TABLEAUX STATISTICS FOR TWO PART MACDONALD
POLYNOMIALS
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ABSTRACT. The Macdonald polynomials expanded in terms of a modified
Schur function basis have coefficients called the g¢,t-Kostka polynomials. We
define operators to build standard tableaux and show that they are equiva-
lent to creation operators that recursively build the Macdonald polynomials
indexed by two part partitions. We uncover a new basis for these particular
Macdonald polynomials and in doing so are able to give an explicit description
of their associated g¢,t-Kostka coefficients by assigning a statistic in ¢ and ¢ to
each standard tableau.

1. INTRODUCTION

The Macdonald polynomials, Jx[X;¢,t], are a two parameter family of polyno-
mials in N variables, forming a basis for the space of symmetric functions. The
polynomials, expanded in a modified Schur function basis {S\[X ]}, have coeffi-
cients called the g¢,¢-Kostka polynomials, Kx,(g,t). Macdonald conjectured that
Ky,.(g,t) is a polynomial in ¢ and ¢ with positive integer coefficients. This con-
jecture has been proven [3] based on the representation-theoretic interpretation [2]
of the g, t-Kostka polynomials. However, the proof does not reveal a combinato-
rial interpretation for these coefficients. In this article, we consider the case that
JA[X; ¢,1] is indexed by partitions with no more than 2 parts. We uncover a new
basis for the these particular Macdonald polynomials and in doing so are able to
give an explicit description of their associated g, t-Kostka coefficients by assigning
a statistic in ¢ and ¢ to each standard tableau.

Our results appeared on the web a few years ago !. The recent generalization
[6, 7] of the methods introduced here have prompted us to submit this article
for publication. Prior to this work, a rigged configuration interpretation for the
coefficients associated to Macdonald polynomials indexed by partition with no more
than 2 parts was given in [1]. In addition, similar tableaux statistics in the case
of partitions whose first part is not larger than 2 were discovered [13] at the same
time as ours.

This paper can be seen as a study of the case k = 2 of the k-Schur functions,
sf\k) [X;t], associated to a filtration of the symmetric function space introduced
in [7]. There is strong computational evidence to support conjectures asserting
that the k-Schur functions obey k-generalizations of many Schur function positivity
properties. The results of this paper prove, for £ = 2, that the k-Schur functions
expand positively in terms of Schur functions and that the Macdonald polynomials
indexed by partitions whose first part does not exceed 2 can be expanded positively
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in terms of k-Schur functions. Conjectures generalizing this phenomenon are given
in [7].

The connection between the work in this paper and that of the k-Schur functions
in [7] can be made using the following notational correspondance:

F Hy[X;q,1] «— ¢"Y) Hy[X31/q]
F'BY Fy «— B, t—D|

t—1/q

Ft_lBél) Ft «— B1,1 t_2D_1 ‘t—>1/
q

F1uld

(0 = M X51/q) (1.1)

where on an arbitrary symmetric function P[X], we define F; P[X] = P[X (1 — t)]
and F; ' P[X] = P[X/(1 —t)], and where X is the partition A = (2%,1",¢). Note
that from Property 5, Ft_1 U,SE) is, for any v, equal up to a constant to a 2-Schur
function. Also, letting t — 1/q¢ has the effect of transforming the 2-Schur functions
from a basis of the linear span of Macdonald polynomials indexed by partitions
whose first part is not larger than 2, to a basis of the linear span of Macdonald
polynomials indexed by partitions whith no more than 2 parts.

The paper is divided as follows: section two covers basic definitions used in
symmetric function theory. We present in the third section, the creation operator
B> :tB§0)+B§1)q_D ~1. showing several properties that include the action of Béo) on
the Hall-Littlewood polynomials H»[X; ¢,t] and an expansion of J,[X; ¢, t] in terms
of products of Béo) and Bgl) for £(M\) < 2. Further, a new basis for these Macdonald
polynomials having coefficients in the parameters ¢ and ¢ with positive integer
coefficients is uncovered. The fourth section begins with basic definitions used
in tableaux theory and then introduces operators on tableaux which correspond,
under a morphism F, to the operators of section 3. Finally, a statistic on standard
tableaux is presented in the fifth section.

2. DEFINITIONS

Partitions are sequences of integers A = (Ay, A2, ...) such that Ay > Ay > --- > 0.
The order of A is |A| = A1 + A2 + ..., the number of non-zero parts in X is denoted
£()) and n() refers to ,(i — 1)A\;. The dominance order on partitions is defined
for two partitions with |A| = |u|, by A < g when Ay +---+ X; < g + -+ + p; for
all i. A partition A may be associated to a Young diagram with \; lattice squares
in the it* row, from the bottom to top. The Young diagram of A = (5,4,2,1) is

En) (2.1)

For each square s = (4,j) in the diagram of A, let £'(s),£(s),a(s) and a'(s) be
respectively the number of squares in the diagram of A to the south, north, east
and west of the square s. The transposition of a Young diagram associated to A
with respect to the main diagonal gives the conjugate partition . For example,
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the conjugate of (2.1) is

|
[, (2.2)

which gives A' = (4,3,2,2,1).

We shall use A-rings, needing only the formal ring of symmetric functions Sym
to act on the ring of rational functions in z1,...,2zN,q,t, with coefficients in R.
The ring Sym is generated by power sums ¥;, ¢ = 1,2,3.... The action of ¥; on
a rational function }° cata/ 35 dgug is by definition

Ea Calla — Ea Caug
Ypdsvs | D pdsvh’
with co,dg € R and u,,vg monomials in zi,...,Zn,q,t. Since any symmetric
function is uniquely expressed in terms of the power sums, (2.3) extends to an action
of Sym on rational functions. In particular, a symmetric function f(zi,...,zN)
can be denoted f[z; + --- + zx]. We shall use the elements X := z; + --- + zp,
Xt :=X({t—-1)/(g—1) and Xt := X(t —1).

The Macdonald polynomials can now be defined using a scalar product { , )q.:
defined on Sym ® Q[q,t] by

; (2.3)

o)

B, BT = o ]| Lo (2.4
where we associate to a parition A with m;(\) parts equal to 4 the number
zx = 1™'my12™2my! - - (2.5)
Macdonald polynomials Jx[X; ¢, t] are thus uniquely specified [11] by
(i) (Jx; Ju)qe =0, ifAFp, (2.6)
(i) TA[X50,8) = Y vra(g, t)Su[X], (2.7)
p<A
(it)) van(a, 1) = ] (1 — g*@2t0+1), (2.8)
SEX

where S,,[X] is the usual Schur function and vy,(g,t) € Q[g,t].

The expansion coefficients of the Macdonald polynomials when expanded in
terms of the basis {S,[X*]},:

NX; 0,1 =)" Ku(a,1)Su[X1], (2.9)
"
are studied here in the case that £(A) < 2.

3. ALGEBRAIC SIDE

A Macdonald polynomial indexed by any partition can be constructed by re-
peated application of creation operators By, defined [4, 8] such that

Bk J)\[Xaq7t] = J)\+1’°[X;q7t]7 E()\) < ka (31)
or more specifically, when k = 2,
B2 Jm,n[X,q, t] = Jm+1,n+1[X;qa t] . (32)
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If V is the Q[g, t]-linear span of {J[X;q, t]}l(/\)<2’ because it is known [11] that
X501 =D cunla,t) SulX], (33)
n>A

for some ¢,x(g,t) € Qg,t], V must also be the Qg, t]-linear span of {S)[X!7] }z(,\)<2'

The action of B, on V can thus be defined by its action on {S\[X'?]} f(x)<2> intro-
duced in [5] as -
ta) _ (1 =g ) Smia [XH] (1 = ¢™F2) S [ X ]
BeSmnl = At [T 2 ggysalxt) -S| Y

It will be convenient to split the operator Bs into a sum of two operators,
By =tB" + B{V g~ P, (3.5)

where D is the operator such that Df[X] = d f[X] on any homogeneous function
of degree d and where Béo) and Bél) are defined on V by

(0) tq) _ _qm+15m+1[th] (1—¢™?)Smn [th]
B2 Sm,n[X ] = det _ann[th] (1 _ qn—i—l)sn_H [th] ) (3-6)
and
(1) tq] _ m4ntl Sm-‘rl[th] (1- qm+2)5m+2 [th]
B, Sm,n[X l=¢ det Sn[th] (1— qn+1)5n+1 [th] (3.7)

These expressions, obtained by expanding (3.4), provide that (3.5) holds on V.
We now introduce a deformation of the Hall-Littlewood polynomials:

Hy[X;0,8] = > q"*VK,a(1/4,0) S, [X], (3.8)

which is a basis for the ring of symmetric functions since the H»[X; g, t]’s are linearly
independent; i.e., the K,x(1/¢,0) matrix is triangular with respect to the partial
ordering and Kx»(1/¢,0) = 1. In fact, these polynomials are specializations of
the Macdonald polynomials. More precisely, let J\[X;q, |18} (resp Jx[X; g, t]19})
denote the {S\[X*]}—expansion (resp {Sx[X']}—expansion) of the Macdonald
polynomial, J5[X;¢q,t]. Then

Proposition 1. H)[X;q,t] is obtained by taking the coefficient of the mazimal
t-power in Jy[X;q,t]1 (or J\[X;q, 1)1} ). Equivalently,

Hi[X;0,8] = DX, 01| =3 Kun(g, t)‘tn(A)SH[Xt]
"

— . {tq} — t
= MXa 0| =S an@n| | SIXT. (9)
B>
Proof.  Given the first identity, the second follows from (3.3) and the relation:
SAIXT =" 5 (g)Su[X"], (3.10)
"

for some T,x(¢q) € Q[g]. Thus, it suffices to prove the first identity in (3.9). We
have K, (q,t) = ¢" "N K 1\ (1/g,1/t) [11], which gives

Kn(t)| =" Kan/a1/9) - (3.11)
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Since K,:x(1/q,1/t) is a polynomial in 1/q,1/t (eg. [4],[8]), (3.11) can be rewritten

KN)\(qa t) (0 = qn()\ )Ky,’,\(]-/q, 0) . (312)
Therefore, the first identity in (3.9) is equivalent to (3.8). O
Substituting the known [11] relation, J,[X; ¢, t] = (¢; ¢)mSm[X 7], where
@GOm=1-a)1-¢)-1-q"), m>0; (g0 =1, (3.13)
into Hp[X;q,t] = Jn[X;q,t ]{t‘Z} , that is into Proposition 1 in the case A = (m),
yields

Corollary 2.

HulX;0,1] = Jnl X5 4, 1] = (4 @) m S [X "] (3.14)

With Hy, now characterized as a specialization of Jy, we have
Lemma 3. V is the Qg, t]-linear span of {H\[X;q, t]}é()\)52
Proof. (3.9) gives that the Q[g, t]-linear span of {H\[X;q,1]
the Q[g,t]-linear span of {Sx\[X'
follows because { H)[X;q, 1]

} (<2 is included in

1} #(n<2 Which is equal to V. The lemma then

¥ (<2 182 linearly independent set. O

We now establish several properties of the operators Béo) and Bél) that will later
enable us to associate them to tableaux operators. First, by Lemma 3, we define
the action of Béo) on V by finding its action on Hp, ,[X;q,t].

Property 4. The action of Béo) on Hy, n[X;q,t] is given by
B Hyy o[ X30,1] = Hingr msa[X5,1]. (3.15)

Proof.  Definitions (3.6) and (3.7) show that the action of Béo) and Bél) on
Sm,n[X 1] gives coefficients involving only the parameter ¢ when expanded in terms

of the {S\[X ]} t(x)<2 Pasis. This implies that the successive action of B(O) and

321) on Ju[X;q,t] = (¢;¢)mSm[X?] produces coefficients involving only ¢ when
expanded in the {S\[X"]} t(x)<2 Dasis. Therefore, from

¢
TmredX; 1] = (By) Tn[X;q,8] = (4B + BqP™) JnlXsq1],  (3.16)
the coeflicient of the maximal t-power in Jy,4¢,¢[X; g, 1] is given by

/4
Jm-HZ,E[X;qa t]{tq} 4 = (BéO)) Jm[X;Q:t]' (317)

The assertion follows by replacing left side of this expression with Hp,14.¢[X;¢,1]
by (3.9), and J,[X;q,t] = Hp[X;q,t]. O

Property 5. On the space V, we have the g-commutation relation
BB = ¢ BBV | (3.18)
Proof.  The action defined in (3.6) and (3.7), and the Pieri rule

Sl X NS [X ) = Spuyn—e,[X'], where m>n, (3.19)
£=0
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yield
n T
B(O)B(I)Sm X1 = gt (gt — Z ¢ — ") S a0 [ X
=0 l:O
n
+ @ ) 3 (g = 1) Syt [X1)
£=0
n+1
+ " L= (@ = ™) D S el X
£=0
+ q2m+n+3(1 _ q"+1)(q”+2 — 1)Sm+2,n+2 [th]
(3.20)
and
n T
1 0 n m m m n+3—r T
Bg )Bé )van[th] tmtd(gn — g™t Z T — ) S nga— e [ XY
=0 :0
n
+ qn+m+3 m+1 Z m+n+3—€,€+1[th]
=0
n+1
+ @ = 1) Y (@ = ) S e[ X)
£=0
+ q2m+"+4(1 - qn+1)(qn+2 - 1)Sm+2,n+2 [th] :
(3.21)

First exchange the order of summation in the right side of the top line in (3.20)
and (3.21), and then use

i(qr _gmmiery 2 (1 qn_e(jlz(g —) (3.22)
r={

Next, send £ — £—1 in the right side of the second terms in (3.20) and (3.21). By
fixing £, we have that B B{"S,, ,[X19] = B BV S, . [X 1] if

((1 - qn7£+1)(q£ - qm+3) + qm+n+47£(qll _ 1) + (qn+1 _ 1))

(1-9
1— n—_e4+1 £ _ . m+3
— (q( q )(q q )+(q€_1)+qm+3(qn+1_1) ,
(1-49)
(3.23)
which holds by algebraic manipulation. O

Property 6. Let € € {0,1}. Béo) and Bél) are such that

(Béo) + Bgl))mHe[X;q, t] = Hamie[X54,1]. (3.24)
Proof. Definitions (3.6) and (3.7) give that
(B + B)SUX") = (1= ") (A - ) Sepa[X],  (325)

which, using Hi[X;q,t] = (¢; ¢)1Sk[X ], implies that
(B + BV H[X; . 1] = Higa[X;50,1] . (3.26)
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We apply this identity m times, starting with k& = €, to complete the proof. |

With relation (3.5), this property shows that any Macdonald polynomial indexed

by a partition with no more than 2 parts can be built using Béo) and Bél) since
Hp[X5¢,t] = Jm[X; ¢, t]-

Definition 7. Let v = (v1,...,v) with all v; € {0,1}. For € € {0,1} we define

Ul =B ... B{*™ . H[X;q,1]. (3-27)
Proposition 8. For ¢,v; € {0,1} we have
Jomitret]X;q,t] = Z gt Dlvler2n@)eglt—lolegr(e) (3.28)

V=(V1,.,Um+t)

where d =2m+ 20 +¢, [v|g=v1 +---+vg and n(v)g = v2 + 2v3 + -+ + (£ — 1)v,.
Proof. From Property 6, we have that

Bmid o= > U, (3:20)

O=(01,er0m)
where v; € {0, 1}, proving (3.28) for £ = 0. Proceeding by induction, we assume
that (3.28) holds for every £. We thus have, acting with Bs, that
(tBéO) + Bél)q_D_l)J2m+l+e,£ — Z q(l—d)Iv'|£+1+2("(v')£+1—|v'\£+1)tf+1—|1}'|£+1Ul()f)
v'=(0,)
+ z q(lfd)(\v”\e+1*1)+2("(v")e+1*|v”|e+1+1)*d*1tf+1*\v”|£+1 Uif,) .
v =(1,v)

(3.30)
Combining the two sums, we obtain
BoJomstpet = ) (@)l t2n@esayf1-3 @ (331
=(V1,..,Um4e+1)

which completes the induction argument since By Jamtr4e,6 = Jomtttite,e+1- O
FEzxample: We have

Jup[X;q,t] = t2U(§?0),0 + tZUé?o),l + tq_3U(§,01)70 + tq_3U(§,01),1

+tq U+t U + a7 U+ U, (332)
Corollary 9. The mazimal t-power in (3.28) is
Homieredl X508 = > U, (3.33)
summing over all v = (0°,v) where v = (v1,...,vn) such that v; € {0,1}.

4. TABLEAUX SIDE

4.1. Definition and background. Let A4* be the free monoid generated by the
alphabet A = {1,2,3,...} and Q[.A*] be the free algebra of 4. The elements of A*
are called words. The degree of a word w is denoted |w| and its image in the ring of
polynomials Z[A] is called the evaluation, denoted ev(w). For example, w = 131332
has degree 6 and evaluation (2,1,3). A word w of degree n is said to be standard
iff ev(w) = (1,1,...,1).
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A tableau T will be the pair (A, w), where ) is a partition and w is a word, such
that |[A| = |w|. We say that A is the shape of T. A Young diagram associated
to A filled with the letters of w from left to right and top to bottom is a planar
representation of T. For example, T = ((4,2,2,1),114356234) corresponds to

1

,_.
NEN

T= (4.1)

[3]
6
A semi-standard tableau is a tableau such that the entries in every row are nonde-
creasing and such that the entries in every column are increasing. In this case, we
do not specify A in the pair (A, w), since it can be extracted from w. For instance,

T = 67 445 11123 has the representation

3[4]

T= (4.2)

[7]
4]5] .
1[1]2]3]

= (o

Notice that a semi-standard tableau is a tableau. Finally, a standard tableau 7T is
a semi-standard tableau of evaluation (1,1,...,1). For example, T = 7 46 1235 or

T =i (4.3)
1

2[3]5]

is a standard tableau.

As with the Ferrers diagrams, we define T? to be the transpose of a tableau T.
For example, with T as given in (4.1), we have

Tt =

Al (4.4)
3[1]1]
Notice that the transpositon of a semi-standard tableau may not be a semi-standard

tableau while the transposition of a standard tableau must be a standard tableau.

o[ofw]]

Words can be associated to numbers called the charge and cocharge where
charge(w) = n(ev(w)p) — cocharge(w) , (4.5)

for ev(w) p the partition obtained by reordering ev(w). The cocharge of a standard
word w is defined by the following algorithm;

1. Label the letter 1 in w by ¢; =0

2. If the letter ¢ + 1 appears at the left of the letter ¢ in w, then ¢;y; = ¢; + 1.

Otherwise c; 11 = ¢;.

3. cocharge(w) =¢1 + -+ + ¢y
For instance, cocharge(413265) = 0+0+1+2+2+3 = 8. Recall that semi-standard
tableaux and standard tableaux are simply words, and therefore have an associated
charge and cocharge.

Lascoux and Schiitzenberger defined [9] an action of the symmetric group on
Z[A*] that sends a word of evaluation (ev,...,ev;,eviy1,...) to a word of evalu-
ation (evy,...,ev;y1,€v;,...) under an elementary transposition, o;. Their action
induces the usual action of the symmetric group on Z[A]. For our purposes, we
define this action only on words such that (ev;, ev;11) € {(1,2),(2,1)}:

aab & abb, aba & bba, baa & bab, (4.6)

where a and b stand for ¢ and ¢ + 1 respectively. This action sends a semi-
standard tableau to a semi-standard tableau while preserving its shape. For exam-

ple, 04(215345) = 215344 and o3

=00 |
Il
(oo |k

5[5]
2]4]
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We will use several simple linear operations on words. 7 is a translation of a
to a + k for every letter a in an alphabet. For instance, 72(231567) = 453789.
The restriction of a word w to the alphabet a,b,c, ..., is denoted wi,p....}- ie.,
wyz 4y = 3343 for w = 12334223. If w is such that wie sy = ab, r(ap—cay sends ab
to cd. For example, 7(23_,46)(121543) = 141546. We further define an operator R,
to remove all letters a in w, and finally, A,11 41 is an operator on a tableau T,
that adds a horizontal 2-strip of the boxes n + 1 in all the possible ways to T. For

instance
oo o =g+

There exists a shape and cocharge preserving standardization [9] of semi-standard
tableaux, denoted by V'S, that we will use only on semi-standard tableaux with eval-
uation (evy,...,ev;), where ev; € {1,2}. In the case of a semi-standard tableau T,
it is defined as

+

4[5]

5] +

4[5]

(4.7)

=[]
~=[o]es]

4]5]5]

—[rofeo]or]

1. If evy = 2 then T' — 717(11,01)T- Proceed to step 2.
2. If ev(T) = (1,1,...,1) then the standardization is complete. Otherwise,
T — 01 ---0;_1T for the smallest 7 such that ev; = 2. Proceed to step 1.

For example, T' = 45 235 124 undergoes the following standardization process:

5] — 5] — 6] — [3[a]7] = 7 —
4] 5] 1[1]4] 1]2][5] 4]

5] —
4] 1

=[]
ro[co]en]
M)
[
e
NEE
M)
BEE
NS
=]
REE
~[w
NS

EI. (4.8)

Note that V.S will denote the standardization of only the first n letters of a semi-
standard tableau of degree N > n which sends such a tableau to a semi-standard
tableau of evaluation (1", ev,y1,...,€UN).

4.2. Tableaux operators. The primary goal of this section is to present tableaux

operators that can be related to Bgo) and Bél) using the linear morphism on semi-
standard tableaux,

F T — qesM g e [XT]. (4.9)
It is known [10] that the Hall-Littlewood polynomials
QALX; 1] =) K, (0,£)Su[X], (4.10)
w

are equivalently expressed as a sum over semi-standard tableaux 1" such that
Q)\[X§ t] = Z tCharge(T) Sshape(T) [Xt] (4-11)
T;ev(T)=A
The substitution of K,x(1/¢,0) = K, (0,1/¢) [11] in expression (3.8) thus yields

H)\[X;q,t] = Z qn()‘l)Ku’A’ 0,1/9)Sw [X7]
n

— Z qcocharge(T) Sshape(T) [Xt] , (4.12)
Tiev(T)=X\

using cocharge(T) = n(ev(T')) — charge(T). Since standardization V.S preserves
cocharge and shape, we have

. — cocharge(VS(T)) £
H) [X7 q, t] = Z q g Sshape(VS(T)) [X ] . (413)
Tiev(T)=X\
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This given, we can equivalently express H)[X;q,t] as a sum of semi-standard
tableaux under the action of F. More precisely,

Definition 10. For all partitions A where £()\) < 2, let

Hy= Y.  VS(T). (4.14)
Tiev(T)=X’
Therefore, (4.13) gives that
F(Hy) = HA[X54,t]. (4.15)

In the spirit of section 3, we define two linear operators on standard tableaux.
Definition 11. On any standard tableaw T such that |T| = n, let

JBS)) 2T = VS(Any1,n1T) = ir(11501)01 - OnAnginp T (4.16)
and
t
B 7 (B 7). (4.17)
Example: Given a standard tableau, 7 = , we add all possible horizontal
2-strips containing the letter 5 and then standardize:

(0) _velBEL L H BT
B () = VS ( SR TE 2|4|5|+|?|3|3|+EE}4|5|+E|2|4|5|5|)
5. [@
= a1 n 3[aT6] 4 [4]6] [4]
A8 oy T i) T eEE T iEEEE- (4.18)

Note that ]Rgo) and ]Bgl) send 7 to a sum of standard tableaux.

We now undertake the task of proving that these operators satisfy properties
analogous to Properties 4, 5 and 6 as this will imply that sequences of ]Bgo) and
]Bgl) correspond, under F, to similar sequences of Bgo) and Bgl) (see Theorem 26).
First we prove the analog of Property 4.

Property 12. With A a partition such that £()) < 2,
B Hy = Hy 2 - (4.19)

Proof.  Since A, 11,041 commutes with V.S(™ | using the action of A, 11,41 on a
semi-standard tableau of degree n = |\| and (4.14),

Anpinyn Y. VSO@ = > vst(D), (4.20)
Tiev(T)=\ Tiev(T)=(\,2)
where X is a vector of length n. Thus by the definition of ]Bgo),
B Y vSW(@M= Y mrasenoronVSMW(T).  (4.21)

Tiev(T)=X Tiev(T)=(X\",2)

and further by the recursion V' §(?+2) = T1T(11-01)01 " * -0,VS™ we have

B Y vsmmy = Y vser(T). (4.22)

Tiev(T)=N Tiev(T)=(N\",2)
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Because the symmetric group action (4.6) preserves charge and shape, for 3(u) any
permutation of the vector u, we have

Yoo ovsm= Y vs®D), (4.23)
Tiev(T)=p Tiev(T)=0(n)
which then implies
)Y vsom= Y vseed). (a4
Tien(T)=N Tsev(T)=(A+12)’
Property 12 follows now from definition (4.14). O

The analog of Property 6 in the tableaux world is stated:
Property 13. For e € {0,1}, we have that

H2m+e == (IB%O) + ]Bgl))m Hf . (425)
Proof. {From Definition 10,
H.= Y VSM=>T, (4.26)
Tiev(T)=(1") T
and
Hypp1,1 = o ovsm= Y T (4.27)
T;ev(T)=(2,1") T’;7-{'1’2}:12

where 7 and 7" are standard tableaux of degree n and n + 2 respectively. Property
12 gives that IB%gO)IHln = H41,1, implying

BOH, = Y. T (4.28)

T3 {1, =12

On the other hand, since BS" 7" = (B 7)t and H,, = H , we have

¢
BUm, = (Bm,) = > 7. (4.29)
T’;7j{’1,2}:21
H, 42 is the sum of all standard tableaux of order n+ 2, of which each tableaux
contain the subword 12 or 21. Therefore we have
Hoso = (B +BY) H,, (4.30)
from which (4.25) follows. O
It remains to show that IB%O) and IPBgl) satisfy a relation similar to the g-commutation

relation of Béo) and Bgl). The proof of this last important property (stated in Prop-
erty 25) requires a lengthy development of lemmas and identities.

We need two linear operators on standard tableaux, defined by:
Definition 14. On any standard tableau T with T{1 23 = 12 and |T| = n,

« (0)
B2 : T — Rn_lo'n_Q te 0'17"(01_)11)7'_17-, (431)

and on any standard tableau T such that T{; 53 = 21 and |T| = n,

. (1) . (0)_, .,
B, :7 — (B, 7). (4.32)
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» (1)
Ezample:  Acting with B, on

R SIE|

EI ; we go through the following steps:
34

t. [4] (i; [3] (i; [3] (j; [3] (i; [3] (3; [3] (ﬁ; t
— —- .
S BBly  Ehlm | Gblm | Gblm | Ghlm  GhlE G
(4.33)
For any sum S = 3, T®) with T®) £ T*) for all k # k', we shall say that

. (0) . (1)
T € Sif and only if T = T(*) for some k. Then, the operators B, and B, can be
seen as the inverse of operations IB%O) and ]Bgl) . That is,

NE

Property 15. For T/ € Béo)Tl and T, € B§1)7'2, we have

L (0) L)
B, ;=71 and By, T{ =7Ts. (4.34)

Proof.  These identities follow directly from the definition of the elementary op-
erations comprising the operators and the fact that R,T' = T for any tableau
T € Ayl T. O

X (1)
It is useful to alternatively define the action of B, . This is accomplished by
introducing a new permutation &,, defined by its action on a and b = a + 1;

aab &8 bab, aba &3 abb, baa & bba (4.35)

Note that 7, is such that on a word w with ev(wy, 1) € {(1,2),(2,1)}, we have
g,w?® = (5,w)®, where the superscript R is the operation sending a word w =
wy - - wy, to the word w? = w,, - - - wy.

X (1)
Property 16. The action of B, on any standard tableau T where Ti1 2y = 21
and |T| = n, can equivalently be expressed as

. (1)

]BQ :T—>Rn_16n_2---&17*(10%11)7'_17'. (436)
. (1) 5
Example:  This action of B, on %EI |consists of the following steps:
1134
e O 9f, 9, 9B 9 9g a7
ot bl BBl BBl Gbl  Gbh by (4.37)

Note that we avoid the transposition steps shown in Example (4.33), and that each
tableau here is the transposition of the corresponding tableau from Example (4.33).
Proof.  Definition 14 gives that for any standard tableau 7 such that 7(; 5; =21
and |T| = n, we must show

(Un—z T 017“(01—)11)7'—17_75))5 =0p-2-"" 517'(10—)11)7'—17—7 (4.38)

where we have useq that R,,_1 commutes with transgosition. If we let T be the semi-
standard tableau T = r(g111)7-17", we get that T* = r(;0_11)7-17. Expression
(4.38) is then verified since we can obtain (s 2---01T)" =64 2(on 3---o1T)" =
- =&, o---011" by repeatedly using the identity,
(0aT)! = 5,T" for any semi-standard T with ev(T(,5=q11}) € {(1,2),(2,1)}.
(4.39)
This identity can be proven by observing that under such conditions, we have
(Tiapp)® = T{, - For example, T' = is such that Tz 4} = 433 and Tf; ,, =
334. The only possible planar distribution of a and b that could cause this to fail are
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a

or b, since T, would be the same as T{ b} The first case never holds and
the second occurs only if we have both another a and another b, Wthh we do not.
Thus, using T' {a’b} = (TR oy = Tap))® = {a,b}’ we have 5, T {a,b} =5,T {a,b} =
(0aT(ap))® = (UGT)?a,b} = (04T){, s, where the second equality follows from the
definition of &,. This gives that (¢,7T)¢ = ,T* on a semi-standard tableau. O

Let us now define an operation ¥; to act on pairs of words as follows;
Y (w1, wse) = (Gi0541W1, 03011 W2) , (4.40)
and consider 6 pairs of words with a and b = a + 1;
Ci(a) = (aabd, baabd), C>(a) = (abab, abab), Cs3(a) = (abba, aabb)
Cy(a) = (baab, bbaa), Cs(a) = (baba, baba), Cs(a) = (bbaa, abba) . (4.41)
We insert letters into such pairs by defining an insertion operator on words,
I,ga)wl Wy = WY W1 QW+ - Why (4.42)
with the understanding that Il(a) = aw and I,(L Jw = wa. I ,ga) acts on pairs of
words by I,ga) (wy,ws) = (I,(ca)wl,I,g )w2).

Computer experimentation using ACF revealed that applying ¥; to any pair
C;(i) with the letter (i + 2) inserted recovered a pair of the same type where
i — 4 + 1 with the extra letter ¢ occuring in the same position of both elements of
the pair. More exactly,

Lemma 17. Let 1 < k,k' <5,1< j,j' <6 and i > 1. For any k,j and i,
5 (18420500)) = 195+ 1), (4.43)

for some k' and j'.

FEzxample: We have

%, (12(6)03 (4)) = ,(46554, 46455)
= (540546554, 045546455)

= (46565,46565) = I.*) C5(5). (4.44)
Proof. Thisis a lemma having 30 possible configurations which are easily verified
with a computer. O

Proposition 18. Let 71 be any standard tableau of degree n such that Ti (1 2,3 4} 8
4312 or 3124 and let Tz = T273, i.e. Tz is obtained by permuting 2 and 3 in Tr. If

x (1) x(0) __ x(0)« (1)
B:(Ti,7%) > (B, B, 7.8, B, 75), (4.45)
then
B(T:,T:) = (T,T), (4.46)
for some standard tableau T .
Example: Given T; = %ﬂ , we have the pair,
1]2]4]6]8]

B(7,T2) =B (?a4|6|8|%3|4|6|8|) ( ) (4.47)
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. (0)
Proof. B, reduces the degree of 77 to n—2, giving by Definition 14 and Property
16,

« (1) 4 (0)
B, B, 71 = Rp—30n—4-"" 517’(10—>11)T—1Rn—10n—2 Tt 017’(01—>11)T—17-1

=Rn 3Ry 2(0n_140n_3) -+ (6102)T(1011)T-102017(01511)T-1T1 , (4.48)

where we have considered the relations 7_1R,,_1 = R,_27_1 and 7_10; = 0j_17_1.
« (1)
Similarly, acting first with B, ,

» (0) « (1)
By, By T2 = Rn-30n—1--017(01511)T-1Rn—16p—2 - - 517(10511)T-17T2

=R, 3R, » (Un—45n—3) (0152)7’(01-»11)T—152517'(10—>11)T—175 . (449)

We act first with r(1011)7-102017(01511)7—1 on 71 in the case that Tif 23,4 is
3124, obtaining a word with subword 1122 and letters 3,...,n—2 occurring exactly
once. 7Tz, defined by permuting 2 and 3 in 77, thus contains the subword 2134 which
is sent to 2112 under r(g111)7 152517 (10-511) 71, While the remaining letters occur
exactly as they do in r(1011)7102017(01511)7-171. Consequently,

B(Ti,75) = Bu sRu 230 4o+ S (107710 1Y (1122,2112)),  (4.50)

for some k1, ...,ky,_4. Since ¥y acts only on the letters 1,2 and 3, we may now use
Lemma 17, where i = j = 1, to determine that the action of ¥; results in
B(7i,73) = Rn_3Rn_25n 4 5o (I,ﬁ?‘z) I 10 (2)) , (4.51)
for some j and r. Lemma 17, applied repeatedly in this manner, gives
B(7;,75) = Rn_3Rn_o (Igng? - IPmOC (n - 3)) : (4.52)
for some 71,...,r,—4 and some j'. This is to say that the action of B on such a

pair is equivalent to acting with R,_3R,_» on a pair of tableaux that are identical
in all letters except n—3 and n—2. Further, since R, 3R, > removes these letters,
we have proved the identity in the case 3124. A sequence of similar arguments may
be used in the case that 714 234} is 4312, and we get

B(Ti,72) = Rn—3Rn 2% 4+ %1 (IIZH) ...I,gy_sz,gj>_4(2112,2211)) . (4.53)
Again, successive applications of Lemma 17, beginning with the case i = 1 and
j =4, prove the identity. a
Lemma 19. For T' a standard tableau of degree n > 4, we have that

T eBYBY > T <= T4 € {1234,4123,3412}
T;|T|=n—4
T eBVBY Y T <= Tas4 € {4312,3124},
T;|T|=n—4
T eBVBY Y T <= Tias4 € {4213,2134},
T;|T|=n—4
T eBVBY S T < T34 € {4321,3214,2413}.
Ti|T|=n—4 (4.54)
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Proof.  We begin by simultaneously proving the first two cases of (=) and the
others of (=) follow by transposition. Notice first that BéO)T = > 7 T", where
{’{ oy is 12 and Bél)T => 7 T", where 7'{’{ gy 1821 (see the proof of Property 13).
The following action of B§°’ begins with A,41, 41 adding a horizontal 2 strip to 7"
resulting in tableaux that are all semi-standard and containing the subword 12 (or
21). We act next with the succession of 6,,,0,,_1, . .., 03 implying that the tableaux
remain semi-standard and thus must each contain, in the first case, the subword
1233, 3123 or 3312, and in the second, 3213 or 2133. The remaining operations,
aside from 77, act exclusively on these subwords as follows;
TlT(11_>01)0'102 1233 = 1234 ,
T17‘(11_>01)(710'23123 = 4123,
T17‘(11_>01)010'233].2 = 3412, (455)

for the first case and
7—17"(11_>01)0'1(723213 = 43127
TlT(11_>01)0'1022133 = 3124, (456)

for the second, thus proving (=) for the two first cases. To prove (<), we are given
a standard tableau 7" with subword ’7'{’1 5,34y in one of the four defined disjoint

sets; call this set S, ,. Property 13 gives that 7', which is € H,, for n = |T7|,
is such that 7' € ngl)IBg€2)Hn_4 = ]ngl)]Bg@) > (i T|=n—4y T, for some & € {0,1}.
But since we have just proven that for such 77, 7}’1’2,3’ 1} is contained in the set
Se,.,e,, We see that € = ¢; and the lemma is proven. O

Proposition 20. On any standard tableau T, we have
263
B BT = (BVET) (4.57)

where 23 denotes a permutation of the letters 2 and 3 in each tableauz.

Proof.  Suppose there exists T’ EIB%O) ]Bgl) T such that 7>% ¢ ]Bgl) ]Bgo) 7. Lemma
19 gives that every element in IB%%O)BEI) T, in particular 7", must contain either the
subword 4312 or 3124. This implies that 7'~ must contain either 4213 or 2134
and thus by the same lemma we have that

729 ¢ BV B T (4.58)
« (1) « (0) . . .
for some 7" # T. Observe now that B, B, 7' = T, implies by Proposition 18
. (0) » (1)
that B, B, 7'°7° must also be 7. Expression (4.58) then yields

+ (0) » (1)
B, B, (IB&I) 15350) T") = T + other terms (4.59)

which by Property 15 gives that 7" = T and we reach a contradiction. We thus
23
have that ]Bgo) ]Bgl)T - (]Bgl) ]Bgo) T) . We can also show in the same manner

2653
that IBSg)) IBgl) T2 (IBS) IBg)) 7') , which proves the proposition. O
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We now define four pairs of words on consecutive numbers; a,b =a+1,¢ =b+1
andd=c+ 1.

D;(a) = (bacd, cabd), D5 (a) = (dbac, dcab),

Ds3(a) = (acdb, abdc), Dy(a) = (cdba, bdca) . (4.60)
These pairs appear as the only distinct subwords in certain pairs of semi-standard
tableaux. More precisely, such a pair of semi-standard tableaux, called (71, T2) p; (a) »
satisfies Ty = Ty*¢ and (Th,, , . 1ys T2(as..0y) = Dj(a). For example,

( 6]8] > (4.61)
2]3]7] D3(5)

is such a pair. One should note that (T1,7%)p,(q) is a pair of tableaux of the same
shape since in any such semi-standard tableaux, b and ¢ never occur in the same
row or column. With ; defined such that on pairs of words

EESE
]
EESE|

Qi : (’11)1,11)2) — (aiai+1ai+2oi+3w1,aiai+1ai+2ai+3w2); (462)
Lemma 21. Let 1 < ko, kb, ki) <5, 1<k, ki, k' <6,1<4,5,5" <4andi>0.
For any such k1,k2,j and i, we have
raisa ol O TEOD;6) € {15V Dy 4 1), 1 VT D )] (463)
and
Pl QI I D) € {I,gjfl’f,ﬁi?pj,, (i+1), It VI Dy (i)} ,
(4.64)
for some ki, kY, kb, kY, 5" and j".
Example:  Starting with I.” I D4(5) = (798965, 698975), we get
24(798965, 698975) = (597865, 596875) . (4.65)

Under 7(55_,45), We recover 11(4)1'1(9) D4(5) and under 755,54y, Ié4)I2(9)D3(5).
Proof.  For each i there are 60 cases that have been verified using a computer. O]

Lemma 22. Let T and T' be standard tableauz of type (T,T')p;@ for some

i,j. If standard tableauz T € 356)7: and 7:" € Bée) T' are standard tableauz of
the same shape for € € {0,1}, then T and T" is a pair of type (T, T")p, (i+1) or
(T, TI)DJ.,(H_Q), for some j'.

Proof. We start with the case € = 0 and split the action of Béo) into a sequence
of operations beginning with A1 n4+1. As such, we consider a semi-standard
tableau T obtained by adding an arbitrary horizontal 2-strip to 7. We denote by
T', the semi-standard tableau of the same shape that is obtained by adding this
horizontal 2-strip to 7' and thus T and 7" are a pair of type (T, T") p, ;) Next in the

sequence of operations defining Béo) iS 0444 - - - 05, which, acting only on the letters
i+4,...,n, must preserve the similarity in 7" and T". If 1 # 1, since acting with
o;—1 amounts to applying either r(;_,;;_1) Or T(;;_14), acting on both elements
with 0;_10;0;410;120;4+3 using Lemma 21, gives a pair of semi-standard tableaux of
type (T, TI)DJ-: (i+1) OT (T, TI)DJ-: () There remains to act with 7711 50101 -.-0;_2,
which leads to pairs of standard tableaux of type (7, 7T") D, (i+2) OF (T, T" D, (i+1)-
In the case where ¢ = 1, acting on both elements with 717(1101)01020304, gives,
from Lemma 21, pairs of standard tableaux of type (7,7") D,i(3) OF (7,7 D;i(2))
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finally proving the lemma for ¢ = 0. To prove the lemma in the case ]Bgl), we
observe that, for 7; and 75 standard tableaux,

(7-177‘-2)D1(a) == (7;77?)D2(a) (7'177'2)D2(a) = (7;77-1t)D1(a)7
(T, T2) s(a) = (73, T ) Data) (T, T2)Data) = (73, T) Dy(a) - (4.66)

JBS)T = (]Bgo)’]'t)t thus implies that the proof in this case is exactly the proof for
]Rgo) with every pair reversed plus an additional reversal of the pairs at the end,

accounting for the last transposition in Bgl) . O
Lemma 23. If T and T' are a pair of standard tableauz of type (T,T')p; () then
F(T)=qF(T"). (4.67)

Proof.  We have already noted that (7, 7")p, ;) is a pair of tableaux with the same
shape. Further, the definition of cocharge gives cocharge(T) = cocharge(T") + 1;
for example, for D1(a) = (bacd, cabd), we have
cocharge(T)=c1+- - +co+(ca+1)+(ca+1)+(ca+1)+copa+---+cn
cocharge(T") = ¢+ + ¢+ (ca) + (ca + 1) + (ca +1) + capa + -+ + cn,
(4.68)
giving cocharge(7T) = cocharge(7") + 1 as claimed. O
We now finally have all the ingredients needed to prove the commutation relation.
Definition 24. We define, for v = (v1,...,v;) with v; € {0,1},

U© =B . BUWH,, €€ {0,1}. (4.69)

Property 25. For any v = (v1,...,v;) and © = (01,...,0%), with v;,; € {0,1}
and k, k' > 0, we have

F(U00) = 0F (Uhs) e €{0,1}. (4.70)
Proof. We begin by showing that this identity holds in the case that v is empty.
Since Uf())ﬂ_) =BV R >+ T and U(()f)l,v =B B >+ T, each tableau T; EU&%,T)
can be paired with some 7/ € U(()f},v such that 7 = 72<® by Proposition 20 and

such that 71y 23,4} € {4213,2134} by Lemma 19. This implies that 7; and 7} are
of type (71, 7)p,(1) where j = 1 or 2 which, using Lemma 23, proves the identity

for v = (). We now proceed to the case when v = (0) or (1) by acting with ]Bge)
on the pairs obtained when v = (). These pairs (71,7/)p;) are thus sent to a
pair of sums of standard tableaux that, by Lemma 22, can be paired by types
(T2, 73) D, (i) for some j = 1,2,3 or 4 and some i = 3 or 4. For any v, we repeat
this process and obtain that each 7 € Ufj’lm can be paired with some standard
tableau 7' € Ugf,z)’w where this pair is of type (T, 7_")Dj (i), for 1 < j < 4 and
1 <4 <n—3. Lemma 23 then proves the property. O

Given Properties 12, 13 and 25, analogous to those proven in section 3, we can
finally prove the main result of this section.

Theorem 26. Let ¢,v; € {0,1}. For any v = (v1,...,v;) we have
FU©Y =Ulo. (4.71)
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Proof. Recall that the action of Béo) and Béo) —+ Bél), determined in Properties
4 and 6, led to Corollary 9. That is, to

H2m+l+e,l[X; q; t] = Z U’TEG) ’ (472)
v
where v = (0¢,v) for some v = (v, ...,v,). Observe that we have proved equivalent
actions for the operators ]Bigo) and IB%O) + ]Bigl) in Properties 12 and 13, giving
Homttres = D US) (4.73)
v

where ¢ is as before. We thus have, since F (H,, ¢) = Hp o[ X; g, 1],
HomyeredX;a,t) =S FUY) =S U, (4.74)

We convert the expression such that we are summing only over dominant vec-
tors vg = (0™+t¢=k 1%) for some k by using the following implication of the g-
commutation relations proven in Properties 5 and 25: Uée()v) = qf(ﬁ)Uég) and

F (U(ﬁe()v)) = ¢!® F(U)), where £(3) is the length of the permutation 3 such that

B(v) = vq. This gives
Homyiret[X50,8] =Y di (q)F (US)) = dist (U, (4.75)

vVd vd
where dJ"‘(q) = > (w)=va ¢"® . For 2m + 2¢ + € = n, the number of possible vy
is [n/2] + 1, exactly the number of partitions of n of length < 2. We thus have,
from (4.75), that Uéj) and F (U,(,Z)) are both bases for V, the Q[qg, t]-linear span of
{HA\[X;q,t]}eny<2- We see from expression (4.75) again, that the transition matri-
ces from {HA[X; g, t]}e(x) <2 t0 {US }o, and from {HA[X;q, (oo t0 {F (U)o,

are identical. Since these are invertible matrices, we have that Uéd) =F (US,Z)),
which can be extended to U = F(U{”) using Properties 5 and 25. O

5. A STATISTIC FOR MACDONALD POLYNOMIALS IN 2 PARTS

It is now clear from the previous theorem and (3.28) that for d = 2m + 2£ + ¢,
we have
TomitretlXig,t] = Y UT APl l9), (5.0)
V=(V1,.0yUmn4t)
where |v|¢ and n(v), are as defined in Proposition 8. To provide an expression for

JA[X; q,t] with coefficients that are determined by statistics, we associate to any
standard tableau a vector € {0, 1}* called a ”domino” vector. The domino vector is

determined by the succession of of operators IBE%O) and IBS) that build the associated
standard tableau. Since any standard tableau 7 such that 7y 53 = 12 (or 21) can

be obtained by acting with ]Bgo) (or ]B%gl)) on a predecessor 7', such a succession is
determined recursively using Property 15.

Theorem 27. The Macdonald polynomials indexed by partitions with no more than
2 parts are given by

J2m+l+e,l = Z Stat(T)Sshape(T)[Xt]a (5'2)
|T|=d
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where d = 2m + 20 + € and
Stat(T) = qcochargE(T)q(lfd)ldV(ﬂ\z+2n(dV(7'))etffIdV(T)\z’ (5.3)

with the domino vector, dv(T) = (dvl, vevsdVinaye), obtained recursively by

(0,av( T) if Tooy = 12
Rl

1, dv( *()7_) if Toiay =21 ) (5.4)

if T has degree <1
Proof.  The theorem follows directly from (5.1) and Property 15. O
Ezample: The statistic associated to a standard tableau 7 = ?g ZBI in the Macdonald

polynomial Js2[X; ¢, ] is determined by finding the domino vector of 7.

+ (0) O
(0, dv (1132 & )) (0,1,dv (132 o5 :))
3]5] 1[3[5] [1[2]
01

- (O,I,O,dv( l)

=(0,1,0,1). (5.5)

This gives that |dv(7)|]2 = 1 and n(dv(7))2 = 1. The cocharge of T = 48 357 126
is0+0+1+24+2+24+3+4 =14, and we have

Stat(T) = ¢**q~ "2 = ¢%t. (5.6)
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