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Abstract
We consider a predator—prey system of Leslie type with generalized Holling type III functional response

PO =
tonic for b < 0 when x > 0. The model has two non-hyperbolic positive equilibria (one is a multiple focus
of multiplicity one and the other is a cusp of codimension 2) for some values of parameters and a degenerate
Bogdanov-Takens singularity (focus or center case) of codimension 3 for other values of parameters. When
there exist a multiple focus of multiplicity one and a cusp of codimension 2, we show that the model ex-
hibits subcritical Hopf bifurcation and Bogdanov—Takens bifurcation simultaneously in the corresponding
small neighborhoods of the two degenerate equilibria, respectively. Different phase portraits of the model
are obtained by computer numerical simulations which demonstrate that the model can have: (i) a stable
limit cycle enclosing two non-hyperbolic positive equilibria; (ii) a stable limit cycle enclosing an unstable
homoclinic loop; (iii) two limit cycles enclosing a hyperbolic positive equilibrium; (iv) one stable limit
cycle enclosing three hyperbolic positive equilibria; or (v) the coexistence of three stable states (two stable
equilibria and a stable limit cycle). When the model has a Bogdanov—Takens singularity of codimension 3,
we prove that the model exhibits degenerate focus type Bogdanov—-Takens bifurcation of codimension 3.
These results not only demonstrate that the dynamics of this model when b > —2./a are much more com-
plex and far richer than the case when b > 0 but also provide new bifurcation phenomena for predator—prey
systems.

. By allowing b to be negative (b > —2./a ), p(x) is monotonic for b > 0 and nonmono-
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1. Introduction

Let x(#) and y(¢) denote densities of the prey and predators at time ¢, respectively. The clas-
sical Gause type predator—prey system takes the following form (Freedman [14]):

x=xg(x,K)—yp(x),
y=y(—d +cq(x)), (1.1)

where g(x, K) is a continuous and differentiable function describing the specific growth rate of
the prey in the absence of predators and satisfying g(0, K) =r > 0, g(K, K) =0, g, (K, K) <0,
gx(x,K) <0, and gg(x, K) > 0 for any x > 0. The logistic growth g(x, K) =r(1 — x/K) is
considered as a prototype and satisfies all assumptions.

The functional response p(x) of predators to the prey describes the change in the density
of the prey attacked per unit time per predator as the prey density changes. It is continuous
and differentiable and satisfies p(0) = 0. In general the functional response depends on many
factors, for example, the various prey densities, the efficiency with which predators can search
out and kill the prey, the handling time, etc. The following functional response functions have
been extensively used in modeling population dynamics.

(i) Lotka—Volterra type:
p(x) =mx,

where m > 0 is a constant, which is an unbounded function.
(i) Holling type II:

mx
a+x’

px) =

where m > 0 and a > 0 are constants and a is called the half-saturation constant, which is
bounded, p’(x) > 0 for x > 0, and lim,_, o p(x) = m.
(iii) Generalized Holling type III or sigmoidal:

mx2

p(x):axz—i—bx—i—l’

where m and a are positive constants and b is a constant. When b = 0, it is called the
Holling type III response function. When b > —2./a (so that ax*> + bx + 1 > 0 for all x > 0
and hence p(x) > 0 for all x > 0), it is called the generalized Holling type III or sigmoidal
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Fig. 1.1. Generalized Holling type-III functional response. (a) b > 0; (b) b < 0.

functional response (Bazykin [2]). The difference between b > 0 and b < 0 can be seen from
Fig. 1.1, when the prey density is below a certain level of threshold density, both figures
indicate that the predators show some form of learning behavior and will not utilize the prey
for food at any great intensity (Hsu and Huang [18]). However, above that density level,
the predators increase their feeding rates until some saturation level is reached when b > 0
(Hsu and Huang [18]), while when b < 0, the predation increases to a maximum and then
decreases, approaching 7 as x approaches infinity, thus p(x) describes the situation where
the prey can better defend or disguise themselves when their population density becomes
large enough (see the next case (iv)).
(iv) Generalized Holling type IV or Monod—Haldane:

mx

p(x):axz—i—bx—i—l’

where m and a are positive constants and b is a constant. This function is called the Monod—
Haldane (Andrews [ 1], Ruan and Xiao [32]) or the generalized Holling type IV (Taylor [37],
Collings [10]) functional response and can be used to describe the phenomenon of “inhi-
bition” in microbial dynamics and “group defence” in population dynamics. In microbial
dynamics, there are experiments indicating that when the nutrient concentration reaches a
high level an inhibitory effect on the specific growth rate may occur. In population dynam-
ics, field observations demonstrate that predation is decreased, or even prevented altogether,
due to the increased ability of the prey to better defend or disguise themselves when their
numbers are large enough. When b = 0, the function is called the Holling type IV functional
response in the literature (Ruan and Xiao [32], Li and Xiao [27]).

The generalized Holling type III functional response with b < 0 and the generalized Holling
type IV functional response are nonmonotone functions (see Fig. 1.1 (b), Fig. 1.1 in Ruan and
Xiao [32], and Fig. 1.1 in Zhu, Campbell and Wolkowicz [45]). Predator—prey systems with
nonmonotone functional response have been extensively studied by many authors (see Wolkow-
icz [38], Ruan and Xiao [32], Zhu, Campbell and Wolkowicz [45], Xiao and Zhu [43], Broer,
Naudot and Roussarie [6], Lamontagne, Coutu and Rousseau [23], Etoua and Rousseau [13],
and references cited therein). In these systems, predator functional responses have played an im-
portant role in inducing more complex bifurcation phenomena and dynamical behaviors, such as
homoclinic bifurcation and Hopf bifurcation of codimension 1 in Wolkowicz [38], Bogdanov—
Takens bifurcation of codimension 2 in Ruan and Xiao [32], Bogdanov—Takens bifurcation of
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codimension 3 (cusp) in Zhu, Campbell and Wolkowicz [45], Broer, Naudot and Roussarie [6]
and Lamontagne, Coutu and Rousseau [23], Hopf bifurcation of codimension 2 in Lamontagne,
Coutu and Rousseau [23], existence of two limit cycles in Xiao and Zhu [43], and canard phe-
nomenon in Li and Zhu [26].

The function g (x) in system (1.1) describes how predators convert the consumed prey into the
growth of predators and the parameter ¢ indicates the efficiency of predators in converting con-
sumed prey into their growth, while d is the predator mortality rate. In most classical predator—
prey models, g(x) = p(x). The dynamics of the predator—prey model (1.1) when g(x) = p(x)
taking one of the above four types have been studied extensively, see for example, Seo and
DeAngelis [34] for Holling type I, Bazykin [2], Freedman [14], Kuang and Freedman [22], and
May [30] for Holling type II, Lamontagne, Coutu and Rousseau [23] for generalized Holling
type III, and Huang and Xiao [21] for Holling type I'V.

An interesting case is when the predator growth function is different from the predator pre-
dation function. Moreover, the predator growth term is described by a function of not the prey
density only, instead it is assumed to be dependent on the ratio of predators and their prey, y/x,
see for example, Leslie [24], Leslie and Gower [25]. The new predator—prey system takes the
following form (Freedman and Mathsen [15], Hsu and Huang [18]):

x=xgx,K)—ypkx),

y =yq<X), (1.2)
X

where ¢(z) is continuous and differentiable and satisfies g(0) > 0 and ¢’(0) < 0. System (1.2)
includes some very interesting special cases.

(a) When g(x, K) =r(1 —x/K), p(x) =mx,and () = s(1 — 7). where s and / are positive
constants, it becomes the so-called Leslie-Gower model (Leslie and Gower [25]):

. 1 X
x=rx{1——)—mxy,
X y

- _y
y—sy(l hx)’ (1.3)

which has been studied extensively, for example, Hsu and Huang [ 18] showed that the unique
positive equilibrium of system (1.3) is globally asymptotically stable under all biologically
admissible parameters.

(b) When g(x, K) =r(1 —x/K), p(x) = 225, and ¢ (%) = s(1 — ;), it becomes the so-called

Holling—Tanner model (Leslie [24], Holling [17], Tanner [36]):
. ( X > mxy
x=rx{l——|— ,
K a—+x

5 — _Y
y—sy(l hx>' (1.4)

Model (1.4) was first proposed in May [30]. Caughley [8] used this system to model the
biological control of the prickly-pear cactus by the moth Cactoblastis cactorum. Wollkind,
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Collings and Logan [39] employed this model to study the temperature-mediated stabil-
ity of the predator—prey mite interaction between Metaseiulus occidentalis and the phy-
tophagous spider mite Tetranychus mcdanieli on apple trees. The nonlinear dynamics of
system (1.4) have been investigated by many researchers (see, for example, Hsu and
Huang [18-20], Collings [10], Gasull, Kooij and Torregrosa [16], Braza [5], Sdez and
Gonzélez-Olivares [33]) and many interesting results on the existence and uniqueness of
limit cycles have been obtained.

(c) Collings [10] further suggested that the Holling type II functional response in system (1.4)
can be replaced by the Holling types III and IV function responses. The predator—prey model
of Leslie type with Holling type IV function response was considered by Li and Xiao [27].
For other related cases and their analysis, we refer to Lindstrom [28], Freedman and Math-
sen [15], Li and Xiao [27] and so on.

In this paper, we consider system (1.2) with the following functions, g(x, K) =r(1 — x/K),
px) = %, and q(%) =s(1 — %); namely, we study the following predator—prey system
of Leslie type with generalized Holling type III or sigmoidal functional response

. X mx2y
i=rx([l-=2) - ———,
K ax? +bx +1

- _r
y-sy(l hx)’ (1.5)

where the parameters r, K, m, a, s and h are all positive constants, and b is an arbitrary constant.
When b > 0, Hsu and Huang [ 18] studied the global stability of system (1.5) and showed that the
unique positive equilibrium of system (1.5) is globally asymptotically stable for some parameter
values if it is local asymptotically stable. However, the nonlinear dynamics of system (1.5) are
not well-understood.

Before going into details, we make the following scaling:

- K
f=rt, w=—, 3="2Y  G_uk?
K r
b=bK, 5="> g=—°
S o ~ hmK?'
Dropping the bars, model (1.5) becomes
2
. X7y
=x(1—x)— —————,
r=x1=x) ax?+bx +1
. By
y:y(é——, (1.6)
X

where b > —2./a (so that ax> + bx + 1 > 0 for all x > 0). From the point of view of biology, we
only restrict our attention to system (1.6) in the closed first quadrant in the (x, y) plane. Since
system (1.6) is not well-defined at x = 0, we consider (1.6) in R; ={(x,y):x >0, y>0}.
It is standard to show that solutions of (1.6) are positive and bounded and for each solution
(x(2), y(t)) of (1.6) there exists a T > O such that 0 < x(#) <1 and 0 < y(¢) < % forallt > T.

Thus, system (1.6) is well-defined in a subset of R;.
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To study dynamical behaviors of system (1.6), we show that it has at most three positive equi-
libria for all parameters values and perform qualitative and bifurcation analyses of the system.
Firstly, there exist some values of parameters such that the model has two non-hyperbolic positive
equilibria, one is a multiple focus of multiplicity one and the other is a cusp of codimension 2.
Choosing two parameters of the model as bifurcation parameters, we demonstrate that the model
exhibits a subcritical Hopf bifurcation and a Bogdanov—Takens bifurcation simultaneously in the
corresponding small neighborhoods of the two degenerate equilibria, respectively. The bifurca-
tion curves divide the plane of bifurcation parameters into six regions. For various parameter
values in these regions, different phase portraits of the model are obtained by computer numer-
ical simulations which demonstrate that the model can have: (i) a stable limit cycle enclosing
two non-hyperbolic positive equilibria; (ii) a stable limit cycle enclosing an unstable homoclinic
loop; (iii) two limit cycles enclosing a hyperbolic positive equilibrium; (iv) one stable limit cy-
cle enclosing three hyperbolic positive equilibria; or (v) the coexistence of three stable states
(two stable equilibria and a stable limit cycle). Secondly, when the model has a unique degen-
erate positive equilibrium we show that it is a Bogdanov—Takens singularity of codimension 3
(focus or center case) for some values of parameters. Choosing three parameters of the model
as bifurcation parameters, we prove that the model exhibits degenerate focus type Bogdanov—
Takens bifurcation of codimension 3. These results indicate that the dynamics of system (1.6)
with b > —2.,/a are much more complex and richer than the case when b > 0.

2. Equilibria and their types

Notice that system (1.6) always has a boundary equilibrium Ey = (1, 0) for all parameters
which is a hyperbolic saddle. The biological interpretation of this boundary equilibrium is that
the prey population reaches its carrying capacity in the absence of predators. Eg divides the
positive x-axis into two parts which are two stable manifolds of E( and there exists a unique
unstable manifold of Ey in the interior of R?.

If E(x, y) is a positive equilibrium of system (1.6), then X is a root of the equation

_3 8 _2 -
ax +<E+b—a)x +(1-=-b)x—-1=0 2.1

in the interval (0, 1). Note that the third-order algebraic equation (2.1) can have one, two, or
three positive roots in the interval (0, 1) which can be evaluated by using the root formula of the
third-order algebraic equation. Correspondingly, system (1.6) can have one, two, or three positive
equilibria. The Jacobian matrix of system (1.6) at E(x, y) takes the form

1 — 2% — (bx2+2%)y —i2
J(E) _ ( (ax?2+bx+1)2  ax’+bi+1 ) ,

52
and
_ 5 b—3 2—2 52—2
Det(J(E)) = —5( 1 — 25 — oL+ 237 O
B(ax? + bx +1)2 Blax?24+bx +1)

S(bx3 +2x%)

Tr(J(E))=1-2x% — e i
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It implies that E(X, ) is an elementary equilibrium if Det(J(E)) # 0, a hyperbolic saddle if
Det(J(E)) <0, ora degenerate equilibrium if Det(J (E)) =0, respectively.

Regarding the number of positive equilibria of system (1.6), similar to Lemma 2.1 in Li and
Xiao [27], we have the following results.

Lemma2.1. Let A = (% +b—a)’+3a(b—1)and A = —4A3 + (27a% +9a(1 —b)(% +b—a)—
25 +b—ay)

(@) If A > 0, then system (1.6) has a unique positive equilibrium E* = (x*, y*), which is an
elementary and anti-saddle equilibrium;
®) If A=0and
(bl) A > 0, then system (1.6) has two different positive equilibria: an elementary anti-
— (B8 82
)= (ﬁ8+(1*5)2 > BS+(1-6)?
E*(x*,y) = (1=8,5(1=8);
(b2) A =0, then system (1.6) has a unique positive equilibrium E*(x*, y*) = (%, %li)
which is a degenerate equilibrium;
© If A <0, % <a—b—.3a(1->D) and —2/a < b < 1, then system (1.6) has three dif-
ferent positive equilibria E{(x}, y), E5(x3,3), and E3(x3, y3), which are all elementary
equilibria and E3 is a saddle.

saddle equilibrium E3 (x5, y; ) and a degenerate equilibrium

In case (a) of Lemma 2.1, the stability of the unique positive equilibrium E* can be determined
easily. In the following we consider the other three cases (bl), (b2), and (c) of Lemma 2.1.

2.1. Two non-hyperbolic positive equilibria

We first discuss case (bl) of Lemma 2.1 and look for some parameter values such that sys-
tem (1.6) has a nonhyperbolic equilibrium E3 (x5, y;) with Det(J(E3)) > 0 and Tr(J(E3)) =0
and a degenerate equilibrium E*(x*, y*) with Det(J (E*)) =0 and Tr(J (E*)) = 0.

We can verify that if Det(J (E*)) =0 and Tr(J (E*)) =0, then

—_1)2 3
e T N G R S k) e i e

a=——"—"—, = , (2.2)
B Bs(1 —6)? B3(1—46)
2 3
where 0 <8 < 1. If a = (‘;g(ll)_:)’i‘s, b= (6,;31()1:82)/% and 0 < § < 1, then system (1.6) reduces to
2
. X7y
x=x(1—-x)— )
(3—=1)2+88 (6—1D3-285
Faosr X T pas X Tl
. By
y=y<8—7 . (2.3)

Lemma 2.1 (bl) then implies that system (2.3) has two positive equilibria

Z(xz’yz)_<ﬁ8+(1—8)2’ﬁ8+(1—8)2>’ oy )‘( “opT )>'
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X =x(1=x) =2 y((1+8) X1 -8)° - (2 +5+2) x/(1-8) + 1) S 1/
y =y @-(1-8y(& (1+8)x) -

0.75 -

0.6 -

0.55 -
i i i i i i i i i i

0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54
X

Fig. 2.1. The coexistence of an unstable multiple focus with multiplicity one (E;‘) and a cusp of codimension 2 (E™*).

Theorem 2.2. If (a, b, B) = ((ifg; , _aztsg,-z’ 3(21(_1?;)) and 0 < § < 1, then system (1.6) has two

positive equilibria:

4) E *( i 52 , %) is an unstable multiple focus with multiplicity one;

(i) E*(1 -8, S(I(i;')‘?) is a cusp of codimension 2.

The phase portrait is given in Fig. 2.1.

Proof. Under the assumptions of Theorem 2.2 system (1.6) becomes

x2y
t=x(l-x) -5 2 52+a+2
(178)3)( x+1
(s (1-8)7%y 2.4)
YEN T Ratax ) ‘

S48 $(+s
which has two positive equ111br1a E} (1+32’ %) and E*(1 — 6, (1(—:;) 2)).

3
(1) We first verify that E *( 7 +62’ %) is an unstable multiple focus with multiplicity
3
one. Translate EJ to the origin by letting u = x — Hﬁ and v=y — %, the Taylor

expansion of system (2.4) around the origin takes the form
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o a=9
82(1 +62)
(14+8)(1+82)(1+8—82+383 -84 +68%) ,
+ u”
(—1+8)82
1-8)2Q2—8+438%2—8%+48*
+( ) ;3 + )u2v+0(|u,v|4),
.81 +0) SA+81+8%) 5 28(1+3%) (1-8)*(1+8% ,
=———=U—0V— u uv —
(1—298)3 (1—08)4 1-38 82(1+9)
SA+HA+8? 5 28U+ 5 (1=8(1+8)?
(1-=28)5 (1-26)2 82(1+9)

1—8)*
U+(1+5+53)u2+(873)uv

u=20u

uv? + 0 (ju, vl*). (2.5)

Make a change of variables as follows:
[ =87 (1-8)°
(”) = < SA+2(1+82)  $(1+8) > (x) ,
v 0 1 y

then system (2.5) can be written as

. 83(1—9) by

X="1 7T X, )

[ Y
= 209 ey 2.6)
=,/——x X,y), .
Y 1oz &Y

VA =8T/85(1+8)2(1+82)(—1 — 5 +682 — 28 + 54)x2
N (=1 —8+8*+8)
(1—=8)33+28 —82+28

where

fx,y)

83(1+96) Y
V(L4 8)2(1+82)(1 —8)°2+6 —52+83)y2
V(1 =8)785(1 +68)2

(1—=8)Y(—1—8+28%—-383+68—8°+67)

+ x>
87(1 +6)2
VM +8)2(1+682)(1 — 8)(—3 — 38 + 882 — 883 — 8% + 68 — 45° + 387)
2

* 510(1 +4)? Y

(1 —8)°(3 438 — 482 + 1483 — 126* 4+ 148° —56° +387)
— X

88(1 +6) Y

V=871 =8 (14821 +8 — 382 +48° —28* +68%) 4
- ¥+ 0(lx. yI%).
863/85(1 4 68)2(1 + 82)
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(1— 5)3 (—1+8)2/(1—8)7/85(1 + 8)2(1 + 62 E
GEDN 86(1+68)3

(1=8)°(1+8%
szy o(lx, yI*).

glx,y)=

The Liapunov number (Perko [31, p. 219]) can be expressed as

1
Rec) = 1_6{(fxxx + fxyy + Gxxy 'i‘gyyy)

1
+ ;[fxy(fxx + fyy) - gxy(gxx + gyy) — fx8ex + fyygy)’]}
x=y=0
C(=148)5(—3+28 — 852+ 8% — 8 + 69

>0
888(1+6)

because 0 < § < 1. Therefore, EJ is an unstable multiple focus with multiplicity one.

(ii) Next we show that the degenerate equilibrium E* is a cusp of codimension 2. Using the
_ 831+9)
YT e

change of variables x; =x — (1 — §), xo = system (2.4) is transformed into

(1487 248, (-9’

x1x2 4+ O(|x1, x2 ),

s
Nt e ) 2 T T Bt
8*(1+9) SH1+8) 5 28 1-872 , X
- O0(lx1,x2)?). (27
2= (1—8)3 X1 —0X2 — (1 8)4 X+ 1_6)(1)(?2 52(1+5)x2+ (|x1 x2| ) 2.7
(=148)3

Let y1 = x1, yo =6x1 + x7. Then system (2.7) can be rewritten as

52(148)

=y 2 —1y1y2+0(|y1 )
1+81 3 ’ ’

8

yo = —yiy2 + ——v3 + O(Iy1, »2I?). (2.8)

1
1+8 1-6

Making a C°°-change of variables z; = y; — %ﬁ, =y — llﬂylz — 1]T3)’1)’2 in a small
neighborhood of (0, 0), system (2.8) becomes

f=2+0(lz1, 22%).

f =zt + meaizz + 0(lz1, 221%). (2.9)
where ©; = 1;-&’ U2 = 1+5 Notice that wiuy = ((Siifs;) # 0, hence the equilibrium E* is a

cusp of codimension 2. O
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2.2. The degenerate positive equilibrium

Next we consider case (b2) of Lemma 2.1, that is the unique degenerate positive equilib-
rium E*, and have the following result.

Theorem 2.3.

Q) If (a,8) = (152- = m*b) ) and B # = b)(m)z, —2Ja <b< -2, a>1, then sys-
tem (1.6) has a unique degenerate posztlve equilibrium E*(13 %%), which is a stable

(an unstable) degenerate node if § > D) (2+b)2 (if B < B respectively);

(1- h) (2+b

3
i) If (a,8,p) = ((1 ~b)’ i-l—lf’ (1,b)2(72+b)2 ), then the unique degenerate positive equilibrium
@2+b)

(ﬂ’ —m) of system (1.6) is a codimension 3 Bogdanov—Takens singularity (focus
or center case).

The phase portraits are given in Fig. 2.2.

Proof. We have A =0and A =0 whena = % and § = —%ﬁb)}. Moreover,

Q+b)Q27+ (b—1)©2+b)?B)

Det(J(E*)) =0,  Tr(J(E*)) =

27(b —1)
(1) When 8 # m, we have Tr(J (E™*)) # 0; that is, there is only one zero eigenvalue
for the Jacobian matrix J(E* ) Theorem 7.1 in Zhang et al. [44] implies that the unique degener-

ate positive equilibrium £ *(1 /3 1 b) of system (1.6) is a stable (an unstable) degenerate node
. 27 .
if B> Gy G B < T

-- __ 2 _ Q4b)° 1o
(i) When 8 = oo Ve have Tr(J (E*)) = 0. It follows that E*(1 5 m) is nilpo-
tent (with double-zero eigenvalue). To determine the exact type of this equilibrium, we provide
a series of explicitly smooth transformations to derive a normal form with terms up to the fourth
order. s
Firstly, we translate the unique positive equilibrium E *(1 5 %) to the origin and ex-

pand system (1.6) in power series up to the fourth order around the origin. Let

L 3 _ 2+b)°

respectively).

Then system (1.6) can be rewritten as

3
)-(:F(XJFL Y_M)
1—b 9(1 —b)

- 3 Q+0b)}
Y_G<X+m,Y—m). (2.10)
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x(1=%) =2 y/((1 =b)° X127 + b x + 1)
y (B (2 +b)%27 - By/x)

= T
o
|
(9]

X’
y’

1k

0.8

0.6 -

0.4r

0.3

0.1

X =x(1=x) = y((1-b°x%27 +bx +1) b=-5
Y’ =y (2 +b)/(b - 1) - 27 y/((1 - b) (2 + b X))

08|

0.5

0.3

0.1 b

Fig. 2.2. The unique degenerate positive equilibrium E*. (a) Stable degenerate node; (b) codimension 3 Bogdanov—
Takens singularity (focus case).
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Secondly, we transform the linear part of system (2.10) to the Jordan canonical form. To do so,
let

27 27(b—1)

e X =G ™ et

Then system (2.10) becomes

X =y 4any? +anxy? + azy® + aizxy® + anx?y* + apy* + Ri(x, y),
¥ = biixy + boay? + b3ox® + bioxy? + baix*y 4 b3 y® + bagx*
+b13xy® + bpx?y? + b31x>y + boay* + Ra(x, y), @2.11)
where bi1apby #0, a;j, bij,i,j=0,...,4,2 <i+ j <4, are functions of parameter b, and

Ri(x,y) and Ry(x, y) are smooth functions of order at least five in (x, y). Thirdly, to eliminate
the y? terms in system (2.11), we make the following near identity transformation

b
am: x=X+ %XZ, y=Y +bpXY —apny?,
which transforms system (2.11) into

X=Y +c30X>+cnXY? + e XY +co3Y> + caoX* + c3XY?
+ 31 XY +enX?Y? +euYt + 01(X, Y),
Y =dn XY +dsoX> +diXY? +doy XY +dosY> + daoX* +dizX Y3
+d31 XY +dpnX?Y? +dpa Yt + 02(X. Y), (2.12)

where Q1 (X,Y) and Q»(X, Y) are smooth functions of order at least five in (X, Y), and

0 818 +b)(b — 1)* 0 81(b— 14 0
c3o =0, Cl1p = — s 21 =0, - C40 =Y,
30 12 ZEWAE 21 217 40
1458(b — 1)°(5 + b) 0 2187(b — D*(24 + 11b + b?)
C = s C =0, C = 5
13 Q2 +b)12 3 2 22+ b2
729(b — 1)° 4 27 243(b — 1)?
C =, = 5, =,
04 2+ 11 2+D)7 30 2+0)7
o 81(b — 1)%(89 + 48b + 24b> + b3) b 243(—16 + 21b — 12b* +7b%)
2= Q2+b)° ’ 2= 22 +b)8 ’
81(b — 1)3(35+430b + 15b% + b°) 2187(b — 7)(b — 1)3
doz = 10 ; 40 =— m ,
(2+b) 22+ b)
_ 2187(b — D*(72 4 137b 4 42b% + 181° + b*) _ 2187(4b—13)(b— 1)*
13= 2+ b ) 31 = 2+ b2 )
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2187(1 — b)3(143 + 287b + 24b% + 3153 + b*)
22 = s

22+ b)13
o 729(1 — b)>(77 + 145b + 75b* + 25b3 + 2b*)
0= Q2+ '
Notice that
6561(b — 1)2
diidzg= ————— +£0,

by Lemma 3.1 in Cai, Chen and Xiao [7], there exists a small neighborhood U of (0, 0) such that
in this neighborhood U system (2.12) is locally topologically equivalent to

X=y,
¥ =dixy + dsox> + (da1 + 3¢30)x%y + (dao — di1c30)x”

1 1
+ (4040 +d31 + gdllc21 + gdlldIZ)x3y + 0, y), (2.13)

where Q(x, y) is a smooth function of order at least five in (x, y). Moreover, we have

59049(b — 1)3(19 — 20b + 19?)

5d3o(d 3 —3dy1(dso — d = 0
30(d21 + 3c30) 11(dao — di1¢30) GEWSIE #
and
243(b — 1)? ) 243(14 — 13b + 8b?)
=———-— <0, d 8d3p = 0
WA i+ 8ds0 Q+b)7 =

since —24/a < b < —2. Again by Lemma 3.1 in Cai, Chen and Xiao [7], we know that the

equilibrium (0, 0) of system (2.12) is a degenerate focus or center of codimension 3, that is, the

3
unique degenerate positive equilibrium E*(%, _t()%ﬁ});)) of system (1.6) is a codimension 3

Bogdanov-Takens singularity (focus or center case). O

3. Bifurcations

In this section, we first discuss the existence of a subcritical Hopf bifurcation and a Bogdanov—
Takens bifurcation in case (bl) of Lemma 2.1 and then consider the degenerate focus type
Bogdanov-Takens bifurcation of codimension 3 in case (b2) of Lemma 2.1.

3.1. Hopf bifurcation and Bogdanov-Takens bifurcation

Consider case (bl) of Lemma 2.1 when system (1.6) has a nonhyperbolic equilibrium
E3(x3,y3) and a degenerate equilibrium E*(x*, y*) with Det(J(E*)) = 0 and Tr(J(E™)) = 0.
We study the existence of a subcritical Hopf bifurcation in a small neighborhood of E7 and a
Bogdanov-Takens bifurcation in a small neighborhood of E* in system (1.6). Choosing § and 8
as bifurcation parameters, we carry out a bifurcation analysis of system (1.6) as (8, ) varies near
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(80, o), where 8o and fo satisty (a, b, f) = (AF0 824842 (1= ) Traeis we consider the

(1-8)3° 18 §2(1+6)
following unfolding system of system (1.6):
2

. A7y
x=x(1—-x)— )

1462 82+8+2

(1_8)3x2— =ex + 1
b= y(5+2 =9 )2 3.1)
Y=y \s2ars T )x) '

where A = (L1, Ap) are small parameters and 0 < § < 1. Actually, we have the following results.

Theorem 3.1. When parameters (,1, L2) vary in a small neighborhood of the origin, system (3.1)
undergoes a subcritical Hopf bifurcation in a small neighborhood of E and a Bogdanov—Takens
bifurcation in a small neighborhood of E*. Hence, there exist some parameter values such that
system (1.6) has an unstable limit cycle around E%, and there exist some other parameter values
such that system (1.6) has an unstable limit cycle or an unstable homoclinic loop around E*.

Proof. By Theorem 2.2, if A1 = A2 = 0 then system (3.1) has two equilibria: EJ(x7, ) =
(1=8 83(1+8)
1+82° (13—5)2(1+52)
¢ 8°(149)
(1-34. (1-8)2
(i) First we study the existence of a subcritical Hopf bifurcation of system (3.1) in a small
neighborhood of the equilibrium E; when parameters (A1, A2) vary in a small neighborhood

of the origin. When (A1, 12) # (0,0), system (3.1) has an equilibrium E»(x2, y2) with x; =

) which is an unstable multiple focus with multiplicity one and E*(x*, y*) =

) which is a cusp of codimension 2.

1- S+A
1+582 +w, |LU| < 1, Y2 = ﬁxz. We have
52143 T2

F (14821 +)[2(—1+48) + 2+ 8+ 8)x]x]
[(—148)3 — (1+8)x7 + (1 — 822+ 8 + §2)x2]?
( 82(1 = 8)2(1 + 8)[2(—1+8) + 2+ 8 + 8)x21x3 )
—(1- MM
[(—1+8)3 — (1 +8)x5 + (1 — )22+ 8 + 82)x2]?

TI‘(J(EQ)) =1-2x -6+

N 83(1+8)*[2(=148) + (2+ 8 + 8*)xalx] N
L+ (1 +8) — (1 + 6922 + (1 - 822+ 5+ 8

+ O(Ir1, 22]),

82(14+8)(1 = 8)° (S +41)%x3

Det(J(F2)) = [(1—8) — (1 =822+ 68 +62)x2 + (1 + 82)x21[(1 — 8)3 +62(1 + 8)2al

- —i—M)(l —2x2

~ 21+ 8)(=14+8)°[2(=148) + 2+ 8+ )]G + A)xj )
[(1—8)3 — (1 = $)22+8 + 62)x2 + (1 + 8132 [(1 — §)3 +62(1 + 8)A2] )
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Let
Tr(J(Ez)) =0, Det(J(Ez)) > 0. (3.2)
It follows that

wQRw?(1 4822 — (=1 +8)282B + 8+ 82 +8%) + w3 — 26 4 8% — 38% + 287 — §%))
(—148)282 + w2(1 +82)2 — w(—148)8(1 + 82)2 ’

2o = —(w(=148) (—w*(1 +62)* (=14 62 +28%) + (=1 + 8)*6* (3 + 46 + 357 + 26 + 25%)

A=

+ w28 (—1 48— 8% +8%)7 (=7 — 126+ 567 + 5* + %) + w?s(1 4 6%)° (1 — 105 + 38
+45% +35% —26° +6°) —w(—1+8)%6%(—3 — 48 + 8 + 56° + 56* + 156° + 36°
+787 +28% 4+6))) /(8351 + 82 (1 + w — 8 + wd?)*((—1 + 6)%8% + w?(1 + 8%)°
—w(=1+8)s(1+86%)7)), (3.3)
and w; < w < wy, where
_ B — VA B+ VA
24, 241
Al =3—88 —48% + 198 +26% 4+-356° 4+ 2765 + 1887 + 1788 + 158° — 610 4- 5611,
A = 45% 42855 4 248°% — 11687 4 2988 + 88° — 64810 + 1085 4 10512 — 485'3
+568'% — 8815 — 4350 42857 — 165'8.

wy , wy By =48% — 283 +38% +48° — 68% — 8% — 26°,

Thus the Hopf bifurcation curve of system (3.1) at E7 is defined by
H) = {(M,Az) (A1, Ap) satisfy (3.3) and w; < w < wz}.
Notice that

i o (1—8)3(3 +48 + 382428 +28%)
m — = )
w—0 A 8314823+ 68 +82+83)

we can see that the approximate representation of Hj is a straight line

(1 —=8)3(3 +48+ 38428 +28%
83(1+8)23+5+82+83)

Ay = 1

in a small neighborhood of the origin in the parameter plane (see Fig. 3.1).
(i1) Next we consider the Bogdanov—Takens bifurcation of system (3.1) in a small neighbor-

hood of the equilibrium E*. We follow the techniques and steps of Xiao and Ruan [41] and Li

and Xiao [27] to derive a normal form by using a series of transformations. When (A, A,) vary in
x _ 83(1+48)
T (-8?%

a small neighborhood of the origin, let x; = x —x*, xp = y — y*, where x* =1-36, y
Then system (3.1) is transformed into
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A2
H
4y
SN~
[¢) M
v
\Y|
HL
1
H ]
I

SN*

Hz

Fig. 3.1. The bifurcation diagram of system (3.1) with § = 0.47.

. 2
X1 =aqox1 + ogrxp +opxy + 2o2x1x2 + Ap(xq, x2),

%2 = Boo + Brox1 + Porxa + Br1x7 4+ 2B12x1x2 + Baoxs + As(x1, x2), (3.4)
where
5 (=1+8)3 2436 (1—29)3
=0, =, = -0, o =
10 =20 +5) =TT 2= 08301 +9)
831 +9) 3 3 s*(1+8) 8% +6)2
= T (=148 + 831+ )], - ,
00 (—1+6)5[( +8)°h1 + 68 (14 8)12] Bio d=8)7 1 —8)0 2
283(1 + 6) S4(1+8)  85(1+6)2
:—(S A - — s = — —_ y
Bo + A T a7 2 1 A58  (_s7 2
8 83(146) (1-28)3 1
= A, = — Ao,
Po=1—3 T g5 2T R4y 1-5"7

and A; (i =1,2) are C™ in (x, x2) and A; (x1, x2) = O(|x1, x2]3).
First, we make an affine transformation y; = x1, y2 = aj0x1 + ®g1x2. System (3.4) can be
rewritten as

) 210012 217
y1=y2+(0m— y2+ yiy2+ Bi(y1, y2),
01 01

20100012

+2B12

) 2010822
y2 = ao1Boo + (01810 — @10B01)y1 + (10 + Bo1)y2 + . yiy2

2
2075212

=32+ Bo(y1,y2), (3.5)
01

2
aq0B22 B2z
+ (05100!11 - + ao1 11 — 2a10B12 + —1(301 ))’% +

@01

where B; (i = 1,2) is C* in (y1, y2) and B; (y1, y2) = O(ly1, y2/*).
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Next, we make a C* change of coordinates in a small neighborhood of (0, 0) as
a2 P
A=Y (— + —>y12
ol 2o

2010012\ 5 B2
Yi— —n»n
01

2=+ (0111 -
and obtain from system (3.5) that

21 =22+ C1(z1, 22),

22 = a1 Boo + (@01 B10 — @10Bo1 — BooBa2)z1 + (@10 + Bor)z2 +di(W)z]

2010012 20010822
ao1 ao1

+ (20511 +2B12 — )21Z2+C2(Z1,Zz), (3.6)

2
__ (ao1Broteiofoenr _ %o _ BioBor  @i0Bor _ Boooiz
where d; (1) = o1 Boreein +ao1 P11 —2e10B12 4 (5 5 ag, 0!

Bowbn) gy, and C; (i = 1,2) is C in (z1, z2) and C;(z1, 22) = O(lz1, z21).

01
Now, in a small neighborhood of (0, 0), we make another C*° change of coordinates

X1=1z1, X2 =20+ Ci(z1, 22)
and transform system (3.6) into
X1 =X,

X2 = 01800 + (@01 B0 — @10Bo1 — BooP22) X1 + (@10 + o) X2 +di (W) XF + Fi(X1)

2010012 201022
o1 o1

+ <2a11 +2B12 — >X1X2 + X2 (X1) 4+ X5 F5(X1, X2),  (3.7)

where Fy, F, are C*® in X, F3 is C™ in (X1, X2), Fi(X)) = 0(X11%), F2(X1) = O(IX1?)
and F3(X1, X2) = O(| X1, X2|). Substituting values of a9, a1, B10, Bot» @11, @12, Boo, Bi1, P12
and By, into system (3.7), we obtain the following system

X=X,
, 283(1 +6)
Xo =D (X, A A _—
2=P(X) )+[1+(—1+5)3 2} 2
344 5
—I—HX1X2+X2F2(X1)+X2F3(X1,X2), (3.8)
where
SI(=1 4831 + 831 +8)x 283+ )[(=1 4831 + 831+ 8
B(X1.0) = [(=14+8)°AM +87A +8r] A8 (I +H(=1+8)"A1 + (+)2]X1

(1-6)2 (1—8)°
+di(W)XT + Fi(X)),
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B 1462 83 (=2+68-6% 83(—=1+38 +48%
Tlxs TioaM Tt T a2 21— 8)*
EA+8)*1—-48) , SU+82. , 81+6)° ,
2(1 —8)7 2t 20—8)7 M2 T a0 50"

di(\) = 142

Since d;(0) = —]% < 0, we make it positive by using a time transform. Let Y1 = — X1, Y» = X»,
7 = —t. Then system (3.8) becomes (still denote time by ¢)

Y1 =Ya,

3
. [M 28°(1+8)

Y =—&(Y1,A) — )uz]Yz

346
1+6

Y1Y2 + YaFr (Y1) + Y3 F3(Y1, Ya). (3.9

Applying the Malgrange Preparation Theorem (Chow and Hale [9, p. 43]) to @ (Y1, A), we
have

D(Y1, 1) = (1) + L)Y + YE) W (Y1, 4),

(=148 M+ (1+8)A0] _ B 4)M(=148)30 83 (1+8)A0] _
Where él()") - (l—S)zd]()L) ’ %‘2()‘*) - (1—8)6d1(k) ’ lI/(O, )") -
—di(}), and ¥(Y1,X) is a power series in Y7 whose coefficients depend on parameters
A= (A1, A2). y
3 — — 2 —
Now consider Z; = Y1, Zp = NCZV TRk T = f«/'I/(Yl (s), A)ds. Then system (3.9) can be

written as

Z] =27,
3
28 (H_S))»z

; (—1+9)°
=8N +aWZ + 2] - —————17)
NG Z VA
3+34 1
— 717>+ G(Z1, 2>, ), 3.10
T lI/(Zl,A)12+(1 2, A) (3.10)
where G(Z1, Z,0) is a power series in (Z1, Z>) with power Z’i Z; satisfying i + j > 3 and
263 (148
Jj = 2. Letting n(A) = — % and making the parameter dependent affine transformation

x=7Z1+ %52()»), y = Z, we transform system (3.10) to
x=y,

¥ =p1(r, ) + pa(ry, A2)y +x% +

d
xy+ R(x,y, 1), (3.11)
/—d,

where 1 (1, 2) = §10) = 38 (A, pa(has A2) =0 () = 62, di1(0) =di, dy = — 5,
and R(x, y, A) is a power series in (x, y) with power x’y/ satisfying i + j >3 and j > 2.
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Since 0 < § < 1, we can check that

BRI RIED)
—0 (1=25)2

‘a(m,m) 20

(A1, A2)

Thus, the parameter transformation is nonsingular and system (3.11) becomes

xX=y,
348 [1+38
5= Gk + ol oy % = T S ey S, G
where
pm1(A, A2)
_BO -1 +8 1 +8)1][87( - 8)°(1 = $)ma — 8° 1+ 643 — 1 - §)*'0W)]
o) ’
sa(hr h) = $* B+ OAl(=1 483 + 81 +8)ra] N V2(=1+8)°h1 +2v283 (1 + $)a,
’ o1 - 8)(135)7 Vo@) ’
e[ 28 _2(1+52) 28312 —8+68%) _52(—1+35+452)
ow=1-9 [1+5 1—62 ! 1—s+ 2 (1—8) 142
_55(1+3)2(1—43))\2_35(1+5)2 , 881+8)° 4
(1-28)7 27 T —ey T —gyio )

and S(x, y, i) is a power series in (x, y, i1, pt2) with powers x’ y/ X ul satisfying i + j +k+1 >
4andi+ j>3.

The results in Bogdanov [3,4] and Takens [35] or Perko [31] imply that system (3.12) is
strongly topologically equivalent to

xX=y,
¥ =1+ pay +x* —xy. (3.13)

Choosing @1 and po as bifurcation parameters we know that system (3.13) undergoes a
Bogdanov-Takens bifurcation when the parameters (A1, A7) vary in a small neighborhood of
the origin. The local representations of the bifurcation curves in a small neighborhood of the
origin are given as follows:

(a) The saddle-node bifurcation curve

(1-9)°

2
m)&l + 0()\1)},

SN = {()»1,)»2) 1A, A2) =0, e, A =

which consists of SN* = {(A1, 22) : 1 (A1, A2) =0, wa(ry, A2) >0} and SN~ = {(A1, A2) :
mi1(ri, A2) =0, ua(ri, A2) <0}



J. Huang et al. / J. Differential Equations 257 (2014) 1721-1752 1741

(b) The Hopf bifurcation curve

3468 /146
H=1Q1,2): (A, A2) =——— T\/—Ml()»l,/\z), mi1(Ai,22) <0

1+
(—1+8B+8?2  82(1+8(3B+5)?
=1(*1,22) 1 — At — 3
b (—=1+98)
8(27 4408 4 3262 + 3083 + 138 4+ 258°)
+ A1A2
(—1+8)3
9+ 784+ 11824683 +8% , 81 +8)2(184+78 + 982 +58° +68%) ,
+ A+ 25
82 (—148)°

+ O0(1r1. 22P) =0, 11 (A1, 22) < 0};

(¢) The homoclinic bifurcation curve

53+6 146
HL= {(M,m  ua(h A2) = —7E1 Isi %\/—mm,m, w1 h) < 0}

25(—=1+8)(3+6)? 2582(1 4+ 8)(3 +68)?
=1(G1,02) 1 — A — 3 2
498 49(—1+36)
N (675 + 10968 + 99252 + 8465° + 3258* + 508°) "
49(—1+8)3 142
225 + 1998 + 29952 + 1508% 4 258*
+ A
4952
N 841+ 8)%(450 4+ 2718 + 32182 + 125683 + 2554)AZ
49(—1+6)° 2

+ O(Ir1, 22P) =0, pui(r1,h) < 0};
(d) Recall that the Hopf bifurcation curve of system (3.1) at EJ is given by

Hy ={(A1,A2) : (A1, A2) satisfy (3.3) and w) <w < ws}

(1 —8)3(3 +48 438>+ 283 +28% }
1¢(-

=l A i h =
{(‘ 2): %2 B(1+8)23+5+62+8)

The bifurcation diagram of system (3.1) is sketched in Fig. 3.1. O
These bifurcation curves Hy, SN, H, HL, and SN~ divide a small neighborhood of the origin

in the (A1, A2) parameter plane into six regions. In each region, the dynamics of system (3.1) can
be described as follows.
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k1:0 7»2=0,5:0.47

06} , » 8

0.58 -

0.56 -

0.54 |-

0.46 |-

0.44 -

0.42 -

04 i i i i i i i i i i
0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58

Fig. 3.2. When (A1, A2) = (0, 0), E* is a cusp of codimension 2, E’2k is an unstable multiple focus with multiplicity one,
there exists a large stable limit cycle surrounding the two non-hyperbolic positive equilibria.

A, =-0012 A,=-0.012,5=0.47

T =2

0.6
0.58
0.56
0.54

0.52

0.48
0.46
0.44

042}

0.4

0.4 0.45 0.5 0.55 0.6

Fig. 3.3. When (A1, Ap) = (—0.012, —0.012) lies in region I, E; is an unstable focus and there exists a large stable limit
cycle.

(i) When (A1, A2) = (0, 0), system (3.1) has two positive equilibria: E3 is an unstable multiple
focus with multiplicity one and E* is a cusp of codimension 2. From the Poincaré-Bendixon
theorem, there exists at least one limit cycle enclosing these two positive equilibria (see Fig. 3.2).

(ii) When the parameters lie in region I (i.e., the region between the curves SN* and H»),
system (3.1) has a unique positive equilibrium E7 which is an unstable focus. This implies that
system (3.1) has at least a stable limit cycle by Poincaré—Bendixon theorem (see Fig. 3.3).



J. Huang et al. / J. Differential Equations 257 (2014) 1721-1752 1743

7»1 =-0.0115 7»2= -0.012,8=047

06 / i

0.58 - -

0.52 -

0.48 -
0.46 -
0.44

042

0.4

0.4 0.45 0.5 0.55 0.6

Fig. 3.4. When (A1, 22) = (—0.0115, —0.012) lies in region VI, E;‘ is a stable focus, there exist a small unstable limit
cycle and a large stable limit cycle.

(iii) When parameters lie on the Hopf bifurcation curve Hj at E3, the unique positive equi-
librium EJ is an unstable multiple focus with multiplicity one and the stable limit cycle still
exists.

(iv) When parameters cross H, into region VI (i.e., the region between H, and SN™), EJ be-
comes a stable focus and a new unstable limit cycle bifurcates from E3 following the subcritical
Hopf bifurcation. Thus system (3.1) has at least two limit cycles, the outer is stable and the inner
is unstable (see Fig. 3.4).

(v) When parameters lie on the saddle-node bifurcation curve SN, system (3.1) has two
positive equilibria, one is a saddle-node E* and the other is an unstable focus EJ (see also
case (xiii)).

(vi) When parameters cross the curve SN into region II (i.e., the region between SN and H),
system (3.1) has three positive equilibria E, E3 and E3, in which E} and E7 bifurcate from the
saddle-node. When (A1, A2) = (—0.01232, —0.012), which lie in region II, we can see that ET
and E7 are unstable foci and E7 is a saddle. Poincaré-Bendixon theorem implies that there
exists at least one stable limit cycle enclosing these three hyperbolic positive equilibria (see
Fig. 3.5).

(vii) When parameters lie on the Hopf bifurcation curve H, system (3.1) has three positive
equilibria E}, E7, and EY, in which E} is an unstable multiple focus with multiplicity one, E is
a hyperbolic saddle, and E is an unstable hyperbolic focus. There exists at least one stable limit
cycle enclosing these three positive equilibria.

(viii) When the parameters cross the curve H into region III (i.e., the region between H
and HL), E} becomes a stable focus and an unstable limit cycle bifurcates from E7 according to
the subcritical Hopf bifurcation. Taking (11, A2) = (—0.01235, —0.012), system (3.1) has three
positive equilibria, a small limit cycle enclosing the stable focus E} and a large stable limit cycle
enclosing all three positive equilibria (see Fig. 3.6).
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Fig. 3.5. When (A1, A2) = (—=0.01232, —0.012) lies in region II, all three equilibria E¥, E;‘, E;‘ are unstable and there
exists a large stable limit cycle surrounding these three hyperbolic positive equilibria.

A1 =-0.01235 12 =-0.012,8=0.47

{ i i i i i i
0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58
X

Fig. 3.6. When (A1, A») = (—0.01235, —0.012) lies in region III, ET is a stable focus and E;‘, E;‘ are unstable, there exist
a small unstable limit cycle surrounding £ T and a large stable limit cycle enclosing the small limit cycle and equilibria
EX EX.

2°73

(ix) When parameters lie on the homoclinic bifurcation curve HL, system (3.1) has three
positive equilibria EY, E3, E3 and an unstable homoclinic loop enclosing the stable focus E}
(see Fig. 3.7).

(x) When the parameters cross the curve HL into region IV (i.e., the region between HL
and H»), the above homoclinic loop is broken. There exist a stable focus E T, a hyperbolic
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;\1 =-0.012367, }\42 =-0.012, §=0.47

i i i 1 i i i i i i i
0.4 0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58 0.6
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Fig. 3.7. When (A1, 22) = (=0.012367, —0.012) lies on the HL curve, E} is a stable focus, E7 is a saddle, EJ is an
unstable focus, there exist a homoclinic loop surrounding E ik and a large stable limit cycle enclosing the homoclinic loop
and equilibria E7, E3.

k1 =-0.013 7»2 =-0.012,3=0.47
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Fig. 3.8. When (A1, A2) = (—0.013, —0.012) lies in region IV, E;‘ is an unstable focus, E’l" is a stable focus, and E;‘ isa
saddle, and there exists a large stable limit cycle enclosing all three equilibria.

saddle E%, an unstable focus EZ, and a stable limit cycle enclosing these three hyperbolic positive
equilibria (see Fig. 3.8).
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Fig. 3.9. When (A1, A2) = (0.0122,0.012) lies in region V, E¥, E; are stable foci, and E;k is a saddle, there exists a
small unstable limit cycle surrounding E;‘ with a larger stable limit cycle.

(xi) When parameters lie on the Hopf bifurcation curve Hp at E%, system (3.1) has three
positive equilibria EY, E7, and EJ, in which EJ is an unstable multiple focus with multiplicity
one (see also case (iii)).

(xii) When the parameters cross the curve H> into region V (i.e., the region between H,
and SN™), E7 becomes stable and an unstable limit cycle bifurcates from E7 via the Hopf bifur-
cation surrounded by a larger stable limit cycle (see Fig. 3.9).

(xiii) When parameters lie on the saddle-node bifurcation curve SN~, system (3.1) has two
positive equilibria, one is a stable focus Eé‘ and the other is a saddle-node E* (see also case (V)).

(xiv) When parameters cross the curve SN~ into region VI, it returns to case (iv), that is,
system (3.1) has at least two limit cycles enclosing the unique positive equilibrium E3, the outer
is stable and the inner is unstable (see Fig. 3.4).

Remark 3.2. When (11, A2) = (0.0122,0.012) lies in region V, there exists a tri-stability phe-
nomenon for system (3.1): stable foci E} and E7, and a large stable limit cycle surrounding these
three positive equilibria (see Fig. 3.9).

3.2. Degenerate focus type Bogdanov—Takens bifurcation of codimension 3

In this subsection, we consider case (b2) of Lemma 2.1 when system (1.6) has a unique degen-

e ) . _ (=b) 24b 27
erate equilibrium E*. From Theorem 2.3, we know that if (a, 8, 23) =( 7 s T (1—b)(2+b)2)’
(2+b)

then the unique degenerate positive equilibrium E *(%b, - m) of system (1.6) is a codimen-
sion 3 Bogdanov-Takens singularity (focus or center case). If we choose a, § and g as bifurcation
parameters, system (1.6) may exhibit degenerate focus type Bogdanov—Takens bifurcation of
codimension 3. Let
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(l_b)3+ 5 2+b+ 5 27 N
a= o, =—— 4y, = 4 a3,
27 ! b—1 7 A—by+b2  *

a = (a1, a2,a3)

and consider the unfolding system of system (1.6) as follows

2
F=x(l—x) - e ,
(U2 4 ap)x? —bx + 1
. (2+b 27 y
N Y (R 7). 3.14
Y y(b—1+a2 <(1—b)(2+b)2+a3>x> (3-14)

where o = (a1, @2, @3) is a parameter vector in a small neighborhood of (0, 0, 0).

Theorem 3.3. When parameters o = (o1, o2, 3) vary in a small neighborhood of the origin,
system (3.14) undergoes degenerate focus type Bogdanov—Takens bifurcation of codimension 3

in a small neighborhood of E *(%, —g%r—fl)j)). Moreover, in a small neighborhood of the point

(a,8,B) = ((1;;7)3 , i—flf, m) of the parameter space, there exist a Hopf bifurcation sur-
face, two homoclinic bifurcation surfaces, two saddle-node loop bifurcation surfaces, a multiple
limit cycle bifurcation surface, and two saddle-node bifurcation surfaces for system (1.6). When
parameters (a, 8, B) cross these surfaces, system (1.6) undergoes Hopf bifurcation, homoclinic
bifurcation, saddle-node loop bifurcation, multiple limit cycle bifurcation, and saddle-node bi-

furcation, respectively.

Proof. Firstly, we make a sequence of smooth coordinate transformations (7), (II) and (III),
which were used in the proof of Theorem 2.3, to obtain the following system from system (3.14)

X =Y +coo@) + cro(@)X + o1 (@)Y + c20(@) X + c11(@) XY + cor (@)Y + c30(@) X
+c@XY? + 1@ X?Y +co3 (@)Y’ + 0(1X, Y1%),

Y =doo(@) + dio(@) X +doi (@)Y +dao(@)X* +di1 (@) XY + doa ()Y + dzo(@) X°
+dip(@XY? + doy (@) XY +dos(@) Y + O(1X, YY), (3.15)

where ¢;j(a) and d;j(«) are smooth functions whose long expressions are omitted here for
the sake of brevity, coo(0) = c10(0) = co1(0) = c20(0) = ¢11(0) = ¢02(0) = ¢30(0) = c21(0) =
doo(0) = d10(0) = dp1(0) = d20(0) = dp2(0) = 0, ¢c03(0) = co3, 12(0) = c12, d11(0) = diy,
d30(0) = d30, d12(0) = d12, d21(0) = da1, do3(0) = dos, and co3, c12, di1, d3o, di2, da1, dos
are given in system (2.12).

Secondly, to simplify the third order terms when o = 0, we make the following coordinate
transformation

diz c12 +dos diz
(V). X=x1+ ?x? + Txlzyl + c03x1y12, Y=y + TX%yl +d03x1y12

and rewrite system (3.15) as follows
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X1 = y1 4 e00(@) + ero(@)x1 + eo1 (@) y1 + ex(@)x? + e11(a)x1y1 + ez (@)y? + esp(@)x;
+en(@)x1y] + ean(@)xyr +eo3(@)yi + O (Ix1. y11Y).

Y1 = foo(@) + fio(@)x1 + for(@)y1 + frole)x? + fii(@)x1y1 + foa(e)y? + fro(@)xi

+ fr@x1y} + fi@xiy + fos@)y3 + 0(1xi, mil*), (3.16)

where ¢;; (o) and f;; () can be expressed by ¢;; (@), djj (@), di2, c12, do3, and cp3, we also omit
their expressions here to save spaces.
Thirdly, introduce the following transformation

V): x2=x1,

y2 = y1 +eo(@) + ero(e@)x1 + eor (@)1 + ea0(@)x7 + er1(@)x1y1 + epa(@)yi
+ e30(@)x3 + erp(@)x1y? + e (@)xiyr + e (@)y; + O(Ix1. y1 |4)

and rewrite system (3.10) as

X2 =2,

2 = 00(@) + g10(@)x2 + o1 (@) y2 + g20(e)x3 + g11(@)x2y2 + goa(@)y3 + g30(c)x3

+ g12(@)x293 + g21(@)x3y1 + g03(@)y3 + O(Ix2, y2I*), (3.17)

where g;; () can be expressed by e;; () and f;;(a), we also omit their expressions here.
Finally, following the steps in Xiao and Zhang [42], we can rewrite system (3.17) as

. o(w)

0= v,
v(a)

. —g30(@)

V=

W[M (@) + 2 (@)v(@)u — v (@)u®] + ga1(@)v[A3(e) + A(@)v(e)u + v (a)u?]
+v2Q1(u, v, @) + O(Ju, v[*),

(3.18)
3 3 2
__ goo(@) go(@gn(@ 8@ &50(@) _ _gio® &50(@) _
where A (a) = — 5205 + 38, @) 5 @ + M@’ M) = —2005 + 3B @’ As(a) =
go1(@) _ gii(a)go(@) g21(@) g3y (@)

Ala) = gu(@®) | 2g0@)

g21(a) 321 () g30() g21(a) 3g30(a)’ Q1. v, ) = o (@)[go2(e) +

2
2D | 4 (@) g03 (@) + v(@)gn(@ul.
g30((¥)

9821 ()82 (e)’

2
By using the computer software Mathematica we can calculate that g3o(0) = 243-1)

o < 0
2
and g71(0) = 243(1’_;)(;1&_)3[’"'71’ ) <0 (because b < —2), so we can choose

_ &0 _ 8@
o(a)= g21(a)v(a)’ vie) = | 2@
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in the small neighborhood of o = (0, 0, 0). In order to obtain the canonical unfolding of the
focus type Bogdanov-Takens singularity of codimension 3, we make the last time transformation

—gz?gzﬁt, and still denote T by ¢, system (3.18) becomes

T =

u=uv,

0= p1(@) + pa(eu — u’ + v[ps(@) + Ar(@u +u’]

+ 07 Q2 (u, v, @) + O(|u, v|*), (3.19)
where A (@) = SHONEOD A (qr), Qr(u, v, @) = —L4L.0, (u, v, ),
3 2
g21(a) gz](a)
=— 2000 (), = 22075 (),
() g30(a)v/—g3o(a) 1) (@) g30(@) 2@
%1(0‘)
u3(a) = — A3(@). (3.20)
30(a)
Since
(i (@), pa(a), uz(@)) _ 3v/3(16 — 5b + 7b)°

d(ar, o, o3) weo 64— D2+ b3 /—2+b) 70

when b < —2, the parameter transformation (3.20) is a homeomorphism in a small neighborhood
of the origin, and pg, 47 and w3 are independent parameters. Furthermore, for system (3.19),
the coefficients of u3 and u2v are —1 and 1, respectively, the coefficient of uv is A(«), which
can be calculated as follows when o = 0:

A1(0) = 7“13(_2;[’) <2V2.

By the results in [12] or [42], we know that system (3.19) is a generic 3-parameter fam-
ily or standard family of Bogdanov-Takens singularity of codimension 3 (focus case). Thus,
system (1.6) will undergo a degenerate focus type Bogdanov-Takens bifurcation of codi-
mension 3 by choosing a, § and B as bifurcation parameters in a small neighborhood of

a- b)x 24b
( *h-17 (1- b)(2+b)2) -

Remark 3.4. Note that the maximum number of limit cycles for the versal unfolding of a focus
type Bogdanov-Takens singularity of codimension 3 is still an open problem (see [ 12] for general
theory or [42] for a predator—prey system with generalist and specialist predators).

4. Discussion

It is well-known that predation can induce oscillations in interacting species and many field
and experimental data demonstrate periodic fluctuations in both predator and prey populations
(May [29,30]). The existence of limit cycles in predator—prey models has been extensively stud-
ied, see for example, Bazykin [2], Kuang and Freedman [22], May [29], etc.
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Wollkind, Collings and Logan [39] employed the predator—prey system (1.4) of Leslie type
with the Holling type II functional response to model the interaction between Metaseiulus occi-
dentalis and the phytophagous spider mite Tetranychus mcdanieli on apple trees, the existence of
periodic solutions in the model mimics the observed biological data on population oscillations
and outbreaks. The existence and uniqueness of limit cycles in this model has been studied by
many researchers, see Hsu and Huang [ 18-20], Collings [ 10], Gasull, Kooij and Torregrosa [16],
Braza [5], Sdez and Gonzalez-Olivares [33], etc.

As Collings [10] suggested, the Holling type II functional response in system (1.4) can be
replaced by other functions, including the Holling types III and IV function responses. The case
with Holling type IV function response was considered by Li and Xiao [27]. It is shown that the
model has two non-hyperbolic positive equilibria for some values of parameters, one is a cusp of
codimension 2 and the other is a multiple focus of multiplicity one. Via Bogdanov—Takens bifur-
cation and subcritical Hopf bifurcation in the small neighborhoods of these two equilibria, it was
shown that the model can have a stable limit cycle enclosing two equilibria, or an unstable limit
cycle enclosing a hyperbolic equilibrium, or two limit cycles enclosing a hyperbolic equilibrium
by choosing different values of parameters.

In this paper, we studied the dynamical behavior of a predator—prey model (1.6) of Leslie type
with the generalized Holling type III functional response. We have shown that the model has very
rich and complicated dynamics such as the existence of a stable limit cycle enclosing two non-
hyperbolic positive equilibria, a stable limit cycle enclosing an unstable homoclinic loop, two
limit cycles enclosing a hyperbolic positive equilibrium, or one stable limit cycle enclosing three
hyperbolic positive equilibria. In particular, we have shown that the model undergoes degenerate
focus type Bogdanov—Takens bifurcation of codimension 3, the coexistence of three stable states
(two stable equilibria and a stable limit cycle) are also shown by numerical simulations, these
new dynamical behaviors were not observed in [27]. Since the generalized Holling type III func-
tional response has similar properties as the Holling type IV functional response, our model with
b > —2./a exhibits much more complex and far richer dynamics not only than the case when
b > 0 but also than the model with Holling type IV functional response considered by Li and
Xiao [27]. Moreover, the analytical results and the numerical simulations predict population os-
cillations and outbreaks in the predator—prey model of Leslie type with the generalized Holling
type III functional response with various parameter values. Furthermore, these results provide
new bifurcation phenomena, such as the degenerate focus type Bogdanov—Takens bifurcation of
codimension 3, the coexistence of three stable states (two stable equilibria and a stable limit cy-
cle), the existence of two limit cycles enclosing a hyperbolic positive equilibrium or one stable
limit cycle enclosing three hyperbolic positive equilibria, that have not been observed in classical
Gause type predator—prey systems.

The generic bifurcation of three-parameter families of planar vector fields around nilpotent
singular points is a very important and challenging problem in the bifurcation theory of dynam-
ical systems (Dumortier et al. [11,12], Xiao [40]). It was shown that there are three topological
types of degenerate Bogdanov—Takens bifurcation of codimension 3: saddle, elliptic, and focus. It
is very interesting to apply the theory to realistic biological and physical systems that exhibit such
degenerate Bogdanov—Takens bifurcation of codimension 3. Recently, Cai, Chen, and Xiao [7]
demonstrated that an epidemiological model with strong Allee effect undergoes degenerate el-
liptic type Bogdanov—Takens bifurcation of codimension 3 among other types of bifurcations.
In this paper we have shown that a predator—prey model of Leslie type with the generalized
Holling type III functional response exhibits degenerate focus type Bogdanov—Takens bifurca-
tion of codimension 3. These results indicate that the nonlinear dynamics of such biological and
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epidemiological models not only depend on more bifurcation parameters but also are very sen-
sitive to parameter perturbations, which are important for the control of biological species or
infectious diseases. It will be interesting to see if the degenerate saddle type Bogdanov—Takens
bifurcation of codimension 3 occurs in realistic biological or epidemiological models.
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