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Schur functions
Partitions: A= (A, \2,...,\,) where A\ > X >---2>0
Degree 4: (4) (3.1) (2,2) (211) (1,111)

Ferrers shapes: [ [ [ [ | u B

Tableaux: Columns strictly increasing, rows non-decreasing

w

I—"\me‘
I




Schur functions
Partitions: A= (A, \2,...,\,) where A\ > X >---2>0
Degree 4: (4) (3.1) (2,2) (211) (1,111)

Ferrers shapes: [ [ [ [ | u B

Tableaux: Columns strictly increasing, rows non-decreasing
Weight = (#ones, #twos, #threes, . ..)

5]
r_|34 shape(T) = (4,2,2,1)
~2]3 weight(T) = (1,3,2,1,2)
1]2]2]5]




Schur functions
Partitions: A= (A, \2,...,\,) where A\ > X >---2>0
Degree 4: (4) (3.1) (2,2) (211) (1,111)

Ferrers shapes: [ [ [ [ | u B

Tableaux: Columns strictly increasing, rows non-decreasing
Weight = (#ones, #twos, #threes, . ..)

9
4
2[5]6]
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Standard tableaux have weight (1,1,...,1)



Schur functions

3
Ssz 2t B+ B+ B+ Bt g 2‘+ Bl +

= X1X2X3+X1 X2 X3+ X1 X1 X2 +X2 X2 X3+X1 X1 X3+ X1 X0 X2+ X1 X3X3+X2X3X3

Basis for symmetric function space



Schur functions

3 2
Ssz 2t Bm+ B+t B+ Bt g 2‘+ Bl +

= X1X2X3+X1 X2 X3+ X1 X1 X2 +X2 X2 X3+X1 X1 X3+ X1 X0 X2+ X1 X3X3+X2X3X3

Basis for symmetric function space

» Involution w S— _
(shape conjugation) . %]

» Pieri rule:

SiS = 3 S, where {QJMOX}:{Ej%’:n}

pu=A+box

» Young partition lattice induced by Pieri rule



Young Partition Lattice: A < uif A C u
A =<-pif =X+ box
A <-pif S, occurs in 515y
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Young Partition Lattice: A < uif A C u
A=< if p= A+ box
A <-pif S, occurs in 515y

0 S1-+S1=23_, (# of chains to p)S,
é 515 =%
A <N - S5151 =85+ 5=
ﬁ/ NN
b o 515151:< + ) +5:1:||)
SN S LN SN SE )t %
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Young Partition Lattice: A < uif A C u
A=< if p= A+ box
A <-pif S, occurs in 515y

0 S1-+S1=23_, (# of chains to p)S,
é 515 =%
A <N - S5151 =85+ 5=
ﬁ/ NN
b o 515151:< + ) +5:1:||)
SN S LN SN SE )t %
H OB B B om

. 2 2
# of chains = # of std tableaux: ( — — =

3]
(Z)_>_>_> 12[




Classical combinatorics of Schur functions

» Definition: SB::+++ + + I

» |nvolution: WSH:D = 5@]

» Pieri rule:

SiSi= > S, where {@]—Fbox}:{aj,%,

pu=A+box

» Young's Lattice

$51---5 = Z (# chains to shape 1) S,
m

= Z (# std tab of shape ;1) S,
m

» Kostka Numbers:

Saco Sy = Z (# tab of shape 1 and weight \) S,




Macdonald Polynomials: H\[X; g, t]
e Representation theory
e Algebraic geometry
e Special functions
e Integrable systems
e Combinatorics
763

Hyp =2g(1 — t° 2 1 3tg(qg— ) xoxp — ————
22 = 2q( ) x1x2x3 + 3tq(q — ) xox3 3t @ 4

2.2



Macdonald Polynomials: H\[X; g, t]
e Representation theory
e Algebraic geometry
e Special functions
e Integrable systems
e Combinatorics

7t3
Hop = 2q(1 — t°) x1x0%5 + 3tq(q — t3) 03 — 3tg— ¢ X5 4
!
Schur function expansion
!

Ho 2=tz + (qt? + gt + t) S+ (0717 + 1) S+ (¢°t + gt + q)5§j+q25g



Macdonald Polynomials: H\[X; g, t]

e Representation theory
e Algebraic geometry
e Special functions
e Integrable systems
e Combinatorics
3
3 xoxd — 7t

2.2
7XX RS
l 3tq— ¢ 1% +

Hap =2q(1 — t5)x1xzx3? + 3tq(q —

Schur function expansion

!

Hp o=t"Sm+ (qt* + qt + t) S+ (¢°t” + 1) S+ (¢°t + gt + q)5§j+q25g
!

# of monomial terms = # of std tableaux

!
(S1)*=Sem+ (1 +1+1 SBI+<1 2+ i‘3‘>553+(1+1+1)5§3+5E

w
N




k-bounded Macdonald polynomials
g@] HH pad = Ho

2 — bounded :
Hi11,1=tmm+ (£ 4+t + ) g+ (2 + ) S+ (e + 2 + t3)5§]+SE
Ha 1 1=t>Samm+ (t + 2 + qt°) g+ (t + qt°) S+ (1 + gt + qt2)5§]+qSE

Hp o=t"Som+ (qt* + qt + t) S+ (¢°t + 1) S+ (¢°t + gt + q)sgj_|_q25E



k-bounded Macdonald polynomials
gﬁj HH pad =0 Ho

2 — bounded :

o= 5 5 5im) 4 () (5 050) (G4 05 5
Hoia = t(S + S + 2Sum) + (14 a8%)(Sg, + tSm) + d <5E+ ot t2593>
Hoo = (S8 + tSas + Summ) + (29 + 9) (Sg, + 50 +q2(55“5ﬁ:“2553)

Coefficients = positive sum of monomials

Factors = t-positive sum of Schur functions



k-bounded Macdonald polynomials
gﬁj HH pad =0 Ho

2 — bounded :

Hus = t4(Sp + t50 + P Smn) + (4 ) (S, + 5 + (55”553+t2553)
Ha1 = t(Sm+ t5n + 2Smmm) + (1 + 98%)(Sy, + t52) + 9 <5E Tt t2593>
o = (54 15+ 5] + 0+ (5 52.) + (5 15+ 25)

Coefficients = positive sum of monomials

Factors = t-positive sum of Schur functions



k-bounded Macdonald polynomials
g@j HH pad = Ho

2 — bounded :

His = t*(Sg + tSq0, + 2Smm) + (22 + 13 (ng-i-ts&,]) (5@—!-5@3—1-1‘2583)
Ho11 = t(S5 + tSn + t2Sum) + (1 + qtz)(sgj + tSB::) + q<5E +tg + t25EB>
Hop = (Sg+ tSy + t2Sem) + (tg + q)(5§]+ ts&m) +q° (SE +ityg + t2553>

~ ~ N——

() (2) )
i il 5@

Coefficients = positive sum of monomials

Factors = t-positive sum of Schur functions
New basis? Sgk) for \1 < k



k-Schur functions for \; < k 77

> Involution: wS/(\k) = 5)(\£)k

» k-Pieri rule:

ssP= Y sw

certain partitions [

» k-Kostka numbers:

Sy Sy = Z (positive integers) S,Sk)
o

» Macdonald expansion:

Hx\[X; q,t] = Z (positive sums of monomials in g, t) Si(tk)
1<k



k-Schur functions for \; < k 77

> Involution: wS/(\k) = 5)(\5,1

» k-Pieri rule:

ssP= Y sw

certain partitions [
| iterate |

» k-Kostka numbers:

S51---5 = Z (positive integers) Slgk)
m

|l t,g-generalize |
» Macdonald expansion:

Hy\[X; q,t] = Z (positive sums of monomials in g, t) Si(tk)
u1<k



k-bounded partitions and cores

» Pieri rule: SISH:I] SB ﬁ:H_‘—Fﬁ

» Involution: wS =

[]
[ 1]




k-bounded partitions and cores

» Pieri rule: SISH:I] SB ﬁ:H_‘—Fﬁ

» Involution: wS =

[]
[ 1]

|

Bijection: k-bounded partitions < k + 1-core shapes
(no k + 1-hooks)

©U‘le—l[

w

...[

o1

3[2]1]




k-bounded partitions and cores

» Pieri rule: SISH:I] SB ﬁ:H_‘—Fﬁ

» Involution: wS =
] ]
1] [ 1]
]

Bijection: k-bounded partitions < k + 1-core shapes
(no k + 1-hooks)

...[

1
3|1

©U‘IU~)|—‘[

7]5[3][2]1]

|

Involution on k-bounded partitions: conjugation of cores

&
~|e ololo

7|e ololo[




k-Pieri Rule

S50 =3 sk

some [

515(52) _ S(@2)



k-Pieri Rule

5150 = 3 sk

core(p)=core(\)+box / colored

8o 8

P - P
siiil o Ege

core(\) — core(p) + box (and all others of the same color)



k-Pieri Rule

550 = 3 sk

core(p)=core(\)+box / colored

i~ 50, B

[]

BRI - LRy
..l.‘.. ..l.[.. ...E.

core(\) — core() + box (and all others of the same color)



k-Pieri Rule

550 = 3 sk

core(p)=core(\)+box / colored

i~ 50, B

[]

BRI - LRy
..l.‘.. ..l.[.. ...E.

core(\) — core() + box (and all others of the same color)

Iterate to determine k-Kostka numbers:

S5 = Z (positive integers) 5£k)
w



A <-4 when S,Sk) in 515§k)
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A <-1t when Sﬁ(Lk) in 515§k)
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k-Tableaux
Shape is a k + 1-core

Columns and rows strictly increasing
Multiplicities have same color (k + 1-residue)

I—l(AJ-P|U'I‘.
w| e e e o
ocl|le e e e
e 6 o o o
I—KI\)(JO|U'I‘.
o o 0 o
Clle e o e

Dol e e e
wlol|le o o




k-Tableaux
Shape is a k + 1-core
Columns and rows strictly increasing
Multiplicities have same color (k + 1-residue)

e 0o 006 0 0 0 0 o e o 006 0 0 0 0 o
?ooooooo ?ooooooo
Toooooo ?oooooo k=2
3|5|e o o o 2|5 o e o

1[2]3]5]e 113]4]5]e

Iterated k-Pieri rule:
S1---5 = Z (#k-tableaux of shape core(u)) Sﬁk)
o
|l t,g-generalize |
Macdonald expansion:
H\[X;q,t] = Z (positive sums of monomials in q, t) S/Sk)
n1<k



Approach to Macdonald coefficients

(4] (4]
(2) — — (2)
+(3 +[2 +
4] (1214 1314)5%
!

77 .77

Map T to q''t

!
H27171 = tSE(é) + (1 + qt2) Séz) + QSEQ)

IS

$1515:S; = >

—
N

()
2 SE
3

Compare:
$51---5 = Z (#k-tableaux of shape core(u)) Ska)
n
$1---51 = Z (#std tableaux of shape ) S,
m

w

1[2[3]4] [4] [2] 3] 3[4] [2]4] [4] (4]
1]2[3] [1]3]4] [1]2]4] [1]2] [1
12| [t]3]=[1]4] f2]



k-bounded Macdonald polynomials

o= S+t 5m) + (24 ) (S + 05) + (S 15, + £5)
Ho11 = t(Sg+ tSn + t2Smm) + (1 + qt2)(5§j + tSB::) + q<5§ +tg + t2553>
Hap = (Sg+ tSgo + t2Som) + (tq + q)(5§]+ ts&m) +q° <5E +itSg + t2553>

~ ~~ v

@) @) @)
it il 3

Coefficients g, t-count k-tableaux

Factors? Characterize Sgk) for \; < k?



k-Schur function conjectures: A\ < k

Involution: wS/(\k) = 5)(\121

v

k-Pieri rule:

S50 = 3 s

core(p)=core(\) + box/colored

v

k-Kostka numbers:

$51---5 = Z (# k-tableaux shape core(u)) Sﬁk)
n

v

v

Macdonald expansion:

Hy\[X;q,t] = Z (g, t count k-tableaux shape core(u)) Ska)
1<k



k-Schur function conjectures: A\ < k

» Basis for Span{Sy,S, - - - S/V}A:(/\l,...,ke)

» Involution: wS() 5)(\51

» k-Pieri rule:
S50 = 3 s
core(p)=core(\) + box/colored

» k-Kostka numbers:

$51---5 = Z (# k-tableaux shape core(u)) SF(Lk)
n

More generally: Sy, - = S(k)—i—z KHI:\) Sfj‘
B>

S1515: 1 77) [s3),
5251 0 1 5521)



k-Tableaux

Shape is a k + 1-core
Columns strictly increasing, rows non-decreasing

Multiplicities have same color (k + 1-residue)

l—lw-b|(ﬂ‘.
w| e e o o
Clle e e e
e 6 o o o
— '\J(}J|U‘|‘.
Nl o o0 o
Clle e e e
e 6 o o o

wlo|le o e

NfOClle e e

each letter occurs with one color (standard)



k-Tableaux

Shape is a k + 1-core
Columns strictly increasing, rows non-decreasing

Multiplicities have same color (k + 1-residue)

® © o 0 0 0 0 0 o e o o 0 o o
?ooooooo ?ooooo
Toooooo ?ooooo
2|5|e o o o 2|5|e o o o
1[2]2]5]e 1/3]3]5]e

(1,2,0,1,1) (1,1,2,0,1)
weight = (

# of colors of 1's,# of colors of 2's,. ..



k-Tableaux

Shape is a k + 1-core
Columns strictly increasing, rows non-decreasing

Multiplicities have same color (k + 1-residue)

® 6 & 6 o o o o o e 6 o o o o [ ]
(5]e @ ¢ @ @ o @ (5]e @ @ o o
Toooooo ?ooooo k=2
2|5|e o o o 2|5|e o o o
1[2]2]5]e 1/3]3]5]e
weight = (# of colors of 1's,# of colors of 2's,...)
0 for >
(k) = # k-tableaux of shape core(u) and weight A = o a
1 forA=p

Example: weight = (4,1) requires 4 colors for the 1's



k-Tableaux

Shape is a k + 1-core
Columns strictly increasing, rows non-decreasing

Multiplicities have same color (k + 1-residue)

=W -I>|U'I‘O
Ccl|le e e e
e 6 o o o
I—‘I\JOJ|U'I‘.
~lo o o o
Cclle © e e
e 6 o o o

wlol|le o o

w| e e o o

NDfcrle e e

weight = (# of colors of 1's,# of colors of 2's,...)

Kl(:\) = # k-tableaux of shape core(x) and weight A = {

Define k-Schurs by inverting expression

Z K(k) S(k

u>A

0 forA>pu
1 forA=p



A combinatorial analog: A\; < k
» Basis for Span{Sy, Sy, - - SAZ}A=(A1,...,M)

» Involution: wS(k) 5)(\51

k-Pieri rule:

v

Sy 5)(\k) = Z 5}]‘)

pu=X + boxes of { colors

v

k-Kostka numbers

Sy Sy, = Z (# k-tableaux shape core(x) and weight \) Sl(f)
u>A

v

Conjectured Macdonald expansion:

Hy\[X;q,t] = Z (g, t count std k-tab of shape core(i)) Sl(f)
m



Outline

» A combinatorial analog for Schur functions
Macdonald polynomials

» A geometric analog for Schur functions
Gromov-Witten invariants

» Affine Schubert calculus



k-Schurs are a combinatorial analog for Schurs
» Basis for Span{Sy,Sy, - - - 5,\2})\:(/\17”',/\2)
)

> Involution: wSﬁk) = 5§\5k

» k-Pieri rule:
s Y s
u=A + boxes of £ colors
Sleooo:@ocoo + ofe]e o o
..l.[. ..l.[.. ...E.
» k-Kostka numbers

Sy Sy, = Z (# k-tableaux shape core(x) and weight \) Sl(f)
HZA

v

Conjectured Macdonald expansion:

Hy\[X;q,t] = Z (g, t count std k-tab of shape core(i)) SISk)
m



k-Young Lattice
A <- 1 when S,Sk) occurs in 53 5)(\k

oTs]e

)



Outline

» A combinatorial analog for Schur functions

Macdonald polynomials

» A geometric analog for Schur functions
Gromov-Witten invariants

» Affine Schubert calculus



Geometry of the Grassmannian

How many lines in P"~1 intersect certain linear subspaces?

Cohomology of the Grassmannian:
Grassmannian: Gr, , = set of a-dimensional subspaces of C"

Schubert varieties indexed by A C a x (n — a)

HH BH B Bon ood Bdd B B 5 B0

o Addition: H*(Gr.,)= P Zo,

e Multiplication: o\ Uo, = Z X, 0w
14
c’/\’u: number of points in intersection of Schubert varieties

What are the structure constants CKN 7



Cohomology connected to symmetric functions

H*(Gran) = /\/I where Z = (ep_ay1,...,enU{hj : i > n})
ox < Sy when X C ax (n— a) rectangle

Schubert basis realized by Schur functions



Cohomology connected to symmetric functions

H*(Gran) = /\/I where Z = (ep_ay1,...,enU{hj : i > n})
ox < Sy when X C ax (n— a) rectangle

Schubert basis realized by Schur functions

Cohomology structure: oy U o, < 5,5, mod 1

NSy = ). .S
|
S\Sy modZ = > (77)S,
vCrect
)

ozUo, = Z (77?0,

vCrect



Cohomology connected to symmetric functions

H*(Gran) = /\/I where Z = (ep_ay1,...,enU{hj : i > n})
ox < Sy when X C ax (n— a) rectangle

Schubert basis realized by Schur functions

Cohomology structure: oy U o, < 5,5, mod 1

SS o= > St Y LS
vCrect v rect
1 KEY .S, =0 for v € rect
S\Sy modT = > S,
vCrect
)
o\Uo, = Z X Ov

vCrect



Littlewood-Richardson coefficients

S\Su = > .S

yamanouchi skew-tableaux

at any cut: (# ones > # twos > # threes > # fours ---)
[1]2]4 [1]2]4 [1]2]4] [1]2]4 [1]2]4
1/3]3 1/3]3 13]3 13]3 1[3]3
22 2 2]2 2[2 2
1[1]1] 1]1]1] 1]1]1] 1[1]1] 1[1]1]
(2,1) (3,2,1) (3,2,2,1) (4321) (5,3.2,1)
Bad Guy:
[1]2]4
1]2]3
23
1]1]1]




Littlewood-Richardson Rule
Product of Schur functions:

S\Su = > .S
v
cj\‘u counts yamanouchi skews of shape v/\ and weight

ﬁ)s%j..

count yamanouchi skews with 5 ones, 3 twos, 2 threes, 1 four

1/314 2|3
1]2 1

112(4
sz~ (i, B,
1)1(1

4
1

w

N
N

1{1]1

-




Littlewood-Richardson Rule
Product of Schur functions:

S\Su = > .S
v
cj\‘u counts yamanouchi skews of shape v/\ and weight
113[4 2(3
112 1

1]2]4
s - (B8 Bl + B ) S
1[1]1 1[1]1 11

count yamanouchi skews with 5 ones, 3 twos, 2 threes, 1 four

4
1

w

N
N

-

Multiplicative structure of cohomology:

oUou= Y 0

vCax(n—a)

cj\‘u counts points in intersection of Schubert varieties X, N X, N X;



Quantum cohomology: QH*(Gr,,)

How may lines in P? pass through 2 fixed points?

How may conics in P2 pass through 5 fixed points?

Gromov-Witten invariants

# of rational curves of degree d in X passing through fixed points

Quantum cohomology
e Addition: QH*(Grs,n) = H*(Gra ) ® Z[q]
e Multiplication:
ON\* Oy = Z q? C;\jﬁd oy

vCax(n—a)
|| =TA|+ || —dn

C/'\’;Ld = # rational curves of degree d in Gr, , that meet fixed

generic translates of the Schubert varieties X3, X, and Xj



Connection to symmetric functions

QH*(Gran) = A®Zql/1,
where Tg=(€p_at1,--.,€n-1,€n+ (=1)?qU{h; 1 i > n})

ox < Sx when X C ax(n— a) rectangle

Cohomology structure: o) *o, <« 5,5, mod I,

S\ = > K5

l
S\Sy mod I, = Y 775,
vCrect
!
orxoy = Y Mg,

vCrect



Connection to symmetric functions

QH*(Gran) = A®Zql/1,
where Tg=(€p_at1,--.,€n-1,€n+ (=1)?qU{h; 1 i > n})

ox < Sx when X C ax(n— a) rectangle

Cohomology structure: o) *o, <« 5,5, mod I,

S\Su = D> S+ Y LS
vCrect v rect
! Problem: 5,, = +qg*S, for v & rect
5,5, modZ,; = Z xSy + Z cx, (&
vCrect pCrect

orxoy = Y 170,

vCrect



Gromov-Witten invariants

Quantum cohomology of the Grassmannian
Wess-Zumino-Witten model of conformal field theory

Hecke algebras at roots of unity

vV v v VY

Knot invariants for 3-manifolds

S\Sy modIg= Y 77775,

vCrect



Gromov-Witten invariants

Quantum cohomology of the Grassmannian
Wess-Zumino-Witten model of conformal field theory

Hecke algebras at roots of unity

vV v vy

Knot invariants for 3-manifolds

S\Sy modIg= Y 77775,

vCrect

What the hecke do k-Schur functions have to do with this?



Order ideals in the Young lattice

Young Lattice
order: A <-p when A C p

Principal Order ideal

Generator: rectangle

vertices = all partitions that fit inside rectangle
order = shape containment

Graded lattice
Self dual and distributive
Total number of vertices = binomial number

Rank generating function = g-binomial

vV v . v. v Y

Unimodal



Order ideals in k-Yaung lattice

J Principal Order ideal
o order: A <-u when S,Sk) in 515)(\1()
7\ generator: a X m rectangle
m B
S N\ e Graded lattice of rank am
sl =
N S\ e Self dual and distributive
Bo H
S N e Total number of vertices
Fn G2l (i) + (@t m = k) (1)
NN
B HH e Rank generating function
1/ \4 \/ k + k+1 17qm(a+m—k—1) k
H By m|, qa 1—qm m—1 :
NS
2 e Conjecture : Unimodal for k # —1mod p
N\

B e sieved sums of g-binomials



Order ideals in k-Young lattice

oo

Ro

o

7N
SN
B
NN
B
7SN
a8
NN
oo
7N
=21
NS
=z
N\

HH

7

HH

Principal Order ideal

order: A <-u when sff) in 515§\k)
generator: a X m rectangle

order: A <-u when p = X\ + box
vertices: shapes in extended rectangles
(a*,vC(a—1)x(k+1-a))



Order ideals and Gromov-Wittens

Gromov-Witten invariants:

S\Su= > &5+ Y &S,

vCrect v rect

i} l mod Z,

S\Su= Y 54 > K (EaS) = > gt S

vCrect pCrect vCrect



Order ideals and Gromov-Wittens

Gromov-Witten invariants:

SSu= > &St Y &S

v=(a*,0Crect) v#(a*,0Crect)

l | mod a subideal Z of Z

S\Su= Y. &S+ D> & ES)= D) &S

v=(a*,0Crect) n=(a*,HCrect) v=(a*,0Crect)
! !
! 5@3 mod Z, = ¢° Sg !
55\ Sﬁ = Z C/I\//z (f< 517

pCrect



Order ideals and Gromov-Wittens

Known case: 515, modZ = Z Su

ACH
p=(a*,vCrect)

k-Pieri Rule: S5 = Y st %

ACH A<p

p=(a*,vCrect) p#(a* ,vCrect)

k
Sk



Order ideals and Gromov-Wittens

Known case: 515, modZ = Z Su

ACH
p=(a*,vCrect)

k-PieriRule: S s = S sk S s
ACH A<p
p=(a*,vCrect) p#(a* ,vCrect)
Theorem:

S>(\k) mod T — S, if A= (a*,y C rect)
0  otherwise



A geometric analog of Schur functions

k v,k k
sstk = Sooodisthe N ks
v=(a*,0Crect) v#(a*,0Crect)
!
5, S, modZ = d>ooooars,
v=(a*,0Crect)
!
53\5,1 mod Iq = Z qdcé\/l’lks,y
DCrect
!
o5 ko = Z qdc;’;lkag
pCrect

Gromov-Witten invariants = k-Littlewood Richardson coefficients

» k-Schur functions

» Quantum cohomology of the Grassmannian

» Wess-Zumino-Witten model of conformal field theory
» Hecke algebras at roots of unity



Approach to Gromov-Witten invariants
Approach to Usual Littlewood-Richardson Coefficients

Count tableaux: Sy,S», - Sx

L

w

55,51 = ( 2 i 3‘—|— i

[y
[y

2‘>5833+...

Count skew tableaux: Sy;Sx,--- Sy, Sy

3 3 2 [2]
525251><5Eb: 2 i +i2 42 4 us 5
[1] 2] 3] 1]/ 5

Count yamanouchi skew tableaux: Sy S,

52,2,1><5sz i +1g + -
1] 1]




Approach to Gromov-Witten invariants
Find k-Littlewood-Richardson Rule

Count k-tableaux

SnSy, Sy, = Z (# of k-tab of weight A and shape core(y)) S¢¥)
w

Count skew k-tableaux

Sxn Sy, Sff) = Z (# of skew k-tab of weight A and shape core(r/1)) S

v

OPEN: Find a notion of yamanouchi skew k-tableaux

Sf\k) S;Sk) = ci;f Sk where cf\’: count a subset of skew k-tableaux

v



Outline

» Macdonald polynomials and a combinatorial analog for Schur
functions

» Gromov-Witten invariants and a geometric analog for Schur
functions

» Affine Schubert calculus



Schubert Calculus

Basic framework

Enumerative geometry questions

» |dentify with cohomology ring

» Create cohomology/polynomial dictionary

Combinatorics describes cohomology/polynomial computation

Grown to include representation theory and physics



Example - Grassmannian

1879: Schubert curious about enumerative geometry

How many lines in P"~! intersect certain linear subspaces?
Cohomology of the Grassmannian:

Grassmannian: Gr, , = set of a-dimensional subspaces of C"

Schubert varieties indexed by A C a x (n — a)

HH BH B Bon ood Bdd B B2 5 B0

o Addition: H*(Gr..)= P Zo,

ACax(n—a)

e Multiplication: o) Uo, = Z X 0w

v

CKM: number of points in intersection of Schubert varieties

What are the structure constants C)V\N 7



Multiplication on the ring

Giambelli's Formula: ¢, = det (0,4j-1);

Schubert class in terms of special classes

05 06 O7
0533 = det | oo 03 04
o1 02 03

Pieri Rule: o,Uo0) = E Ou
U=\ + r—strip

UEDJUGQJZUE +or] +o +on
n | u] | m m u H

Pieri + Giambelli determines multiplication o, U oy

bad:oH




Connect to symmetric functions
Schubert basis identified with Schur functions (1947)

o) < 5,\
— I3 2 2 3 3 2 3 3
SEE_JF T Bt Bt Bt Bt Bt
» Cohomology structure reduced to polynomial computation

» Combinatorial developments settle geometric questions

Robinson-Schensted-Knuth insertion algorithm on tableaux
Monoid on tableaux — Littlewood-Richardon rule



Connect to symmetric functions
Schubert basis identified with Schur functions (1947)

oy < Sy
SE]j:JF T Bt Bt Bt Bt Bt
» Cohomology structure reduced to polynomial computation

» Combinatorial developments settle geometric questions

Robinson-Schensted-Knuth insertion algorithm on tableaux
Monoid on tableaux — Littlewood-Richardon rule

Schubert calculus (Grassmannian)

cohomology symmetric function ring
Schubert basis « partitions — Schur functions

Pieri rule «— multiplication —  Pieri rule

geometric quantity « structure constants — L-R rule




Example - Flag

Set of complete flags (chains of vector spaces) in C"

GL(n,C)/B where B = subgroup of upper triangular matrices

» Schubert basis for cohomology is indexed by permutations

Generators: S, = (s1,...,Sp—1) where s; = (1,2,.,i + 1,4, n)
Coxeter relations: s;sj11S; Si+1Si Si+1
sisji = sjs;i (for non-adjacent i, j)
s = id

» Schubert polynomials G,, give explicit realization

Sw = 0p-14, (x{’_lxz”_2 - -x,?) where

F(X1s s Xn) = F(XL o X1, X - -
oy(r) = ) MO )
] j+1




Multiplicative structure

Strong (Bruhat) order: w <-u
u=wrt,p and ((u)=4(w)+1

(132)7‘173 = (231) or (52)7'173 =515

» Monk’s formula determines multiplication combinatorially

656w = Z Sy

w< u=w T,
a<r<b

G56(132) = S132)m, T S32)n; = S@312) + S231)

» Littlewood-Richardson combinatorics being developed



Schubert Calculus

cohomology
cohomology

symmetric function ring
polynomial ring

Schubert basis
Schubert basis

partitions
permutations

Schur functions
Schubert polynomials

Pieri rule
Monk's formula

multiplication

Pieri rule
Monk's formula

geometric quantity
geometric quantity

structure constants

L-R rule
777




Affine Grassmannian
> Gr = SL(n,C((t)))/SL(n, C[[¢]])
> (co)homology identified with symmetric functions [Bott'58]

H*(Gr) = N/{my : A1 > n) H.(Gr) = Z[Si,..., S0 1]



Affine Grassmannian
> Gr = SL(n,C((t)))/SL(n, C[[¢]])
> (co)homology identified with symmetric functions [Bott'58]

H*(Gr) = N/{my : A1 > n) H.(Gr) = Z[Si,..., S0 1]

» Schubert bases [Peterson, Kostant and Kumar, and Graham]

Affine permutations

o:4— 7

Example o € Ss: —00,...,-2,-1,0,1,2,3,4,5, ..., 00}
(oo ,—4,0,1,—-1,3,4,2,6, ...... }



Affine Grassmannian
> Gr = SL(n,C((t)))/SL(n, C[[¢]])
> (co)homology identified with symmetric functions [Bott'58]

H*(Gr) = N/{my : A1 > n) H.(Gr) = Z[Si,..., S0 1]

» Schubert bases [Peterson, Kostant and Kumar, and Graham]

Affine permutations

n n

0:Z— Z where ZO‘(X) :Zx

x=1 x=1

Example o € Ss: —00,...,-2,-1,0,1,2,3,4,5, ... 00}
(oo ,—4.0,1,—1,3,4,2,6,...... }



Affine Grassmannian
> Gr = SL(n,C((t)))/SL(n, C[[¢]])
> (co)homology identified with symmetric functions [Bott'58]

H*(Gr) = N/{my : A1 > n) H.(Gr) = Z[Si,..., S0 1]

» Schubert bases [Peterson, Kostant and Kumar, and Graham]

Affine permutations

n n
o:7Z— 7 where Za(x):Zx and o(x+n)=o(x)+n
x=1 x=1
Example o € Ss: —00,...,-2,-1,0,1,2,3,4,5, ..., 00}
P ,—4,0,1,—-1,3,4,2,6,...... }



Affine Grassmannian
> Gr = SL(n,C((t)))/SL(n, C[[¢]])
> (co)homology identified with symmetric functions [Bott'58]

H*(Gr) = N/{my : A1 > n) H.(Gr) = Z[Si,..., S0 1]

» Schubert bases [Peterson, Kostant and Kumar, and Graham]

Affine permutations

n n
o:7Z — 7 where Za(x):Zx and o(x+n)=o(x)+n
x=1 x=1
Example o € Ss: —00,...,-2,-1,0,1,2,3,4,5, ..., 00}
(. ,—4,0,1,-1,3,4,2,6,...... }

Affine Grassmannian permutations: o(1) < o(2) <--- < o(n)



Enumerative geometry

Do geometric quantities arise in (co)homology H(Gr)?

Recall:
quantum cohomology QH*(Gr, ) < Gromov-Witten invariants

d ~v,d
ONK Oy = E q C)\M oy
vCax(n—a)
[v|=IAl+]p|—dn

[Peterson'97]
Surjective homomorphism: H,(Gr) — QH*(Grap)

Some homology structure constants = Gromov-Wittens



Affine Schubert Calculus (Grassmannian)

cohomology N/{my: A1 > n)
homology Z[S1,. .., Sp-1]
Schubert basis affine permutations symmetric functions
Schubert basis affine permutations symmetric functions
77 multiplication 77

777 multiplication 77

geometric quantities structure constants 777
Gromov-Wittens and 777 777




Affine Schubert Calculus (Grassmannian)

cohomology N/{my: A1 > n)
homology

Schubert basis affine permutations symmetric functions
Schubert basis affine permutations symmetric functions
77 multiplication 77

777 multiplication 77

geometric quantities structure constants 777
Gromov-Wittens and 777 777

k-Schur functions for k-bounded partitions

» Basis for

» k-Pieri rule: )
S5 ="3Y s

pu=A+¢ colors
» combinatorial analog of Schur functions



Connection with affine world

i i

o/ LN o/ N e
[e]e @ o o R eoc oo
[e]e o o0 [e]e oo KK
::: TeTe]e - Banon

chains = standard k-tableaux = sequence of colors




Words for affine permutations

Generators: S, = (s0,S1,---,Sn—1) where
Vi>0 s=[12,....i+1,i,...,n]

and sp=10,2,3,...,n—1,n+1]

Satisfy Coxeter relations:

sisiv1Si = siy1Sisiv1 (0 and n-1 adjacent)
sis; = sjs; (for non-adjacent i, j)
s = id

1

Grassmannian case:

Permutations whose reduced words all end with sy



Connection with affine world

so |

[l oo
2/ st N\

Bfeee: [Tels « «

s1l s |

(oo oo T
::: ::
so ./ 2\ st/ . S0

[e]e @ o @ ec e o0 ece e o0
[e]e o o0 ec o e c0 o0 o0
[e]e]e o o oo 00 [e]e]e o o
oo- ofe]e o [e[e]e]e]e

chains = standard k-tableaux = words for affine perms

ofe]e]




Std k-tableaux < words for affine Grassmannian perms

T — sj,si, -5, where i, is the k + 1-residue of letter a in T

— 87654321 — eeeeeeee = 535 57535 515350

(@)}
~

l—\l\)-b\l|
o)

3|4]5]6]7]




Std k-tableaux < words for affine Grassmannian perms

T — sj,si, .- -Si where i, is the k + 1-residue of letter a in T

— 87654321 — eeeeeeee = 535 57535 515350

(@)}
~

.—\M4>\1‘
o)

3[4]5]6]7]

$35150S35,515350 —»87654321 —

e o 0o 0 0 o e o 0o 0 0 o e o 0o 0 0 o e o 0o 0 0 0o
e o 0 0 o o e o 0o 0 o o e o 0 0 o o e o 0 0 0 o
© 0 06 06 00 — o 06 0 06 00 — 0 0 0 0 0 0 —>o e o o o
e o o o 0 o [2] @ © o o o 2/ o o o o 2| o o o o
ooooo ooooo 1[3]® o o o 1300.




Consequences

Bijection:

k-bounded partitions — affine Grassmannian perms

|

oww»—\‘

1

2]

5153525053525150

equivalent but algorithmically distinct to [Bjorner and Brenti]



Consequences
Bijection:
k-bounded partitions — affine Grassmannian perms

— 5153525053525150

OL}JI\J!—“
w

|

equivalent but algorithmically distinct to [Bjorner and Brenti]

1]2]

Weak order on affine permutations
o<1t when 7=0s and {(7)=4{(c)+1

chains in weak order = reduced words for affine permutations

0 <- Sp <- SpS1 < 595152 <+ SpS152S0



Consequences
Bijection:
k-bounded partitions — affine Grassmannian perms

— 5153525053525150

OL}JI\J!—“
w

|

equivalent but algorithmically distinct to [Bjorner and Brenti]

1]2]

Weak order on affine permutations
o<1t when 7=0s and {(7)=4{(c)+1

chains in weak order = reduced words for affine permutations
0 <- Sp <- SpS1 < 595152 <+ SpS152S0 I

chains in k-Young lattice =  k-tableaux

k-Young lattice = weak order on affine Grassmannian perms



Corollary: rephrase k-Pieri rule
k-Pieri rule

ss- Y s

core(p)=core(\)+box/colored

e k-Young lattice = weak order on affine Grass permutations

Weak order:
» affine permutations
w — ws; if {(w) < l(ws))
> cores
core(\) — core(\) + box (and others of the same color)

e k-bounded partition «» k 4 1-core < affine Grass permutation

k-Pieri rule
For any affine grassmannian permuation w,

550 S\Evk) = Z SL(lk)

w=u
u=grassmannian



Discoveries about k-Schur functions

>

>

Basis for Z[Sl, 52, ey Sk]

Indexed by affine Grassmannian permutations
k-bounded partitions < affine Grassmannian perms

k-Pieri rule
weak order on affine Grassmannian permutations

S S(k): Z S(k)
S0 SOw u

w=u
u=grassmannian

Gromov-Witten invariants = k-Littlewood Richardson coeffs

a subset of k-Schurs functions give Schubert class structure
constants of QH*(Gr k+1)



Discoveries about k-Schur functions

»

>

Basis for Z[S1, Sy, ..., Sk] = H.(Gr)

Indexed by affine Grassmannian permutations
k-bounded partitions < affine Grassmannian perms
k-Pieri rule

weak order on affine Grassmannian permutations

S S(k): Z S(k)
S0 SOw u

w=u
u=grassmannian

Gromov-Witten invariants = k-Littlewood Richardson coeffs

a subset of k-Schurs functions give Schubert class structure
constants of QH*(Gr j41)

H.(Gr) - QH*(Gra 1)



Discoveries about k-Schur functions

>

>

Basis for Z[Sl, 52, ey Sk]

Indexed by affine Grassmannian permutations
k-bounded partitions < affine Grassmannian perms

k-Pieri rule
weak order on affine Grassmannian permutations

S S(k): Z S(k)
S0 SOw u

w=u
u=grassmannian

Gromov-Witten invariants = k-Littlewood Richardson coeffs

a subset of k-Schurs functions give Schubert class structure
constants of QH*(Gr k+1)

[Lam],[Shimozono (conjecture)] )
k-Schurs give Schubert classes for H.(Gr)



Schubert calculus in affine Grassmannian

homology of the affine Grassmannian

homology Z[S1, ..., Sn-1]
Schubert basis aff Grass permutations  k-Schur functions
k-Pieri rule multiplication k-Pieri rule
Gromov-Wittens/??7  structure constants 77




Schubert calculus in affine Grassmannian

homology of the affine Grassmannian

homology Z[S1, ..., Sn-1]
Schubert basis aff Grass permutations  k-Schur functions
k-Pieri rule multiplication k-Pieri rule
Gromov-Wittens/??7  structure constants 77

cohomology of the affine Grassmannian?

cohomology ring N/{(my: A1 > n)
Schubert basis aff Grass permutations symmetric functions
k-Pieri rule multiplication k-Pieri rule
geometric quantity structure constants LR-rule?




Dual k-Schur functions

3 3
6{%‘ 1273 B 3] Bt Bt e B Bl

= X1X0X3 + X1 X1 X2 + X1 X1X3 + XoXpX3 + X12X3 + X1X22 + X1X32 + X22X3




Dual k-Schur functions

6{%‘ 1273 B 3] Bt Bt e B Bl

= X1X0X3 + X1 X1 X2 + X1 X1X3 + XoXpX3 + X12X3 + X1X22 + X1X32 + X22X3

cohomology of the affine Grassmannian

cohomology ring A/(my A1 > n)
Schubert basis aff Grass permutations dual k-Schurs
k-Pieri rule multiplication k-Pieri rule
geometric quantity structure constants LR-rule?




Dual k-Pieri rule

Strong order: core containment v C p

k=2: H —

C ofe]
[] [ Te]e]
covering: number of k-bounded cells increases by one

p/~y is a translated sequence of ribbons

pis a “marked cover” of v if one ribbon of 7/p is marked

ECBC@]C: <H a

ofe] C *
[e]

[e]e]




Dual k-Pieri rule

Strong order: core containment v C p

k=2: H —

C ofe]
[] [ Te]e]
covering: number of k-bounded cells increases by one

p/~y is a translated sequence of ribbons

pis a “marked cover” of v if one ribbon of 7/p is marked

ECBC@]C: <H |

ofe] C *
[e]

o C 1oL
[ TeTe] [T Te] []
[1TT1]
dual k-Pieri rule:
ng) Gg\k) _ Z G/Sk)
core(p) marked cover of core(\)
sPe? =628 168 468 482 +6&%
[ T TFm O : :
[+] [e]




Affine Schubert calculus

cohomology of the affine Grassmannian

cohomology ring

A/{my: A1 > n)

Schubert basis

aff Grass permutations

dual k-Schurs

strong Pieri rule

multiplication

dual k-Pieri rule

geometric quantity

structure constants

LR-rule?




Affine Schubert calculus

cohomology of the affine Grassmannian

cohomology ring

A/{my: A1 > n)

Schubert basis aff Grass permutations

dual k-Schurs

strong Pieri rule multiplication

dual k-Pieri rule

geometric quantity structure constants

LR-rule?

More general cases

co(homology)

polynomial ring

Schubert basis affine perms

some polynomials

(dual) Monk’s formula  multiplication

(dual) Monk's formula

geometric quantity structure constants

L-R rule




Back to Macdonald polynomials

(51)" = Z K(I{,), S(k) where K 1n = # standard k — tableaux
I = # reduced words

4

- 7]
4 il

(2) = Ty (2 3 (2)
+l3 +2 -

ank: (1214 13[4)5& iisﬁ

51515151 = 50515 50 SE(é)—I-(So S15251 + S0 5251 92) Séj)—l-so S 51 50 5é2)

~
=

515155 = >

—_
N

!
Map T to q°

!
Hoaa =t S8+ (1+ gt Séi) +q 5é2)

7 77



What about the t in k-Schur functions?

51515151 = 5051525 Sé%) + (So 515 51 + 50 S2 S1 52) Séz) + S0 S2 S1 50 SEQ)

|
7,77

Map T to q''t
!

Hr11 = ¢ SE%)-I-(lJrqu) Séj) + gq SEQ)



What about the t in k-Schur functions?

51515151 = 5051525 SE(é) + (50 515 51 + 50 S2 S1 SQ)Séj) + S0 S2 S1 50 SEQ)

ST+ S1. + S % FTRTE

!
Map T to q?? t

!
Ho11 = ¢ SE%)+(1+qt2) Séi) + q 5@(2)

553+t55;+t25ﬂm ﬁ SEJr 53 + t°5g



Dual k-tableaux
From a saturated chain of k + 1-cores in Bruhat order

DD cy® .y =x
Fill  with letter i in cells of (1) /()

Mark one ribbon containing letter i

7]

] ] 18] !
CCC— CBE._C Gl C|31]6
T3] 2] [ 15[5] B =
113

k-Schur functions:
S)(\k) — Z ¢easy statistic(T)Xweight(T)

T=dual k—tab
of shape core(\)

(2) _|3 3 2 2 2 3
SH] 1]2]3] [1]2]3] [1[3]3] [1]2]2] [1]i]1] |2




Future Work

» Combinatorial Problems

» Macdonald polynomials
reduced words for affine permutations
k-tableaux

» Gromov-Witten invariants (more generally, constants for
H.(Gr))
k-yamanouchi tableaux

> Involution on k-tableaux

» plactic monoid on k-tableaux
word < (P, Q) for P = k-tableaux and Q =dual k-tab of
same shape

» Schur expansion for LLT polynomials



Future Work

» Geometry

» Find geometric quantities encoded by structure constants of
H(Gr)

» Affine Schubert polynomials that reduce to k-Schur functions
in the grassmannian

> the t in k-Schurs (Schubert classes) for the affine
Grassmannian

» Representation theory

v

Schur functions = irreducible GL, or S, representation
Macdonald coefficients = bigraded characters of S,-modules
LLT polynomials = Fock space representations

Crystal structure on dual k-tableaux

vV vy
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