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The predator—prey/consumer-resource interaction is the most fundamental and im-
portant process in population dynamics. Many species, such as monocarpic plants
and semelparous animals, have discrete nonoverlapping generations and their births
occur in regular breeding seasons. Their interactions are described by difference
equations or formulated as discrete-time mappings. In this paper we study bifur-
cations in a discrete predator—prey model with nonmonotone functional response
described by a simplified Holling IV function. It is shown that the model ex-
hibits various bifurcations of codimension 1, including fold bifurcation, transcritical
bifurcation, flip bifurcations and Neimark—Sacker bifurcation, as the values of pa-
rameters vary. Moreover, we establish the existence of Bogdanov—Takens bifurcation
of codimension 2 and calculate the approximate expressions of bifurcation curves.
Numerical simulations are also presented to illustrate the theoretical analysis. These
results demonstrate that the Bogdanov—Takens bifurcation of codimension 2 at the
degenerate singularity persists in all three versions of the predator—prey model with
nonmonotone functional response: continuous-time, time-delayed, and discrete-time.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The predator—prey/consumer—resource interaction is the most fundamental and important process in

population dynamics. For populations with overlapping generations, the birth processes occur continuously,

so the predator—prey interaction is usually modeled by ordinary differential equations. Very rich and com-
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plex dynamics and bifurcations have been observed in continuous-time predator—prey systems (see e.g.,
Collings [6], Huang and Xiao [11], Ruan and Xiao [21] and references there). Many other species, such
as monocarpic plants and semelparous animals, have discrete nonoverlapping generations and their births
occur in regular breeding seasons. Their interactions are described by difference equations or formulated as
discrete-time mappings. Discrete-time predator—prey models can exhibit even more complicated dynamics
than the corresponding continuous-time models (see e.g., Huang [10], Li and Zhang [15], Liu and Xiao [16],
May [17], Maynard Smith [18] and references there).

The pioneer model describing the discrete time predator—prey/host—parasitoid interactions is the now
well-known Nicholson and Bailey model (Nicholson and Bailey [20]):

T Axe~ Y
<y> - (cm(l—e_“y)> ’ (1.1)

where  and y are numbers of prey (hosts) and predators (parasitoids) in generation ¢, A is the net repro-
ductive rate of prey (hosts), ¢ is the clutch size of the predators (parasitoids), a is the area of discovery with
units of area. The Nicholson and Bailey model is the canonical model for predator—prey/host—parasitoid
interactions (Kot [12]). It generates large oscillations which can drive both species to extinction. To stabilize
the model, Beddinton et al. [1] introduced self-limitation (density dependence) to the prey (host) population
and proposed the following model:

(m) . </\xexp[r(1—_%)—ay]>’ (1.2)
y cx(l —e )

where r is the intrinsic growth rate and K is the carrying capacity of the prey population in the absence of
predators. Model (1.2) can exhibit transcritical, flip, or Neimark—Sacker bifurcations (Beddinton et al. [1,2],
May [17]).

The Lotka—Volterra type discrete-time predator—prey model was first proposed by Maynard Smith [18]
and has been analyzed by Levine [14] and Liu and Xiao [16]. It has been shown that such systems undergo fold
bifurcation, flip bifurcation and Neimark—Sacker bifurcation. The discrete-time predator—prey model with
Holling type II functional response was first derived from the original continuous-time model by Hadeler and
Gerstmann [8], see also Neubert and Kot [19]. For such a model, Li and Zhang [15] clarified the parameter
conditions for non-hyperbolicity and then completely discussed bifurcations of codimension 1.

Most discrete-time predator—prey models possess three fixed points or equilibria that correspond to (i)
extinction of both species, (ii) extinction of the predator with survival of the prey at its carrying capacity,
and (iii) coexistence of both species. To study the nonlinear dynamics of discrete-time predator—prey models
with more than three fixed points or equilibria, in this article we consider a discrete-time predator—prey
(resource—consumer) model with nonmonotone or Holling type IV functional response.

Nonmonotonic functional response appears naturally in the cases of “inhibition” in microbial dynamics
and “group defence” in population dynamics. In microbial dynamics, there are experiments that indicate
that nonmonotonic responses occur at the microbial level: when the nutrient concentration reaches a high
level an inhibitory effect on the specific growth rate may occur. In population dynamics, group defense is a
term used to describe the phenomenon whereby predation is decreased, or even prevented altogether, due
to the increased ability of the prey to better defend or disguise themselves when their numbers are large
enough. In experiments on the uptake of phenol by pure culture of Pseudomonas putida growing on phenol
in continuous culture, Sokol and Howell [22] proposed a nonmonotone function of the form

mx

—. 1.
R (1.3)
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Collings [6] also used this function in a mite predator—prey interaction model and called it a Holling type-1V
function.

Ruan and Xiao [21] studied the following continuous-time predator—prey system with nonmonotonic
functional response or Holling type-IV response function

dX:RX(l*%)fMXY

dT A+ X2
dy CX <1'4>
a =Y [—D + m] ;

where X (T') and Y (T) represent the densities of the prey and predator populations at (continuous) time T,
respectively. R > 0 and K > 0 are the intrinsic growth rate and carrying capacity of the prey in absence
of predators. M > 0 is the maximal growth rate of predators, A > 0 is the half-saturation constant,
C > 0 is the conversion rate, and D > 0 is the death rate of predators. The bifurcation analysis of
the model depending on all parameters was performed which indicates that it exhibits numerous kinds of
bifurcation phenomena, including saddle-node bifurcation, supercritical and subcritical Hopf bifurcations,
and homoclinic bifurcation. It was shown that there are different parameter values for which the model has
a limit cycle or a homoclinic loop, or exhibits the so-called paradox of enrichment phenomenon. Moreover,
it was shown that a limit cycle cannot coexist with a homoclinic loop for all parameters. In the generic
case, they proved that the model has the bifurcation of cusp type of codimension 2 (i.e., Bogdanov—Takens
bifurcation) but for some specific parameter values it has a multiple focus of multiplicity at least 2.
To derive a discrete-time model from (1.4), let

g _ Ti4h — Tt ﬂ _ Yt+h — Yt

dT h T dT h ’
where x; and y; are the densities of the prey and predator populations in discrete time (generation) t.
Moreover, let h — 1 and D = 1. We have the equations for the (¢t + 1)th generation of the prey and predator

populations
v = (Rt e |1= el — 5 (1.5)
Yt+1 = ﬁiajﬁ;
Letting
Ty —> i x
T K(O+R)
and
M CK(1+ R) K?(1+ R)?
e=hEh b= AR T T ARz

rewriting (1.5) as a mapping, we obtain the following discrete-time predator—prey (resource-consumer)
system with nonmonotonic functional response

1— _ _bxy
po(®) o (0D e ) (1.6)
) 14ex?

where a, b, d and € are all positive constants. By the biological meaning of the model variables, we only

consider system (1.6) in the region Q = {(z,y) : « > 0,y > 0} in the (x, y)-plane.
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Recall that the continuous-time predator-prey system (1.4) undergoes Bogdanov—Takens bifurcation
(Ruan and Xiao [21]), a codimension-two bifurcation. An interesting question is whether system (1.6), the
discrete-time version of system (1.4), still exhibits Bogdanov—Takens bifurcation. The theory on Bogdanov—
Takens bifurcation for generic diffeomorphisms can be found in Broer et al. [4,5] and Kuznetsov [13]. In
particular, if the Jacobian matrix of a planar diffeomorphism at a fixed point has a double unit eigenvalue
but is not the identity (1:1 resonance), then the diffeomorphism can be approximated by the time-one flow
of a vector field which has a singularity with nilpotent linear part. Yagasaki [27] studied Bogdanov—Takens
bifurcation for subharmonics in periodic perturbations of planar Hamiltonian systems and gave estima-
tions of the bifurcations sets near the Bogdanov-Takens bifurcation points of diffeomorphisms. We will use
the results in Broer et al. [4,5] and Kuznetsov [13] and techniques in Yagasaki [27] to prove the existence
of Bogdanov-Takens bifurcation and calculate the approximate expressions of bifurcation curves in sys-
tem (1.6). To the best of our knowledge, we believe that this is the first study showing the existence of
Bogdanov—Takens bifurcation in discrete-time predator—prey systems.

The paper is organized as follows. In section 2, we study the number and stability of fixed points for
model (1.6). In section 3, we discuss bifurcations of codimension 1, including fold bifurcation, transcritical
bifurcation, flip bifurcation and Neimark—Sacker bifurcation, for model (1.6). The Bogdanov—Takens bifur-
cation of codimension 2 is discussed in section 4. Numerical simulations are given in section 5. The paper
ends with a brief discussion in section 6.

2. Fixed points

In this section, we present results on the existence and stability of fixed points of the discrete model (1.6),
detailed derivations are given in the Appendix. By simple calculations, we can see that the map (1.6) has
at most four fixed points under various conditions: the trivial fixed point O(0,0), a semitrivial fixed point
A(%=1,0) if a > 1, and two positive fixed points

Ei(z1,11) = E1<w> @(a(l —x1) — 1)),

2¢ b
Es(xo,y2) = EQ(%:_%, dﬁfz(a(l —T9) — 1))

The two positive fixed points may coalesce into a unique positive fixed point

2 2a(d—2) — 2d)'

Eo(z0,%0) :EO(Ea b

The existence conditions of these fixed points are summarized in Table 1.
We have the following results on the linear stability of these fixed points.

2.1. The trivial fized point O(0,0) and semitrivial fized point A(“=1,0)

The fixed point O is a stable node if 0 < @ < 1, or a saddle if a > 1, or non-hyperbolic if a = 1. The
fixed point A arises when a > 1. The properties of A are given in Table 2.

2.2. The first positive fixed point E1(x1,y1)

Combining with the existence conditions of the positive fixed point E;, we know that when e < %, ;<1
and y; > 0, the positive fixed point Fj(z1,y1) exists. The properties of F; are given in Table 3, where

fla) =5de® — (3d +2)x + 2, wqy = M2V ) = BH2VA A — (34 4 2)% — 40d.



J. Huang et al. / J. Math. Anal. Appl. 464 (2018) 201-230

Table 1
Existence of fixed points.

Conditions Fixed points
a, b, e, d>0 O
42
€> I a>1 O, A
B 0<d<2 ]| a>1 A
€= T d>2 1<a< ﬁ
d>2 a> 74 0, A, Ep
0<d<2 e>d—1 a>1
2¢
1<d<2 | e<d-1 1<a§m O, A
2¢
d>2 1<aes sy
J42
2¢
E<Z 1<d<?2 e<d—1 a>m
2¢
d>2 e<d-—1 a> O, A, Eq
2¢ 2¢
d>2 e>d—1 2c—d+t./d>—4e <aes s Ui
2e¢
d>2 e>d—1 a> = O, A, Eq, E>
Table 2
Properties of the semitrivial fixed point A.
Conditions Eigenvalues Properties
M=2-a | A=,
d>ﬁ,0<e<% Ay >1 unstable
l<a<3 d> 25, e= % A <1 Ao =1 non-hyperbolic
e > 2led-doa) 0< A <1 stable
d>3, 0<e< 32423 Ao >1
a=3 d> %, €= 3%773) A =-—1 Ao =1 non-hyperbolic
e > 22428 0<A<1
3 d> %, 0<e< olgindoa Az > 1 unstable
a> d> 25, e= % A< —1 Ao =1 non-hyperbolic
€> % 0< A <1 unstable
Table 3
Properties of the positive fixed point Ej.
Conditions Eigenvalues Properties
3 9 1 2 1 24d
s <d< g <z1< 3% 1ﬂcl<a<f(mj“;
1 4d—2 1 1
2<d<3 a < S Ty Toa; <4< 155,
4?;2 <z < % 177111 <a< 2;{:?”)1 [A1,2] <1 stable
1 4d—2 1 1
3<d<4 3 <z1 < =55 Toa, <0< 1955
4d—2 2 1 2+dz
7 <% <3 | 175 << TG,
1 2 1 1
d>4 a <% <3 oo <2< 134,
3 144410 1 2
5 < d < — g g <x1 <3
14V o g oy |2 <T1<on a= s A=l
o - Ty <z < 2 A2 = —q(z1)
3<d< 4 12 < 1 < % non-hyperbolic
9 _ 7(4d®—9d?) _ 7d _
2<d<4 €= a1 a= 7 Az =—1
2<d<4 L<a <2422 a= L il =1
d>4 %<1‘1<% ! AL = A2
others unstable
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Table 4
Properties of the positive fixed point Es.
Conditions Eigenvalues Properties
2 2 —
3<d< 4 7 <z2< 3 _ o= 2f-¢(_;17)2 A1 1 non-hyperbolic
d>4 Ti2 <2 < 3 2 )\zi—q(xz);ﬁl,—l
others unstable
Table 5
Properties of the fixed point Ey.
Conditions Eigenvalues Properties
a(d —4)
A =1, A=
1 2 y
a # i— d>2 A =1, A2 #1 non-hyperbolic
d .
a = T 3<d<4 A=1, dAg=-1 non-hyperbolic
d .
a= T2 ,d >4 A =1, X2=1 non-hyperbolic

2.8. The second positive fixved point Ea(22,y2)

When d > 2,d -1 <e < 9 2 and a > 1 =
of Ey are given in Table 4, where f(z) = 5dx? — (3d + 2)x + 2, 212 = W, A = (3d + 2)? — 40d,
q(z2) = a(1l — 2x2).

the positive fixed point Fs(x2,y2) exists and the properties

2.4. The unique positive fized point Eq(xo,yo)

Whene—— d>2anda>
of Ey are given in Table 5.

d 5, the map (1.6) has a unique positive fixed point Ep, and the properties

3. Bifurcations of codimension 1
3.1. Bifurcations around the trivial fized point O(0,0)

Theorem 3.1. As a passes through 1, the map (1.6) undergoes a transcritical bifurcation at the fixed point O.

Proof. By the results in Section 2.1 (see also Theorem A.1), O is non-hyperbolic if a = 1. We choose a as
the bifurcation parameter, and let a = 1 4+ u, where p = a — 1 is sufficiently small. We can easily deduce
that the center manifold of F is y = 0 when a = 1 and F restricted to this center manifold is the map
x> 1+ pxr — 2% — pz?. Thus, as a passes through 1, the map (1.6) undergoes a transcritical bifurcation at
the fixed point O, and the fixed point A appears when a > 1. O

3.2. Bifurcations around the semitrivial fized point A(*=1,0)

Theorem 3.2. When a > 1, the fized point A arises. Moreover, when a = 3 or e = %(

), Ais
non-hyperbolic.

(i) If e # “99=929) 4hen as a passes through 3, a flip bifurcation occurs at A;

C (a1
(ii) Ifa # 3 and d then as € passes through %(d > —42), a transcritical bifurcation occurs

at A.

al’
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Proof. (i) By the results in Section 2.1 (also Theorem A.1), if a = 3, € # %, A(%, 0) is non-hyperbolic

and the eigenvalues of the Jacobian matrix J(A) are Ay = —1 and |A\a] # 1.
In order to analyze fold bifurcation around the fixed point A, we choose a as the bifurcation parameter.
v=y—0and r = a — 3, we transform the fixed point A(%, 0) to the origin and expand the

_ 2
Let u =1z — 3,

right-hand side of map (1.6) around the origin. Then map (1.6) becomes

T U 9b(9—4e 54be(—27+4e
<u> — <“ — g+ - 5 - (34 ne? - e + MR + O(ju, v|4)> (3.1)

9d(9—4 54de(—27+4
go4=v + TP uw + 2D w2 + O(Ju, o]

where r is the new variable and is sufficient small.
Consider the following system

r ru 9b(9—4e 54be(—27+4e¢
u A=l i Sl C R (9(+4e)2) uv + (é+46)3 L2y + O(Ju, v]*)
d(9—4e 4de(— 4e
v | = | o¥f + rar e + Pgragr 2w’y + O(lu,vf*) . (32

r

Linearizing map (3.2) at (0,0,0), we obtain the associated Jacobian matrix

—1 —_6b 2
o4dc 9
J=1 0 op4c 0
0 0 1
Letting
1 1 1
_ 944e+6d
T=|0 2% 0
0 0 9
and using the transformation
X
=T|Y |,
Z
then the map (3.2) becomes
X -1 0 0 X f(X,Y,2)
Z 0 0 1 Z 0

where

(XY, Z) = —622 — 923 — (9Z + 1872)X — (3(45+285)Z + 9(162+1715+2852)22>Y (3492)X

18+8e€ (9+4e)?
(81460 |, 54(27+33e+4€%)Z _ (9(3+4e) | 9(B1+126e+86%)Z \v 2 | 9e(—27+4e) -3
18+8c T~ (9440 XY 1848c t (91407 Yo+ ot ¥

18€(—27+4e) 2 9e(—27+4¢€) 32 4
gz XYT+ Trgr XY + O( XY, 2%,
a(X,Y,Z) = <9d(974e)2 4 Ddde(—27+4e)Z )Y i (9d(974e) + 108de(727+4e)Z)Y2 | BAde(=27110) y-3

(9+4e€)? (9+4e€)3 (9+4¢)? (9+4¢)3 (9+4¢)3
9d(9—4€) | 108de(—27+4€)Z 108de(—27+4¢€) v 2 | 5Adde(—27-+4e) 12
+( ©+i97 T~ 97497 )XY + =g XY+ —prgs XY

+O(IX,Y, Z]").
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By the center manifold theory, the stability of (X,Y) = (0,0) near Z = 0 can be determined by studying
a one-parameter family of reduced equations on a center manifold, which can be represented as follows

We(0) = {(X,Y, Z) € R}|Y = h(X, Z),h(0,0) = 0, Dh(0,0) = 0}

for X and Z sufficiently small. We assume that h(X, Z) takes the form

h(X,Z)=hZ*+he XZ + h3 X* + O(|X, Z|*). (3.4)
Then h(X, Z) must satisfy
N, 2)) = h(=X + Fi(X,h(X, 2),2),2) = 5o o h(X, 2) = i (X, h(X, 2),2) =0, (35)

Substituting (3.4) into (3.5) and equating coefficients of powers to zero in (3.5), we obtain
hy = hy = hy = 0.
Thus the map restricted to the center manifold is given by
X = f(X,Z)= —X —(9Z+182%)X — (3+92)X2 —62% —92° + O(|X, Z|*).
It is easy to see that

o

0Z0X azox 0 =9

af 82 f I
S5(0.0) =1, 3(3)(2(0 0)) —2-5(0,0) = —108,

Therefore, by [13], map (1.6) undergoes a flip bifurcation at the fixed point A when a = 3.
(ii) Similarly, if e = % and a # 3, A(aT*l,O) is non-hyperbolic because the eigenvalues of the
Jacobian matrix J(A) are Ay =2 —a and Ay = 1.

In order to analyze transcritical bifurcation of the fixed point A, we choose € as the bifurcation parameter.

“;1, =€— % we transform the fixed point (“-= 1.0) to the origin and

Let u=z —

expand the right-hand side of map (1.6) around the origin. Then map (1.6) becomes

A @ww—%+W$”*WWﬁ$m*wMUWM5 56
v v o 4 sldd RPN 1 O(ju, o) ’ '

where p is the new variable and is sufficient small.
Linearizing map (3.6) at (0,0), we obtain the associated Jacobian matrix

2—a Y
_ d
= (7 ).

Let

and use the transformation
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then the map (3.6) becomes
X 2—a 0) (X AX Y, )
() (51 () () e

F(X,Y, ) = (a— 2)buY aX? + ab(a(4—7d)+4d+a2(3d—2))XY+ ab®(—2a?(d—1)—3d+a(5d— 4))Y2

where

ad? (a—1)3a2 [CESYERE
+0(|X,Y]?),
q(X,Y,p) = Loy 4 ool D) gy ablald 2 Dy2 4 O(|X, Y ).

Once again, the stability of (X,Y) = (0,0) near ;= 0 can be determined by studying a one-parameter
family of equations restricted on a center manifold, which can be represented as follows

We(0) = {(X,Y,u) € R*|X = h(Y,n),h(0,0) = 0, Dh(0,0) = 0}
for Y and p sufficiently small. Assume that
h(Y, 1) = hip? + hoYp + hsY? + O(|Y, ul?). (3.8)
Then we have
N (Y, 1) = h(Y + g1(h(Y, 1), Y, 1), 1) — (2 = a)h(Y, p) = f1(R(Y, 1), Y, 1) = 0. (3.9)
Substituting (3.8) into (3.9) and comparing the coefficients of (3.9), we obtain

bla —2) ab®(4a — 2a? + 3d — 5ad + 2a°d)

S e A (-1

Thus the map restricted to the center manifold is given by

Y = §(Y,p) = Y<1 + u(la;a) 4 ablad=2)-d)y, _ bla(d=2)-d)Y (Q(a — 2)a®bY

(a—1)3d? (a—1)7d4
(3.10)
+(a—1)d((a—2)(a—1)2u+ (3 - 2a)a2bY)) +O(lY, u3)> .
We can see that §(0,0) = 0, 22(0, 0) = 1, 22(0,0) = 0, 125(0,0) = =2 # 0, and 2%(0,0) =
W #0if a > 1 and d # 2%. By [25], when a # 3 and d # =% the fixed point A under-

goes a transcritical bifurcation at € = %(d > -40). O
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3.8. Bifurcation analysis of the first positive fized point E1(x1,y1)

Firstly, we discuss the flip bifurcation at the fixed point Eq(z1,y1). Let

p1 =p(x1) = ap(2 — 3x1) — d%l(ao(l —x1) — 1),

q1 = q(z1) = ao(1 — 211),
an = 2+4dxq
0 = Bdz?—(3d+2)z1+2’ , , ]
7= 2d"4+10d° e+d%ec—166d%e> —19d* > +216de> +88d% > —48¢*
T 2d8+4-8dSe+d7e—178d%€2 —20d5€2+368d2e3+106d3e3 —80e% —120det
_ .3 144410 1 2
Fl = {(d,xl,a) ‘3 <d< 9 4 <x < §7G/— CLQ},
_ . 14+410 1 2 _
[y ={(d,z1,a) : 5= <d < 3,21 € (3,711) U (212, 5),0 = ao},

s ={(d,z1,a):3<d< 4,212 <21 < %,a:ao},

where 11 and 12 are given in Table 3 or in Theorem A.2.

Theorem 3.3. If (d,x1,a) € T4 UToUTs and x4 %—;2, then the eigenvalues of the Jacobian matriz J(E7)
are A\ = —1 and Ay = —q1 # —1,1. Moreover, if x1 # &, then the map (1.6) undergoes a flip bifurcation at
the fixed point Ey.
Proof. By the results in Section 2.2 (see also Theorem A.2), if (d,z1,a) € I'1 UT9 UT'3 and a3 4‘17—;2,
then the positive fixed point F1(z1,y1) of map (1.6) is non-hyperbolic and the eigenvalues of the Jacobian
matrix J(E7) are Ay = —1 and Ao = —q1 # —1,1. Thus, 1 +p; + ¢1 = 0 and p; # —2,0.

In order to analyze flip bifurcation at E;(x1,y1), we choose a as the bifurcation parameter. Let u = z—x1,
v =y —y; and r = a — ag, we transform the fixed point (z1,y;) to the origin and expand the right-hand

side of map (1.6) around the origin. Then map (1.6) becomes

" (p1 =1+ (1 —2z)r)u— 20+ (1 —21)z1r — 5Qruwv + (=4Q2 — ag — r)u?
< ) = — 2Qsu*v — 2Quud + O(Ju,v|*) ’ (3.11)
=2y oy + Qruw + Q2u? + Qsu?v + Quu + O(Ju, v[?)

d—dz3e _ dziyie(—3+zie) _ dzie(—3+zie) o dyie(1—6z3etxte?)
T+z2¢)2) Q2 - (1+x2¢)3 ) QS - (1+x2¢)3 ) Q4 - - (1+x2¢)%
variable and is sufficient small.

where Q1 = i , and r is the new

Consider the following system

(p1 =1+ (1 —2z)r)u— %v + (1 —zy)xyr — %Qluv + (f% 9 —ag — 7)u’
— 2Q3uv — 5Quud + O(Ju, v|*)

#fldu + v+ Qruv + Q2u? + Qsuv 4+ Qu® 4+ O(|u, v|*)

r

(3.12)

Linearizing map (3.12) at (0,0,0), we obtain the associated Jacobian matrix

P1 -1 —% (1—1‘1).1‘1

J=| 2t 0
0 0 1
Letting
b b
Iy 2d 0
T: 1 d(lfzcl)a:l

1 b
0 0 1
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and using the transformation

then map (3.12) becomes (omitting the third equation)

X -1 0 X [(X,Y,r)
)-S5 6)- ()

where
fl(X,KT) =kirX — %]ﬁ’l‘y + k‘2X2 + k3 XY + ]{;4Y2 + O(|X,Y|3),
G (XY, r) = —ksr X + B hsrY + ke X2 + ke XY + ksY? + O(|X, Y %),
and
ki = 2—(44Q1)x1+ Q127 ko — _ b(2a0d+dp1 Q1 +bQ2) ko = b(4apd+d(p1—2)Q1+2bQ2)
1= 2+p1 2T &pr(2tp) 0T 2d2(2p1) '
ki — _ bp1(2a0d—2dQ1+bQ2) kr — 2(Q1(z1—Dz1+p1(1-(24Q1)z1+Q123)) ke — 2b(aodp1+(1+p1)(dp1Q1+bQ2))
4= 4d?(2+p1) Ve = p1(2+p1) 16— d?pi(2+p1) ’
ke — _ b(2a0dp1+(1+p1)(d(p1—2)Q1+2bQ2)) ke = b(aodp1—(1+p1)(2dQ1—-bQ2))
T d?p1(2+p1) 18 2d%(2+p1) :

To discuss the stability of (X,Y) = (0,0) near r = 0, consider the center manifold
We(0) = {(X,Y,r) € R*|Y = h(X,r),h(0,0) = 0, Dh(0,0) = 0}
for X and r sufficiently small. Assume that
h(X,r) = hir? + ho X7 + h3 X2 + O(| X, r[*). (3.14)
Then
N(h(X,r)) =h(=X + fL(X,h(X,7r),7),7) + @1 h(X,r) — g1 (X, h(X,7),7) = 0. (3.15)

Substituting (3.14) into (3.15) and comparing coefficients of (3.15), we obtain

= ’ 3 .
2+ m D1

hi =0, ho Fs = Ko

Thus the map (3.13) restricted to the center manifold is given by

X = f(X,r) = =X + karX — Jahari,2x (’“12’% + %)TXQ ke X2 - Bska X3 1 O(|r, X|1). (3.16)

By lengthy calculations, and using the second equation of (A.1), we can see that

dz?(2—4d+7dx1)

0) = —1, 2ot (0,0) = ky = — 25 EEADn Lodn )7
o F 3
—3(5x5 (0,0))? = 2555(0,0) = —1203 + Lubs = 1105,
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where

/) — 1262 (2—(2+3d)z 1 +5dx?)?
1 125 (2—3x1)2 (daw, —2)3 (2—4d+7dz1)
ly =48 — 40(2 + 3d)z1 + 8d(27 + 11d)x? — 2d%(76 + 9d)x3 + d3(14 + d)x} + 2d 2%
— 48 _ 24" _ 10d° d’ ° 4 166d° 166d3 + 194* _ 216d _ 88d”

el €3

€ €
+ (—80 — 120d + 2d4 + 86%6 Jr T 1782d4 . 2(6)35 + 36§d2 + 10(:d3)x1

When (d,z1,a) € Ty UTo UT3 and z; # 4"%—;2, we have %l < a1 < min{%,%} and f(z1)

2 — (2 + 3d)xy + bdx? # 0, it is easy to see that k; # 0 and ¢; # 0, and y # 0 if 21 # & =

2d74+10d° e+d®e—166d% 2 —19d* €2 +216de> +88d% > —48¢e* : : :
2d8+8d6t+d7e€——~_1786d452—20€d552+36€8d—ge3+186-c"i_3e3—2064—6120de4' By [25], the fixed point Ey undergoes a flip bifur-

cation if (d,z1,a) € T UTy UTs, 21 # 4%2 #£Z. 0O

Secondly, we discuss the Neimark—Sacker bifurcation at the fixed point Fy(z1,y1). Let

— _1
al: 172117
F = Ak3dEV5d7_8dF16

=7 4B+
AlE{(d’xl):%<d<gvé<xl<4d 2 )
Ao={(dz):3<d<3, %< <22}

(d,x1) :
Az ={(d,x1) : 3<d<4,d<x1<4d % ,
A4E{(d,£1).d24,d<xl<d}.

Theorem 3.4. The map (1.6) undergoes a Neimark—Sacker bifurcation at the fized point Ei if one of the
following conditions holds:

(i) (dyw1) € AfUAy, a= a17901 75 z;
(ii) (d,z1) € Aa, a = a1, 21 W’ 1 ;é 1’
(111) (d,lL’l)GAg,(J,:(Il,SU17é d , 1# Sd ,.Tl#.’f.

Proof. By the results in Section 2.2 (also Theorem A.2), if (d,z1) € A1 UAs U A3 U A, and a = aq, the
positive fixed point F;(z1,y1) of map (1.6) is non-hyperbolic and the eigenvalues of the Jacobian matrix
J(FE7) are complex conjugate with module 1.

When a is sufficiently closing to a;, we denote the eigenvalues by A(a) = Aa) = p(a)+v4q§a)7p2(a)i,
where p(a) = a(2 — 3z1) — dml( a(l —21) — 1),q(a) = a(l — 2z;1); When a = a1, we let A\ = Ma1), A =

Mar),p = play) = %, q = q(a1) = 1. Then we have A = p+v4 P2 | A(a)| = v/q(a),|A\| = 1, and the
transversality condition % = 12& > 0 due to x1 < 5 when (d,z1) € Ay U A2 UAs3 UA4.
a=aq

Obviously, M # 1 (j = 1,2,3,4) if and only if p> — 4 < 0 and p # 0,—1. Clearly, we have p? — 4 =

(27d2§2éi;ﬁ;7dml) <0duetox < % under the existence of F; with a pair of conjugate imaginary roots.

By computation, p = 0 & z; = 242 andp = -1 & z; = df;z. (i) When 9 < d < 3

32 I 3, we have
Q%EQ(OI df ) § 1 < 4%2 < 2 <2 thenp#0,-1if z; € (é,%); (ii) When 3 < d < 3, we have
=2 <l c2d=2 o Ade2 o] o d,thenp#O -1 1fx1€($,4‘;—;2) and 7 # Q%d ; (iii) When 3 < d < 4,
Wehave 3 < 2‘1—2(or d%f)< A < <2 thenp#0,—1if 21 € (3,242) and 21 # 52 and z; # 222,
(iv) Whend24, we have 2 <2 <1 S 4d 2 < 2422 (or ©2) then p # 0, —1 if 21 € (&, d)
So we have the nondegeneracy condition M #£1,5=1,2,3,4, if one of the following conditions holds: (i)
(d,21) € Ay U Ay; (ii) (d,21) € Ao, 21 # 222; (i) (d, 21) € A3, 21 # 552, oy # 242,

Next we calculate the other nondegeneracy condition for Neimark—Sacker bifurcation.

We transform the fixed point (x1,y1) to the origin and expand the right-hand side of map (1.6) around
the origin by the translations u = © — x1, v = y — y1. Then map (1.6) becomes
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—

p—1u— b dQlU’U +(—gQ2 — ao)u - ngU v — Q4U3 + O(|Uav|4) (3.17)
(2- P)U+U+Q1UU+Q2U + Q3uv + Quu® + O(|u, U| ) ’ .

(SISH

SN

where p, ¢, Q1, Q2, @3, Q4 are same as those in map (3.11) by replacing ag by a; and r by 0.
Linearizing map (3.17) at (0,0), we obtain the associated Jacobian matrix

Let

and use the transformation

then the map (3.17) becomes

P _V4—p? ;
() (= 7)) ()
where
FX,Y) =mi X2+ maXY +msX2Y +maX? + O(|X, YY),
I(X,Y) =ms X%+ meXY +m7X2Y + mg X3 + O(|X,Y]4),
and
my = —X2adtd(po2)Qut20Qs) 4y _W?Ql Mg = _bz\/;?cas my = —LUE=2Qa 120
ms — b(2a1d<p—2)2zz;<jip_—p22)czl+2sz)>7m6 = O gy P98 (d(213i3\2/)fs:2b624)

Noticing that (3.18) is exactly in the form on the center manifold, the additional nondegeneracy condition
for Neimark—Sacker bifurcation is given by (see Theorem 3.5.2 in [7])

) 2
4o _Re(@

- Q11020) - —|911| — oo2|* + Re(Ao21), (3.19)

where
020 = [ fxx — fry +20xy +i(Gxx — Gvy — 2fxv)] ‘(0 0

011 = HfXX + fyy +i(gxx + gvy)] ’(0 0

002 = L [fxx — fyy — 20xy +i(Gxx — dvy + 2fxy)] ‘(0 o’
1

021 = i [fXXX — fxvy +dxxy + dvyy +i(Gxxx — dxvy — fxxy — nyYﬂ ‘(0 0)

By lengthy computations and using the second equation of (A.1), we get
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A

i@ = 55— ((—p?’ +3p% +p — 6)(mi +mame — m3 +mams)
—(p? = 3p+ 1)(2mims — mima + msmeg) /4 —p2) — 2(mi+m3)
&5 (1 = me)? + (3 + ms)?) + 35 (p(Bma + mr) + (3ms — ma) VI = p?)

_b24 2(4+3d)x +d(8+d)x?
8d32%(1—221)2(dx1—2) °

When (d,z1) € AfUA3UA3UA, and a = a;, we have é <z < min{d, 2} and it is easy to see that a # 0
— _ 443d+/5d7—8d+16
FI= d(8+d) .
Summarizing the above results, by [7], the map (1.6) undergoes a Neimark—Sacker bifurcation at the fixed
point (z1,y1) if one of the following conditions holds: (i) (d,z1) € A1 U A4, a=ay,x1 #T; (i) (d,x1) € Ag,
a=ay,r1 # %, x1 # x; (iil) (d,z1) € A3, a = ay,21 # df;z,xl 3d ,r1 £ 2. 0O

if I

3.4. Bifurcation analysis at the second positive fized point Eo(x2,ya)

Theorem 3.5. When (d,z2,a) € {(d,x2,a) : 3 <d < 4,2 <33 < 2,a = az} U{(d,22,0) : d > 4,215 <

To < %,a ng}, and xo # &, then the map (1.6) undergoes a flip bifurcation at the fixed point Es, where
X2

42 = 52— (3d+2)z2 12’

12 s given in Table 4 and T is given in Theorem 5.3.
Proof. The proof is completely similar to that of Theorem 3.3 by replacing all z; and ag by x2 and as,
respectively, so we omit it here. O

2a(d72)72d)

8.5. Bifurcations around the unique positive fized point EO(%, >

By the results in Section 2.4 (see also Theorem A.4), when € = f ,d>2and a > dd2, the map (1.6) has
a unique positive fixed point Ey, and the eigenvalues of J(Ey) are )\1 =land || # lifa # £5% . Thus
fold bifurcation may occur at Ey. We have the following results.

Theorem 3.6. If € = ‘14—2, a > di d>2anda# :l:d 1, a fold bifurcation occurs at Ey.

2 — —_ .
Proof. When ¢ = dT, d>2anda > %, Ey (o, yo) arises, where x¢ = %, Yo = W. The eigenvalues

of J(Ep) are \y = 1 and [As] # 1 if a # £54;

In order to analyze the fold bifurcation of the fixed point Ey, we choose € as the bifurcation parameter.
Letu=2z—2p,v=y—yoand r =€ — d;. We transform the fixed point (2, yo) to the origin and expand
the right-hand side of map (1.6) around the origin, where r is sufficient small. Then map (1.6) becomes

a(d—4) 4a(d;2)74d + 8(7a(d72)+d) 2+ 2a(d— 2) 2d

T u— dv + U
u +firy + S+ Ofu,off >
v =S o+ 8a+;4)g;4ad,,, + 8(a(d— 52) d) _ ﬁrv + 40«+%§;2Ldru , (320)
+%§2)W«u2 + O(|u, v]?)
r
where r = ¢ — % is the new dependent variable.

Linearizing map (3.20) at (0,0), we obtain the associated Jacobian matrix

a(d—4) b 4a(d—2)—4d
d d 8a+4({d4—4ad
0 0 1

Let
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1 b bd
ad—4a—d  (ad—4a—d)?
T=10 1 -1
bd>
0 0 4(2a+d—ad)
and use the transformation
X
=T!Y |,
I
then we obtain from (3.20) that
X A g 0\ (X f2(X,Y, 1)
Y | —» 0 11 Y | +| (X, Y ) |, (3.21)
W 0 0 1 I 0
where
fo(X,Y ) = @00#2 + a10Xp+ an Y p +7&20X2 +an XY -i-flozyz + O(|X,Y]?),
92(X, Y, 1) = boop® + bio X+ bor Y it + b2 X2 + b11 XY + b2 Y2 + O(|X, Y ]3),
and
—  _ ab®*d((16—3d)d*>—2a*(d—4)®+ad(88—42d+5d*)) - _  ab(a®(d—4)°+2d*(d—6)+ad(—56+26d—3d>))
Goo = 1(ad—4a—d)° » 10 = — 2(ad—da—d)3 )
_ _ ab*(2a®(d—4)(d—3)+(16—3d)d>4+2ad? (64—33d+4d*)+a’d(368—300d+80d> —7d?))
Go1 = 2(ad—2a—d)(da—ad+d)* )
__ a(a(24—10d+d*)—d(d—8)) - _ ab(a(24—10d+d*)—d(d—8)) - _ ab?®(a(24—10d+d*)—d(d— s))
G20 = 4(ad—4a—d) » 011 = 2(ad—4a—d)? » Go2 = 4(ad—4a—d)3

7 bd?(2a%(d—4)?>+ad(18—5d)+3d?) 7 d(a®(d—4)?+ad(10—3d)+2d?)
boo = 4(ad—4a—d)* s b0 = 2(ad—4a—d)? ’

b _ bd(2a%(d—4)*(d—3)—3d®+2ad*(—13+4d)+a’d(—84+48d—7d?)) by — d(2atd—ad)
01 = 2(ad—4a—d)3(ad—2a—d) » Y20 = ab )

bii — d(a®(d—4)?+ad(10—3d)+2d?) b _ bd(2a+d—ad)
11 = 2(4at+d—ad)? 02 = I(4atd—ad)?"

The stability of (X,Y) = (0,0) near p = 0 is determined by a one-parameter family of equations on a
center manifold represented by

We(0) = {(X,Y,n) € R*|X = h(Y, u), h(0,0) = 0, Dh(0,0) = 0}
for Y and p sufficiently small. Assume that
WY, 1) = hap® + hoY p+ hgY? + O(|Y, ). (3:22)

‘We have

a(d—4)

N, 1) =h(Y + p+ go(h(Y, 1), Y, 1), 1) — y

h(Y, p) = fo(h(Y, p), Y, 1) = 0. (3.23)

Substituting (3.22) into (3.23) and comparing coefficients of (3.23), we obtain
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hy — ab®d?(d?(56—10d)+a>(d—4)%(52—32d+5d?)+ad? (384—204d+25d*) —4a?d(—2324+198d—55d° +5d°)
1 4(ad—2a—d)(ad—4a—d)® ’

By — ab®d(a®(d—4)3(d—3)—2d>(d—6)+a’d(84—43d+5d?)+2a%d(104—86d+23d> —2d>))
2= (ad—4a—d)® (ad—2a—d) ’

o — —ab®d(24a4+8d—10ad—d*4ad?)
3= 1(ad—4a—d)* :

Thus the map restricted to the center manifold is given by

7 - bd(2a+d—ad) bd?(2a2(d—4)?)+ad(18—5d)+3d?2
Y _> f(Yv /J) - Y + /Jj_ 4(4&112+d—ad)2§;72 + ) ( ( 4(4)112—i-d—a(d)4 ) ) /1’2 (3 24)
bd(2a°(d—4)?(d—3)—3d>+2ad? (—134+4d)+a?d(—84+48d—7d?)) :
+ 2(ad—4a—d)3(ad—2a—d) Yl’(‘ + O(|Y7 /’[’lg)

We have f(0,0) = 0, 3—5(0,0) =1, 3—5(0,0) =1, %(070) = % # 0 because a > % and

a # j:d;il. By [25], if e = %, a > d%i27 d>2and a# :I:ﬁ, a fold bifurcation occurs at Ey. O
Remark 3.7. By the results in Section 2.4 (also Theorem A.4), when ¢ = d;,a > 6%2,3 < d < 4 and
a= ﬁ'ld, the eigenvalues of J(Fy) are 1 and —1. By computation we obtain a normal form of map (1.6)
at Eol

1 —x1 4 92023 + g11T122 + G0273 + G305 + go123wo + grow123 + gosa Ot 395
— 2 2 3 2 2 3 +O(|z]%),  (3.25)
T2 To + e20x7 + €11T1%2 + €p225 + €30T] + €21X7T2 + €12X1T5 + €93x5
where
- _ d(d=7) _ d(d=7) _d(d-7) _ d*(d—3)
T = (331>932)7 920 = —3(a—4)» 911 = T3(a—12)> 902 = T gq—1)> 930 = §a—a)
_ d?*(2d—5) _ d*(d-1) g2 _ d(d-3) _ d(d-3)
921 = “ga—a) » 912 = T ga—12) > 903 = ga—ay» €20 = T g(a—1)> €11 = “3(a_a)’
_ d(d-3) _ d*(d—3) _ d*(2d-5) _ d*(d-1) g2
€02 = T (d—12)> ©30 = gra_1) > €21 = “gla—1) » €12 = ga_1) €03 = gu—_1)-

Since all of the above coefficients are not zero for 3 < d < 4, a fold-flip bifurcation may occur at Ey, which
will be considered in the future.

2 2a(d—2)—2d )
d’ bd

4. Bogdanov—Takens bifurcation around the unique positive fixed point Eg(

By the results in Section 2.4 (also Theorem A.4), when ¢ = %, d>2and a> d;fz, the map (1.6) has a
unique positive fixed point Ey and J(Ey) has an eigenvalue 1 with multiplicity 2 if a = dfz(d > 4). Thus
Bogdanov—Takens bifurcation may occur at Ej.

Before discussing the Bogdanov—Takens bifurcation around the unique positive fixed point Ey in map
(1.6), we firstly state some known results about Bogdanov-Takens bifurcation for diffeomorphisms (see
Broer et al. [4,5], Kuznetsov [13] and Yagasaki [27]).

Consider an analytic family of planar diffeomorphisms fy : R? — R2, A\ € R2. We assume that f has a
fixed point = 0 at A = 0 such that the Jacobian matrix D, fy(0) has a double unit eigenvalue but is not
the identity (1:1 resonance); that is, D, fo(0) has the nilpotent form

b= (3 1)

In appropriate coordinates f) has the form
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fa(a) = (é 1) vt (jﬁﬁjii) +O(()°), (4.1)

where 2 = (21, 72)7, A = (A1, \2),

fi(@,A) = ago(A) + aro(N)z1 + ao1(N)z2 + gaz0(N)z? + a1 (N)z122 + Fag2 (N3,

4.2
Tl A) = boo(A) + bro(N)s + bor (s + Sbag(N)a + buy (Nrrs + Sboo(N)a3 (4.2)

with aoo(O) = alo(O) = a01(0) = boo(O) = blO(O) = bOl (0) =0.

Diffeomorphism (4.1) can be approximated by the time-one flow of a planar vector field, which has a
singularity with nilpotent linear part, the following lemma is Lemma 3.1 in Yagasaki [27] (see also Lemma 9.6
in Kuznetsov [13] or Theorem 1 in Broer et al. [4]).

Lemma 4.1. For | X | sufficiently small diffeomorphism (4.1) can be represented as
= Y5 (2) + O((Jz])?), (4.3)

where ¥} (x) is the time-one flow of the following planar vector field

. [0 1 g1(z, \)
x—<0 0>x+<gg(l',)\>>7 (4.4)

where

g1 (QS, )\) = Coo(>\) + 610()\)501 + Co1 ()\)1‘2 + %Cgo()\)l’% + 611()\)5611’2 + %COQ()\)I’;

4.5
gQ(I, /\) = doo(/\) + dlo()\)ilfl + do1 (/\)1‘2 + %dgo(k)l’% + d11(>\)$1$2 + %dog()\)l‘g, ( )

in which the coefficients can be expressed by those in (4.2) as follows:

1 1

co0(A) = aoo(A) = (5a10(A) = 3b10(A))aco(A)
*(% - %alo()\) + %am()\) + iblo@) - %bm()\))boo(/\)’
c10(A) = a10(N) — %bm()\),
co1(N) = ap1 () — %alo(/\) + %blo(/\) - %bm()\),
(V) = an() ~ Jh(N),
011()\) = au()\) — %ago()\) + %bzo()\) - %bu()\),
(302(/\) = a02(>\) + éago(A) - a11(>\) — %bzo(/\) + %bll()\) - %bQQ(/\),
doo(A) = boo(A) — %blo(A)aoo()\) + (%blo()\) - %bOl()‘))bOO()‘)v
dio(A) = b1o(N),
do1(A) = bo1 () — %blo()\%
dao(N) = bao(N),
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1

dir(A) = b11 () — 5520(/\),

do2(A) = bo2(X) + %bzoo\) —b11(N).

In particular, Coo (0) = C10 (0) = (01 (0) = doo (0) = dlo(O) = d01(0> =0.
Under some nondegeneracy and transversality conditions, system (4.4) can be transformed to the versal
unfolding of a Bogdanov—Takens singularity of codimension 2 by a series of near-identity transformations.

Consequently, the versal unfolding of a Bogdanov—Takens singularity of codimension 2 for diffeomorphism
(4.1) can be obtained as follows (see Lemma 3.2 and Proposition 3.1 in Yagasaki [27]).

Lemma 4.2. Suppose that the following nondegeneracy conditions

dgo(O) 7é 0 (i.e., bgo(O) 75 O), 620(0) + dll(O) 75 0 (z'.e., GQQ(O) + bll(O) — bgo(O) 7é 0) (46)

are satisfied, then under analytic near-identity transformations of coordinates and scaling of time system
(4.4) (and in turn system (4.1)) becomes (up to second order of coordinates)

dr=y2 2=\ + 2Ny + 47 + syiye, (4.7)
where

s = sign[bag(0)(az0(0) 4+ b11(0) — bap(0))] = +1
and v1(A) and vo(X\) can be expressed by the coefficients in (4.5) (and in turn by those in (4.2)) as follows:

4 3 2
() = bgo—ﬁ(omﬁlw _ b;ﬁ%ﬂzwﬁgm + bgo—ﬁ(“o)ﬂ%m

_ 483 4B
v} = b3(0) Aad) ba0(0)

B2(N)
in which

Bo = a20(0) + b11(0) — bao(0),

B10) = boo(A) + 5 (5ba0(0) — b11(0) + bo2(0)) e (N
1

~(gaz0(0) ~ a12(0) + ana(0) = 75b20(0) + b1 (0))aso(N)oon(N)

1,1

+§(6a20(0) —a11(0) + ap2(0) — ébzo(o) + %511(0) - ion(O))b%O()\)
)

—ago(AN)bo1(A) — %alo()\)boo()\) + a01(A)boo(A) + Eboo(A)blo(A) - %booo\)bm()\),

52()\) = alo()\) — bl()()\) + b01(>\) + (%ago(O) — a11(0) - %bgo(O) + ;bll(o) - bOQ(O))CLO()()\)

_(%azo(o) + %an(ﬂ) — ap2(0) — %bm(o) + %bn(O))boo(/\)y

1 1

B3(A) = bio(A) + (%bzo(o) = b11(0))aoo(A) — (5 a20(0) = a11(0) = 5620(0))boo(A),
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B4(3) = o) + (520(0) — b11(0))aoo()

1

+(5an(0) — an(0) - Zb%(O) + 2611(0) — boa(0))boo (A).

Furthermore, if the following transversality condition
det Dv(0) #0 (4.8)
is satisfied, then system (4.7) is the versal unfolding of the Bogdanov-Takens singularity of codimension 2.

Remark 4.3. The bifurcation sets of system (4.7) is now well known (i.e. Bogdanov-Takens bifurcation

for vector fields, see Bogdanov [3] and Takens [23]): A saddle-node bifurcation occurs at v; = Y. Hopf

4
bifurcation of codimension 1 occurs at v; = 0, 5 < 0; and a homoclinic bifurcation of codimension 1 occurs
61/5
near vy = — 42, v < 0.

Remark 4.4. The dynamical behaviors of the approximate map 1/1}\ in Lemma 4.1 are described by those
of system (4.7), the bifurcation diagram of system (4.7) therefore describes the bifurcation sets of the
approximate map zbi, where equilibria correspond to fixed points, a limit cycle corresponds to a normally
hyperbolic invariant cycle, etc.

Remark 4.5. By Lemma 4.1, the generic diffeomorphism fy(z) in (4.1) can be seen as the perturbation of
the approximate map w}“ and some certain features of the bifurcation diagram for ¢}\ do persist, such as the
saddle-node and Hopf bifurcations, which correspond to the fold and Neimark—Sacker bifurcations for fy(z),
respectively. However, the orbit structure on the closed invariant cycle for f) is generically different from that
for 93, phase-locking or quasi-periodic phenomena occur for fy. Even less persistence is that the homoclinic
bifurcation curve in 1} generically extends to an exponentially narrow horn, which is bounded by two
smooth bifurcation curves, corresponding to homoclinic tangencies, and transversal homoclinic intersection
(homoclinic tangle) occurs between these two curves (Broer et al. [5] and Kuznetsov [13]).

From the above known results, we can prove the existence of Bogdanov—Takens bifurcation and calculate
the bifurcation curves of diffeomorphism (1.6) as follows.

Theorem 4.6. Suppose that d > 4, diffeomorphism (1.6) undergoes Bogdanov—Takens bifurcation in a small

2
T ﬁ) . Furthermore,

the bifurcation sets of diffeomorphism (1.6) are as follows for sufficiently small | X |:

neighborhood of the unique interior fized point EO(%, ﬁ) as (,a) varies near (<

(i) A fold bifurcation occurs on the curve

£ () = pAR) + O((A));

(ii) A Neimark—Sacker bifurcation around one of the fized points born at the fold bifurcation of (i) occurs
on the curve

NS:vi(N) =0((A)%),  »(\)+0((IA)?) <.

The invariant circle created at the Neimark—Sacker bifurcation is stable;

(iii) A homoclinic bifurcation at which the stable and unstable manifolds of the saddle point born at the fold
bifurcation of (i) have homoclinic tangencies occurs on two curves (denoted by hy and hg) with the
asymptotic forms
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v

_f*

Vi

(e @

Fig. 4.1. Bogdanov—Takens bifurcation diagram and phase portraits of f)(U) near (U,v (X)) = (0,0).

6
n(A) = =55V + O, () +O((A)?) <0.
The distance between the two homoclinic tangencies bifurcation curves is exponentially small with
respect to \/|A| and the invariant manifolds intersect transversally (homoclinic tangle) inside the pa-
rameter region between the curves and do not intersect outside, where

O Ag) = (dl?f)‘%dz Ag + 16(752775251&3%522748013+3d4))@ _ 64(2600723038(¢fl+_1(3§32784d3+3d4))\1)\2
+64(1340—13736((3i%%i_72d3+3d4) A3+ O((IN)?),

i) = S, - ISR, i gt
+32(—856;(:;931);32d2+3d3) A3+ O((IA)3).

The bifurcation diagram and phase portraits of fx(U) near (U,v()\)) = (0,0) are given in Fig. .1.

Proof. By the results in Section 2.4 (see also Theorem A.4), we know that the unique positive fixed point
Ey(2, ﬁ) of map (1.6) is a nilpotent fixed point when (e,a) = (%, -4, where d > 4.
In order to establish the existence of Bogdanov—Takens bifurcation and calculate the bifurcation curves of

diffeomorphism (1.6), we choose the parameters a and € as bifurcation parameters and consider the following

£ <x> . <(ao+)\1)$(dlgc; ) — Mﬁf&m) 7 (4.9)

y 1+(60+)\2)(E2

unfolding map

where A; and Ay are parameters in a small neighborhood of (0,0). We are interested only in the dynamics
of map (4.9) when z and y are in a small neighborhood of the nilpotent fixed point when Eo(%, ﬁ).
We firstly expand map (4.9) into a power series around the fixed point Eo(%, ﬁ) and translate

Eo(2, ﬁ) to the origin. Let

then we have
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X + 2(72}5@& i )+ (R 4 g e )X

+ + 2b)‘2 +Cs(>\1,/\2)) (_,\14_&—%—&—&10\1,/\2)))@
<)Y(> . + 7+c5(A1,A2))XY+P3(X Y, A1, A2) . (4.10)
Y — m + d1()\17 AQ) <4bd ba2 + d2(>\17 AQ)) ( - % + d?’()\l’ A2)))/

+(m + b(Tj—d) +d4(/\17>\2))X2 + (— 72 + ds(/\lv)\Z))XY
+Q3(X7 Y> )\17)\2)

where ¢; (A1, A2), di(A1,A2)(i = 1,2,3,4,5) are functions of at least the second order in Aj, As. P3 and Q3
are functions of at least the third order with respect to (X,Y).
Secondly, under the parameter-dependent affine translation

(d— )\ Ay

. 2bXs
d (d— 4)d2

b
ST )Y,

u=X, v:( +C2(A1,AQ)>X+(—

map (4.10) becomes

u+v+ 2(_2;(1))‘1 + (748?;)(13 +e1(A1, Az)
+(ﬁ -\ - % + eq (A1, /\2)>u2 + (* %2 + e5(A1, )\2)>U"U
U +Py(u, v, A1, A2)
<v> v % + fi(A1,A2) + (ﬁ + fa(Ar, /\2))U + ((dijl‘))\l - 253(716—);\)2 7 )
A0 o+ (gits — 3+ R+ A ) Ju?

(= 2+ f500,02) Juv + Qulw,v, A1, M)

where e;(A\1, A2), fi(A1, A2)(i = 1,2, 3,4,5) are functions of at least the second order with respect to (A1, A2),
Py and Q4 are functions of at least the third order with respect to (u,v).
We next rewrite the above map (4.11) in the following form

W) = (é 1) U+t (bgg j;) LO((U)?), (112)

where

U= (u,v)T,\= (A1, \a2),
a(U, A) = ago(A) + a10(A)u + a1 (A)v + azo(N)u? + a1 (N uv + Fag2(A)v?,

b(U, A) = boo(A) + bio(A)u + bor (A)v + $bao(A)u? + bry (N)uv + $boa(A)v?,
a00(>\) = 2= 2+d))\1 + = f_i\Z)dg + 61(/\), 0410(>\) = 0, (l()l()\) = O7

aso(\) = 2(8 L — 1 — g2 + 64(/\)), an(A) = =22 +es(V),

boo(A) = W + fi(A), bio(N) = % + f2(AN), brai(A) = =22 + f5(N),

by (A) = 4= 2(d2?d+d4A2 + f3(N), bao(\) = 2( e — A — % + fa(A ))
a0s(N) = 0, boa(A) = 0, and ago(0) = a16(0) = a1 (0) = boo(0) = b1o(0) = b1 (0) = 0.

By Lemma 4.2, after tedious calculations, we obtain the nondegeneracy conditions, if d > 4,

d

d20(0) = b2o(0) = -1 0,
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Fig. 5.1. Neimark—Sacker bifurcation diagram in the (a, z)-plane when d = 3,b = 1,e¢ = } in diffeomorphism (1.6).

¢20(0) + d11(0) = a20(0) + b11(0) — b20(0) = % <0

and the transversality condition

8192
det Dyv(0) = ———= <0
et Dyv(0) (d— 4)d® <5
where
_ 2 3 4 - ’— ° !
1O, ) = (digf)%dz Ao + 16(752 7523(1(—53%3%2 48d°+3d ))\% __ 64(2600 23038(«3—51%33 84d°+3d ))\1)\2
2 3 4
_|_64(1340713736((242%846124772d N2+ O((1A)?),
— - 2 - — 0 2 :
va(A1, A2) = 8(dd 4))\1 - 16(132(t—i§jj23d ))\2 - 1123(52 2 A+ - 24;3%14)2)3? = ))\1)\2
32(—856-+392d—60d> +3d3
SRR 2 + O((IN)°).

By Proposition 3.1 in [27] and corresponding results in Broer et al. [4] and Kuznetsov [13], diffeomorphism
(1.6) undergoes Bogdanov—Takens bifurcation in a small neighborhood of the unique interior fixed point
Ey (%, b(d;:l) as (e, a) varies near ( ”fl—Q, d%‘lzl) if d > 4. We also can calculate the approximate expressions of
fold and Neimark—Sacker bifurcation curves and the asymptotic forms of homoclinic tangency curves ac-
cording to Proposition 3.1 in Yagasaki [27]. Furthermore, the invariant circle created at the Neimark—Sacker

bifurcation is stable because ba(0)(a20(0) + b11(0) — b20(0)) < 0. O

5. Numerical simulations

In order to use Theorem 3.4, we choose (d,z1) = (3,2) € Ay and let b =1, then € = % =3 a =

1
1_12961 = 5, it is easy to see that z; = 2 2‘%—;2(: 3) and z1 = 2 # 2(= %ﬁ) We can calculate
a = —SGLZ < 0. By Theorem 3.4, the fixed point E; is stable when a < a; = 5, E; loses its stability

and becomes unstable, and an attractive invariant cycle occurs near E; when a > a; = 5 slightly. The
bifurcation diagram in the (a, z)-plane for the above parameters is given in Fig. 5.1, and the corresponding
phase portraits are given in Fig. 5.2, which depict how a smooth invariant cycle bifurcates from the fixed
point E;. Fig. 5.2(d) shows the existence of a period-5 orbit.
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Fig. 5.2. Phase portraits corresponding to Fig. 5.1, (a) a = 4.9; (b) a = 5; (¢) a = 5.1; (d) a = 5.2.
6. Conclusions

The Bogdanov—Takens bifurcation theory for generic diffeomorphisms developed by Broer et al. [4,5]
and Kuznetsov [13] indicates that if the Jacobian matrix of a planar diffeomorphism at a fixed point has a
double unit eigenvalue but is not the identity (1:1 resonance), then the diffeomorphism can be approximated
by the time-one flow of a vector field which has a singularity with nilpotent linear part. Using this fact,
Yagasaki [27] studied Bogdanov—Takens bifurcation for subharmonics in periodic perturbations of planar
Hamiltonian systems and gave estimations of the bifurcation sets near the Bogdanov—Takens bifurcation
points of diffeomorphisms.

In this paper we considered a discrete predator—prey model (1.6) with nonmonotone functional response.
It was shown that the model exhibits various bifurcations of codimension 1, including fold bifurcation,
transcritical bifurcation, flip bifurcations and Neimark—Sacker bifurcation, as the values of parameters vary.
Moreover, we employed the results of Broer et al. [4,5] and Kuznetsov [13] and techniques of Yagasaki [27] to
prove the existence of Bogdanov—Takens bifurcation and calculate the approximate expressions of bifurcation
curves in system (1.6). To the best of our knowledge, this is the first study showing the existence of
Bogdanov—Takens bifurcation in discrete-time predator—prey systems.
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We would like to mention that other researchers have studied the discrete version of the predator—prey
model with nonmonotone functional response of Ruan and Xiao [21], for example, Hu et al. [9] and Wang
and Li [24]. However, there are two key differences between these studies and ours. Firstly, we gave de-
tailed derivation of our model (1.6) which is different from theirs. Secondly, we proved that model (1.6)
exhibits bifurcations of codimension 1, including fold bifurcation, transcritical bifurcation, flip bifurcations
Neimark—Sacker bifurcation, as well as Bogdanov—Takens bifurcation of codimension 2 whereas Hu et al. [9]
and Wang and Li [24] only considered bifurcations of codimension 1 of their models.

Notice that the original continuous-time predator—prey system (1.4) with nonmonotone functional re-
sponse undergoes Bogdanov-Takens bifurcation (Ruan and Xiao [21]). Moreover, the delayed version of
this predator—prey model with nonmonotone functional response still exhibits Bogdanov—Takens bifurca-
tion (Xiao and Ruan [26]). Thus, it is interesting to see that Bogdanov—Takens bifurcation persists in the
three versions of the predator—prey model with nonmonotone functional response: continuous-time, discrete
time, and time-delayed. This indicates that the nonlinearity that induces the codimension 2 bifurcations
near the singularity might be more dominated than the structure of the systems.

Theorems A.1, A.4 and 3.6 show that fold-flip bifurcation may occur at A and Ey, and Theorem A.2 indi-
cates that 1:2 resonance bifurcation may occur at Ej. It will be very interesting to study these bifurcations
and we leave these cases for future consideration.

Appendix
In this Appendix, we provide details in deriving the existence and stability of fixed points of the discrete

model (1.6) which were given in section 2.
The fixed points of map (1.6) satisfy the following equations

- 1 — ) — by
v afx(y ™)~ T (A.1)
y= 1+4ex?

By simple calculations, we can see that the map (1.6) has at most four fixed points: O(0,0), A(%L,0), two

a
positive fixed points E7(x1,y1) and Ea(x2,y2), and the two positive fixed points may coalesce into a unique

positive fixed point Ey(xg,¥yo), where

o= VIR gy = (a1 a) - 1),

2y = d+\/72d€2_45’ yo = 22 (a(l —xp) — 1), (A.2)
) _ 2a(d—2)-2d

To = g» Yo= "3 -

Clearly, map (1.6) always has the fixed point O, and has the fixed point A if a > 1. We now discuss the
existence of possible positive fixed points.

I) When 0 < € < ﬁ, we can see that z;(i = 1,2) exists and 0 < 1 < 2; < 2 < 25 from the second
1 d d
equation of (A.1), and a(l —z1) — 1 > a(l — z3) — 1 from equations (A.2).

(i) fay > 1, 0or 1 <1 and y; <0, we can deduce that y; < 0 and y2 < 0, so both positive fixed
points F1 and F5 do not exist. By simple calculations, we can see that 1 > 1,orz; < landy; <0
—=0<d<?2, d—1§e<d£or1<d§2, e<d—1,a< - ord>2, e<§, a< -

(ii) Ifzy <1 <ag9andy; > 0,0orze < 1,y > 0and yo < 0, we can see that the positive fixed point F;
exists and the positive fixed point F5 does not exist. We can also get that 1 < 1 < z9 and y; > 0,
orzo<lyy; >0and o <0<=1<d<2, e<d—1, a>ﬁord>2, e<d—1,a>-—

17I1
2
ord>2,d—1<€<d L o<

I’ 1—111

1—:132
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(iii) If zo < 1 and y2 > 0, i.e., d > 2, d—1<e< L ,a>
exist.
(IT) When € = dz , then zp =21 = 2 > 0.
(i) Ifzo < 1 and yo > 0, i.e., d >2 a> d 5, then the positive fixed point E; coincides with Ey and
a unique positive fixed pomt Eo(xo,yo) arises.
(ii) f zg > 1 or yp < 0,ie.,0<d <2, 0ord>2and a < d 5, then the unique positive fixed point
Ey(zo, yo) does not ex1st
III) When e > & , then z; and x5 do not exist, so the map (1.6) only has boundary fixed points.
( p y y p

both positive fixed points Fy and Ey

11:’

The existence conditions of these fixed points were given in Table 1.
We next consider the linear stability of the fixed points of map (1.6), the Jacobian matrix of map (1.6)
at any fixed point (x,y) is given by

2
a(l —2x) — by(l;;f 2 - br
= ( w5 ) (43)
(14-€x2)? 1+ex?

Theorem A.1. The fized point O is a stable node if 0 < a < 1, or a saddle if a > 1, or non-hyperbolic if
a = 1. The fized point A arises when a > 1. The properties of A are given in Table 2.

Proof. The eigenvalues of J(O(0, 0)) are A1 = a, Ay = 0, so the type of O(0,0) is simple.
If a > 1, the fixed point A(%=1,0) arises. The eigenvalues of the Jacobian matrix of map (1.6) at the
fixed point A are

ad(a—1)
M=2-a, A= 2RO
! @ A2 a?+e(la—1)2
When a > 1, then A2 > 0. Hence, )\2>11f0<6<%andd>a 1,)\2_11f6—%and
d> % 1,0</\2<11fe>%.

On the other hand, we can see that 0 < Ay < 1if 1 <a <2, -1 <A\ <0if2<a <3, \; =—-1ifa=3,
and A\y < —1ifa > 3.
By the above analysis, we can easily verify all cases in Table 2. O

The characteristic equation of the Jacobian matrix J around any positive fixed point (z,y) can be written
as

M —p(x) A+ q(x) =0, (A.4)
where
plz) =a(2—-3z)— 2 (a(l —z) — 1),q(a:) =a(l — 2x), (A.5)

and the eigenvalues of the Jacobian matrix J around any positive fixed point (x,y) are

p(x) £ /P () — 4q($).

A2 = 2

(A.6)

Combining with the existence conditions of the positive fixed point Ey, i.e., € < %, 1 < 1land y; >0,
we have the stability of F as follows.
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Theorem A.2. When e < 4 z1 < 1 andy, > 0, the positive fized point E; (z1,y1) exists. The properties of Ey

are given in Table 3, where f(z) = 5dz?—(3d+2)x+2, x11 = %, Z1g = 3‘“'126;‘/_ A = (3d+2)2—40d.

Proof. We choose x; as a parameter to analyze the stability of Fj(z1,y1) and denote f(x) = 5dx? — (3d +
2)i 42, wyy = SE2VA = BH2EVA A — (3d 4 2)% — 40d, which will be used in the following proof.
From the second equation of (A.1) and € > 0, we have é <z < %. Combining with x; < 1, we get

$<x1<mm{ 621} d>1, (A7)

and we can deduce that € < % provided that x; satisfies the second equation of (A.1). When z; < 1 and
y1 > 0, we can also get that

1
. A8
a > T (A.8)
Firstly, we analyze the stability of the positive fixed point F;. F; is stable if and only if

tr(J(Er)) — det(J(Ey)) <1, a(l—a1)(1— ) <1- 2

tr(J(Ey)) +det(J( 1) > —1, <= ¢ af(z1) < dzy + 2, (A.9)
det(J( 1)) a(l — 2$1) < 1.
y (A.7), we have
(1 )(1 2 )+ 2 <l<=a>
a(l—= — — a
! dl?l dl‘l — .’171’

which is the same as (A.8), and

a(l—211)<1l<=a<

T if0<z1<%, ora>0if%§z1<1.

In order to investigate the second inequality of (A.9), we firstly discuss the sign of f(x1). Obviously,
when 1 < d < W;J, then A < 0 and f(x1) > 0 for any x;; when d > %m, then A > 0, moreover,
f(z1) <0if 217 < 21 < 19, and f(gcl) >0 if0 < a1 < X117 OF T1 > T1o.

()When1<d<3then0< < = <%§é<1< Moreover,l;Zif(g"f)l1f2<x1<1.
Then, it is easy to see that the solutlon set of inequality system (A.9) is empty by (A.7), so E; is unstable
or non—hyperbolic ifl<d< §

(ii) When 2 < d < 2, then 0 < 7 -2 <1 S 1 < 2 <1< 2 Then, the solution set of inequality system
(A.9)is {(z1,a) 1 § < @1 < 3, 2 <a< e 1} When2<d<9 then 0 < 442 < L <l 2 02 o

moreover, 1712:“ > 2'?;[”)1 if 45% d2 <z < %, 51m11ar1y, the solution set of mequahty byetem (A9) is also
L1 2 1 2+da 3 9 : e 1 2
{(icl,a) D 2<+d331 <3 T << T 1} Hence, when 5 < d < 7, Ej is stable if 3 < x1 < £ and
X
T <a< f(ml)l.
(iii)When%§d<%m,thené 4d 2< < < £ <1 If—<x1<4‘§d ,then =z < = 12961 <
2;2;1"”)1, and the solution set of inequality system (A‘)) is {(xl, a):d <gp <22 L o <a< 15 2z b If

4d2

< x1 < %, then 1—1951 < zftif)l < 1—129517 and the solution set of inequality system (A.9) is {(z1,a) :
ﬁ <a< 2f+(;1“")1 b If 2 <z < %, then the solution set of inequality system (A.9) is
empty So, when 2 < d < 14+4f , F is stable 1f L<a < 4d 4d—2

2+d 2z,OI‘ 7 <£L‘1<—
Ty
and —— o <0< Ty

4d2
T<$1< y
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When 14+4\/_ <d <3, then =< a1 <219 < 4%2 < = < S % < 1, we have 1jz1 < 17121,1 < Qf"('gf)l

d 2d 1 4d—2 2 L 144410 :

1f— <m < 2 and 1 o < ;Exf)l < 1%m; if === < 21 < 3. Similarly, when +9 <d<3, Eis
4d—2 4d 2 dz1+2
stable1f3<a:1< 7d’1m1<a<12170r <x1< 1g[‘,1<a<f(§‘,1).

In conclusion, when 2 2 <d <3, F is stable 1f L<a < 4% an
and 1*—1xl <a< Ztd .

4d—2 2
T OF M <@ <3

f(z1)
. 1 4d— 1 2 2 1 1 2+4d
(1V) When 3 < d < 4 then x1; < 5 < w12 < T < 3 < 7 < 35, we have = < 1055 < f—trf)l if
3 <m < 4%2, and < 2JEST)1 < 3= 12761 if 4d 2 < xl < %. Similarly, when 3 < d < 4, Ej is stable if
4d—2 dw1 42
a<$1§7 2x70r7<$1< Flo1)

(v) When d > 4, thenxn <li<2<ic 4dd2 < 12 < 3,Wehave . 190 < o < FELif G <@ < 3
Similarly, when d > 4, F is stable 1f Leg <2

Secondly, we discuss the non- hyperboh(nty of E.

(vi) One eigenvalue of the Jacobian matrix at E; is A = 1 if and only if tr(J(E1)) — det(J(Ey)) = 1.
But tr(J(E1)) —det(J(E1)) =1<a= ﬁ, which conflicts with the condition (A.7). So A =1 is not an
eigenvalue of Ey. Moreover, the Jacobian matrix of map (1.6) at F; does not have a unit eigenvalue 1 with
multiplicity 2

121

(vii) One of eigenvalues of J(E7) is A = —1 if and only if

dzy + 2

tr(J(E1)) +det(J(Eq)) = —-1<=a= ) (f(z1) > 0). (A.10)
1
By (A.7) and (A.8), and Qf"zgf)l > - ifz < 3 2 we have 2 < 2y <min{2 2} (d > 2). By the above
analysis about the stability of F, we have g < 5 < % if % <d< %@, and é < x11 <212 < % < %
if WHVI0 < g <3 anda < L <z <2<2if3<d<4,anda; <) <2 <apy<2ifd> 4 So,
combining with f(z1) > 0, one of eigenvalues of J(E;) is A = —1if 3 < d < %, 1 <ay < 2 and
a = 2;2;131, or 14+3\/ﬁ <d<3, <z <zpanda= 2};?32”)1, or 14+3\/ﬁ <d<3, w13 < <% and
a= thz‘;”)l, or3<d<4, ria<x < % and a = 2;{;1?)1.
(viii) J(F7) has an eigenvalue A = —1 with multiplicity 2 if and only if
azsdwlféﬁi% 1fd22—|—\/§and0<x1 < Tis,
tr(J(Ep)) = =2 >
r(J(Ey)) : ord>2++/3and z1 > x4, (A11)
det(J(E,)) = 1. or2—+3<d<2++3,
a = ﬁ if 0 < 1 < %7
where z,3 = 2d+2 ‘/_ = %, A = 4d? — 16d + 4.
2o s2 _ 1 _ 4d—2 1 _ 4d-2 _ 2 9
When 3dm17(2dl+2)11+2 = T then xl = =%7-. Noted that 5 < z; = 7d < g le, 1 <d< A4
Moreover, we have é < @13 < w1 < 242 < <3 1f < d < 4. Tt is easy to see that 1 = % (% <d<4)
satisfies (A.11). Hence, J(F;) has an elgenvalue —1 with multiplicity 2 if § < d < 4,21 = 4‘%—;2 and
a= ﬁ From z; = d_vgj_“ = 4%2, we can get that e = % and a = ﬁ = %. Hence, we
3 2
can obtain that J(F;) has eigenvalues —1 with multiplicity 2 if % <d<4,e= % and a = %.
(ix) J(E1) has conjugate complex eigenvalues with module 1 if and only if
1 1 a= 1
a=-——, if0< 2 <3, 217
det J(Ep) =1 1=2z, 2 0<x <
’ S 2-2d 3dx? — (2d + 2 2), & A.12
{—2<trJ(E1)<2 71 < a(3dey = (2d + 2)a, +2), <m <3, ( )

a(3dx? — (2d + 2)z1 + 2) < 2+ 2dx.
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Obviously, When M > d, ie., d > , the solution set of (A.12) may be non-empty. We easily obtain that

a2 < M <5 < = 1f 9 <d <4, and l < 2 <3 § 4d—2 if d > 4. Hence, J(E1) has conjugate complex

1 2 _ 1
m,ord24,d<x1<aanda— T2, "

elgenvalues W1th module 1if 5 2 <cd< 4 5 < xl < 4d=2 and a=

(x) Obviously, E; is unstable for other cases. D

Theorem A.3. When d > 2,d

types of By are given in Table /, where f(x) = bdx? — (3d + 2)x + 2, 112 = Sdl’fo'zf A = (3d+2)? —40d,
q(z2) = a(l — 2x3).

, the positive fized point Es(xa,ys) exists and the

Proof. Ifd>2d—1<e< 0> o EgemstsbyTableland <xo < 1.
(i) Firstly, we analyze stablhty of the positive fixed point Fy. Es is stable if and only if

tr(J(E)) — det(J () < 1 a(l—m)(1— ) <1- 2
tr(J(Es)) + det(J( 2)) > —1, <= ¢ af(x2) < dxs + 2, (A.13)
det(J(E2)) < a(l —2z5) < 1.
Since xg > 2 then a(l — z2)(1 — d—xz) + E <l®a< = IQ, which contradicts the existence condition

a> .-, 80 the positive fixed point F» is always unstable.

(ii) Secondly, we analyze the non-hyperbolicity of Es.

e One of the eigenvalues of J(Eg) is )\ =1 if and only if tr(J(Eg)) det(J(E )) =1, but tr(J(EQ)) —
det(J(Eq)) =1 a= ﬁ,

eigenvalue of J(F5), and J(E3) does not have an eigenvalue 1 with multlphclty 2

e One of the eigenvalues of J(E3) is A = —1 if and only if

dl‘2+2

tr(J(E2)) + det(J(Ey)) = =1« a = =7

(f(z2) > 0). (A.14)

-, if 2 <2y < 2(d>3). Similarly, we have

x11<x12< < £ <11f3<d<4anda:11< <m2 <3 <11fd>4Hencewhen3<d<4 <x2<—

2+4+dxo

we have Ty 1

1—1)2

Because % < To < 1l and a > 3

and a = Qf'lgd’”)z or When d>4,712 <z2 <3 and a= Qf'lzg“”)? one of the eigenvalues of J(FE3) is )\ =—1.
J(E>) has an eigenvalue A = —1 with multiplicity 2 if and only if
a:fidzgféwd% ifd22+\/§and0<m2<m13,
trJ(Eg):— — ord>2++/3 and z2 > 214, (A.15)
det J(Ey) = or2—+3<d<2+/3, '
a= =5 if 0 <o <3,
where T13 = %, 14 = %, Al = 4d2 — 16d+4
When 3dw2 251;;_:-22)90#2 = = 1230 , then x5 = M Noted that zo = 4d > d, i.e., d > 4. However, we

have 2 < § < 4d 2 if d > 4, that is 3 = 4%2 (%, 1), which shows that the solution set of system (A.15)

is empty. Hemce7 J (E2) does not have an eigenvalue —1 with multiplicity 2.
e J(E;) has conjugate complex eigenvalues with module 1 if and only if

0<zg < %
= — if 0 <22 < 3, 2’
det(J(E)) = 1, LS 0=15,
o< trd(By) <2 7| 27 22 < aldey = QA+ 2z, +2), &y T (A.16)
’ . a(3dx3 — (2d + 2)xy + 2) < 2 + 2dx,. 2
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Noted that z3 > 2, which conflicts with (A.16), so the solution set of system (A.16) is empty, hence J(E)
does not have conjugate complex eigenvalues with module 1.
(iii) Obviously, Es is unstable for other cases. O

For the unique positive fixed point Ejy, we have the following results.

Theorem A.4. When € = %, d>2anda > d%‘lzy the map (1.6) has a unique positive fized point Ey, and
the types of Eg are given in Table 5.

Proof. When ¢ = d;, d>2and a > d;i27 a unique positive fixed point Fo(zo,yo) arises by Table 1, where

Ty = %, Yo = W. The eigenvalues of the Jacobian matrix J around the fixed point Ey of map (1.6)

are

a(d —4)

M=l de = =

(A.17)
Then Ej is always non-hyperbolic. Concretely,

(i) When a # +5%; and d > 2, then |X2| # 1. Hence, a fold bifurcation may occur at Eo.
(ii) When a = ﬁ and 3 < d < 4, then \y = # =—1,29 = %, Yo = :EZ:Z; > 0, the degenerate fixed
point Ey has eigenvalues 1 and —1 and therefore a fold-flip bifurcation may occur at Fj.

(iii) When a = ﬁ and d > 4, then Ay = (1(%4) = 1, the degenerate fixed point Eo(g, b(d4—_4)) has

an eigenvalue 1 with multiplicity 2, and a Bogdanov-Takens bifurcation of codimension 2 may occur

around Fy. O
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