ERGODIC PROPERTIES OF MULTIDIMENSIONAL BROWNIAN
MOTION WITH REBIRTH'

ILIE GRIGORESCU! AND MIN KANG?

ABSTRACT. In a bounded open region of the d dimensional space we consider a Brownian
motion which is reborn at a fixed interior point as soon as it reaches the boundary. The
evolution is invariant with respect to a density equal, modulo a constant, to the Green
function of the Dirichlet Laplacian centered at the point of return. We determine the re-
solvent in closed form and prove the exponential ergodicity by Laplace transform methods
using the analytic semigroup properties of the Dirichlet Laplacian. In d = 1 we calculate
the exact spectrum of the process and note that the principal eigenvalue is equal to the
second eigenvalue of the Dirichlet Laplacian, correcting an error from a previous paper.

The method can be generalized to other renewal type processes.

1. Introduction

This paper generalizes to higher dimensions the results of [7]. Let R be a bounded open
region in R? with a smooth boundary (to make things precise, of class C?) such that the
origin O € R. For x € RY, let W, = (wz(t,w), {F}+>0) be a Brownian motion on R? such
that P(wg(0,w) = z) = 1. On the region R, for any = € R, we define a process {z;(f,w) }+>0
with values in R which is identical to a standard d dimensional Brownian motion until the
almost surely finite time 7 when it reaches the boundary, then instantaneously returns to
the origin O at 7 and repeats the same evolution indefinitely. This is the multidimensional
version of the problem described in [7], which may be called Brownian motion with rebirth,

since after emulating the Brownian motion with absorbing boundary conditions (in other
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words, killed at the boundary) it is reborn at the origin. The state space can be shown
to be compact with the topology described in (2.14) creating a shunt at the return point.
As a consequence, the dynamics has an invariant measure. We identify it as the Green
function for the Laplacian with pole at £ = 0, modulo a normalizing factor, and prove the
exponential ergodicity in Theorem 1. The key part of the proof consists in establishing that
the semigroup corresponding to the rebirth process is analytic, that is, proving estimate
(2.23).

In section 7.4 of [10] the average time a Brownian motion starting at x spends in the
set B C R before hitting the boundary is determined as 2 [ G(x,y)dy. Our particle will
repeat the trip from the origin to the boundary indefinitely and will stabilize in time,
by ergodicity, towards the measure which gives the mean value over all configurations.
The proof is analytic and uses essentially the conditions needed to carry out the contour
integration in the complex plane in order to calculate the inverse Laplace transform (based
on Proposition 3), which are the same as the sufficient conditions for an analytic semigroup
from Theorem 7.7 in [12], applied to the Dirichlet Laplacian.

There are two venues for applications of the rebirth process.

The first originates in a variant of the Fleming-Viot branching process introduced in [1]
and studied further in [8]- [9]. Assume that the singular measure d¢p giving the distribution
of the rebirth location of the Brownian particle is replaced by a time-dependent determin-
istic measure u(t, dx). The tagged particle process from [9] is an example in the case when
u(t, dx) is the deterministic macroscopic limit of the empirical measures of a large system of
Brownian particles with branching confined to the region R. In particular, in equilibrium,
the updating measure pu(t,dx) is constant in time, being equal to u(dz) = ®1(z)dx, the
probability measure with density equal to the first eigenfunction of the Dirichlet Laplacian
(normalized). The closed formula (2.22) captures the renewal mechanism imbedded in the
process. The estimates needed for the Laplace transform inversion formula are easier to
obtain in an L? norm than in the uniform norm. A reference in that direction is again [12].
The proofs presented in this paper are easy to modify in order to include the L? case. More
precisely, it should be pointed out that when the measure pu(dr) has a density in L?(R)
part of the analysis carried out for establishing (3.4)-(3.6) is simplified due to the explicit

form of the resolvent of the Dirichlet Laplacian in the square norm.



The degeneracy of the update distribution at the origin gives a local (pointwise) character
which increases considerably the difficulty of the problem. In that sense, one needs the
analytic semigroup results from Stewart [13] and [14].

The second application is coming from mathematical finance. If {S(¢)}+>0 denotes the
asset process in a model for the derivative markets, then log.S(t) is typically assumed to
follow the path of a geometric Brownian motion (see [3], also [6]). The double knock-out
barrier options have payoff equal to S(t) as long as it belongs to a region R with the
prescription that it falls back to zero as soon as the barrier or boundary is reached and
starts again.

In any dimension, Theorem 1 (i) describes the spectrum 0 = Ag > Ay > A2 > ... of
the generator of the process as a subset of singularities appearing in the resolvent formula
(2.22), and the existence of a spectral gap is established (ii). In dimension d = 1 we are
able to calculate the spectrum of the generator of the process exactly, and show that the
spectral gap is equal to the second eigenvalue of the Dirichlet Laplacian A; = A\3’*. This
corrects an incorrect statement from [7], which is only true in one direction, namely that

the spectral gap is at least equal to bes, or more precisely \; < )\‘fbs (ind=1).

2. Results

We shall denote by (2, F, P) a probability space supporting the law of the family of
d-dimensional coupled Brownian motions indexed by their starting points € R. Let A be

an open region in R? and x € A. In general we shall use the notation
(2.1) Tp(A) =inf{t >0 : wy(t,w) ¢ A},

the exit time from the region A for the Brownian motion starting at x. Occasionally we
shall suppress either z or the set A if they are unambiguously defined in a particular
context. We shall define inductively the increasing sequence of stopping times {7, },>0,
together with a family of adapted nondecreasing point processes {N;(t,w)}s>0 and the
process {z;(t,w)}>0, starting at € R. Let T, = 79 = inf{t : w,(t,w) ¢ R}, while for
t < 79 we set Ny(t,w) = Ligry (we(t, w)) and 2 (t,w) = we(t,w) — fg wg(s,w)dNy(s,w). We

notice that z, (70—, w) = wy(79,w) € R. By induction on n > 0,
Tn
(2.2) it = inf{t > T ¢ wat,w) — / 25, w)dNa(5,0) ¢ R)
0
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which enables us to define, for 7, <t < 7,41,

(2.3) Ny (t,w) = Ne(Tn,w) + Ligry (22(t—, w))
as well as
(2.4) 2z (t,w) = wy(t,w) — /0 2z (8, w)dNz(s,w) .

We notice that z,(t,w) = 0 for all ¢ = 7,,. The construction and the summations present in

(2.2) and (2.4) are finite due to the following result.

Proposition 1. The sequence of stopping times 19 < 11 < ... < Ty, < ... are finite for alln
and lim,, oo T, = 00, both almost surely. Also, the integer-valued processes N, (t,w) defined
for t > 0 have the properties (i) they are nondecreasing, piecewise constant, progressively

measurable and right-continuous, and (ii) for any x € R, P(Ny4(t,w) < c0) = 1.

Proof. By monotonicity, since the expected value of the first exit time from a ball centered
at the origin is finite in any dimension d (for example, in [15]), we deduce that E[T] < co.
As a consequence, T' = T, < oo a.s.. The time intervals between 7,, and 7,41 (we include
71 = 0), for any n > —1 are either T} for the first exit time or independently identically
distributed as Ty for all the rest. Since P(T, = 0) = 0 for any « € R the sequence is strictly
increasing. Moreover, E[1,] < oo, which implies P(7,, < co) = 1. The differences 7,41 — 7

are i.i.d. when n > 0 which shows that lim,, . % > 0 implying that 7,, — oo a.s..

The processes N, (t,w) > 0 are clearly nondecreasing, integer-valued and piecewise constant.
They are right-continuous by construction (2.3) preserving the same value until the next
boundary hit. Progressive measurability is a consequence of the fact that the first exit

times {7, } are stopping times. O

Let A € B(R) and pgps(t, z,y) denote the absorbing Brownian kernel

(2.5) /Apabs(t,x, y)dy = P(wx(t,w) €A t< TI(R)) .

The operator A with Dirichlet boundary conditions on 0R has a countable spectrum
(A% )iz

(2.6) 0> PS> \gbs >



with corresponding eigenfunctions {®,,(z)} and

b
Aabst

(2.7) Pass(t..y) = D exp (
n=1

)8u@)®u(y).

The functions {®,(x)} are smooth and form an orthonormal basis of L?(R) (reference [10],
or [4], (6.5)). The resolvent of the absorbing Brownian motion applied to f € C'(R) will be
denoted by

abs _ OO —at
(2.8) R 5@ = [ [ et s )yt

In the following, the Laplace transform of the first exit time 7, (R) from the domain R

of a Brownian motion starting at x will be denoted by
(2.9) hi(a) = Eyle TR = / e~ h® (t)dt .
0

where h*(t) is the density function of T,;(R). The Laplace transform (2.9) exists on the
complex plane for all & with R(«) > )\‘fbs (see, in that sense, the remark following Theorem

1) and can be extended (page 211, [16]) to the resolvent set.

The law of the process {z;(t,w)}+>0, adapted to {F;}+>0 will be denoted by @, and the
family of processes {Q;}zer Will be denoted simply by {Q}. The construction described
by equations (2.2) through (2.4) can be made deterministically for any x € R and each
path w,(-) € C([0,00), R?) resulting in a mapping preserving the progressive measurability

(2.10) B(wy(")) = wy(-) — /'wm(s,w)dm(s,w).

0
With this notation ® : C([0,00),R?) — D([0,00),R) and Q, = W, o ®~! is the law of
the process {z;(t,w)}+>0 with values in the region R, a measure on the Skorohod space
D([0,50), R).

Let m € Zy, a = (a1, 09,...,0q) € Z% be a d dimensional multi-index vector and we write
la] = Z?Zl ai. f ACR? and f : A — R, we use the standard notation
olal
o) f () !

T 02710237 .. 0ag

if the derivative exists. Naturally C™(.A) is the set of functions for which all derivatives
with multi-indices a such that |a| < m exist and are continuous. We recall that the process
{zz(t,w)}+>0 is adapted to the filtration {F;}+>o corresponding to the underlying standard

d-dimensional Brownian motion.



Proposition 2. If f € C?>(R)NC(R), then

Q1) el = f@) = [ GARGs)ds = [ (70 = Fenls.0) a5,

is a Fi - martingale with respect to Q.

Proof. The proof is identical with the d =1 case from [7]. O

Let
(2.12) D={feC¥R): Via| <2, 3lim, 0@ [(z) R, b IR}
Dy = {f €D :Vbe IR, lim,_ f(z) = f(())}

Corollary 1. If f € Dy then

(213) Flealti)) = 1@) = [ 5AF ol

is a Fy - martingale with respect to Q.

The next result allows us to regard {z;(¢,w)}+>0 as a process with continuous paths on the

compact state space X obtained by identifying the boundary 0R and the origin O.

Let X = R with the topology 7 generated by the neighborhood basis

(2.14) Ver = <§B(z,r) : ¥r > 0such that B(z,r) C R\ {O}} ifx #0
' Vo, = {B(0,r)U (UbeaR (B(b,r)ﬂR)) ;€ (0, %d(a:,c?R))} ifz =0.

Remark: The space (X,7) is compact and homeomorphic to a sphere in R with the
North and South poles identified. The boundary conditions from below introduce a shunt

at the origin which is responsible for the intrinsic asymmetry of the evolution.

We define the class of functions of class C? up to the boundary {0} of X \ {0}

(215) DX)={feC*X\{0}): ImdYf(z)eR, 0<|a| <2,y e {0} UIR}
T—Y

with the notational convention that the one-sided limit lim, ., g(z) is defined as lim,_., g(x)
in the topology inherited from R? by the set B(0,7) C R, r > 0, in the case of y = 0 and
X NB(y,r),if y € IR.

The inclusion mapping Z : D(X) — D is defined as D(X) > f — Z(f) € D, where
Z(f)(z) = f(i(x)) and i(x) = x is the identification mapping from R to X.
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Under the inclusion mapping Z : D(X) — D we define the domain

(2.16) Do(X) = {f €D(X) : Vb EIR  lim f(z) = lim f(:c)}.

r—b

Corollary 2. Let Q, = Qg 0i~ ! be the measure induced on C([0,00), X) byt : R — X.

Then, @ solves the martingale problem for the Markov pregenerator
1
(2.17) £ = (5Ax,Po(X))

with the convention that Ax f = AZ(f) for any f € Do(X).

Remark 1. The intrinsic asymmetry of the process with respect to the direction the Brow-
nian motion enters the origin is given by the boundary conditions on X \ {0}. The domain
is composed of functions which are C? up to the boundary {0}; yet the one-sided limits on
the ‘south pole’ neighborhood are equal, ensuring C? regularity on the lower sheet of the
domain, while the one-sided limits on the ‘north pole’ (that is, the boundary inherited from
OR) are non necessarily equal, with the exception of the multi-index |a| = 0 which ensures

continuity.

Remark 2. We note that the domain Dy of the original process on R is not dense in C(R).

Proof. The argument does not change with d > 1 and is presented in [7]. We refer to
[11] for the definition of a Markov pregenerator. The properties of f € Dy(X) ensure that
W = C(X). In addition, we have to show that if z is a maximum point for f, then
Af(x) <0. If z # 0, this is a consequence of Taylor’s formula about z. At x = 0 we can
still apply the standard argument which shows that V f(0) = 0 because it only depends on
the ball B(0,7), which is a subset of a neighborhood of the origin in (X,7) as well, and

then necessarily Ax f(0) < 0. The rest is immediate from Proposition 2. O

In the following we shall use the notation || f[|%) for the supremum norm of the bounded
function f and we assume that the domain R has boundary OR € C?. We also recall that
the Laplace transform of the first boundary hit (2.9) is analytic on the resolvent set of the

Dirichlet Laplacian (2.6) due to the analyticity of the resolvent all over the resolvent set

([16)).



Given ¢ € (§,7), we denote by Up(¢) = Up the sector of the complex plane containing
the positive real axis and bounded by the two half-lines (x, % tan(¢)x) for z < 0 and, for
R > 0, we denote by Uy(R, ¢) the truncated sector

(2.18) Uo(R, ¢) = {a arg(a)] < ¢, |af > R}.

Theorem 1. Let P(t,x,dy) be the transition probability for the process {Qu}rer. For any
t > 0 the measure P(t,z,dy) is absolutely continuous with respect to the Lebesgue measure
on R and, if N.(t,w) is the total number of visits to the boundary up to time t > 0, its
probability density function p(t,z,y) is given by

(219) p(t,x,y) = pabs(ta x,y) +/0 pabs(t - S>O7y>dE[Nx(3aw)]

where

o0

(2200 ElNu(s,w)] = 3 P(Nu(s,w) > n) = /0 S0 5 (0 )

and satisfies the properties:

(i) for f € C(X), the contraction semigroup

(2.21) Suf () = /R Pt x.9)f () dy

maps continuous functions into continuous functions (generating a Feller process). The
spectrum o of the infinitesimal generator of (2.21) is contained among the eigenvalues of
the Dirichlet Laplacian (2.6), the zeros of 1 — ;La(a) and there exist ¢ € (3,m), R > 0
and M > 0 such that the resolvent set o(L) includes the union of (Ai*%,00) \ {0}, the right
half-plane R(c) > 0 and the truncated sector Us(R, ¢) from (2.18).

The resolvent Ry f = fooo e~ S, fdt of (2.21) is a meromorphic function on the resolvent
set of the Dirichlet Laplacian with a simple pole at A\g = 0

(2.22) Raf(x) = R f(z) + Ro £(0)—12)_
1—hO«)
satisfying
M
(2.23) 1Raflom < lfllom ¥ o € Us(R.9),

|

(i) the residue at o = 0 has kernel

(2.24) py) = TG0, y)dy



where G(x,y) is the Green function of the Laplacian with Dirichlet boundary conditions and

(iii) if a* is the nonzero element of the spectrum o with mazimal real part, then

sup R(a) =R(a") <0

aca\{0}
and, for any f € Dy(X)
1 X
(2.25) thm Zlog sup  ||Sef(z) —/ p(:v)f(m)d:nﬂc(ﬁ)) = R(a").
e £l <t R

Corollary 3. The process {Q} is exponentially ergodic.

Remark. The function defined by (2.9) has an analytic continuation on the resolvent set
of the Dirichlet Laplacian, and can be re-written directly in terms of the resolvent R as

shown in equations (3.1)-(3.2).

3. Proof of Theorem 1

Proof. (i) The derivation of (2.19) does not depend on the dimension d € Z4 hence we can

refer to the proof of Theorem 1 in [7] directly.

By definition, the Laplace transform of a function g(t) is equal to g(a) = [ e *g(t)dt
whenever the integral converges. From equation (2.5) P(Ty > t) = [ pass(t,z,y)dy we see
that

(3.1) e () = E[e—aTz} S / et dP(T, > t).
0
For R(a) > 0, we derive
B2 W)= [ oy - aRP1e) =1 - ek ()
R

where 1(z) is the constant function equal to 1 and R%* is the resolvent of the half Laplacian
with Dirichlet boundary conditions (the infinitesimal generator of the absorbing Brownian
motion) from (2.8). If ¥(a) > 0 and arbitrary x € R we immediately have ]ﬁz(a)kc < 1.
Relation (2.19) is derived in [7] for d = 1 but the proof is identical in higher dimensions.
With this in mind, for #(a) > 0, we obtain from (2.19) and the formula (2.20) established
in [7] that

/ P, 7, 9) f(y)dy = / Ba(on 2, y) F(y)dy +
R

R
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—
[e.e]

_,_/R@(a,o,y)f(y)dy(Z(hx*(ho)*7"_1)>(0‘)

n=1

- [ Ftes s+ [ P00 ) 3 ) )

which proves (2.22) on {« : R(a) > 0} in the form

1 — aR%®1(x)

(3.3) Rof(z) = Rngf(x) + RZbe(O) aRabs1(0)

For any f € Do(X) the resolvent R f(z) is analytic on C\ {\%* : n > 1} ([16], page
211, applied to the generator of a semigroup), which implies that (3.3) can be extended as
a meromorphic function outside the spectrum (2.6) of the Dirichlet Laplacian.

We shall use the results on analytic semigroups generated by strongly elliptic operators
under Dirichlet boundary condition from [13] and [14]. The domain of Dirichlet Laplacian
is not dense in C(R) in the uniform convergence norm, yet there exists a ¢o € (§,7) for
which C(R) belongs to the domain of the resolvent operator for any « in Uy. Moreover,
there exist Ry > 0 and M?* > 0 such that the main estimate for analytic semigroups (see
[12] and [16])

abs

o

(3.4) HRZbeHc(ﬁ) < Hch(ﬁ) for all o € Up(Ro, ¢o)

is valid.

We want to extend the estimate (3.4) to the resolvent (3.3) to obtain (2.23). We prove that
aRq f(z) stays bounded for a € Up(R, ¢) C Up(Ro, ¢o). It is sufficient to show that there
exist a radius R’ € [Ry,00), an angle ¢’ € (T, ¢o] and a constant M > 0 such that

1— absl
(3.5) sup  sup aRgbsf(O)M

< M||flloer -
a€lUy(R',¢') z€R aRbs1(0) ‘ C(R)

Since |aR%* £(0)| can be bounded using (3.4) we only have to show that

(3.6) sup  sup ‘1 - aRgbsl(:c)‘ < o0
acUp(R!,¢') zER

and

3.7 inf |aRg1(0)] > 0.

(3.7) actilhs gy |0 Fa (0)
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The resolvent identity applied to the constant function 1 for «, 8 € (L) reads
R%bsl — R%1 = (a — ) R%bs (R%s1)
and implies
(3.8) (I-(@1- g) aRW%%) (BRY®1—1) = aRW*1—1.
Let 8 = |a|. Since we have ||[aR%|| < M in the operator norm from C(R) to C(R),
then for all « in the truncated sector Uy(Ry, ¢o),

1= (= Dyang ) < (1 2m) = by

Therefore,

g

abs
(39) laRe1~1] oy = (1 (1~

) aRe”) (BRE*1-1) ||y < Mil|BRE1-1l ) -

Since 3 > 0 we can write ﬁRgbsl(x) —-1= —ﬁz(ﬁ) from equation (3.2). The uniform bound
for (3.6) is hence equal to
(3.10) M, sup sup Ele” 1] < My
a€Uo(R!,¢') TER
for any R’ > Ry and ¢’ € (%, ¢].

Assume that (3.7) is false for any Up(R',¢(R’)) where R' > Ry and ¢(R') € (5, ¢o]
is of the form ¢(R') = Z + arcsin(5;). Let R, — co. Then, there exists a subsequence
{nk}r>1 such that {o,, } € Up(Rp,,¢(Ry,)) violates the lower bound (3.7). The domain
Up(R', ¢(R')) is closed to complex conjugation and the complex norm from (3.7) is invariant
to conjugation. This shows that we can assume, without loss of generality, that $(ay,, ) > 0.
For simplicity we subindex the subsequence by n as well.

We write oy, = rp, exp (z(g + en)> Naturally r, > R, — oo and also €, < arcsin(Rin).
On the other hand, we can select a subsequence such that liminfe, = 0. Otherwise there
exists € > 0 such that ¢, < —e for large enough n. This, together with the inequality
| R251(0)] > 1 — [A9(a,)| derived from (3.2) and

lim |?L6(an)‘ < lim E[efrncos(gfe)TO] -0

n—oo
would imply a contradiction with the assumption on {c,,}. We have shown that ¢, — 0.

Equation (3.8) can be re-written in the form

g(ﬁRg"ﬁ(:p) —1) + (1 . é) (I - aRg”S) (BR%*1(z) — 1) = aR™*1(z) — 1.

(3.11) -

11



Choose
Bn = Tp €Xp (z(g — 5n)>

L ). Then the second term from (3.11) applied to 2 = 0

T

with §,, = arcsin(

3

‘ (1 - g) (I - aRng) (BRA*1(0) — 1)‘
has the upper bound

ﬁ Q, aos ﬁ aos
1= Z|1 = areM I BRE"1(0) — Ll ogmy < |1 = =] @+ 1),

where we used (3.4) for the operator norm and (3.9)-(3.10) for the uniform norm. This
term vanishes as n — oo since ’1 — % < 2‘ sin(%%)

The first term in (3.11) at x = 0 satisfies the bound

2 s mepr10) - 1) <

B, R%1(0) — 1‘ <

E[e*g*(ﬁn)TO] — E[e*“n Sin(én”TO} - E[e*WTO] ~ 0.

These estimates show that as n — oo, the left hand side of (3.11) vanishes meanwhile
the right hand side approaches —1 by the assumption made on the sequence {«,,}, which
is a contradiction. This concludes the proof of (3.7).

On the real axis, the function 716(04) is the Laplace transform of the first hitting time
of the boundary, equal to 1 at o = 0 and non-increasing on (A, 00). The function is
analytic wherever R% is analytic, hence 1 — ﬁa(a) has no other zeros on a neighborhood
of (A%, 00).

Since R%*f is analytic in the union of Uy with the right half-plane R(a) > A%, the
denominator 1 —ﬁa(a) from (3.3) has only isolated zeros. We conclude that all singularities
of the resolvent R, contained in the resolvent set of the Dirichlet Laplacian are poles

coinciding with the zeros of the denominator.

(ii) and (iii). We can compute the residue at o = 0. Multiplying (2.22) by «, we get

aRg” f(0)

aR. f(x) = aRy” f(x) + aR1(0)

(1 - aR1(x))

Since R f is analytic in a neighborhood of o = 0, it is enough to figure out the limit of

aR, f(x) as a — 0 along the positive real axis. By dominated convergence, or directly from

12



the continuity of the resolvent R%S at ov = 0, we see that lima_o4 @R f(z) = 0, and that
(0% (0%

. aR® f(0) [ G(0,y) f(y)dy _/ (
a—0+ aRgf’Sl(O) N fRG(an) dy B Rp

where p(y) = G(0,y)( [ G(0,y) dy)~".

All singularities, with the exception of zero, have negative real part. First, the sin-

y) f(y) dy

gularities must be among the zeros of the denominator aR%*1(0) = 1 — l/La(a) since the
resolvent (3.3) is a meromorphic function on Up and the numerator is analytic. If #(a) > 0
then ]l/zﬁ(a)| < 1. The case a = ik, with £ € R is equivalent to showing that the Fourier
transform of a probability density function f(t) can never attain the value one except at
k = 0. The transform is [;°e " f(t)dt = 1 implies that [;°(1 — cos(kt))f(t)dt = 0, a
contradiction. Let o, o™ be the nonzero elements of the spectrum with the largest two
values of the real part, that is 0 > R(a*) > R(a™*).

Let € be a positive number, chosen sufficiently small to satisfy the following construction.
There exists a positive constant R > max(Rp, 2R(a**)/ cos ¢*) and an angle ¢* € (5, ¢)
such that we can construct a piecewise smooth, continuous non-intersecting infinite contour
L, with the following properties:

(1) L, coincides with the half-lines {(x, £ tan(¢*)x) : = < 0} for |o| > R§ > R', where
R’ is given in (3.5),

(2) Super, Rla) < R(a™) + 5,

(3) the sets o \ {a*} and {«a*,0} are separated by L., such that {a*,0} is contained in
the same component as the positive real axis,

(4) there exists a constant C' > 0, independent of €, such that the length of the contour
segment L. N B(0, R) is bounded above by CRy.

The proof of part (iii) is analogous to that of part (iii) in Theorem 1 in [7]. Let R > Rj.
We denote by AL = (Rcos(¢*), £Rsin(¢*)) and Bx = (g, =Rsin(¢*)).

Proposition 3 provides an inversion formula for the resolvent R,. For ag > 0

1 [foo+ioo
(3.12) Sif(x) = / e R f(x)do .
270 J g —ioco
Apply Proposition 4 to f — R f and both poles (; — 0 and (g — o*, with (] = R(a™)+§,
(= RNa™) +e < R(*), @ = —¢ and ¢ = ag — §, taking sectors with sufficiently
large aperture to include the infinite region to the left side of L.. Notice that the bound
M in the proposition is a bound in operator norm, that is ||Ra f|| < M||f||. At a = 0 the
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resolvent has a simple pole, and let m be the (possibly greater than one) multiplicity of the

pole at a = a*. Combining formulas (3.18) and (3.19) for the multiple pole a*, we write

tm_l

EA( 1)) = e (Cof() 4 1Cf 4o+ o Conf ) + 6 @)

with the error term Ep(t, f)(z) such that sup) s <1 [|[EF(t, f)(@)[| ~ o(e®™)+ety and ¢y,
1 < i < m are bounded linear operators. Then, from the Cauchy formula,

(3.13) |S¢f(x) — Res(0; ¢ Ro f (2)) — Fu(t, f)(x)] <

1
%‘/A ) ¢ Ry f(z)da| + E(, R)| f].

The error term is the sum of the integrals over the horizontal segments Ay By and A_B_,
which approach zero for large R, plus as the error corresponding to the infinite branches
|$(ar)| >> Rsin(¢*) in the principal value (3.17). More precisely, there exists a positive
constant Cy independent of ¢, ¢ such that £(t, R) < CoR™'e®! for any t.

Due to properties (1) - (4), the integral over A_ Ay from (3.13) is bounded above by

(3.14) el R £ (M (e) + Ma(e, 1))
where M (€) = (277)_1CR0(SuPaeB(O,RS)OLe HRaH) and

Y abs 0o Y abs | os b

(M + M ) / e[rcosqb*—(e—‘r%(a**))}tdr < 2(M+ M )e[—iRO‘ - ¢ It} )
TR} R wRj| cos ¢*|t

In (3.15) we used (3.4)-(3.5) for the resolvent (3.3). We can further bound Mas(e,t) by a

constant Ma(tg), independent from € and ¢ > to. Finally, if M (e,t9) = Mi(e) + Ma(to), we

(3.15) Ma(e,t) =

*
0

have shown that

(316) |Sif(2) - /

R
For large t, we have ||Fy(t, f)|| < eRP,, (1), with P, (t) = 32751 (|Gl |/3)t +e. Writing

N = s |Si@) - [ o) sy

£l <1

and C(t,e, R) = et ROV (e, 10) + E(t, R), we have

p) F) dy — Fu(H)(@)| < RN M (e t0) | £] + £ B S]]

ROP (1) — C(t,e, R) < N(t) < e®)P,,(t) + C(t, ¢, R).
Let R — oo, obtaining the inequalities

Rl (Pm(t) el RE@) RO pr (e, to)) < N(t)
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and
N(t) < R (Pm(t) +e(e+§)‘k(a**)—3‘?(a*))tM(€7to))_

Taking the logarithm, dividing by ¢ and letting ¢ — oo we conclude the proof of the

theorem. O

Finally, we give the statement of the classical inversion theorems for the Laplace trans-
form ([2]).

Proposition 3. Let F(t) be a continuous function defined for t > 0 such that there exists
an xo € R with the property that

/ e~ | F (1)) dt < o0
0

Then, the Laplace transform F(oz) is analytic in the half-plane Re(a) > xg and the following
inversion formula is valid

1 L4100 .
(3.17) F(t)=PV e I(a)da

2mi T—100

where x > xq is arbitrary.

We recall the definition of the sector Uy = Up(¢) with angle ¢ from (2.18) and denote
Ue = ¢ + Uy the sector originating at ¢ € C.

Proposition 4. Let ({ < (1 < (o < (2 < ¢ and let f(a) be analytic in the domain
V =Uy \UCQ with the exception of o = (p which is a pole of order m € Z, with the
principal part of the Laurent expansion about (y equal to

C1 Cm,
(3.18) 7(04 ey +... 4+ F —

Assume that there exist Ry > 0 and M > 0 with the property |f(a)| < M if |a — (o| > Rp.
Then there exists a T > 0 such that the integral (in principal value sense)
1
F(t)=— e f(a)da
21 J L)

s uniformly convergent for t > T and for t — oo we have the asymptotic expansion

_ _Cot 2 Cm m—1> Gt
(3.19) F(t)—eo(cl—l—l!t—l—...—i—(m_l)!t +o(estt).
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4. THE ONE DIMENSIONAL CASE

Ind=1,1let R = (a,b), witha < 0 < basin [7]. Let \y = kn/(b—a), k =1,2,...,
and ogps = {—A2/2 : k =1,2,...} be the spectrum of the half Laplacian with absorbing

boundary conditions with transition kernel (2.7)
2 o
(4.1) Pabs(t, 2, y) = b a Z e~/ sin A (@ — @) sin \i(y — a),
k=1

and resolvent kernel

(e 9]

2
42 i, 7,) =
(42) P(on0) = =0 3

1
a+A2/2

sin \g(x — a) sin \g(y — a) .

The Laplace transform of the first exit time (3.1) can be written in two forms (see [7])

cosh \/ﬁ<x - HTG)
cosh \/ﬁ(b_T">

— 2 k
4. h® = E ————sin\g(x —a) =
(4.3) (@) (b—a)? = T )‘i/2 sin A\ (2 — a)

and the kernel of the resolvent (2.22) of the process given by the transition kernel (2.19) is
then

(4.4) Pla, @,y) = Pabs(at, ,y) + Pavs(cv, 0, y) H (v, 7)

where

(4.5) Haw) = 0 _ cosh v2az - b2 |
T 1-1%)  coshvaa (52 ) ~ cosh v (452

Set v = —A\2/2 = —7%(v/2(b — a))~2. Then we write 045 = {7k% : k € Z,} for the

spectrum of the absorbing Brownian kernel and
o = {0} U {4(1 +|al/b)*vk? , 4(1 + b/[al)*7k® : k € Z1}

for the zeros of cosh v/ 204(’)_7“) — cosh \/2a<b+?“>. In addition, 0°% and o¢?¢" denote the

abs abs

subsets of o,ps for k odd and k even, respectively. It is easy to see that when b/a ¢ Q, then

oy Noas = 0. In dimension d = 1, we can describe the spectrum o exactly.

even

GnlUoy. Asa

Proposition 5. The spectrum o of the Brownian motion with return is o

consequence, the largest nonzero point of the spectrum is —/\g /2 = 4r.

16



Proof. Part 1. We prove that if 3 € oy, then pgps(a, 0,y) is analytic and nonzero at o = 3.
For 3 € oy \ oaps, we only have to show that pups(5,0,y) # 0, which is evident since
Dabs(8,0,7), as an element in L?[a,b], has nonzero Fourier coefficients. If 3 € oy N ogps,
then there exists a positive integer k such that 8 = —k*y = —X?/2, A\, = kn /(b — a) and
cos /\k(b_T“)(l — cos A\pa) + sin )\k(b_?“) sin \pa = 0. For k odd, (—1)% sin A\pa = 0 and for
k even (—1)% (1 — cos Aga) = 0. In all cases sin \ya = 0, which proves our claim.

Part 2. Since 0 C o445 U oy, we divide the proof in three steps.

(i) o \oaps C 0. Let p =1,2,... be the multiplicity of the pole denoted by 3 of H(«, ).

Then
(46) olzlinﬁ {(Oé - ﬁ)pﬁabs(aa xz, y) + I/)\abs(O‘? 0, y) [(OL - ﬁ)pH(Oé, .%')]} = ﬁabs(ﬁa 0, y)H(ﬁa l’)

where lim,—g(o — B)PH (v, z) = H(B,z) # 0. Since paps(cv,0,y) # 0, 3 is a pole.

(ii) Let B3 = —A2/2 € 04ps Noy. We know that 3 is not a pole of Paps(cv, 0,y). If p > 1,
since pgps has only simple poles, the limit (4.6) is of the same type as in case (i). When
p =1, the limit (4.6) is

2(b— a) "t sin Mg (z — a) sin \g(y — @) + Paps(—A2/2,0,y) H(—)2 /2, 2)
where the last factor is nonzero. As a function of y in L?[a,b] the limit is not identically
zero, so 3 is a pole.

(iii) Let B = —A?/2 € oaps \ og. The limit (4.6) with p = 1 gives

2(b—a)"tsin M\ (y — a) | sin Mg (z — a) — sin \pa H(=)2/2,2) | .

In this case, we have

(4.7) lim H(a,z) cos A\g(r — a) cos )\k(b_T“) + sin A\g(x — a) sin )\k(b_T“)

a—p3 cos \g(552) (1 — cos Aga) + sin A, (252) sin Aga
The bracket is equal to (sin 2%)~1 cos A (z — %) # 0 for k even and vanishes for k& odd,

2
which implies that o5¢" C o and O'aogg No = 0.

Part 3. We notice that sup{ € og} < 4, the second eigenvalue of pgps, and 4~

corresponds to k = 2, the first even value in the spectrum. O
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