and the general
theory for ordinary functional differential equations. For reaction—diffusion systems with
quasimonotonicity (QM) and a single discrete delay, Zou and Wu [36] established the existence
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of travelling wave fronts by first truncating the unbounded domain and then passing to a limit.
Wu and Zou [33] further considered more general reaction—diffusion systems with a single
delay of the form

9 =D ” 1.1
Su(r ) = Do—sur. 1)+ [0, x)). (1.1

wheret e R, x e R, D = diag(dy,---,dy), d; > 0,i =1,---n, f € C([—7,0],R") is

continuous and satisfies f(0) = f (K) = 0; here u denotes the constant vector function on

[—1, 0] taking the value u, and for any fixed x € R, u,(x) € C([—t, 0], R") is defined by

u,(x) = u(t+6,x),60 € [—rt,0]. If the reaction term f satisfies either the QM condition
(QM) there exists a matrix 8 = diag(By, Ba, - . . , Bn) With B; > 0 such that

F(®) — f(¥) +B(®(0) —¥(0) =0

for ®, ¥ € C([—71,0], R") with0 < ¥(s) < &(s) < K,s € [—1,0]
or the non-quasimonotonicity (QM*) condition
(QM*) there exists a matrix 8 = diag(8, B2, ..., Bn) with B; > 0 such that

J(®) = f(¥) +B(20) =W () >0

for &, ¥ € C([—1, 0], R") with (i) 0 < ¥(s) < ®(s) < K, s € [—7, 0] and (ii) e#* (P (s) —
W(s)) is non-decreasing in s € [—7, O];
then some existence results are established for travelling wave fronts connecting the trivial
equilibrium 0 and the non-trivial equilibrium K, where the well-known monotone iteration
techniques for elliptic systems with advanced arguments are used [20, 23]. The results
are applicable not only to delayed scalar equations (Lan and Wu [19]) but also to delayed
systems, such as delayed diffusion—cooperation systems (Huang and Zou [14]) and the delayed
Belousov—Zhabotinskii model (Huang and Zou [15]). Following Wu and Zou [33], Ma [22]
employed the Schauder’s fixed point theorem to an operator used in Wu and Zou [33] in a
properly chosen subset in the Banach space C (R, R") equipped with the so-called exponential
decay norm. The subset is constructed in terms of a pair of upper—lower solutions, which is less
restrictive than the upper—lower solutions required in [33]. This makes the search for the pair
of upper—lower solutions slightly easier. Since Ma [22] only considered delayed systems with
quasimonotone reaction terms, Huang and Zou [15] extended the results of Ma [22] to a class of
delayed systems with QM* reaction terms. For related results on reaction—diffusion equations
with non-local delays, we refer to Ashwin et al [1], Al-Omari and Gourly [2], Billingham [3],
Li, Ruan and Wang [21], Wang, Li and Ruan [31] and references cited therein.

However, it is quite common that the reaction term in a model system arising from a
practical problem may not satisfy either the QM condition or the QM* condition. Two typical
and important examples are the two species competition systems [26, 32]:

2
%”l(x’t) = dl@“l(xa 1) +riu(x, )1 —ajui(x,t) — biua(x, t — 11)],
5 2 (1.2)
Euz(x, 1) = dzﬁuz(x, 1) +raua(x, H[1 — boui(x, t — 1) — axus(x, t)]
and
P 2
Eul(x’t) = dl@“l(% D +riu(x, )1 —aui(x,t — 1) — bua(x, t — )],
2 (1.3)

0
—ux(x, 1) = dy—ur(x, 1) + rpua (x, H[1 — bouy (x, t — 13) — arur(x, t — 14)].
ot 9x2

Thus, it is worthwhile to further explore this topic for systems without either QM or QM*, and
this constitutes the purpose of this paper.
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In order to focus on the mathematical ideas and for the sake of simplicity, we consider a
reaction—diffusion system of two equations with discrete delays, that is,

0 92

—ui(x, ) =dy—ui(x, 1) + fi(u(x, 1 — 1), uz(x, 1 — 112)),

Jat ax (1 4)
0 2 ’
5“2(& t) = dzﬁuz(& D+ folur(x,t —121), uz(x, t — 122)),

where d; > 0,7; >0, f; : R? — R is a continuous function, x € (—o0, 00), and
(A1) fi(0,0) = fi(ky, ko) =O0fori =1,2.
(A2) There exist two positive constants L; > 0 and L, > 0 such that
L f1(p1, Y1) — fi(g, ¥2)| < L[| — W,
| f2(b1, Y1) — fa(@ar, Y2)| < La||® — V||
for ® = (¢1, Y1), ¥ = (¢, ¥2) € C([—7, 0], R?) with 0 < ¢; (), ¥i(s) < M;, s € [-7, 0],
M; > k; is positive constant, i = 1, 2.

Since the results of Huang and Zou [15], Ma [22] and Wu and Zou [33] do not apply to
delayed reaction—diffusion systems (1.2) and (1.3), we must search for new techniques that
can be applied to our delayed reaction—diffusion system (1.4), at least for (1.2) and (1.3). To
overcome the difficulty, we propose two new conditions on the reaction terms, which are to be
called the weak QM condition (WQM) and the weak QM* condition (WQM™), respectively:

(WQM) Two positive numbers exist 8; > 0, B, > 0 such that

S1(@1(s), ¥1(5)) — f1(@2(s), ¥1(s)) + B1[¢1(0) — ¢2(0)] = O,
J1(@1(5), Y1(s)) — f1(di(s), ¥a(s)) <O,
F2(@1(5), Y1(s)) — fa(P1(s), Y2(5)) + B2[¥1(0) — ¥2(0)] = O,
F2(@1(5), Y1(s)) — f2(P2(s), Y1 (s)) <O
for ¢1(s), ¢2(s), Y1 (s), ¥2(s) € C([—7, 0], R) with
0 < éas) < @1(s) < M1, 0 < Yna(s) < Yi(s) < Mo, s € [—7,0].
(WQM*) Two positive numbers exist 8; > 0, 8, > 0 such that

J1(@1(5), Y1 (s)) — f1(@2(5), Y1 (s)) + Bi[¢1(0) — $2(0)] = O,
J1(@1(5), Y1 (s)) = fi(@1(5), ¥2(s)) <O,
F2(@1(5), ¥1(s)) — f2(h1(s), ¥2(s)) + B2[¥1(0) — ¥2(0)] = O,
J2(@1(5), Y1 (s)) — f2(@2(5), ¥1(s)) <O

for ¢1(s), ¢2(s), ¥1(5), ¥2(s) € C([—7, 0], R) with

(1) 0 < ¢a(s) < @i(s) < My, 0 < Ya(s) < Yuls) < Ma, s € [—1,0];
(i) e [@1(s) — ¢a(s)] and eP*[yr; (s) — Y (s)] are non-decreasing in s € [—t, 0].

Since the nonlinear functions f; and f; in (1.4) have different monotonicity with respect to
the first and second arguments in the first and second equations, respectively, following Pao [23]
and Ye and Li [34], we introduce definitions of the upper and lower solutions, and a new cross-
iteration scheme, which are different from those defined in Huang and Zou [15], Ma [22] and
Wu and Zou [33]. By using such a scheme, we will construct a subset in the Banach space
C (R, R?) equipped with the exponential decay norm and reduce the existence of travelling
wave solutions to the existence of an admissible pair of upper and lower solutions which are
easy to construct in practice. As applications, we shall show that system (1.2) satisfies the
condition (WQM) while system (1.3) satisfies (WQM™) and establish the existence of travelling
wave solutions in both models.
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We remark that if 7y = 1, = 0, then (1.2) reduces to the following Lotka—Volterra
diffusion—competition system:
0 92
—ui(x,t) =di—ui(x, 1) +riug(x, [l —ajuy (x, t) — biuz(x, 1)],
ot dx2

> (1.5)

0
—ur(x,t) = do—uz(x, 1) +rauz(x, t)[1 — bouy(x, 1) — axus(x, 1)1,
ot 9x2

where u; and u, represent the densities of two competitive species in a one-dimensional
habitat having infinite length and d,, d», r1, 12, a1, az, by, b, are some positive constants. The
existence of travelling wave solutions of (1.5) has been extensively studied in the literature
(Conley and Gardner [5], Gardner [8], Gourley and Ruan [9], Kanel and Zhou [16], Kan-on
[17], Tang and Fife [29] and van Vuuren [30]). This model has a trivial (no species) equilibrium
Ey = (0, 0), two semitrivial (one species only) spatially homogeneous equilibria [9]

1 1
El = <_50>’E2= (Ov _>
ap a

and a positive (two coexisting species) spatially homogeneous equilibrium

o (%2~ b ap — by
- ajay — blbz’ ayay — b]bz

provided that aya, # b1b, and either (i) a, > by and a; > b, or (ii) a, < by and a; < b,. By
using phase space analysis for the ordinary differential equations, Tang and Fife [29] and van
Vuuren [30] showed that (1.5) has travelling front solutions connecting the equilibria £y and
E*. Kanel and Zhou [16] further proved that (1.5) has travelling front solutions connecting the
equilibria £ and E*. Conley and Gardner [5] and Gardner [8] showed that (1.5) has travelling
front solutions connecting the equilibria E| and E,, where Conley index and degree theory
methods have been developed. Other related results can be found in Gourley and Ruan [9],
Hosono [11, 12], Kan-on [17], etc. We shall establish the existence of travelling waves in
system (1.4), thus in systems (1.2) and (1.3), that connect the trivial equilibrium E, and the
positive equilibrium E*. Thus our results can be regarded as a generalization of the results of
Tang and Fife [29] and van Vuuren [30] to the diffusion—competition models with delays.

This paper is organized as following. Section 2 is devoted to some preliminary discussions.
In section 3, we establish a new cross-iteration scheme and apply it to obtain the existence
of travelling wave solutions if the nonlinear reaction term satisfies the condition (WQM). In
section 4, we use the non-standard ordering of the profile set and prove that similar results
hold if the nonlinear reaction term satisfies the condition (WQM*). In section 5, we apply our
main results to the diffusion—competition systems (1.2) and (1.3) and prove the existence of
travelling wave solutions. The paper ends with a discussion in section 6.

2. Preliminaries

In this paper, we use the usual notations for the standard ordering in R2. Thatis, foru = (uy, u»)
and v = (v, vp), wedenote u < vifu, <v;,,i =1,2,andu <vifu <vbutu # v. In
particular, we denote u < vifu < vbutu; # v;,i = 1,2. If u < v, we also denote (u,
vV={weR u<w<v,uv)={weR*u<w<v},and [u, v] = {w € R?,
u < w < v}. Let | - | denote the Euclidean norm in R? and | - || denote the supremum norm
in C([—1, 0], R?).

A travelling wave solution of (1.4) is a special translation invariant solution of the form
ui(x,1) = ¢(x +ct), us(x,t) = ¥(x +ct), where (¢, ) € C*(R, R?) are the profiles of
the wave that propagates through the one-dimensional spatial domain at a constant velocity
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¢ > 0. Substituting u;(x,t) = ¢(x + ct),ur(x,t) = ¥(x + ct) into (1.4) and denoting
O (s) = d(t +5), Y (s) = ¥ (t +5) and x + ct by ¢, we find that (1.4) has a pair of travelling
wave solutions if and only if the following wave equations
{dmb” —cd'+ f{ (&, Y1) =0,
oy — '+ f5 (¢ Y1) =0

with asymptotic boundary conditions
lim ¢() =¢-, lim ¢@)=¢,, lim y(@)=vy_, lim ¢¥@) =1y, 2.2
t——00 t—+00 t——00 t—>+00

have a pair of solutions (¢ (7), ¥ (¢)) on R, where f (¢, ) : C([-7,0], R) - R,i =1,2,
is given by

2.1)

5@, ¥) = [i(@. ¥), ¢°(s) = p(cs), ¥ (s) = ¥ (cs), s € [-7,01,
where T = maxi;, j<2{7i;}, (¢—, ¥_) and (., ¥,) are two equilibria of (2.1).
Without loss of generality, we let ¢_ =0, ¢, = k; > 0,¢¥_ = 0and ¥, = k, > 0. Then
boundary conditions (2.2) become

dim ¢(1) =0, lim ¢() =k, lim y(0)=0, lim y ()= k. 2.3)
Let

Coomy(R, R?) = {(¢,¥) € CR,R?) : 0 < ¢(5) < M1, 0 < Yr(s) < My, s € R},

Define the operator H = (Hj, H>) : Cion (R, R?) — C(R, R?) by

{H1<¢, VIO = fE@r W)+ Pio (@), o
Hy (¢, ) (1) = f5 (e, Yo) + Bt (1).
Then (2.1) can be rewritten as following:
{dlqs“(t) — (1) = i (1) + Hi (9. ) (1) = 0. °s)
by (1) — ' (t) — B (1) + Ha (¢, ¥) (1) = 0.
Let
N Y RN SR T
2d, ’ 2d, ’
p_CNTEARE e+ /e apads
) 2d, ’ 2d, )
Then

)»1 <0<)\2,)»3<0<)\.4,
A} —chi—B1=0,i=1,2anddsr? —chj — B =0,i =3, 4.
Define the operator F' = (Fy, F) : Cjo,my(R, R?) — C(R, R?) by

t

1 o0
Fi(¢,¥)() = 40a =) |:f MV H (¢, ) (s)ds +/ MU H (9, 1//)(s)ds] ,

t
t

1 o0
Fz(¢,w><r)=m[/ U Hy (, ) (s)ds + / eA‘*(”)sz,w)(s)ds]

t

(2.6)
We can see that the operator F is well defined and for any (¢, ) € Cjo (R, R?),
{d1(F1 (@, )" (1) — c(Fi(¢, ¥)(t) — BiF1(¢, ¥)(1) + Hi (¢, ¥)(1) =0, @7
d(F2(¢, 1)) (1) — c(Fa(d, ¥)) (1) — B Fa (@, ¥)(t) + Ha (9, ¥)(1) = 0. '
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Thus, a fixed point of F is a solution of (2.5), which is a travelling wave solution of (1.4)
connecting 0 = (0, 0) and K = (ky, k») if it satisfies (2.3).
In the following, we introduce the exponential decay norm. Let x > 0 such that
w < min{—AXAj, A2, —A3, A4}. Define
B,(R,R?) = {® € C(R,R?) : sup |®(1)]e ' < o0}
teR
and

|®],, = sup [®(r)|e ',
teR

Then it is easy to check that (B, (R, R?), |- |.) is a Banach space.

3. The case (WQM)

In this section, we consider the existence of travelling wave solutions of (2.1) when the delayed
reaction terms f; and f; satisfy the condition (WQM).

We start our cross-iteration with a pair of upper and lower solutions of (2.1) defined as
follows.

Definition 3.1. A pair of twice continuously differentiable functions ® = (¢, V) and
Q= (¢, ¥) € CR, R?) are called an upper and a lower solution of (2.1), respectively,

if ® and & satisfy

de_EN(l‘) — c¢'>_’(z) + f;‘@,, ¥)<OonR, an
oy (1) — ') + f3 (@, Y1) <OonR,

and
dig (1) — c¢' (1) + f{ (@, ¥;) > 0onR, 32)
A" (1) — () + f5 (¢, ¥,) > Oon R.

In what follows, we assume that an upper solution d = (¢_5, 1}) and a lower solution
@ = (¢, ¥) of (2.1) are given so that

(PDO < ($,¥) < (@, ) <M= (M, M); B

(P2) lim;— oo (¢, ¥) = 0, lim 100(¢, ¥) = lim/100(9, ¥) = K = (k1 k2).

For the operator H = (H,, H,) defined in section 2, we have the following result.
Lemma 3.2. Assume that (WQM) holds. Then

Hi(¢2, Y1) (@) < Hi(¢1, ¥2) (1), Hy(p1, ¥2) () < Halg, Y1) (1)

for (¢i, i) € Com(R,R?) with 0 < ¢a(s) < ¢i(s) < My, 0 < Ya(s) < Yils) <
M2,S e R

Proof. By (WQM), direct calculation shows that

Hy(¢1, ¥2)(t) — Hi(d2, 1) (1)
= Hi(¢1, ¥2) (1) — Hi(¢2, ¥2) (1) + Hi (@2, ¥2) (1) — Hi(¢2, Y1) (1)
= Hi(¢1, ¥2) (@) — Hi(¢2, Y2)(1)
= f{ (@1, Y1) — [ (@2, Yr10) + Bi(@1 (1) — (1))
>0,teR.
The inequality for H, can be established similarly. The proof is complete. g
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As a direct consequence of lemma 3.2, the following lemma is true.

Lemma 3.3. Assume that (WQOM) holds. Then

Fi(¢2, ¥1)(1) < Fi(1, ¥2) (1), Fy (@1, ¥2)(t) < Fa2, Y1) (1)

for (¢i, ¥i) € Comy(R,R?) with 0 < ¢a(s) < ¢1(s) < My, 0 < Yals) < Yils) <
M,,s € R.

Now, we assume that there exists an upper solution ®(r) = (¢, ) and a lower solution
D = (9, ﬁ) of (2.1) satisfying (P1) and (P2).
Define the following profile set.

L(¢. ¥1. [, ¥]) = {($, ¥) € Coa (R, R, $(1) < ¢(1) < (1), ¥ (1)
<Y@) <yY@),t eR}).

Obviously, I'([¢. V], [¢, ¥]) is non-empty.
Lemma 3.4. Assume that (A2) holds. Then
F = (F, F) : Com(R,R*) > C(R,R?)

is continuous with respect to the norm | - |, in B, (R, R?).

Proof. We first prove that H; : Cpom(R, R?) — C(R, R?) is continuous with respect to the
norm | - |,.. If @ = (¢, Y1), ¥ = (¢2. ¥2) € Ciomy(R, R?) satisfy

| — |, =sup |P(t) — W(t)|e " < 6,
teR

then

|Hi (1, Y1) () — Hy (¢, ¥2) (1) ]e V!
= {10 V1) (©) = f{ (Do, Y2 ) () + Br (1 () — o (t)) e
< Lill® — Y lleqocronrye ™+ Bildr — ¢aly
=L; sup [D(t+s5)—W({+s)|e ™" +Bilp — haly

s€[—ct,0]

< Lysup |[®(0) — W(@B)|e e T + g1 |0 — W],
0eR

S (L1 + B — V.

Forany fixede > 0, let§ < g/(L1e"*" +81). If ® = (¢1, Y1), ¥ = (¢2, ¥2) € Crom(R, R?)
satisfy |® — W[, < &, then

|H\ (¢1, Y1) (1) — Hy (¢, Y2) (1) ]e "
S (L1 + B[P — W, <&

Therefore, |H(¢1, Y1) — Hi(¢2, ¥2)|, < e. Thatis, Hy : Ciomy(R, R?) — CR,R?) is
continuous with respect to the norm | - |,,.

Now, we show that F; : Cpom(R, R?) — C(R,R?) is continuous with respect to the
norm | - |,.
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Fort > 0, we find
| Fi(p1, v (@) — Fi (2, ¥2)(@)]

1 ! )
EXTIY [ [ N M H (@1, Y1) (s) — Hi(ga, ¥2)(s)| ds

+ / 2 | Hy (o1, Y1) (s) — Hi (o, ¥2)(s)] ds]

<

1 ! ,
= 0o [ [ N M IHET Hy (1, 1) (5) — Hi(dha, Y2) () ePlds

+ / e““”**"S'|H1<¢1,w1)<s>—H1<¢z,w2)(s)|e“'Sds}

t 0
1 [/ e)hl(tfs)ﬂmds +f e)\l(tfs)fusds
di(A2 —21) Lo —o0

+/ eAZ(l_‘Y)Jr“SdS:I |Hi(¢1, Y1) — Hi (92, I/f2)|;t

_ 1 [ )\.2 — )»1 ew " 2,L,L e)”ti|
di(da — A1) L — A2 — ) AL — u?
x [Hi(¢1, Y1) — Hi(da, Y2)l,, -

N

Hence, we have

|Fy (@1, ¥1) (1) — Fy (¢, ¥2) (1) e
! [ A =M 21 mmt}
+ e
di(a—2) [(w—A)Ga—p) A —p?
X |Hy(p1, Y1) — Hi(¢2, ¥2),

N

< 1 |: )\.Z_A.I " 2/L :|
di(o—x) [(w—A)Q—p) AT —pu?
x |Hi(¢1, Y1) — Hi($2, ¥2)l,, - (3.3)

Similarly, for + < 0, we have

|Fi (61, Y1) () — Fi (¢, ¥r2) (1) e V!
dy(o—x) [—(u+2)Ra+p) A3 —p?

Thus, it follows from (3.3) and (3.4) that F; : Cjom(R, R?) — C(R, R?) is continuous with
respect to the norm | - |, in B, (R, R?).

By using a similar argument as above, we can also prove that F, : Cpon(R, R?) —
C(R,R?) is continuous with respect to the norm | - | » 1n By (R, R?). This completes
the proof. ]

] [Hi (o1, Y1) — Hi(2, ¥2)l,, - G4

Lemma 3.5. Assume that (WQOM) holds. Then
F:T(g.¥].[6.¥]D C T (¢, ¥1.[$. ¥].
Proof. For any (¢, ) € F([Q, g], [(;3, 1}]), by lemma 3.3, it is easy to see that

Fi(g, ¥) < Fi(¢.¥) < Fi(@, ),
Fy (¢, %) < Fa(d. ¥) < Fa(9, V).
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Now, we only need to prove

iq_ngl(Q, V) < Fi(g, ¥) < &, (3.5)

Y/ N/AN
VANRA

¥ < F(¢, ) < Fa(g, ¥) < V.

According to the definition of the operator F and the lower solution, we have

Fl@uﬁ)(r):[/ M 4 / e*z“—”]Hl (¢.9) @)as

> |:/ e)u(tfs) +/ e)»z(ts)il (,314_5(&)+CQ/(S) _dlf//(s)) ds
=¢(), 1 €R.

In a similar way, we can prove that (3.5) holds for ¢ € R. The proof is complete. ]

Lemma 3.6. Assume that (A2) and (WQM) hold. Then
F:T((¢. 116, 9] — Tg. v1.[¢. ¥

is compact.
Proof. We first establish an estimate for F. For any (¢, ¥) € I'([¢, V], (¢, V1), we have

F 0= - N ey d
R = [ Mm@ s

)\,26)”2{ oo

_}»25
Y dOa iy ) ¢ T H@ e

So

At t
|(F1 (¢, ¥)) | < sup L L e H (¢, ¥)(s)ds
R di(h2 — M) J_ooo

)\’zekzt o]

di(hy — A1) J;

+e M

e H (¢, W)(S)dS]

[Arl . o B
————supeMHI e M5l HI L (b, ) (5)ds
S Ao =) rer . 1, ¥)(s)

" . /00_ R
+———sup e I | TS iSlomHISL (@0, ) (5)ds
di(Ay — A1) te]lg ‘ :

|)‘-l| Af— ! _
H , sup e ultl e )»1-V+M|X\ds
S &G — iy @D .

L Azf—MIII/DO —das+uls|
A O Plsipe A
Therefore, for ¢t > 0, we have
’ |)‘1|
F 9 < H 9
[(F1(d, )|, 40 — ) —M)| 1@, V)l
A2
Hi(¢,
+d1()»2—)»1)()»2—ﬂ)| 1@ Pl
S [ SR }|H(¢> »
T diOa—a) L) Go—w | T
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Similarly, for < 0, we have

/ |)‘l|
F S H ’
(R 90l < g S g 1@ Dl
A [ L + ]|H(¢ )
diOag—2) L Oa—w  Go+w| Ou+pw] D07

. 1 [ Mk
di(ly =) L +p) (Ao —p)
Since H : Cjom (R, R?) — C(R, R?) is continuous with respect to the norm | - | « and the set
¢, v1, ¢, ¥]) is uniformly bounded, there exists a constant C; such that |(F; (¢, 1)) lp <

C,. In a similar way, there exists a constant C, such that |(F2(¢ ¥))'|, < C,. Hence F is
equicontinuous on F([¢ 1//] [¢ 1//]) and F F([d) w] [d) W]) is uniformly bounded.

We next prove that F : T'([¢, V1, [¢, ¥]) — T([¢, ¥], [, ¥]) is compact.
Define F"(¢, V) by T o

}IHl(cb, V)l

F(p, ¥)(@),t € [-n,n];
F' ¢, ) (1) = { F(9, ¥)(n), 1 € (n, 00);
F(p,y)(=n),1 € (=00, —n).
Then, for any n > 1, F" is equicontinuous and uniformly bounded. Ascoli—Arzela lemma
implies that F" is compact.
Since {F" (¢, ¥)}g° is a compact series, and

sup [F" (@, ¥)(1) — F (¢, ¥) (1) |e "

teR

= sup |F" (@, ¥) (1) = F(¢, ¥)(@)]e V!

te(—o0,—n)U(n,00)
< 2Cpe ™™ — 0asn — oo,

where C is a positive constant such that

(¢, ¥)| < Co forany (¢, ¥) € T'([¢. ¥, [¢, V1),

by proposition 2.1 in [35], we know that {F"}5° converges to F in F([Q, ﬁ], [qs, 1&]) with
respect to the norm | - |,,. Therefore F is compact. ]

T_he(_)rem 3.7. Assume that (Al), (A2) and (WQM) hold. If (2.1) has an upper solution
(¢, ¥) € Coom(R, R?) and a lower solution (@, ¥) € Com(R, R?) such that (P1) and
(P2) are satisfied, then (2.1) has a travelling wave solution satisfying (2.3).

Proof. From lemmas 3.4-3.6, we know that FT'([¢, 1, [, ¥]) C T'((¢, ¥1,[¢, ¥]) and
F is compact. By Schauder’s fixed point theorem there exists a fixed point (¢*, ¥*) €
(¢, ¥1, [¢, ¥]), which is a solution of (2.1).
“In order to prove that this solution is a travelling wave solution, we need to verify the
asymptotic boundary condition (2.3).
By (P2) and the fact that

0< (@), ¥ (1) < (@), Y1) < (1), ¥ (1) < (M1, M),

we see that
im (&%), ¥ (©) = (0.0) and lim (§°(1), ¥ (1)) = (k1. ko).

Therefore, the fixed point (¢*(¢), ¥*(¢)) satisfies the asymptotic boundary condition (2.3).
The proof is complete. ]
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From theorem 3.7 we can see that the existence of solutions of (2.1) and (2.3) is reduced
to the existence of an admissible pair of upper and lower solutions. However, it is difficult to
construct such a pair of upper and lower solutions in practice because they are required to be
twice continuously differentiable on R.

In order to overcome the difficulty, we introduce the following weaker definitions of upper
and lower solutions of (2.1) than definition 3.1. More precisely, we do not require that the
upper and lower solutions are twice continuously differentiable on R and they are easy to
construct in practice. See examples 5.1 and 5.5 in section 5.

Definition 3.8. A pair of continuous functions ® = (¢, V), ® = (¢, ¥) € CR, R?)
is called a weak upper solution and a weak lower solution of (2.1), respectively, if
constants 7;,i = 1,---,m exist, such that ® and @ are twice continuously differentiable
in R\{7; :i =1, ---, m} and satisfy

d1(,§//(l‘) C¢ ®+ ff (¢z,’ﬁ)< 0, eR\{T;:i=1,---,m}, (3.6)
(1) = () + (¢, ) <Ot €R\(T; i =1, m},

and
dlé//(l‘) - CQ/(I) + flC(?f &t) z20,teR\{T;:i=1,---,m}, (3.7)
Ay (1) — 'O + f5(pr. ¥) 2 0.t eR\[T 1i =1, -+, m).

Lemma 3.9. Assume that (WQM) holds. If ®, ® € Cjom(R, R?) are a weak upper solution
and a weak lower solution of (2.1), respectively, satisfying (P1), (P2) and

{03’(”) <Pt—), ¥+ <Y'(t—),t eR, (3.8)
P(t+) = @'(1=), Y'(t4) > ¥'(t—), 1 €R, ‘
then

D < (Fi(@. V). F2(¢. ) < (Fi(¢. V), Fa(¢. ¥)) < D, 3.9)

and (Fi(¢, 1//) F> (o, 1//)) (Fi (9, v), Fa(9, V) € Cro.m (R, R?) are a lower and an upper
solution of (2.1), respectively.

Proof. Without loss of generality, we assume that ® and ® are twice continuously differentiable
inR\{7; :i =1,---,m}with —co < T} <Tp <--- < T, < +00. Denote Ty = —o0
and T,,4; = +o0o. It is easy to verify that (F;(¢, 1}), F2(<1_>, Y¥r)) is well defined and twice
continuously differentiable. For any ¢ € (T, Tk+1_), 0 < k < m, it follows from (2.6) and the
definition of weak lower solution that

- 1 1 [} B
Fi (?, U)(t) = m |:[ eM—s) +[ e)»z(ts)i| H, (9’ V)(s)ds

1 t o0
> |:/ e)»l(f—é‘) +/ e}»z(l—s)i|
di(d — A1) L) 1

x@@@+@h»ﬂ@%ﬂw

Z 2(t— T)( (Tj+) — 9’(7}_))

j=1

=~

= Q(t) +

1 m
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Using a similar argument, we can prove that (3.9) holds. Furthermore, (2.7) together with
lemma 3.2 yields

0 =di(Fi(¢, )" (1) — c(Fi(¢, ¥)) (1) — BiFi(¢, ¥) (1) + Hi(p, ¥) (1)
< di(Fi (¢, )" (1) — c(Fi(¢. ¥))' (1) — B Fi($, ¥) (@)
+ H\(Fi(¢, %), F2(¢. ) (1)
=d\(Fi($, )" (t) — c(Fi(¢, V) (1) + f{ (F1($, %), Fa(¢, ¥)).

Similarly, we have

dy(Fy (@, ¥))' (1) — c(Fa(d, %)) (1) + f5 (F1($. V), Fa(é, ) > 0.
Note that (F (¢, ¥), Fa(¢, ¥)) € Cioan (R, R?) N C2(R, R?); we conclude that it is a lower
solution of (2.1). -

In a similar way, we can prove that (F; ((Z), ﬁ), F (9, l/_f)) is an upper solution of (2.1).
The proof is complete. |

T_he(_)rem 3.10. Assume that (Al), (A2) and (WQM) hold. If (2.1) has a weak upper solution
(@, ¥) and a weak lower solution (9, z) satisfying (P1), (P2) and (3.8), then (2.1) has a
travelling wave solution satisfying (2.3).

4. The Case (WQM*)

In this section, we shall consider the existence of travelling wave solutions of (2.1) when the
delayed reaction terms f; and f; satisfy the condition (WQM*).

In what follows, we assume that an upper solution (¢(z), ¥ (¢)) and a lower solution
(@), Y (1)) satisfy (P1), (P2), and

(P3) 5[ (s) — ¢(s)] and P (s) — ¥ (s)] are non-decreasing for s € R.

To start with, we define the following profile set:

() (9. ¥) < (9. ¥) < (@, ¥),

(D) e”5[p(s) — p(s)], e [p(s) — P(s)],
CePE [ (s) — Y ()], e [ (s) — Y (s)]

are non-decreasing for s € R

(. ¥1.[$. ¥]) = { (@.¥) € Cloay(R. R?)

It is easy to see that F*([Q, z], [q;, 1}]) is non-empty. In fact, by (P3), we know that
P [p(s) — ¢(s)] and P [y (s) — ¥ (s)] are non-decreasing in s € R, P [p(s) — p(s)] =0,
and e”*[y(s) — ¥(s)] = 0. Thus (¢, ¥) satisfies (i) of T*([¢, ¥]. [¢. ¥]). Similarly,
(¢(1), ¥ (1)) satisfies (ii) of T*([¢. Y], [, ¥]).
Lemma 4.1. Assume that (WQM™*) holds. Then

Hy(¢2, Y1) (@) < Hi(¢1, ¥2)(1), Hy(p1, ¥2) (1) < Ha(g2, ¥1)(1),
where ® = (¢1, Y1), ¥ = (¢2, ¥2) € Crom([R, R?) with (i) 0 < ¢a(s) < ¢1(s) < M, 0 <
Yo (s) < Yri(s) < My; (ii) eﬂ”[¢1 (s) — ¢a2(s)] and eﬂzs[l//l(s) — Y (s)] are non-decreasing
fors e R.
Lemma 4.2. Assume that (WQM*) holds. Then

Fi(¢2, ¥1) (@) < Fi(¢1, ¥2) (1), Fy(¢1, ¥2) (1) < Fal2, Y1) (@),
where ® = (¢1, Y1), ¥ = (¢2, ¥2) € Cromy([R, R?) with (i) 0 < ¢a(s) < ¢i1(s) < M1, 0 <

Yo (s) < Yri(s) < My; (ii) eﬂ”[¢1 (s) — ¢a2(s)] and eﬂzs[l//l(s) — Y (s)] are non-decreasing
fors e R.
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Lemma 4.3. Assume that (A2) and (WQM*) hold. Then F : Cjom(R, R?) — C(R, R?) is
continuous with respect to the norm | - |, in B, (R, R?).

The proofs of lemmas 4.1-4.3 are similar to those of lemmas 3.2-3.4 and are omitted here.
By (P3), it is easy to see the following lemma.

Lemma 4.4. F*([Q, ﬂ], [, 1&]) is a closed, bounded and convex subset of B, (R, R?).
Lemma 4.5. Assume that (WQM*) holds. If ¢ > 1 — min{Bd;, Brd>»}, then
FT*((¢, ¥1.[¢. ¥ C T* (¢, ¥1. [, VD).

Proof. Forany (¢, ¥) € T* ([Q , z], [(f), 1/_/]), repeating the argument in the proof of lemma 3.5,
we have

¢ < Fi(¢, V) <pand ¥ < Fa(¢, ¥) < Y.

This implies that (i) of I'*([¢, ¥, [¢. ¥]) holds. We now prove (i) of I'*([¢. ¥/, [¢. ¥]). Let
Fi(¢, ¥) = ¢ for (¢, ¥) € ', then

(1) — 1 ()]

ePit t +00
— [/ e)n] (tfs) + / e)uz ([S)]
di(A2 — A1) L/ '

X {[B1d(s) +c¢'(s) — did"($)] — [Bioh1 (5) + ¢y (s) — g ()]} ds

ebit t +00
_ [[ P1=9) +/ ekz(t—s):l
di(A — A1) /s ‘

x {[B1(s) +cd'(s) — d1d"(s) — Hi (¢, ¥)(5)]
—[Bio1(s) + coi(s) — dip] (s) — Hi (¢, ¥)(5)]} ds

ebit t +00
_ [/ =) +/ ekz(t—s)]
di(hy — A1) L) '

x [B1d(s) +cg'(s) — did"(s) — Hi (¢, ¥)(s)] ds.

Hence, we have
Lk 1) — 610
” {e™ o) — (D]}

A it t _ _ B
— (511(12 l);l) N e)»](tfs) [,31¢(S) +C¢/(S) _ d1¢”(s) _ H1(¢, '(//)(S)] ds

(Bi+ ) ebt [+
di(Ay — A1) J,

2(/31”»1)6’3" ’em_s)
di(hy — A1) Joo

(B1 + ) el [ RS
di(Ay — A1) S,
>0,reR.

I [Bid(s) +cd'(s) — did" (s) — Hy(p, ¥)(s)] ds
[$186) +c§/(5) = di"(5) = Hi(@, ¥)(5) | ds

816+ (5) = i (5) — Hi (&, ¥)() | ds

Similarly, we can prove that

P (1) = Fa(, ¥) 0], P [Fi (b, ¥) (1) — ¢(1)] and ™' [Fa(¢p, ¥) (1) — Y (1)]
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are non-decreasing in t € R. Thus, F\ (¢, ¥) satisfies (ii) of I*([¢, V], [¢, ¥1). The proof is
complete. U

Similar to lemma 3.6 we have the following lemma.
Lemma 4.6. Assume that (A2) and (WQM*) hold. Then
F:T(¢, 1. [¢. ¥]) — T, ¥ 1. [¢. ¥])
is compact.
Now we state our main result in this section; its proof is similar to that of theorem 3.7.

Theorem 4.7. Agsulne that (Al), (A2) and (WQM*) hold. Assume further that ( 2.1) has an
upper solution (¢, V) € Crom(R, R?) and a lower (¢, ¥) € Com(R, R?) satisfying (P1)—
(P3). Then, for any ¢ > 1 — min{d;, B2d>}, (2.1) has a travelling wave solution satisfying
(2.3).

Similar to that in section 3, we have the following.

Theorem 4.8. Assume that (Al), (A2) and (WQOM™*) hold. If (2.1) has a weak upper solution
(@, V) € Crom (R, R?) and a weak lower solution (¢, ) € Crom (R, R?) such that (P1)-
(P3) and (3.8) hold, then, for any ¢ > 1 —min{B:d\, B2d>}, (2.1) has a travelling wave solution
satisfying (2.3).

Remark 4.9. If (WQM®) is satisfied, then we can always choose §; > 0 sufficiently large
such that ¢ > 1 — min{8,d;, B.d>}.

5. Applications

As mentioned in the introduction, in this section, we employ our conclusions in sections 3 and
4 to establish the existence of travelling wave solutions for systems (1.2) and (1.3).

Example 5.1. We consider the existence of the travelling wave solutions for the delayed
diffusion—competition system (1.2), that is,

0 92
—ui(x,t) =di—ui(x,t) +riu (x, H[1 —ayu (x, 1) — bius(x, t — 1)l
ot dx? (5.1)

0
—ux(x,t) = do—uz(x,t) +rouz(x, )[1 — bouy (x, t — 12) — avus(x, 1)].
ot ax2

Assume that ¢ > 0. Let uy(x,t) = u;(x +ct) = ¢(s), up(x,t) = ur(x +ct) = ¥(s),

s € R, and denote the coordinate s as ¢, then the corresponding wave system is
{dl¢//(t) —c¢' )+l —a1p(t) — b1yt — ct)] =0,

oY (1) — ' (@) + Y (D[] — bap(t — cT2) — axp (1)] = 0.

We are interested in solutions of (5.2) satisfying

5.2)

Iim ¢ () =0, lim ¢(t) =k, lim (¢) =0, lim ¥ (t) = ks,
——00 1—>+00 ——00 t—+00
where
a, — by ar — by
k=—"——>0k=——>0,
: apay — blbz ~ 2 ajay — b1b2 ~
provided that

a; > bz, ay > b]. (53)
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For ¢, ¢ € C([—7, 0], R), where t = max{t;, 12}, denote

f1(@, ¥) =r¢O)[1 —a1¢0) — b1y (—11)],
f2(@, ) =y 0)[1 — byp(—12) — a (0)].
Obviously, (A1) and (A2) are satisfied. We now verify that f = (f}, f») satisfies (WQM).

Lemma 5.2. The function f satisfies (WOM).

Proof. For any ®(s) = (¢1(5), $2(5)), W(s) = (Y1(s), ¥2(s)) € C([—7,0],R?) with
0 < ¢a(s) < @1(s) < My, 0 < ya(s) < Yi(s) < My, inview of My > ky and M, > ky, we
have 2a,M; + by M, — 1 > 2a1ky + b1ko — 1 = a1k; > 0 and
S1(@1, Y1) — fi(da, Y1)
=r1$1(0)[1 — a191(0) — b1y (—7)] — r1$2(0)[1 — a192(0) — by (—71)]
= r1[$1(0) — ¢2(0)] — r1a1p7(0) — $3(0) — r1b1Yri (—71)[h1(0) — ¢2(0)]
=r1[$1(0) — G201 — a1 (¢1(0) + ¢2(0)) — by (—71)]
ri[@1(0) — ¢2(0)1[1 — 2a; M — b1 M, ]
= —rQCaM;+b1M; — 1)[¢1(0) — ¢2(0)]
— Bilg1(0) — ¢2(0)]

WV

and
Si(oi, ) — fi(@r, ¥2)
=101 —a1$1(0) — b1y (=) = r1g1 (O[1 — a1¢1(0) — b1y (—11)]
= —rnbig1 (O W1 (—=11) — Yo (—11))
<0.
In a similar argument, we can prove that f, satisfies (WQM). The proof is complete. ]

In order to apply theorem 3.10, we need to construct a weak upper solution and a weak
lower solution for (5.2).
If ¢ > max{2+/dri, 2+/d>r>}, then there exist 0 < A; < A, such that

diAl—chi+r =0,i=1,2,
and 0 < A3 < A4 such that
doAl —chi+ry=0,i =34
For fixed

. Ay Ay
n € (1, min 2,)\—1,)\—3 (5.4

and large constant ¢ > 0, we consider the functions /;(t) = ™' — ge™" and L,(t) =
Mt — qe")‘-”. It is easy to see that /;(¢) and /,(¢) have global maximum m; > 0 and m, > 0,
respectively. Define

mj my
t; = max {t L) = 7] and 73 = max {t L) = 7} .
Then for any given A > 0, there exists ¢, > 0 and &4 > O such that

ky — ere M =1, (1) = % and ky — eqe ™™ = by(t3) = %
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Note that (5.3) holds, we have g9 > 0, &y > 0 and &3 > 0 such that

(5.5)

are) — b184 > £p, A3 — b282 > &,
ajey — b183 > £p, d2E4 — b28| > &9.

For the above constants and suitable constants ¢, t4, we define the continuous functions as
follows:

At Azt
7 e ) 1 g t27 7 e, t g t4
P(1) = at v = it
ki +¢re s t>t, kr + g3e s t>1ty
and
¢(t) e)hlt - qe'?)ll” t g I, w(t) e)\}t - qen)t_?t’ t g 13,
N U t>n, = |k—ese, t >t

where g > 0 is large enough and A > 0 is small enough. It is easy to see M; = sup, g o) >
ki, My = sup,cg ¥ (1) > ka, (1), ¥ (1), ¢(1) and ¥ () satisfy (P1), (P2), (3.8) and

min{t, 14} — max{z;, o} > max{z, 3}

for sufficiently large ¢ > 0 and sufficiently small 4 > 0. We now prove that the continuous
functions (¢ (1), ¥ (¢)) and (¢(2), ¥ (7)) are a weak upper solution and a weak lower solution
of (5.2), respectively.

Lemma 5.3. Assume that (5.3) and (5.5) hold. Then ®(t) = (¢(t), ¥ (1)) is a weak upper
solution and ®(t) = (¢ (1), Y (1)) is a weak lower solution of (5.2).

Proof. Fort < 1, in view ofz(t —c¢ty) 2 0fort € R and dl)»% — cAy +r; =0, we have

di¢"(t) — cd' (1) + 1@ — (1) — biy(t — c11)]

<dig"(t) — c¢'(1) + 19 (1)
= [diA? — chy +r1](ky +1)e™ = 0.

For 1 > 1y, since Y/ (t — ct) = ky — g M=) then
d19" (1) — cd' (1) + 1Ol — ar1p(t) — bry(t — c1)]
= e M{diei A% + cerh + (k) + e1e7 ) (brese™™ — aje))).
Let
L) = die A2 +cerh+r1(ky + g1 ) (brege™ — ajey).
Then, aje; — bje4 > &y implies that
11(0) = ri(ky +e1)(b1&s — ar61) <0,
and there exists a A} > 0 such that /;(1) < 0 for A € (0, A7). Thus, we have
di9" (1) — cd' (1) + 1@l — a1p(t) — by (t — c11)] < 0.
Similarly, there exists a A5 > 0 such that for A € (0, 1}) we have
" (t) — ' (1) + (D[] — brd(t — cT2) — ar i (1)] < 0.

Taking A € (0, min(A}, A3)), we see that our conclusion is true.
A similar argument applies to ®(7) = (¢(2), ¥ (7). The proof is complete. O
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By theorem 3.10, we have the following result.

Theorem 5.4. Assume that (5.3) holds. Then for every ¢ > max{2+/d r1, 2+/dor2}, (5.1) has
a travelling wave solution (¢ (x +ct), ¥ (x +ct)) with wave speed c, which connects (0, 0) and
(ky, ko). Furthermore, lim§_>_oo(¢($)e’)“5, Y(E)e %) = (1, 1), where € = x + ct.

Example 5.5. We now consider the delayed diffusion—competition system (1.3), that is
9 2
—ui(x, 1) =di—Zu(x, 1) +riu(x, 1) [1 —ajun (x, 1 — 1) —bus(x, 1 — )],
ot dx? (5.6)

0 d
—ux(x, 1) =dy—ur(x, 1) +rauz(x, 1) [1 — bouy(x,t — 13) — arur(x, t — 14)].
ot 0x2

The corresponding travelling wave system is
{dﬂﬁ”(l) —cg' O +ndM[l —apt —ct)) = by (t — cr)] =0,
Ay (t) — ' () + i (O[] — bap(t — c13) — arfr (t — c14)] = 0.
For ¢, v € C([—7, 0], R) with t = max{t, 12, 73, 74}, we denote
fi@@, ) =r¢O[l —a1¢p(—11) — b1y (—1)],
f2(0,¥) = Y O)[1 — b (—13) — ary (—14)].
Obviously, (A1) and (A2) are satisfied. We now verify that f = (fj, f>) satisfies (WQM™).

(5.7)

Lemma 5.6. Assume that t| and t4 are small enough. Then the function f satisfies (WQM*).

Proof. For any ®(s) = (¢1(s), $2(s)), W(s) = (Y1(s), ¥a(s)) € C([—7, 0], R?) with
() 0 < da(s) < ¢i(s) < My, 0 < Ya(s) < Yi(s) < My and (i) e”°[¢1(s) — ¢a(s)] and
P51 (s) — Ya(s)] are non-decreasing in s € [—1, 0], we have

S1(@1, ) — fi(d2, Y1)
=r1$1(O)[1 — a1¢1(—=11) — b1 (—=2)] — r1$2(0)[1 — a1¢2(—71) — b1Y1(—T12)]
=r1[$1(0) — $2(0)] — ria1[¢1(0)p1(—=71) — P2(0) 2 (—71)]
— b1y (—=12)[¢1(0) — ¢2(0)]
(r1 = ribiM2)[$1(0) — $2(0)] — ria191(0)[p1(—71) — P2 (—T1)]
— ria12(—11)[¢1(0) — ¢2(0)]
zri(1 —biMy —a;M)[¢1(0) — ¢2(0)]

— riai$1(0)eP e ¢y (—11) — da(—11)]
> (1 —biMsy — ay My — ayMeP™)[¢1(0) — ¢»(0)].

If r; > 0 is small enough, then we can choose ; > 0 such that

ri(1 — b My —a My — a;MeP™) > —py.

WV

We have

S1(P1, Y1) — f1(é1, ¥2)
=r$1(O)[1 —a1¢1(—=71) — b1 (—=2)] — r1P1(O)[1 — a191(—71) — b1Y2(—T12)]
= — b1 (0)[Y1(—12) — Y2(—12)]
<0.

Thus fi(¢, V) satisfies (WQM*) if t; is small enough.
In a similar way, we can prove that f,(¢, ¥) satisfies (WQM*) if 74 is small enough. The
proof is complete. g
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Remark 5.7. From the proof of lemma 5.6 we can see that if 7; and 74 are small enough, then
we can always choose 8; > 0 sufficiently large such that ¢ > 1 — min{g,d;, B.d>}.

Now we define (;_5(1‘), &(t),?(t) and z(t) as in example 5.1. It is easy to see that
¢(1), ¥ (1), ¢ (1) and ¥ (1) satisfy (P1)~(P3) and (3.8).

L_emmz_l 5.8. Assume that (5.3) and (5.5) hold. If t| and 14 are small enough, then d(1) =
(@), ¥ (1)) is a weak upper solution and ®(t) = (Q(t), K(t)) is a weak lower solution of
(5.7).

Proof. For ¢_>(t), we need to prove that
dig" (1) — cd' (1) + (D[l — ardp(t — ct1) — biy (t — c1)] < 0. (5.8)

Fort > t;, + ¢ty or t < 1, the proof of (5.8) is similar to that of lemma 5.3: we omit it here.
For t, <t < t; + c1y, we note that we can choose A small enough such that

19" (1) — cd' (1) + 111 — a1t — ct)) — b1y (1 — c12)] <O,

for t = t, + c1;. Since 7, is small enough and independent of ¢, ¥, and ¢”(¢), ¢'(¢), ¢(t) and
¥ (¢) are uniformly bounded and uniformly continuous for ¢ € R\{12, 13}, it follows that (5.8)
holds forr, < ¢ < 1, + c1y.

Similarly, we can prove that v/ satisfies

do " (t) — Y (1) + 1 (D[] = by (t — cT3) — a1 — ¢14)] < O
and @(r) = (?(t), ﬂ (1)) is a weak lower solution. The proof is complete. O

Theorem 5.9. Assume that (5.3) holds and | and 74 are sufficiently small. Then for every
¢ > max{2./dir1, 2/dyr>}, (5.6) has a travelling wave solution (¢ (x + ct), ¥ (x + ct)) with
wave speed c, which connects (0, 0) and (ky, ky). Furthermore,

Jim @@y e ) = (1),
where &€ = x + ct.

Remark 5.10. We note that the delay of example 5.1 does not affect the existence of travelling
wave solutions. However, the delays (7 and t4) of example 5.5 do.

Remark 5.11. If t = 0, then (5.6) reduces to (1.5), that is,

a 2
—ui(x,t) =di—ui(x,t) +riu(x, [l —agu(x,t) — buz(x, 1)],
o dx? (5.9)

0 d
—ur(x,t) = do—uz(x,t) +rouz(x, 1) [1 — bouy(x, 1) — arur(x, 1)].
ot dx2

Tang and Fife [29] and van Vuuren [30] proved that (5.9) has a bounded travelling wave front
solution connecting (0, 0) and (k1, k;) if and only if ¢ > max{2+/d;ry, 2+/d>r,}. Our results
certainly include their results when ¢ > max{2+/d 7, 2/darp}. If c = max{2+/d;ry, 2+/da12},
we can get the existence of travelling wave solution only by changing the definition of ¢ and .
However, our results cannot ensure that the bounded travelling wave solutions of syste?ns 5.1
and (5.6) connecting (0, 0) and (k;, k») are monotonic. Numerical simulations indicate that
the travelling wave solutions are monotonic. It would be interesting to study the monotonicity
of the travelling wave solutions in the delayed diffusion—competition models.
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6. Discussion

Coexistence of competing species is very common in natural systems (Durrett and Levin [6,7],
Silvertown et al [28]). In the classical competition models (described by ordinary differential
equations and used quantities averaged over space) spatial heterogeneity is usually neglected,
while in real systems species are distributed spatially; organisms experience different local
environments, they consume resources locally and move around. It is known now that spatial
heterogeneity is crucial to the dynamics of biological systems, in particular for the coexistence
of some competing species (Durrett and Levin [6]).

Different types of mathematical models have been used to describe spatial heterogeneous
environments. For example, in metapopulation models (Hanski and Gilpin [10]) space is
represented as a set of patches with local interactions. Reaction—diffusion equation models
(Cantrell and Cosner [4]) take account of space explicitly. Stochastic spatial models (Durrett
and Levin [6, 7]) are a combination of these two approaches.

In this paper we considered a class of delayed reaction—diffusion systems without
monotonicity. By using Schauder’s fixed point theorem, a new cross-iteration scheme was
given to establish the existence of travelling wave solutions. More precisely, by using such a
new cross-iteration, we reduced the existence of travelling wave solutions to the existence of
an admissible pair of upper and lower solutions which are easy to construct in practice. The
general results were then applied to study the existence of travelling wave solutions in delayed
two-species diffusion—competition systems. It is interesting to note that the delays appearing
in the interspecific competition terms do not affect the existence of travelling waves while the
delays appearing in the intraspecific competition terms do. The existence of travelling wave
solutions which connect the trivial equilibrium (0, 0) and the positive equilibrium (ky, k)
indicates that there is a transition zone moving from the steady state with no species to the
steady state with the coexistence of both species.

It is also known that the dynamics of reactive systems on supports of restricted geometry
may deviate substantially from the predictions of mean-field descriptions (Provata et al [24]).
To couple microscope level processes and the evolution of the macroscope observables,
nonlinear models on regular lattices have also been proposed (Kowalik et al [18], Provata
et al [24], Rauch and Bar-Yam [25] and the references cited therein). The delayed lattice
differential equations version of our model (1.4) takes the following form:

du,

= >l (1) = 2000+ (O] + it = 7). vy (1 = 7).

b ©6.1)
dtn = ij[vn+j(f) =20, (8) + v ;O] + fo(ua(t — 121), V2 (F — T22)),

Il
—_

J

wheren € Z, m > lisaninteger,a; > 0, b; > 0,1 < j <m, t > 0. It would be interesting
to combine the techniques and results in Huang et al/ [13] and the present paper to establish
the existence of travelling waves for system (6.1) and apply the results to two species lattice
competition models.
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