MAXIMIZING THE VARIANCE OF THE TIME TO RUIN IN A
MULTI-PLAYER GAME WITH SELECTION

ILIE GRIGORESCU! AND YI-CHING YAQ?

ABSTRACT. A game with K > 2 players, each having an interger-valued fortune, consists
of choosing a pair (i,7) among the players with nonzero fortunes, flipping a fair coin,
independent of the process up to that time, and refreshing the fortunes by adding one
unit to the winner and subtracting one unit from the loser. All other players’ fortunes
remain the same. The game continues until only one player wins all. The choices of
pairs represent the control present in the problem. While it is known that the expected
time to ruin (i.e. expected duration of the game) is independent of the choices of pairs
(7,7) (the strategies), our objective is to find a strategy which maximizes the variance
of the time to ruin. We show that the maximum variance is uniquely attained by the
(optimal) strategy which always selects a pair of players who have currently the largest
fortunes. An explicit formula for the maximum value function is derived. Additionally, the
maximization problem is solved in a simpler constrained case, where a pair, once chosen,
continues to play until one of them is broke. By constructing a simple martingale, we also
provide a short proof of a result of S.M. Ross that the expected time to ruin is independent
of the strategies. A brief discussion of the (open) problem of minimizing the variance of

the time to ruin is given in the end.

1. INTRODUCTION AND RESULTS

A game with K > 2 players consists of choosing a pair (i,j) among the players with
nonzero fortunes, flipping a fair coin, independent of the process up to that time, and
refreshing the fortunes by adding one unit to the winner and subtracting one unit from

the loser. All other players’ fortunes remain the same. The game continues until only one
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player wins all. The choices of pairs represent the control present in the problem. It is
known [10] that the expected time to ruin E(T) (i.e. expected duration of the game) is
independent of the choices of pairs (i, ). It is then meaningful to investigate the relation
among possible strategies of picking the pairs in terms of the variance of the time to ruin.

The Gambler’s ruin model (GRM) has been used in genetic algorithms (GA) [8] where
T is the time of convergence of the GA. Our model is an idealization which applies as
well to the estimation of the time to reach fixation in an evolutionary model with multiple
genotypes. The players represent the competing genotypes and the time to ruin models the
extinction of one type, or equivalently completing an evolutionary step in favor of the type
with better fitness. This is irreversible, as in Muller’s ratchet model [5, 7], motivating the
GRM.

Let (Q, F, P, {F:}+>0) be afiltered probability space on which a sequence of i.i.d. Bernoulli
random variables with probability of success equal to 1/2 is defined such that for each
t=1,2,..., the first ¢ Bernoulli random variables are measurable with respect to F; and
all the later Bernoulli random variables are independent of F;. (In particular, all of the
Bernoulli random variables are independent of Fy.)

Thereafter we shall denote by n = (m1,...,nK) a configuration with 7; the fortune of
player i and e; the K-dimensional vector with entries (components) equal to zero except at

1, where the entry is one. In this way
(1.1) N =n+e—ej

is the transformation occurring when we pick the pair (7, j) and player ¢ wins. Thus when
the pair (4, ) is chosen, the configuration 1 will move to either 7% (in case i wins) or 77
(in case j wins) with equal probability.

Any sequence of pairs {(i(t), j(t)) }+>0 designating the pair picked at (the end of) time ¢ >
0 (to play at time ¢t+1) will generate a random process denoted by n(t) = (91 (t), n2(t), ..., nx(t)),
the vector of fortunes 7, (t) of players r, 1 < r < K, at time ¢ by updating the configuration
n(t) to n(t + 1) = (n(t))¥ if the pair (i, ) is selected at (the end of) time ¢, plays at time
t + 1 and ¢ wins by sampling the (¢ + 1)-st term of the Bernoulli random sequence.

We shall assume that (i(t),j(t)) € Fi, i.e. the pair to play at time ¢ + 1 is selected
according to the information available up to and including time ¢ of the game. Additionally

we assume that a zero entry in the vector n cannot be selected. Such a random sequence



is said a strategy (or policy) and will be generally denoted by S. The set of all strategies
is denoted S. For any such strategy, the process {n(t)}+>o is adapted to the filtration. In
case the strategy (i(t),j(t)) depends only on n(t) for all ¢ > 0, {n(t) }+>0 is a Markov chain.

For any strategy S € S and an initial configuration n we denote by E,f [-] the expected
value of the process starting with fortune 19 = n which follows the strategy S.

Let N = |n| := Zfil 7; be the sum of all fortunes in configuration n and 7" be the time
to ruin of all but one player (i.e. T is the duration of the game). Note that for any strategy
the time to ruin 7 is a stopping time with respect to {F;}+>0. We also notice that trivially

N = |n(t)| remains constant.

Proposition 1. For any strategy S with T denoting the time to ruin, the process

K
(1.2) )= ()’ -2t, K=>2,
i=1
is an Fi-martingale up to T'. For K = 2, there is only one possible strategy, to pick both

players at all times, denoted by Sy, and the process

1 8
(13) w(t) = (@0 — s0n) —m) +5t,  K=2,
s an Fi-martingale up to T

Proof. Tt is easily shown that ¢;(¢) is a martingale up to T'. Recalling (i(¢),j(t)) € Fi, we
have a.s. on {t < T}

(1.4) EJl(ai(t+1))*[F) = (a1(0)* + 4lminy (t) = mjin (D)), K > 2,

and

(1.5) Epo[(m(t+1) —n2(t+ 1))} F] = (i () —m2(t))* + 24(m () — m2(1)* + 16, K =2,
from which it follows that g2(t) is a martingale up to T'. O

Note that Eq. (1.4) for K > 2, while not needed for the proof of Proposition 1, will be
called for later. Now for K > 2, noting that

K K

@(0) =Y (n:)? and q(T)=N? 2T = (Zm)Q —or,

i=1 i=1



the first martingale gives

(10 LEE (P DU o

i—1 i=1 1<i<j<K
which is independent of the strategy (cf. [10]). For K = 2, the only strategy Sy is deter-

ministic and the second martingale yields the following formula for the variance of T'

(1.7) Var (1) = T2 ((n)* + (m)* =2), K =2.

Hereafter we will write V() = Var;? (T') for notational simplicity.
Since the expected value of T is finite, the stopping time 7' is finite almost surely. While
the expected time to ruin is independent of the strategy, the variance depends on S for

K > 3. In this case, we would like to solve the problems

(1.8) find S, such that VS+ () = sup VS(n),
Ses
(1.9) find S_ such that VS-(n) = éng VS(n).
€

Remark. Since E;Yg (T) does not depend on S, optimizing the variance V*°(n) is equivalent
to optimizing the second moment E;j (T?), but it is more convenient to work directly with
the variance. Also, it is not difficult to show (c¢f. proof of Lemma 1 of [10]) that there
exist0<p<1and0<C<oosuchthatP$(T>t) < Cplforallt>0andallSeS,
implying that supges V(1) < oco. Moreover, V5+(n) and V- (1) are invariant with respect
to permutations of 7.

Adopting the terminology from the literature of dynamic programming and Markov
decision processes (see, e.g. [3]), a stationary strategy S is determined by a (deterministic)
mapping s from the configuration space to the set of pairs {(4,j) : 1 <i < j < K} such
that the pair (i(t),j(t)) is given by s(n(t)). Then the following recurrence holds

(1.10) VE@) = (V) +VE@) + (i —ng)*, (0.4) = s(n),

which follows from the strong Markov property and the well-known conditional variance
formula

(1.11) Var(X) = E[Var(X|G)] + Var(E[X|G])

for any o-field G and random variable X with F(X?) < oo
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In particular, when K = 2 the variance (1.7) satisfies trivially (1.10).
While any stationary strategy satisfies (1.10), only the optimal strategy satisfies Eq.
(1.12) below.

Proposition 2. The dynamic programming equation for the mazximization problem (1.8)
18

1 - y
112 Vi) = SV V) P L Vi) =0,
where the maximum is taken over all pairs (i, ) with n;n; > 0, and n! is any final (terminal)
configuration, i.e. with all but one entry equal to zero. The dynamic programming equation

for the minimization problem (1.9) is (1.12) with max(; y replaced by ming; 4 .
(4,9) (6:9)

Proposition 3. Assume a real-valued function V(n) defined on the (finite) configuration

space satisfies V(n!) =0 for any final configuration nf and

(1.13) Vn) = 5 (V") + V") + (i —ny)*, for any pair (i, j) with nin; > 0.
Then V() > V() for any S € S. If there exists 8" € S such that V(n) = V5'(n), then

S. =S5"and V is the solution to the maximization problem (1.8). The same is true for the

minimization problem (1.9) by replacing > with < in all inequalities.

Proof. For any real-valued function f(n), by conditional probability, we have

(114) Bl + )IF] = 5 (F(@@YO) + f(0) ), 0<e<T 1.

Applying this relation to f =V and using (1.4), the process
1
M(t) =V (n(t) + 3 (@ (1)?
is a super-martingale up to T' and comparison between the expected values at ¢ = 0 and

t = T shows the claim of the proposition. O

Theorem 1. Let the stationary Markovian strategy S+ be defined by s+ (n) = (i,7) where
n; and n; are the largest two values in 1. (In case of ties, any pair corresponding to the
largest two values may be selected.) Then (Sy,V°+(n)) solves the mazimization problem
(1.8). Furthermore, the maximum variance of the time to ruin cannot be attained by any
strategy that ever selects a pair which does not correspond to the largest two values in the

current configuration.



Proof. By Proposition 3, the proposed strategy S, solves (1.8) if V5+(n) satisfies (1.13).
Note that by the definition of S, both sides of (1.13) with V' = V+ are equal if (i, j) with
n;n; > 0 is such that 7; and 7; are the largest two values in 7. Thus it suffices to consider
those pairs (i, j) for which n;n; > 0 and {n;,n;} is not the set of the largest two values in 7.
Indeed, we will show that V5+(n) satisfies the following (stronger) strict inequality

(115) V) > (VIR () + V) + (s — )

for any pair (4,j) with n;n; > 0 and {n;,n;} # {nam1,mm2} where ny1 and npr2 denote,
respectively, the largest and second largest values in 7. Here {n;,n;} and {nam,nm2} are
interpreted as multisets counting multiplicities of elements (cf. page 483 in [9]). (Note
that ny1 and e are equal if two or more entries are tied for the maximum value in 7.)
The proof is done by induction on K, and for fixed K, by induction on IN as stated in
Proposition 7 of Section 5 where the induction step is proven. The most difficult case of
the induction step is proven separately in Section 6. This case requires a lemma, proved in

Section 7. The verification step corresponding to K = 2 is done in Section 4. O

The rest of the paper is organized as follows. Section 2 gives several useful reduction
formulas, which provide an effective way to do explicit calculations in Section 3 and to
permit the induction argument in Sections 4-7. In particular, an explicit formula for the
mazximal value function is presented in Section 3; see Theorem 2. In Section 8, we consider
a constrained version of the maximization problem (1.8) where an (admissible) strategy is
subject to the constraint that once a pair is chosen, it must play until one of the two players
is defeated and eliminated from the game (whose fortune reaches 0). This constrained
version is much easier to solve and the optimal strategy is similar to S, which is to select
a pair of players with the largest two fortunes every time when a player is defeated and
eliminated. The final Section 9 contains brief discussions of the minimization problem (1.9)

(which remains open) and related multi-player gamblers’ ruin problems.

2. REDUCTION FORMULAS

Let n = (m1,...,nK) be a configuration with K components and total fortune N = |n|.
A configuration is said extremal if all except possibly one component are equal and the
unequal one (if exists) has a greater value. In other words, a configuration is extremal if

either all components are equal or all except the (unique) greatest component are equal.



Since the total number N is known, we shall specify only the common value of the smaller
components, so (. designates the configuration with K — 1 components equal to ¢ and one
component equal to N — (K — 1)c (which is greater than or equal to ¢). Thus ¢ must satisfy
the condition K¢ < N. In particular, when ¢ = 0, the extremal configuration (o has only
one nonzero component and is referred to as a final configuration.

For notational simplicity, we shall write P for PS+ and V* (i) for V5+(n) (the variance
of T under the strategy S; with initial configuration n). Two configurations are said
indistinguishable if they are identical up to an ordering (i.e. one is a permutation of the
other). Note that indistinguishability is an equivalence relation, so that the equivalence
class of 7 is the set of all configurations that are indistinguishable from 7. Clearly V' (n) =
V*(n') if n and 1/ are indistinguishable, i.e. VT is invariant with respect to permutations.
A configuration ¢ (or more precisely, the equivalence class of () is said accessible from n
if under the strategy S, it is reached before T" with probability one, i.e. the hitting time
7¢ of (the equivalence class of) ¢ has the property Pf(7; < T) = 1. In what follows, the
words “the equivalence class of” will be omitted unless necessary for clarity purposes.

Among all extremal configurations we single out the one with ¢ = 1. We shall deal

separately with V((1) = V5+((;). First, we look at m(n) := min; ;.
Proposition 4. For any n with m(n) > 1, (1 is accessible from n.

Proof. The case K = 2 is trivial. Below we assume K > 3. Under S, the components with
values equal to m = m(n) will not be touched as long as there exist two larger components.

If n is such that M = M(n) := max; n; = m (all flat), we have two possibilities. In case
M =m =1, n = (1 in the special case when N = K. In case M = m > 2 we play one
turn under the strategy S5 and the two resulting configurations will be indistinguishable,
denoted 7/, for which we have M (n") > m(n') > 1.

Thus we can assume without loss of generality that n has M > m > 1. If there exists
exactly one component greater than m, then n = (,,. If there are two or more components
greater than m, we may view m as a baseline and the set of those components greater
than the baseline continues to evolve under Sy until all except one component equal m.
The strategy S; will simply not look at components equal to m until the process reaches
the extremal (,,, which shows that (,, is accessible. Note that this process up to the

hitting time 7¢,, of ¢, is exactly the same as the ruin problem with the initial configuration
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n—m=(n —m,...,nxg —m), where 7 is the K-dimensional configuration with all entries
equal to m. (L.e. 7, has the same distribution as the time to ruin when the initial
configuration is 7 —m.) As such, P (7, < oo) = 1.

On the other hand, under Sy with K > 3, we have m(n(t)) —1 < m(n(t+1)) < m(n(t)),
i.e. m(n(t)) is nonincreasing and can move down by one unit only. Since (p (the final
configuration when the game stops) has m((p) = 0, it follows that a configuration with
m = 1 will be reached a.s., and based on the preceding reasoning on 7¢,,, the configuration

(1 will be reached with probability one as well. O

Proposition 5. For any n with m(n) > 1
(2.1) Vi =vin-1D+VH(G).

Proof. By Proposition 4, for a given initial configuration n with m(n) > 1, we have 0 <
76, <T < oo a.s. under S;. Write T' = 7¢, + (T' — 7¢,). It follows from the strong Markov
property that 7¢, and T — 7, are independent. Moreover, 7¢, has the same distribution
as the time to ruin when the initial configuration is n — 1, while T — 7¢, has the same

distribution as the time to ruin when the initial configuration is (7. So,
VTtn) = Var;?f (T) = Var;?f (1¢,) + Var;?f (T —7¢,)=VT(n—1)+ VT (),
proving (2.1). O
Let n be a configuration given in ordered form and let ¢ > 0 with the property
(2.2) m<...<n<c<n <... <Nk,

where the strict inequality is to be interpreted that there erists at least one entry strictly

larger than c. We define the configuration flattened up to level ¢, denoted 77‘0, by

(2.3) e =n,, 1<r<i; iqc:c, i<r<K-1;

\© =
K
M= m—(K—i-1e,
r=i+1
which results from following S until all of the last K —i entries (except one) are reduced to
the level c¢. (We remark that the exceptional entry in the resulting configuration has a value
equal to Ef: i+1Mr— (K —i—1)c > ¢, which is not necessarily the K-th entry. Thus we should

interpret 7/¢ as a configuration up to an ordering.) Let (n—¢&)4 == ((n1—¢)+, . .., (Nx —¢)4),



where (z)4+ := max{z,0}. If the configuration n would be restricted to entries 1, (r > 1)
and shifted by ¢ to 5, — ¢, i.e. (§ — &), then the configuration /¢ (restricted to the last
K — r entries and shifted by ¢) coincides, up to an ordering, with the final configuration of
the restricted process, while all other entries n,, 1 < r < ¢, are left unchanged. This shows

that 7 is accessible from 7.

Proposition 6. Let n be a configuration and ¢ as in (2.2), such that there is at least one

entry greater than c. Then nl¢ is accessible from n and
(2.4) Vi) =VH((n—2a4) + V().
In particular, for c = m = m(n) and n not constant, we have nl¢ = ¢ and

(2.5) Vi) =V =m)1) + V7 (Gm) -

Proof. If there is exactly one entry strictly larger than ¢, then n = nl¢ and (2.4) holds since
V*t((n—2)4+) =0, (n—¢)+ being a final configuration.

Suppose there are at least two entries greater than c¢. The reasoning is almost identical to
the proofs of Propositions 4 and 5. Since (n—¢)4 has at least two nonzero components, the
process evolving under strategy S will not touch any entry 7, < c until the entries above ¢
will be flattened out, i.e. until the configuration nl¢ is reached, which we know happens with
probability one. So 7l¢ is accessible from 7. Now write T = 7 + (T —7) where 7 = Tyles the
hitting time of n'c. By the strong Markov property, 7 and T'— 7 are independent. Moreover,
7 has the same distribution as the time to ruin with initial configuration (7 — ¢)4+, while
T — 7 has the same distribution as the time to ruin with initial configuration ¢, from which

(2.4) follows. O

2.1. A reduction formula that gives insight but we do not use in the proof. The
next lemma shows that we can prove (1.15) for any configuration and pair having at least two
entries dominating the members of the pair by proving it for a simplified configuration nl°.
The reader should think of the case ¢ > max{n;,7n;} and should understand the condition
that there must exist two entries exceeding strictly max{#n;,n;} + 1, to prevent interference
when we commute the operation of “moving” between two entries and “fattening” at level

¢ described formally in (2.6) and (2.7) below.



Recall (1.1) that the transformation of 7 consisting of a move from entry j to entry ¢ is

denoted
n" =n-+e —ej.

Lemma 1. Letn, ¢ > 0 and (i,7) be such that max{n;,n;} < ¢ and there exist at least two
entries of n greater than c. Then

(=2 =0" -y =" -0
(26)  VI07) =V - ) ) + V(1)) = VH(n—2)4) + VT((n9)Y)
27) V) =V - o) V) = V(- o)1) + V().
Proof. The operation n — nl¢ involves only entries exceeding ¢. The lemma follows from

Proposition 6 and the fact that 1,7 and 77 differ only in the i-th and j-th entries which

are all less than or equal to ¢ since max{n;,n;} < c. g

3. EXPLICIT FORMULA FOR THE MAXIMAL VALUE FUNCTION

For given K (the number of entries) and N (the total sum of entries), for 0 < ¢ < N/K,
recall that (. is the extremal configuration being all flat at ¢ except possibly one maximal
value. We may write (. = (N — Kc+c¢,c,c,...,c) up to an ordering. The values of VT at
these extremal configurations will allow us to calculate V' (n) for general 7. In some sense,
we need to develop a rudimentary calculus for these structures as presented below.

To make the dependence on K and N explicit, we write
Ce=Cx,N=(N—-Kc+c,cc,...,c) (with K entries summing up to V),
and introduce the convenient notation
(3.1) Wg(N,c) ==V ((xn)=VT(N-Kec+eee,...,c), Kc<N.
We start writing a formula for Wi (N, c¢). Based on (2.1), we have

Wg(N,c) =V (N - Kc+ecc,...,c)
=V (N -Kc+c—1,c—1,....c—1)+VHN-K+1,1,...,1),
=Wg(N — K,c—1) + Wg(N,1).

10



Repeating the same argument,

Wi(N —K,c—1)=Wg(N —2K,c—2) + Wg(N — K, 1)

Wi(N — (c —2)K,2) = Wi(N — (¢ — 1)K, 1) + Wi(N — (c — 2)K,1).

Summing up yields
c—1

(3.2) Wi(N,¢)=> Wg(N -rK,1).
r=0

In these formulas the parameter K does not change. The simpler function Wi (d, 1) with
d > K can be obtained by applying the recurrence formula (1.10) for V¥ to V* = V5+ as
follows. For d > K, we have by (1.10)
Wk(d,1)=VT(d—-K+1,1,...,1)
1 1
= §V+(d—K+2,O,1,...,1)+§V+(d—K,2,1,...,1)+(d—K)2

1 1
(3.3) = 5 Wk (d, 1) + 5V+(d —K,2,1,...,1) + (d — K)*.
By (2.1), we have for d > K

Vid-K,2,1,....,1)=Vtd—-K-1,1,0,...,0)+ VT (d- K +1,1,...,1)

=VT(d-K-1,1,0,...,0) + Wg(d, 1),
which together with (3.3) implies that
(3.4) Wi (d,1) = Wg_1(d,1) + VT (d - K —1,1,0,...,0) +2(d — K)>.

By formula (1.7) for the two-player case for which there is only one strategy denoted Sy,

we have
Vid—-K—-1,1,0,...,0) =V%(d - K —1,1) = é(d—K—l)((d—K—l)erl—Z)
_ é(de)(def - K —2).
It follows from (3.4) that for d > K,

(3.5) Wk (d,1) = Wk_1(d,1) + Q(d — K),

11



where

1 , 1
(3.6) Qz) = gx(m —1)(x—2)+ 22" = gx(x + 1)(x+2).
Note that for d = K, we have by (3.3)

1 1
Wk(K,1) = 5WK_l(K, 1)+ §WK_1(K, 1)+ (K - K)?

— Wi_1(K,1) = Wiy (K, 1) + Q(K — K),

so that (3.5) also holds for d = K. Applying (3.5) repeatedly yields

K

(3.7) Wi (d, 1) = Wa(d, 1)+§Q(d—r) => Qd-r),
r=3
where we have used the fact that
Wo(d, 1) =V50(d—1,1) = Q(d — 2).
Remark. For convenience, we define
(3.8) Wi(d,1):=0 for all d, and V*(n):=0 for all 5 of dimension 1,

which is consistent with (3.1).

Remark. We may derive (3.7) alternatively by considering K —1 subgames each involving
two players. Specifically, let T" be the time to ruin under Sy with initial configuration
n=(m,...,nx) =(d—-K+1,1,...,1) = (1 k4. We take the convention that in case of
ties, S; picks the lower-indexed players. Since n3 = ... = ng = 1, under Sy players 1 and
2 continue to play until one of them has fortune 0 and is eliminated. Then the survivor
(with fortune d — K + 2) plays with player 3 until one of them has fortune 0, and so on.
Thus the original game is decomposed into K — 1 subgames where the i-th game involves
two players with fortunes d — K +iand 1 (i =1,..., K — 1) for which the time to ruin 7;
has variance V°°(d — K +1i,1) = Q(d — K +i—1). Since T =Ty + ...+ Tk_1 and the T/s
are independent, the variance of T is V1 ({1 x.4) = Wk (d,1) = Q(d— K) + ...+ Q(d — 2),
agreeing with (3.7).

We are now ready to derive a formula for V(1) for general n. Let 0 <y <y < ... <1,
be the distinct values present in 7, in increasing order. Let 1 < p = p(n) < K be the total

12



number of such values and let ¢, 1 < k < p be the multiplicities of the values 7. Note
that

p p
(3.9) Yte=K, [nl:=) by =N
k=1 k=1

Here we have assumed that n has no zero entries, i.e. m(n) > 1. In case m(n) = 0, we
simply reduce 7 to a lower-dimensional configuration by deleting all zero entries. By (2.5)

with m =} and (3.1), we have
VEim) =VTn—np)+ V+(Cng,K,N) = VT (n—n}) + Wk (N, ).

Since with all zero entries removed, n — 1} reduces to a lower-dimensional configuration

with K — /1 entries summing up to N — K7} and the minimal entry value being 1, — 1},
g up )1 M2 — ™

we have by (2.5) with m = n}, — n}
V= 1)) = V(= 1)+) + VF (Gt k—tr N—En)

=V —15)4) + Wik_e, (N — Ky, b — 17}).

Repeating this argument, we have for r =0,...,p—1

VI —m)+) =V —mi)) + V(G -y n,)
(3.10) =V = 1)4) + Wi, (Nes g1 = 7).
where 1 := 0, V*((n —1})4) := 0, and
(3.11)
T P P
K, = K—Z&, N, = N—Z&min{né,nﬁ,} = Z Li(nb=nl), r=0,...,p—1.
i=1 i=1 i=r+1

Note that Ky = K and Ny = N. Summing up (3.10) over r = 0,...,p — 1 yields the

following formula for V*(n).

Theorem 2. The maximal value function is given by (1.7) if K = 2. For K > 3 and forn
with p distinct nonzero values 0 < nj < ... < 771’0 and multiplicities £,.,r = 1,...,p satisfying

(3.9), we have

p—1

(3.12) VEm) =D Wi, (Neynfoir = 1)),
r=0

13



where K, and N, are given in (3.11) and Wi (N, ¢) is given in (3.2), which can be reduced
to the special case ¢ =1, as shown in formula (3.7) for Wi (d, 1).

4. CASES K =2 AND K =3

Case K = 2. In this case, (1.15) is trivially satisfied, since there is only one pair (1,2)
and hence there is no (¢, ) such that {n;,n;} # {nam1, nm2} = {m,n2}. It is useful to look

at the next simplest case K = 3 which can be calculated explicitly.

Case K = 3. Let n = (a,b,c) with min{a,b} > ¢>1and N =a+ b+ c. By (2.5) and
(3.2),

(4.1) VH(a,b,c) =V (a—c,b—c,0)+Ws(N,c)
c—1
=VHa—cb—c0)+> Wi(N —3r1).
r=0

By (1.7) and (3.7),

VHa—eb—c0) = %(a—c)(b—c)[(a—c)Q—i-(b—c)2—2],
W3(N —3r,1) = Q(N —3r —2) + Q(N — 3r — 3)
1

= (N =3r = 2)(N = 3r — 1)(2N — 6r —3),

implying by (4.1) that for min{a,b} >c>1and N =a+ b+ ¢,

c—1

(42)  VHabe)=Ula—c,b—c)+ % SOV =3 — 2)(N = 3r — 1)(2N — 6r — 3),
r=0

where

(4.3) U(z,y) = %1@/(3:2 +y2—2).

Fora>b>c>0,let

Ags := VT (a,b,c) Vt(a,b+1,c—1)+ VT (a,b-1c+1)] - (b—c)?

1
2
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which is the difference between the two sides of (1.15) with (7,5) = (2,3). Now for a > b >
¢+ 2, letting o := a — ¢ and f := b — ¢, we have by (4.2)

Doy =Ula, §) — 5 (Ul +1,6+2) + Ul — 1,6~ 2)) — 5

—|—é((N—?)c%—1)(N—3c+2)(2N—6c+3)—(N—30—2)(N—30—1)(2]\7—66—3))

—U(a, B) — %(U(a—i—l,ﬂ—i—Q)—l—U(a—l,B—Q)) iy
+é((a+5+1)(a+5+2)(2a+25+3)—(a+5—2)(a+5—1)(2a+25—3))
=a’+af > 0.
Fora>b=c+1anda>b=ec it can be shown that
Aoy = (a—c)(a—c+1)>0.
Let
Ags = V*(a, b, c) — %[v+(a+1,b,c— )4+ VHa—1,b,c41)] - (a— )2

which is the difference between the two sides of (1.15) with (4,j) = (1,3). Similarly, by
(4.2), for a > b > ¢, it can be shown that A3 = (a — ¢)(b — ¢) + (b — ¢)? > 0. This proves
that (1.15) holds for K = 3. (It should be noted that the induction step in the next section

covers K = 3.)

5. THE INDUCTION STEP

Let S(K) be the following induction statement.
S(K) : For any K’ < K and any N > 0, the function V1 (-) satisfies
1 ij ji
(5.1) vEem) > 5 (VEG) + V) + (= mp)?,

for any pair (i, ) with n;m; > 0 and {n;,7;} # {nam1, nar2} where na1 and 772 denote the
largest two values in 7. Note that (5.1) is (1.15) where VT = VS+. (As remarked before,
by the definition of strategy S5, both sides of (5.1) are equal if (7, ) is such that n;n; > 0

and {n;,m;} = {na1, a2}
For K =2, S(K) is true trivially. The next proposition concludes the proof of Theorem

Proposition 7. For each K > 3, if S(K') is true for all K' < K, then it is true for K.
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Proof. For K > 3 fixed, we start an induction on N. Note that for m = m(n) = 0,
1 has at least one zero entry, which reduces to a K’-dimensional configuration for some
K' < K, so that (5.1) holds by the induction hypothesis. Furthermore, if m = m(n) =
M = M(n) := max, n,, then all entries in 7 are equal, so that there is no (4, 7) such that
{ni,n;} # {na1,ma2}, implying that (5.1) holds trivially. Thus it suffices to consider the
case M > m > 1 (implying that N > K). In light of (2.1), we shall prepare by observing
that for pair (4,5), n + 1 = (n + 1)¥ is well defined if m > 1, and 0¥/ — 1 = (n — 1)¥ is
well defined if m > 2. With this in mind we now proceed by induction on N (with K > 3
fixed).
Assume that (5.1) holds for all N’ < N (N > K) and we want to prove it for N.

Case m > 2. We have m(n”) > 1 and m(n’*) > 1 for any pair (i, ), so that by (2.1)

(5.2) Vi) =vimn-D+V Q)
(5:3) VEm?) =V =D+ VH(G) = V(- DY)+ VT(G)
(5-4) VI = Ve =D +VHGQ) = V(-1 + VH(G).

This gives, for any pair (4, j) with {n;,n;} # {nm1, nm2},

(5:5) Vi) = 5 (V) + V) = V=D = 5 (V= D) + V(= D)
> (i —1) = (g = 1))* = (g — my)*,

where the inequality is due to the induction hypothesis applied to the configuration n — 1
for which the total fortune is N — K < N and

{n—=1)s,(n—=1);} ={mi—L,m; — 1} # {marn — Lz — 1} = {(n — Darr, (n — D asa}

Case m = 1. If the pair (7, j) does not contain any minimum (i.e. min{n;,n;} > 2), the
above argument for m > 2 (i.e. (5.2)-(5.5)) works identically. Also recall that it suffices
to consider M > m > 1. Thus it is the case M > m =1 and min{n;,n;} = 1 that will be

done separately in Section 6. (]

Remark. The case m = 1 stands apart from all others because either (5.3) or (5.4) cannot
be applied when the pair (7,j) contains a minimal value, say n; = m = 1. It is perfectly
correct to drop one unit on all entries based on (2.1) which is done in (5.2). Applying

the transformation n*/ which increases the i-th entry to 2 and shifting by 1 is possible as
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they clearly commute. However, the transformation 7" which lowers the i-th entry to zero
would not commute with the one unit shift as (7 — 1)7% is not properly defined. Moreover,
(2.1) does not apply to 1/¢ since m(’") = 0. Thus (5.4) does not hold. As a result, the
induction step (5.5) breaks down.

6. THE CASE m =1 < M AND min{n;,n;} =1

In this section we consider the case m =1 < M and min{n;,n;} = 1. We shall assume
without loss of generality that ¢ = 1 and 71 = 1. Thus j > 2 and n; > 1. With ¢ denoting
the multiplicity of 1 in 1, we write the configuration = (1;,&), where the subscript to
the vector of ones marks its dimension. (This notation is sometimes suppressed when no
danger of confusion can arise.) Then £ is a (K — ¢)-dimensional vector with the total sum
of entries [£] = |n| —|1¢| = N — £ and the minimum value m(¢) > 2. (Note that £ < K since
m(n) =1 < M(n).)

We write V£ (n) = V(1) with the subscript K denoting the dimension of the argument

7. This is necessary in order to keep track of the reduction formulas of the type (6.4) below.

Case ¢ > 2 and 7; = 1. This treats the case when we pick two minima. Without loss

of generality, assume 1y = n2 = 1, j = 2. (Note that {n1,m2} = {1,1} # {1, a2} since
M = a1 > 1.)
We need to prove inequality (5.1), i.e.

(VE(U—€1+€2)+VE(H+€1—62)> >0.

(61) Vietn) -

The inequality contains no (1n; — nj)Q term since the two entries are equal. As n—ej +e9

and 7 + e; — eg are indistinguishable, (6.1) reduces to

(6.2) Vi (10,€) > ViE(2,0,10-9,8) = ViE_ (2, 10-9,¢) ,

where we have used the projection identity V! (&, 0,) = VE_Z(f) which removes the zero
entries by lowering the dimension K correspondingly.

We have by (2.1) (recalling Wi (N, ¢) :== V(¢ kn) in (3.1))

(6.3) Vii(n) = Vi (1,€) = ViE (0, € = 1) + Wi (N, 1)
= Vi (€ =1) + Wk(N,1),
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where for notational simplicity we have suppressed the subscript K — ¢ to the vector 1 in
¢ — 1. Similarly, by (2.1),

(6.4)
V[_('_(27 O? I5—27 g) = V;71(27 If—27 5) = V}—(f—fl(17 65—27 5 - I) + WK—l(N7 1)

= Vi 1 (1L,E=1)+ Wg_1(N,1)

=V 10,6 =2) + Wi _p1(N — K +1,1) + Wg_1(N, 1)

= Vi (6 =2) + Wk—pa (N = K+ 1, 1) + Wi_1(N, 1)

=VE (—T1) =Wk (N —-K, 1)+ Wg_r1(N— K +1,1) + Wg_1(N,1).
The last line has replaced V& ,(£—2) by V;& (¢ —1) — Wk _¢(N — K, 1). This follows from
(2.1) applied to V;&_,(§ — 1) where | —1| = [{| - (K —{)=(N —-{)— (K —{)=N - K.
Note that if K — ¢ =1, we have Vi (6 —2) = VE (6 —1) = Wg_¢(N — K,1) := 0 (cf.

(3.8)).
The advantage is that both last lines in (6.3) and (6.4) contain V¥ ,(€ —1), and the rest

are known computable quantities. Now (6.2) is equivalent to
Wi (N, 1) — Wi_1(N,1) > Wg_ps1(N — K +1,1) — Wi_o(N — K, 1),
which by (3.7) is equivalent to
QN -K)>Q(N - K —1).
This is true since Q(x) is an increasing function for x > 0.

Case /> 2 and n; > 1.
Note that (Zaj) = (17.7)7 n= (1375)7 77” = (1375) —ejter and TIJZ = (1575) tej—er Note
also that the entry n; > 1 is an entry of {. We show inequality (5.1) using the following

terms. First
= VIJ(F—K—i-l(O?g - I) + WK(Na ]-) )

where we have intentionally kept one zero entry resulting in the dimension K — ¢+ 1. This

equals

(6.6) Vi (16,6) = Vi (1,E) = Wi 11 (N — €+ 1,1) + Wi (N, 1),
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where we have used the identity VIJ{JH(LQ Vit 041(0,6 = 1) + Wk g1 (N — £+ 1,1)
which follows from (2.1).
Second, with e} denoting the (K — ¢)-dimensional vector of zeros except for a one at the

location where 7; appears in &,
(6.7)
+0(7 +o 7 !
VK((]'Z)f) — €5 + 61) = VK (27 1[—175 - 6])

:V[J(r(la(_)ﬂ—lvf_e;_i)—i_WK(N?l)
= v;_mu,g — e’- — 1)+ Wgk(N,1)
= Vi 12,6 =€) = Wg_gp (N — 04+ 1,1) + Wk (N, 1)
= Vi (1,8 —€f +er) = Wg_ga(N — £+ 1,1) + Wg(N, 1),

where e} = (0,¢}) (the (K — £+ 1)-dimensional vector of zeros except for a one at the

location where n; appears in (1,£)), and the fourth equality follows from the identity

Vi 12,6 =€) =V (LE—e) = 1)+ Wg_gp1(N — £+ 1,1).

Vi (16,6) +ej —e1) = Vi£ (0,11, € +€f)

= Vi (L1, §+€)) = Vi (01, §+ € — 1) + Wi _1(N, 1)

= Vi (§+¢;— 1)+ Wg_1(N,1)

=Vii_(§+¢j) = Wi_y(N—0+1,1)+ Wg_1(N,1)

= Vi 100,64 ¢€)) = Wg_o(N —€+1,1) + Wxg_1(N, 1)

= VK e+1((1 £) + 6 —e1) = Wg (N =L+ 1,1) + Wg_1(N,1),
where e = (0, ¢, ) Notice that we have brought the same terms in terms of K — K — ¢+ 1.
Since the pair (4, j) = (1, 7) satisfies {n1,n;} # {nam1, nar2}, it follows that the two entries
1 and n; in (1,€) are not the pair consisting of the largest two values in (1,£). By the

induction hypothesis applied to the configuration (1,¢) of dimension K — ¢+ 1 < K, we

have
1
V[—(tul(l»f) 9 (VK g+1((1 §) — e;’ +e1) + VK g+1((1 §) + e;’ - 61)) - (1- 77j)2 > 0.
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It remains to show that the extra terms that appear in (6.6)—(6.8) add up to a nonnegative

term, which means that

[_WK—Z—H(N —L+1, 1) + WK(N7 1)]

= %([—WK,Hl(N — 01,1+ W (N, D]+ =Wk (N = €+ 1,1) + W1 (N, 1)]) 2 0,

or equivalently,
(69) WK(N, 1) — WKfl(N, 1) > WK_g_H(N —f+1, 1) — WK_Z(N —0+1, 1).

By (3.5), the left and right hand sides of (6.9) both equal Q(N — K). Thus (6.9) holds as

an equality.

Case { =1 and n; > 3. This treats a subcase of n, > 2 for all » > 1. The subcase
n; = 2 is treated in the next subsection. The reason we adopt n; > 3 is (6.11) where we
reduce the configuration by two units. Writing n = (1,&), note that all entries of £ are
greater than 1. Since 7; > 3, all entries in § — ¢ —
vector of all entries equal to zero except a one at the location where 7n; appears in .

First,

2 are nonnegative where e; denotes the

(6.10) Vi (L,€) = Vg (0,6 = 1) + Wi(N,1)
=Vi (€-1)+Wgk(N,1).
Second, using n; > 3,

(6.11)  VE((1,€) —¢j+e1) = V(2,6 —¢€))
J

where we have used the identity

Vi (E—1-¢€)) =V (€—¢j—2)+ Wg_1(N - K —1,1).
Third,
(6.12) V(1,8 +e5—e1) = VE(0,£+¢€))

=V (E+e) =ViE ((E=T+e€)) + Wi 1(N,1).

20



We need to establish
1
(6.13)  VZ(1,6) - 5(‘/1?((1,5) —ejte) +VE((1,6) +e¢j - 61)) —(n; —1)*>0.

By (6.10)—(6.12), the left hand side of (6.13) equals A + B where

_ 1 _ _
(6.14) A=V (e-1)- 5(V;_l(g —T+e)+ Vi (61— e;-)) — (nj —1)?

and
(6.15) B =Wg(N,1) - %( ~ Wg_1(N — K —1,1) + Wg(N,2) + Wg_1(N, 1)).
By (3.2), (3.7) and (6.15),

9B = 2Wi(N,1) — (— Wi 1 (N — K —1,1) + Wi(N, 1) + Wi (N — K, 1) + Wg_1(N, 1))
= (Wk(N,1) = Wk_1(N,1)) = (Wk(N — K,1) = Wg_1(N — K — 1,1))
=Q(N-K)—Q(N-K—-2)=2(N - K)>

So we have
(6.16) B=(N-K)=.

By (6.14) and (6.16), (6.13) is equivalent to

Vi€~ 1) — 5 (Vi (€~ T4 e 4 Vit y (€~ T—€)) = (g — 1) + (N = K)? >0,
which follows from Lemma 2 in Section 7 (and concludes the proof of the most difficult
case). Note that N—K, K—1,£—1,n;—1 and e;» here should be identified, respectively, with
N,K,n,n; and e; in (7.1) of Lemma 2. Note also that m(£) > 2 implies that m(§{ —1) > 1
and N — K > K — 1 as required by Lemma 2.

We are left with the case £ = 1 and n; = 2. Without loss of generality, assume j = 2.

Let ¢ be the multiplicity of 7y = 2.

Case (=1,n; =2 and ¢ = 1.
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Write n = (1,2,&) where all entries in £ are greater than 2. (Note that £ cannot be
vacuous since K > 3.) We have by (2.1)

(6.17) Vi (1,2,8) = ViE(0,1,€ — 1) + Wk (N, 1)
= VK—l(laE - i) + WK(N7 1)
= Vi (0,6 =2) + Wi 1 (N — K, 1) + Wk(N, 1)

=V 5(E—2)+ Wg_1(N — K,1) + Wg(N, 1),

and by (2.5) (with m = 3)
(6.18) Vi (0,3,6) = ViE_1(3,6) = ViE_1(0,€ = 3) + Wk_1(N, 3)
= Vi (€ —=3) + Wg_1(N,3)
= Vi _5(6=2) = Wk _o(N = 2K +1,1) + Wk _1(N, 3),

where the last line follows from the identity
Vi (6 =2) = Vif 5(€ = 3) + Wg2(N - 2K + 1,1).
Since VE((1,2,§) —e1+eg) = V§(0,3,§) and VE((LQ,&) +e —eg) = V;{(l, 2,¢), the
inequality (5.1) is equivalent to V£ (1,2,£) > V;£(0,3,€) + 2. By (3.2), we have
Wi_1(N,3) = Wig_1(N,1)+ Wg_(N - K+ 1,1)+ Wg_1(N — 2K +2,1).
By (3.7), (6.17) and (6.18),

Vlé'r(l’ 2’5) - VE(O,B,S) [WK(N 1) Wik - 1( 1)]

— [Wg_1(N — K +1,1) = Wg_1(N — K,1)]

— [Wg_1(N = 2K +2,1) = Wg_o(N — 2K +1,1)]
=Q(N - K) —

=[RQIN-K)-Q(N =K - 1]+ [QN - 2K +1) - Q(N - 2K)]

[QIN—K —1)— Q(N — 2K + 1)] - Q(N — 2K)

>12 > 2,
since Q(z) —Q(z — 1) =z(x+1) > 12 forx >3 and N — K > 3.
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Case (=1, =2 and ¢ > 2. Let n = (1,2,2p_1, &) where £ is possibly vacuous. We
single out one “2” to explicitly carry out the transform corresponding to the pair (1,2).

Note that ¢ is of dimension K — ¢ — 1 with [§| = N — 2¢/ — 1. We have by (2.1)

(6.19) Vi (1,2,20-1,8) = ViE(0,1,1p1,€ = 1) + Wk(N, 1)
=Vi (L,1p-1,£— 1) + Wk (N, 1)
=Vi 1(0,0p-1,§ = 2) + Wg_1(N — K,1) + Wk (N, 1)
=V 1(€=2)+ W1 (N - K,1)+ Wg(N,1),

and

(6.20)

Vi (0,3,20-1,6) = V£ 1(3,201,€)
= Vi (1,0p1,6 — 2) + Wi_1(N,2)
= Vi_p(1,€=2) + Wg_1(N,2)

+ Wi_o(N — 2K +2,1) + Wx_1(N,2)

where the last equality follows from the identity
Vi ((€=2)=VE , [(E=3)+ Wk p_1(N—2K +1,1).

(Note that if £ is vacuous, V;&(1,2,2p_1,€) and V;£(0,3,2p_1,€) reduce to Wx_1(N —
K, 1) + Wg(N,1) and Wg_1(NN,2), respectively.) As in the preceding case, the inequality
(5.1) is equivalent to

(621) Vg(l’Q’if’—laé) > VK(0737 iﬁ’—l)f) +2.
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Noting by (3.2) that Wx_1(N,2) = Wg_1(N,1)+ Wx_1(N — K+ 1,1), we have by (6.19)
and (6.20) that
V]—{i_(L 27 éf'*lv ‘S) - V[—{"_(Ov 37 25/717 5) =

= [Wk (N
[WK (N —2K 42 1) WKfé’—l(N — 2K + 1, 1)]

Wr_1(N, )]+ [Wk_1(N — K,1) = Wg_1(N — K + 1,1)]

1) -

(

=Q(N - K)+[Q(N —2K +1) = Q(N — K —1)] — Q(N —2K) by (3.7)
SQIN-K)—Q(N—-K—-1)=(N—K)(N—-K+1)>6, since N—K >2,

establishing (6.21). This completes the proof.

7. LEMMA 2

In this section we have the same notation V;(n) for the value function under Sy in

dimension K as in Section 6.
Lemma 2. For N > K > 2, for configuration n with m(n) > 1 and N = |n|,
(7.1) V;(n)—%(Vﬁ(n%—ej)—l—‘/?{(n—ej))—77?+N2>0.
Proof. We first consider the special case N = K > 2 and = 1x. By (3.7),
2V () = ViE(n+e5) = ViE(n —ej) =

= 2Wi (K, 1) — Wi(K +1,1) — Wg_1(K —1,1)

=[Wk(K,1) = Wg_1(K —-1,1)] = [Wg(K +1,1) — Wg(K,1)]
= QUK —2) — QUK — 1) = ~K(K — 1) > 2(1 - K%) = 2(} — N?),

establishing (7.1) for this case. Next for the case K = 2, note by (1.7) that V& (n1,m2) =
U(n1,n2) where U(z,y) = (1/3)zy(2? + y* — 2) as defined in (4.3). Then for N > K = 2,
the left hand side of (7.1) (with j = 1) equals
ViE( )—E(W( +e)+Vi(m—er)) —ni +N?
K1 o \VK nTel K\ —€1 m
1
=U(m.m) = 5 (U(m + L) +U(m -1, 772)) — 1% + (1 + 1)
= —mnz =i + (L +n2)* = mnz +n3 >0,
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establishing (7.1). (The case with j = 2 is done by symmetry.) Thus we have shown that
(7.1) holds for all 2 < K < N with either K =2 or N = K.

To prove the general case with N > K > 3, in similar fashion as in the proof of Proposi-
tion 7, we do induction on K, and for fixed K, induction on N. Specifically, with 3 < K < N
fixed, suppose (7.1) holds for all 2 < K’ < N’ with either K’ < K or K/ = K and N’ < N.
Then we need to prove that (7.1) holds for (K, N).

Case m = m(n) > 2 or m =1 < n;. Like in (5.2)-(5.4), if m > 2 or m =1 < n;, we
may apply the induction step immediately for n — 1 for which K’ (the number of nonzero
entries in n — 1) is at most K and N’ :=|n—1| = N — K < N. Clearly, N' > K’ > 1. In
the special case K’ = 1 (arising when m = 1 < n; and n; = 1 for all ¢ # j) for which the
induction hypothesis does not apply, we note that n,n + e; and n — e; are respectively the

extremal configurations (1 g n,C1,x,N+1 and (1 g, N—1, so that
ViE(m) = Wi(N,1), Vii(n+e;) = Wi(N +1,1), Vii(n—ej) = Wi(N —1,1).
The left hand side of (7.1) equals C'+ D where
C::—njz—l—N2:—(N—K—i-l)z—i-N2 (since nj =N — K +1),

(7.2) D :=Wi(N,1)— é(WK(N FL1) Wi (N - 1,1))

= 5 ([WK(N, 1) = Wi(N = 1,1)] = Wi (N +1,1) = Wi (N, 1))
= (0N = 2) ~ QN — K ~ 1] - [QN 1) = Q(N ~ K]} (by (3.7)
= 2 (0¥ — )~ @V — K — 1)) - [Q(N ~ 1) — QN ~ 2)))

(7.3) - %(N K)N—K+1)— %N(N 1.

It follows that C' + D = g(N) — g(N — K 4+ 1) > 0, where
1
(7.4) g(x) =2 — iar(x — 1), an increasing function in x > 0.

This establishes (7.1) for K/ = 1.

We now consider N’ > K’ > 2. Let n denote the K’-dimensional vector derived from n—1
by deleting all zero entries, and let e;- be the K’-dimensional vector of zeros except for a one
at the location where n; —1 appears in 7. Then m(n’) > 1l and || = N-K =N’ > K' > 2.
By the induction hypothesis applied to n' (for which either 2 < K’ < K or K’ = K and
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N’ < N), we have

1 — _
(VG -T+e) + Vi -T-¢)

1
= Vi) = 5 (Vi + ) + Vi = ¢)) > (= 1) = (N = K)2

(7.5) a:=Vin-1)

Since by (2.1)

ViE(n) =ViE(n— 1) + Wi (N, 1)

Viim+e) =ViE(n—1+¢;) + Wg(N +1,1)

V+(77—€j) = VE(T}—T—BJ’)-FWK(N— 1,1),
the left hand side of (7.1) equals

o+ Wk(N,1) %(WK(NJr L)+ Wie(N — 1L1)) = + N
>((nj—1)2_(N_K)2)+D—n§+N2 (by (7.2) and (7.5))

=D+ N?*—(N-K)*>—2n;+1

>D+N?—(N-K)?-2(N-K+1)+1 (sincen; <N—K+1)

= SN K)(N K +1) = IN(N 1)+ N* = (N~ K)? 2N = K +1)+ 1 (by (7.3))
:%(N*K)(N*KJrl)*EN(N71)+N2—(N—K+1)2

2
=g(N)—g(N—-K+1)>0 (by (7.4)).

This completes the proof for the case m > 2 or m =1 < ;.

Case m = 1 = 7;. Let ¢ be the multiplicity of the minimum value 1. Without loss of
generality, assume j = 1. Write n = (15,€) = (1,14_1, &) where £ is a vector of dimension

K — ¢ with m(&) > 2. Note that £ cannot be vacuous (since N > K), so K — ¢ > 0.
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By (2.1),

V[J(r(lvif—laé) = VE(036€—17§ - i) + WK(Nv 1)

(7.6) =V (E—=T1)+ Wgk(N,1),
Vie(0,10-1,8) = Vii_ (101, 8)

=V (021, = 1)+ Wi_1(N —1,1)
(7.7) =Vi (E-1)+Wg_1(N—1,1),

ViE(2,10-1,8) = ViE(1,00-1,6 — 1) + Wi (N + 1,1)
= Vi o (1L,E=T) + Wg(N +1,1)
= Vit 10,6 =2) + Wi_pi1(N — K + 1,1) + Wi (N +1,1)
= Vi (6 =2)+ Wr_rp1(N — K+ 1,1) + Wi (N +1,1)

(78) = V]?_E(S - 1) - WK—E(N - Ka 1) + WK—Z-FI(N - K+ 1, 1) + WK(N +1, 1) )
where the last equality follows from the identity
Vi (6 =) =V (6 =2) + Wk (N - K, 1).

(Note by (3.8) that if K—¢ =1, we have V;{_,(£—2) = V;{_,(-1) = Wx_o(N—K,1) =0.)
By (7.6)(7.8),

9 5=V — 5 (VO T, + V2 Te1,6)
— Wg(N,1) — %(WK_l(N “1,1) — Wr_go(N — K,1)
4+ Wkt (N — K +1,1) + Wi(N + 1, 1))
—D+- (WK( 1) — Wroi (N — 1, 1))
-5 (WK,M(N K +1,1) - Wr_g(N — K, 1)) (by (7.2))

:D+%Q(N—K—1)—%Q(N—K—1):D.
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Thus, the left hand side of (7.1) equals

B—n?+N?=D—1+N?
>D—(N-K+1)?24+N?
1 1
:§(N—K)(N—K+1)—§N(N—1)—(N—K+1)2+N2 (by (7.3))

=g(N)—g(N—-K+1)>0 (by (7.4)).

This concludes the proof of the lemma.

8. THE CONSTRAINED CASE

In this section we shall consider only strategies where once a pair is chosen, it must
play until one of the two players is defeated and eliminated from the game (whose fortune
reaches zero). After that, another pair is chosen and the game continues with the new pair
until one is defeated, and so on, until all but one are defeated, at time T'. We are once
again interested in maximizing Var(T'), the variance of the duration of the game.

Recall (1.7) for the variance of the duration of the game with only two players. Let
Uz,y) = tzy(a? + y> — 2) (cf. (4.3)).

We shall denote by S* the “constrained maximal” strategy, given by choosing the pair
with the largest two values, letting them play, and continuing with the new pair with
largest values at the end of the round between the first pair and so on. Let V}5(n) be the
corresponding value function. We shall prove that S* is optimal and unique to achieve the
maximum variance.

Let n = (m1,7m2,-..,nK) be an initial configuration, where K is the number of players
at t = 0. Plainly, V;#(n) is invariant with respect to permutations of n. With the players’
fortunes arranged in descending order 11 > 1m2 > ... > ng, strategy S* first picks the pair

(1,2) for the first round and then pick the winner (survivor of the first round between the
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pair (1,2)) together with player 3 for the second round and so on. It follows easily that

Vi) =V, oome) + Vg _pam + oo+ ne,meg1, ), 2< <K —1,

®1)  Vg)

U(7717772) + Vl)é—l(nl + n2, M3, ... 777K)
U(ni,ne) + U@ +n2,m3) + Vig_o(m +m2 + 03,4, - ., 1K)

K-1
Z Ul + .o+ 0r0r41) -
r=1

Proposition 8. For any pair (i,7) with {n;,n;} # {nn1,nm2},

(82) Vie(n) > Viea(n™) + Ui, my)

where Ny and nara denote the largest two values in 1, and n(9) is the (K —1)-dimensional
vector which is derived from n by adding an entry n; + n; and deleting two entries n; and
nj-

Proof. Note that the two sides of (8.2) are equal if {n;,n;} = {nar1,nm2}. The proof of

the proposition is done by induction on K. For K = 3, it is done by direct computation.

Specifically, for n = (n1,n2,m3) with m1 > 12 > 13, we have
Vf’é_l(n(13)) =U(m +mn3,nm2), and Vié_l(n(%)) =U(n2+n3,m) -

It is readily verified that

Viem) = [Vi_1 ") + U1, ms)] = mmnz(ne —n3) > 0, if 2 > 3,
Viem) — [Vi_1 () + U(n2,m3)] = mmens(m —ns) >0, if gy > 13,
implying that (8.2) holds for K = 3.

Now suppose (8.2) holds for K — 1 (K > 4). We need to prove that it holds for K.
Without loss of generality, assume that 71 > 72 > ... > ng. Let (i,7) be a pair with

(8.3) i<j and {n;,n;} # {nm1, v} = {m,m2}-

Necessarily, 7 > 3.

Case 1. Suppose {n;,n;} N {n1,m2} # 0. By (8.3), we have n; € {m1,n2} and m > 7;.
(Recall that {7;,7n;} is interpreted as a multiset counting multiplicities. It is possible that
both 7; and 7; belong to {n1,n2} but {n;,n;} # {m,n2}, which arises when m > n =1n; =
1;-)
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The left hand side of (8.2) satisfies

Vie(,m2, - ni) = Vi1 (m +n2,m3, ... .nx) + U(n1,m2)

(8.4) > Vie_o(m +m2+nj,m3, o M1, Mj+15 - - 0K) + U(m +n2,m5) + U(n1,m2)

where the equality is by (8.1) and the inequality is true from the induction hypothesis
(noting that the inequality becomes an equality if 71 + 72 and 7); are the largest two values
in 1 = (g +m2,m3, ..., k).

Subcase 1(1). Suppose {n;,n;} N {n1,n2} = {m}, i.e. n; =m. Without loss of generality,
assume ¢ = 1. Then the right hand side of (8.2) satisfies

V;éfl(n(lj)) =+ U(Th?n]) = Viéfl(nl + NisM2,M3y -« -5 Nj—1,T5+15 - - - 77]K) + U(mﬂ?])
(85) = VI?—Q(TH + N5 + 2,73y« o3 Mj—15 15415+« 77K) + U(nl + 773,772) + U(nla 77]) P
where the first equality is just re-stating the definition of n(*%) and the second equality uses

the definition of the constrained maximal strategy S* (observing that 7 4+ n; and 7y are

the largest two values in (1)), By (8.4) and (8.5), to prove (8.2), it suffices to show

(8.6) U(m +mn2,m5) + U, m2) > U(m +n5,m2) + U, n;) -
Letting
(8.7) n' = (1,72, 13) == (1,2, M),

the left and right hand sides of (8.6) are, respectively, V5 (1) and V5 (n’(3) + U(n}, n).
The inequality (8.6) is true since (8.2) holds for K = 3 and {n},n5} # {n},n5}.

Subcase 1(ii). Suppose {n;,n;} N {n,n2} = {n2}. Then 1n; = np. Without loss of
generality, assume ¢ = 2. We further assume that 77 > 72 (otherwise, it reduces to the

preceding subcase). The right hand side of (8.2) satisfies

Vi () U(naymy) = ViE_1 (01,2 + 15513, -+ Mj— 15 Mt 1 -« -, 1) + U (72,775

(8.8) =Vg_om+m+n5m3,-,0j—1, 041, ----nK) + U2 +nj,m) + U(n2,1;) »

where the second equality follows from (8.1) upon observing that 1, and 7y + n; are the

largest two values in n(%7). (We remark that we do not need to know which is larger between

m and 72 + 1;.)
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By (8.4) and (8.8), to prove (8.2), it suffices to show

U(m +n2,m5) + U, m2) > Umz +n5,m) +U(nz, n;) -

With 7’ as defined in (8.7), this inequality is stating that

Vi () > Vo () + U, )

which is true as (8.2) holds for K = 3 and {n}, 75} # {n}, 75}
Case 2. Suppose {n;,7;} N {n,n2} = 0. Then m > n2 > n; > n;.
Subcase 2(i). n; +n; < n2. By (8.1), the left hand side of (8.2) equals

(8.9) Vit (n) = Vieoa ") + U (m, m2),

while the right hand side satisfies

(8.10) Vi (W) + Ui mg) = Vis_oy (D) 4 U (i, m2) + U (i, my),

where (12 denotes the (K — 2)-dimensional vector which is derived from 7 by adding
two entries 11 + 72 and 7; + n; and deleting four entries 71,72, 7; and n;. Note that (8.10)
follows from (8.1) upon observing that 7, and 79 are the largest two values in nl7). By

(8.9) and (8.10), (8.2) is equivalent to
Vﬁ—l(n(lm) > VI?—Q(U(R)(”)) + U(nza 77])7

which is true by the induction hypothesis applied to the (K — 1)-dimensional vector 77(12).
(Note that the largest value in 2 is 1 + 72 > n; > n; and that n(12@) is the (K — 2)-
dimensional vector which is derived from the (K — 1)-dimensional vector n1?) by adding
an entry 7; + n; and deleting two entries 7; and 7;.)

Subcase 2(it). Suppose n;+n; > n2. First consider the pair (i, j') = (1, 1) for which (8.2)

holds since this corresponds to subcase 1(i). So,

(8.11) Vietn) > Vie a0+ Unngr) = Vie a0 + UG, me).
By the induction hypothesis applied to 77(”), we have

(8.12) Viea(nM) > Vi o (") + U+ i, mg),

where n(1) is the (K — 2)-dimensional vector which is derived from 7 by adding an entry

m + n; + n; and deleting three entries 7, 7;,7; (which can also be defined as derived from
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71 by adding an entry (1 +n;) + n; and deleting two entries n; + 7; and 7;.) Note that
in (1), 1; < m2 so n; is not the second largest value.

Noting that n; and 7; + n; are the largest two values in n(i7) (since m; +n; > n2), the
right hand side of (8.2) (corresponding to the pair (4, 7)) satisfies by (8.1)

(8.13) Vie_ (DY + Uiy ng) = Vie_o0Y D) + U (e, ms + ny) + Ui mj).-

By (8.11)—(8.13), to prove (8.2), it suffices to show

(8.14) U +ni,m5) + U, mi) > U, e +n5) + Ui, m;)-
Letting " = (n{,n5,n5) == (m,ni,n;), (8.14) is equivalent to
Vi (") > V5 (")) + Unf, n5),

which is true since (8.2) holds for K = 3 and n{ > nj > nj. O

Theorem 3. The strategy S* is optimal and unique to achieve the maximum variance in

the constrained case.

Proof. Inequality (8.2) is the analogue of (1.15) for the constrained strategies. This shows
that V; is an upper bound for the value function of the game. Since V is realized for the
strategy S*, V is equal to the value function of the game. The optimal strategy is unique

since (8.2) is a strict inequality.. O

Remark. Since in the constrained game, a pair (7, j) continues to play until one player is
defeated, there is no intrinsic randomness in the game. The control (choice of pairs) is the
only variable, and as such, the optimization is a finite dimensional problem unlike the main
problem in the paper. The value of the game is an explicit function calculated in K — 1
recursive steps, written in terms of U(xz,y). Then V}i(n) is the maximum over sequences of
pairs (i, 7) of length K —1. It is of interest to note that in order to maximize the variance of
the duration of the game in both constrained and unconstrained cases, one should always
pick a pair of players who have currently the largest fortunes whenever selection of a pair

is called for.

9. CONCLUDING REMARKS

We introduced the “maximal” strategy Sy which is stationary Markovian, defined by

s+(n) := (i,j) where n; and n; are the largest two values in 7. We showed that S

32



uniquely attains the maximum variance of the duration of the game, i.e. Sy along with the
corresponding value function V+(n) solves the maximization problem (1.8). However, for
the minimization problem (1.9), we have yet to find a strategy that attains the minimum
variance of the duration of the game. A natural candidate strategy is the “minimal”
strategy S which is stationary Markovian, defined by 3(n) = (i,7) where 7; and n; are the
smallest two values in 7. Unfortunately, this strategy does not yield the minimum variance.
As an example, consider the case n = (11,72,m3) = (1,2,2). Under S, players 1 and 2
continue to play until one of them has fortune 0 (and is out of the game). It follows that
Vg(n) = U(1,2)+U(3,2) = 24. (For this special configuration = (1,2,2), S happens to be
an “admissible” strategy in the constrained case.) On the other hand, consider the strategy
that selects players 2 and 3 to play at ¢ = 1 and then selects the loser and player 1 to play
at t = 2. At the end of t = 2, only two players survive with fortunes 2 and 3. Thus the
variance of the duration of the game under this strategy equals U(2,3) =22 < 24 = v (n).

It may be instructive to consider the minimization problem for the constrained case as
in Section 8, which is relatively easier to deal with. Again, a natural candidate strategy is
to select the two players with smallest fortunes every time when a player is defeated and
eliminated from the game. We refer to this strategy as S’. While it can be readily shown
that S’ attains the minimum variance in the constrained case for K = 3, the following
example demonstrates that S’ does not attain the minimum variance in general. For K = 4
and a configuration n = (11, 72,13, n4), consider strategies S; and Ss in the constrained case
where S7 (S92, resp.) selects players 3 and 4 (2 and 3, resp.) to play in the initial round
(until one of them is defeated), and then selects players 1 and 2 (1 and 4, resp.) for the
second round. At the end of the second round, only two players survive who then play till

the end of the game. It can be shown that

VI () = V2 (n) = (m1 — n3) (2 — na) (M7 + 1270a).

If 1 > 12 > 13 > ng, then V51 (n) > V2(n). If, in addition, n3 + n4 > 0y, then S; = 5,
which yields a larger variance than Ss. In fact, in this case Sy attains the minimum variance

in the constrained case. It is also worth noting that

Vo (n) = V3 (n) = (m — ma) (2 — m3) (mma + nams) > 0,
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where S3 is the strategy that selects players 2 and 4 in the initial round and selects players
1 and 3 in the second second. Even in the constrained case, the minimization problem (1.9)
does not seem to admit a simple solution.

Finally, we conclude the paper by reviewing some relevant literature. The so-called K-
tower problem is concerned with the strategy Si that at each time t, a pair is chosen
at random among all players remaining in the game and the game stops as soon as one
player’s furtune drops to 0. For K = 3, Engel [6] obtained a simple formula for the
expected duration with the help of extensive computer calculations, while Stirzaker [12]
used martingale theory to drive the formula. Bruss et al. [4] later derived the variance and
the probability distribution of the duration for K = 3, and also argued convincingly that
no simple formula for the expected duration can be expected for K > 4. Engel [6] and
Stirzaker [12] also considered the ruin problem where the game stops when one player wins
all, and found the expected duration under Sg for general K (cf. (1.6)). Later Ross [10]
showed among other things that the expected duration is the same for all strategies. We
gave a short proof of this result by constructing a simple martingale (cf. (1.2)).

There are other versions of the multi-player gamblers’ ruin problem. In particular, the
so-called multi-player ante one game consists of K players each with initial (interger-valued)
fortune n;,7 = 1,..., K. At each time t = 1,2, ..., each player with positive fortune puts
one unit in a pot, which is then won (with equal probability) by one of them. Players whose
fortunes drop to 0 are eliminated. Let T be the total time player i stays in the game.
(Equivalently, T is the first time when player i’s fortune either drops to 0 or reaches the
maximum [n].) Let T = max; T, the duration of the game. Let T be the total time when
exactly j players are in the game. Note that T'= Tk + ...+ 15 and that Tk is equivalent
to the first time when at least one player’s fortune drops to 0. Martingale theory has been
used to derive E(T), E(T™) and E(T}) for K = 3; see [2, 6, 11]. See also [1] for related

results. No simple formulas are available for K > 4.
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