
8 Chapter 1 First-Order Differential Equations 

Example 10 

We also will sample the wide range of applications of .,uch equations. A typical 
mathematical model of an appbed Situation will be an initial value problem , con
siMing of a differential equation of the form in ( 17) together with an initial condi
tion y(x0) = y0 . Note that we call y(x0) = y0 an initial condition \\hether or not 
x0 = 0. To solve the initial value problem 

dy - = j(x, v). y(.\o) =Yo 
dx · 

( 18) 

means to find a differentiable function y = y(x) that satisfies both conditions in 
Eq. (18) on some interval containing xo. 

Given the solution J(X) = 1/(C- x) of the differential equation dyfdx 
di'icu~sed m Example 7. sohc the initial \alue problem 

d\' ~ -· = y-, y(l) = 2. 
dx 

Solution We need only find a 'alue ol C so that the 'iOlution y(x) = lj(C- x) satisfies the 
initial condition y( 1) = 2. Substitution of the values x = 1 and y = 2 in the given 
solution yields 

5r------~--~---~ 
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FIGURE 1.1.7. The solution~ of 
y' = v~ defined b) 
y(x) = 2'(3 - 2t). 

B1 Problems 

I 
2=yCI>=c-t' 

so 2C - 2 = I. and hence C = ~. With this \'alue of C "" e obtain the desired 
solution 

I 2 
v(x) = -- = --. 
· ~ - x 3-2x 

Figure 1.1.7 shO\\S the t\\O branche'i of the graph y = 2/(3- 2x). The left-hand 
branch is the graph on ( -oo. ~) of the solution of the given initial \'alue problem 
y' = y 2, y(l) = 2. The right-hand branch passes through the point (2, - 2) and is 
therefore the graph on d. x) of the solution of the different initial value problem 
y' = y2• y(2) = -2. - • 

The central question of greatest immediate interest to us is this: If we are given 
a differential equation known to have a solution sati~t)ing a given initial condition. 
how do we actually find or compute that solution? And. once found. what can 
we do with it'? We y, ill see that a relative!) fe'" simple techniques-separation 
of variables (Section L-n. solution of linear equatwns (Section L5), elementary 
substitution methods (Section 1.6)-are enough to enable us to solYe a variety of 
first-order equations hm mg impressive applications. 

In Prohlt•mf I through 12. 1·eri/) by sub~tillltinn thm each 
gil'en function is a solution of the gh·en diff"erentia/ equation. 
Throughout these problems, prime!i denote derivati1·e.1 1rith re
spect to x. 

5. _\ ' = _1+2e- •:y=e'-e • 

6. y" + 4v' + 4\' = 0: Y1 = e ~·, )'1 = H·- '' 
7. y"- 2y' + 2y = 0: y1 = e' cosx . . '1 = e' sinx 

8. y +.r = 3cos2x. )'1 = cosx-cos2t . . \·2 = sinx-cos2x 
1. y' = 3x2: y = x' + 7 
2. ,. + 2y = 0; ,. = 3e "' 
3. y' + 4y = 0: y1 = co~ 2x. y2 = sin 2x 
·'- y' = 9y: ."1 = e'·T. )"2 = e-:1.x 

' 1 9. ,. +2xv· = o· ,. = --
. · '· 1 + x 2 

10. x 2y" +xy'- y = lnx: y 1 = x -lnx. Y1 = _!. - lnx 
X 
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1.1 Differential Equations and Mathematical Models 9 

, I lnx 
I • .ry'' + 5xr' + 4y = 0: Yt = , . Y2 = -, 

x· x-
t~y"- xy' + 2y = 0: y1 = x cos(lnx). y2 = x sin(lnx) 

Pn ·hi ems 13 through 16, substitute y = e'' imo the giren 
rt •1tial equation to determine all value.v of the con1·ta111 r 
·hi eli y = e,._, is a .10/ution of the equation. 

u 3y' = 2y 14. 4y" = .r 
; \'" + y' - 2y = 0 16. 3y"+3y'-4y=O 

Problems 17 through 26. jinr verify that y(x) satisfies the 
d~lferential equation. Then detennine a value of the con
e so thor y(x) satisfies the given initial condition. Use a 

ter or graphing calculator (if desired) to sketch st•vercil 
.10lutions of the gh·en differential equal ion, and lligll

'1? one that satisfies the gi1·en initial condition. 

+ y = 0: y(x) = ce-x, y(O) = 2 

_\·· = 2y; y(x) = Cez.'. y(O) = 3 
y' = y + I: y(x) == C e' - J. y(O) = 5 

= .r - y; y(x) = Ce- • +X- l. y(O) = lO 

+ 3.t2y = 0: y(x) = Ce- '
3

, v(O) = 7 

!1. ~'y' = 1; r(x) = ln(x +C), y(O) = 0 
d\' 
t~ ~ 3v = 2(5 ; \'(.t) = h 5 + Cx - J, \'(2) == 1 
dx · · ~ · 

X\'' - 3y == x\ y(x) = x 3(C + lnx), y(l) = 17 

= 3x2(y 2 + I); y(x) = tan(x3 +C). y(O) = 1 

.L y tan x = cosx; y(x) == (x +C) cosx, y(:r) = 0 

•blems 27 through 31. a function _,.= g(x) is described 
e geometric property o.f its graph. Write a d(fferential 

on l1{ rhe form dyfdx = f(x. y) /wring the function g 
·olutwn (or as one of its solutions). 

The slope of the graph off< at the point (x. y) is the sum 
fx andy. 
~ ~: line tangent to the graph of g at the point{.\. y) inter

. """' the x-axb at the poinl (xfl, 0). 
E .:f) ~traight line normal to the graph of g passe~ through 

;'Oint (0. I). Can you guess what the graph of such a 
nctton g might look like? 

The graph of g is normal to every curve of the form 
= x' + k (k is a con'>tant) \\here they meet. 

The line tangent to the graph of g at (.r, y) passes through 
me point(-y,x). 

/ems 32 tluvugh 36. ll'rite-in the manner of Eqs. ( 3) 
h (6) of this section-a d(fferemial equation that is a 

-aticalmodel of rhe .1itulllion desr·ribed. 

n~ time rate of change of a population p i~ proportional 
'le -.quare root of P. 

ll~ dme rate of change of the velocity t ' of a coasting 
,')rboat b proportional to the square of u. 

The acceleration dvfdt of a Lamborghini is proportional 
the difference between 250 km/h and the Yelocity of the 

35. In a cit) ha.,.ing a fixed population of P per~ons, the time 
rate of change of the number N of those pen,ons who have 
heard a certain rumor is proportional to the number of 
those who have not yet heard the rumor. 

36. In a city with a fixed population of P persons. the time rate 
of change of the number N of those persons infected with 
a certain contagtous disease IS proportional to the product 
of the number '' ho haYe the dbease and the number who 
do not. 

In Problem.\ 37 through 42. determine by inspection at least 
ont• solution of the gi1•en differential equation. That is. use 
I'OIIr knowledge of deri1·atives to make an rntel!igent guess. 
Then test your hypothesis. 

37. I'"=() 38. \ = \' 
39. :ry' + y = 3x2 40. (y')1 + y 2 = 1 
41. y' + y = e' 42. v" + y = 0 
43. (a) If k is a constant, show that a general (one-parameter) 

solution of the differential equation 

dx = kx1 
dt 

is given by .x(t) = 1/(C -kc), where C ban arbitrary 
constant. 

(b) Dctem1ine by inspection a solution of the initial value 
problem x' == ~x2 • x(O) = 0. 

44. (a) Continuing Problem 43, assume that k is po~itivc, and 
then sketch graphs of solutions of x' = kx2 with sev
eral typical positive values of x(O). 

(b) How would these ~olutions differ if the constant k 
were negative? 

45. Suppo'>e a population P of rodents satbfie!> the differen
tial equation dP/dt = kP 2• Initially. there are P(O) = 2 
rodents, and their number is increasing at the rate of 
dP/dt == l rodent per month when there arc P = 10 ro
dents. HO\\ long \\iII it take for thi~ population to grow 
to a hundred rodent<>? To a thousand? What's happening 
here? 

46. Suppose the velocity l' of a motorboat coasting in water 
satbfies the differential equation dvfdt = kt• 2. The initial 
speed of the motorboat is t•(O) = lO meters per second 
(m/s), and vis decreasing at the rate of l m/s' when L' = 5 
m/s. Ho'v long docs it take for the velocity of the boat to 
decrease to I m!s'! To ihm/s? When does the boat come 
to a stop? 

47. ln Example 7 we saw that y(x) = 1/(C- x) defines a 
one-parameter family of solutions of the differential equa
tion dyfdx = y2• (a) Dctem1inc a value of C so that 
y( 10) = 10. (b) ls there a value of C such that y(O) = 0? 
Can you nevertheless find b) in!>pection a solution of 
dyfdx = y 2 such that y(O) = 0? (c) Figure l.l.8 shows 
typical graphs of solutions of the form y(x) = lf(C - x). 
Does it appear that these solution curves fill the entire xy
plane? Can you conclude that. given any point (a, b) in 
the plane. the differential equation dyjdx == y2 has ex
actly one solution.> (x) satisfying the condition.\ (a) = b'> 
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FIGURE 1.1.8. Graphs of solutions of the 
equation dyfdx = y2 . 

FIGURE 1.1.9. The graph y = Cx4 for 
various value~ of C. 

48. (a) Show that y(x) = Cx4 ddines a one-parameter fam
ily of ditlerentiable solutions of the differential equation 
xy' = 4y (Fig. 1.1.9). (b) Show that 

defines a differentiable solution of xy' = 4v for all x, but 
is not of the form y(x) = Cx4

• (c) Give~ any two real 
numbers a and b. explain why-in contrast to the situa
tion in part (c) of Problem 47- there exist infinitely many 
differentiable solutions of xy' = 4y that all satisfy the 
condition ,·(a) =b. { 

x 4 if x < 0. 
y(x) = 4 

x ifx ~ 0 

IIIIJ Integrals as General and Particular Solutions 

The first-order equation dyfdx = f(x . .') takes an especially simple form if the 
right-hand-side function f docs not actually invohc the dependent variable y, so 

dr -· = f(x). 
dx 

ln this special case we need only integrate both sides of Eq. (1) to obtain 

y(x) = J f(x) dx +C. 

(l) 

(2) 

This is a general solution of Eq. (I), meaning that it involves an arbitrary constant 
C, and for every choice of C it is a :.olution of the differential equation in (1). If 
G (x) is a particular antiderivat ive of f -that is, if G' (x) = f (x )-then 

y(x) = G(x) +C. (3) 

The graphs of any two such solutions y 1 (x) = G(x) + Ct and J'2(x) = 
G(x) + C2 on the same interval I arc "parallel" in the sense illustrated by Figs. 1.2.1 
and 1.2.2. There we see that the constant C is geometrically the vertical distance 
between the two curves y(x) = G(x) and y(x) = G(x) +C. 

To satisfy an initial condition y( r0 ) = y0• we need only substitute x = xo and 
y = Yo into Eq. (3) to obtain vo = G(x0 ) +C. so that C = Yo - G(xo). With this 
choice of C, we obtain the particular solution of Eq. ( 1) satisfying the initial value 
problem 

dv 
-
1
· = f(x). y(xo) =Yo· 

tX 


