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Euler’s Equation 
Given dx/dt=f(x)   Initial condition x(0)=x0  
Choose a time step h 
We want to find an approximate value for x(h) 
 

Take 
x1 (intersection of tangent line and vertical at t=h) to be the approximate value for x(h).  
We want to find a formula for x, in terms of known quantities 
 
Slope of tangent = rise/run = f(x0)= (x1‐x0)/h 
x1‐x0 =h f(x0) 
x1= x0+ h f(x0) (the right hand side is computable! Only approximate value) 
 
How to take second step 
 
 
 
 
 
 
 
 
 
 
 
 
 
x2= x1 +h f(x1) 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In general   xn+1=xn + hf(xn) 
Take xn ≈ x(nh) as approximation  
We will address the validity of accuracy of this approximation. 
 
Example: dx/dt =x=f(x) Compute x(1)=? When x(0)=1 
Let us take h=1 So we get there in one step (t=1) 
 
x1 = x0 +hf(x0) 
x1= 1+1(1) = 2  The exact solution is x(t)= et  So x(1)= e= 2.718281828… 
Therefore the error is abs(2‐e) 
 
Take h=0.5 (must take 2 steps to get to x(1)  
x1= x0 +hf(x0) 
x1= 1+ 0.5(1)= 1.5  
 
Next step = x2= x1+hf(x1) 
                       X2= 1.5 +0.5 (1.5) = 2.25   This is the new approximation for e 
New Error abs(2.25‐e) 
 
As h gets smaller, error “appears” to get smaller. BUT with smaller h one 
must take more steps so computation work increases. 
 
Cubic 1-D ODE 
  Numerics -> Parameters (b=1) , Time (0‐1) Initial Conditions (x=1) 
  Algorithms -> Classic Explicit -> Euler (1), Step size =1.0 
Xi Values Screen 
 

 
 
 
 
 
 
 
 
 
 
Change Step size to 0.5, 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then to 0.1,  
 

 
 
then to 0.001 (to get more digits closer to e) 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Xi vs. Time Screen 
Plot exponential function, Set window size (‐1,5) (‐1,3) 
Axis Grids (x=0.5, y=0.5) Want to make square grids 
 
When Step size 1.0 
 

 
 
When Step size 0.5 (overlapped with graph of step size 1.0) 
 

 
 
 
 
When step size 0.1 (overlapped with first 2 graphs) 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When step size 0.01 (overlapped with first 3 graphs)] 
 

 
 
 
 
 
 
 
 
 
When step size 0.001 (overlapped with first 4 graphs) 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Once we have dx/dt=x  x(0)=x0=0.5 (initial condition changed!) 
What is x(t)? 
dx/dt=x0et=x 
x(0)=x0e0=x0 
 
When initial condition is 0.5 function is 0.5et=f(t) 
 
Direction Fields 
Xi vs Time -> Numerics -> Current View-> Direction Field 

 
 


