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An element g € O(n) is a reflection if it sends some nonzero vector o € R"
to its negative and fixes the hyperplane orthogonal to « pointwise.

Let G c O(n) be a finite group generated by reflections.
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Figure: 63 ~ R3
Figure: &3 ~R? =R3/(1,1,1)

Theorem (Coxeter): Let A be an arrangement in R" of reflecting
hyperplanes for the reflection group G. Then G ~ (R" \ upe4H) freely and
transitively on the chambers.

We pick one such chamber and call it the “weight cone” denoted Cy. The
cone dual to Cy we call the “root cone” and denote Cg.
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WEIGHTS AND ROOTS

Fact (Coxeter): Cy is a simplicial cone.

Let wy,wy, ..., w, be vectors generating the rays of Cy [Jargon: called the
“fundamental weights”] Then the dual cone is defined as

Cri={xeR": (x,y) <0VyeCy}

Let a1, 2, . ..,y be vectors which generate rays of Cr [Jargon: called the
“simple roots”]



THE FIRST EXAMPLE A, (S3)

2 -1
3wy = —2an — 1o -1 = 2Wo—1w, ( )
3wy = =lan — 20 - = =Wy + 2w, -
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CARTAN MATRICES: ROOTS IN TERMS OF WEIGHTS

In type A, it is conventional to let aj = e; — €1 SO (e, ) =2 Vi

Lengths of weights are then normalized so that

The matrix of a's is called the Cartan Matrix. It gives the coordinates of
the simple roots in the basis of fundamental weights.



WALDSPURGER MATRICES

Consider the reflection representation of the symmetric group
¢: 6, — GLy1(R)

Let D be the matrix with columns the fundamental weights in basis of the
simple roots (i.e. the n —1x n —1inverse of the Cartan matrix).

W(g) := [¢(1) - ¢(9)]D

expressed in the coordinates of simple roots we will call the
Waldspurger Matrix of g.




WALDSPURGER AND MIENRENKEN THEOREMS

Waldspurger's Theorem (2005):

For G a finite reflection group acting on a Euclidean vector space V,

Cr the (closed) cone over the positive roots, and

€w c V the interior of a fundamental domain for the action of G

(sometimes called the weight cone), one has the following decomposition:
Cr = |_|(1 = g)DCW

geG

Meinrenken’s Theorem (2007):
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Waldspurger's Theorem (2005):

For G a finite reflection group acting on a Euclidean vector space V,
Cr the (closed) cone over the positive roots, and
€w c V the interior of a fundamental domain for the action of G
(sometimes called the weight cone), one has the following decomposition:
Cr = | J(1-9)Cw
geG
Take away: Waldspurger matrices give a tiling of the root cone!
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Waldspurger's Theorem (2005):

Translation: Cones over columns of Waldspurger matrices give a tiling of
the root cone!

Meinrenken’s Theorem (2007):

For G an affine reflection group acting on a Euclidean vector space V, and
Aw c V the interior of a fundamental domain for the action of G
(sometimes called a fundamental alcove) one has the following

decomposition:
V=[]~ 9)Aw

geG



WALDSPURGER AND MIENRENKEN THEOREMS

Waldspurger's Theorem (2005):

Translation: Cones over columns of Waldspurger matrices give a tiling of
the root cone!

Meinrenken’s Theorem (2007):

For G an affine reflection group acting on a Euclidean vector space V, and
Aw c V the interior of a fundamental domain for the action of G
(sometimes called a fundamental alcove) one has the following
decomposition:

V=11(1-9)Aw

geG

Take away: Convex hulls of columns of Waldspurger matrices (and the
zero vector) give a tiling of the R™
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(12)

Cr = LI(1-9)C

/ geG

(123) (13)

N (23)
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V= ](1-9)Aw

geG




THE WALDSPURGER DECOMPOSITION FOR Aj (64)

100 - 0071
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Part 2: Geometry = Permutations
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THE FUNDAMENTAL TRANSFORMATION

Consider 43512 € Gs

o S S ¥ o
1 1 1 0
00— o O %
1 2 2 1
0O—H% S 0
1 1 2 1
- T e—o
0 0 1 1
oS % oo
1 1 1 0
that is, 43512 = { a 1 +b f)+c ; +d 1 a,b,c,d e Ry
0 0 1 1
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CLASSICAL PERMUTATION STATISTICS, SOMETHING WEIRD...

(23)
- four copies of
(12) (2%4) G5 picture
(1342)
- Codimension
— et —— (29) i
1324 1423)
> # cycles (c(n, k))

1234 (1432)

(123) (243)
- NOT A CW- complex!
(1243)

H2)(34) (34)
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Theorem:

There are exactly 2" possible columns of Waldspurger matrices of type An.
We will call them UM vectors.

Interesting Bijections:

- Unimodal Motzkin Paths.

- Elements of the root lattice inside a certain polytope
- Abelian ideals in the nilradical of s,

- Young diagrams with hooklength less than n.
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THE WALDSPURGER TRANSFORM APPLIED TO OTHER MATRICES

From an n x n matrix M, define the n -1 x n -1 matrix, WT (M) where

ZMG,D i<j
=
WT (M) = §M i>j.
,b =
a>i ¢
b<j



THE WALDSPURGER TRANSFORM APPLIED TO OTHER MATRICES

From an n x n matrix M, define the n -1 x n -1 matrix, WT (M) where

ZMG,D i<j
=
WT (M) = §M i>j.
,b =
a>i ¢
b<j

Warning: Note that WT (M) may be “over-determined” on the diagonal.
In the case where M is a permutation matrix, but in general this need not
be the case.
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THE WALDSPURGER TRANSFORM APPLIED TO OTHER MATRICES

From an n x n matrix M, define the n — 1 x n — 1 matrix, WT (M) where

ZMG,D i<j
=
WT (M) = §M i>j'
a,b =
a>i
b<j

Proposition: WT (M) is well-defined if and only if the ith row sum of M

equals the ith column sum of M, for 1<i < n.

If an n x n matrix M has this property, we will say it is sum-symmetric
M e SSp

The map is linear and surjective, with kernel the diagonal matrices.

WT : 55, - Mat,-
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Part 2: Permutations = Alternating Sign
Matrices



An alternating sign matrix (or ASM) is a square matrix of 0s, 1s, and —1s
such that the sum of each row and column is 1 and the nonzero entries in
each row and column alternate in sign.
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An alternating sign matrix (or ASM) is a square matrix of 0s, 1s, and —1s
such that the sum of each row and column is 1 and the nonzero entries in
each row and column alternate in sign.

These matrices generalize permutation matrices and arise naturally when
using Dodgson condensation to compute a determinant.

n-1xn-1matrices with UM columns and rows with their maxes on the
diagonal are in bijection with n x n ASMs via the WT map!
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HEIGHT=ENTROPY

Theorem:

> WT(9) =3 3.(90) - )

1<i,j<n—1

Fact (A. Lascoux, M. Schiitzenberger): Half the entropy of a permutation is its
rank in the MacNeille completion of the Bruhat order- a distributive lattice

with elements the alternating sign matrices, or ASMs. 20



THE BRUHAT ORDER

eel 1 0] (1 1]
/ \ 1 1] [0 1]
312 231
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THE MACNIELLE COMPLETION OF THE BRUHAT ORDER

e
321 1 0
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132 213
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WHAT DOES THIS TELLS US ABOUT THE MEINRENKEN TILE?

Part 3: ASMs = Geometry
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OPEN QUESTIONS

- Does this embedding of the Hasse diagram extend to other types?

26



OPEN QUESTIONS

- Does this embedding of the Hasse diagram extend to other types?

- Is there a good way to study the Meinrenken tile as a polytopal complex?

26



OPEN QUESTIONS

- Does this embedding of the Hasse diagram extend to other types?
- Is there a good way to study the Meinrenken tile as a polytopal complex?

- Is there always a way to rearrange the pieces in the Mienrenken tile to get
a convex polytopal complex?

26



OPEN QUESTIONS

- Does this embedding of the Hasse diagram extend to other types?

- Is there a good way to study the Meinrenken tile as a polytopal complex?

- Is there always a way to rearrange the pieces in the Mienrenken tile to get
a convex polytopal complex?

- The domain of the WT map is SS, If we restrict ourselves to Gl, what is
the image? What is its topology?

26



OPEN QUESTIONS

- Does this embedding of the Hasse diagram extend to other types?

- Is there a good way to study the Meinrenken tile as a polytopal complex?

- Is there always a way to rearrange the pieces in the Mienrenken tile to get
a convex polytopal complex?

- The domain of the WT map is SS, If we restrict ourselves to Gl, what is
the image? What is its topology?

- In experimentation, the W7 map seems to preserve both the Birkhoff
polytope and the ASM polytope. Is this true in general?

26
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