Chapter 6

App endix

The v e previouschapters were designedfor a year undergraduatecoursein algebra.
In this appendix, enoughmaterial is addedto form a basic rst yeargraduate course.
Two of the main goalsare to characterize nitely generatedabelian groups and to

prove the Jordan canonicalform. The style is the sameas before, i.e., everything is
right down to the nub. The organizationis mostly a linearly orderedsequencexcept
for the last two sectionson determinarts and dual spaces. These are independent

sectionsaddedon at the end.

SupposeR is a commutative ring. An R-module M is said to be cyclic if it can
be generatedby one elemen, i.e., M R=Il wherel is an ideal of R. The basic
theoremof this chapteristhat if R isa Euclideandomainand M isa nitely generated
R-module, then M is the sum of cyclic modules. Thus if M is torsion free, it is a
free R-module. Since Z is a Euclidean domain, nitely generatedabelian groups
are the sumsof cyclic groups{ oneof the jewels of abstract algebra.

Now supposeF isa eld andV is a nitely generatedF-module. If T:V ! Vs
a linear transformation, then V becomesan F [x]-module by de ning vx = T(v). Now
F[x] is a Euclidean domain and so Vg4 is the sum of cyclic modules. This classical
and very powerful technique allows an easyproof of the canonicalforms. There is a
basisfor V sothat the matrix represeting T is in Rational canonicalform. If the
characteristic polynomial of T factors into the product of linear polynomials, then
there is a basisfor V sothat the matrix represeting T is in Jordan canonicalform.
This always holdsif F = C. A matrix in Jordan form is a lower triangular matrix
with the eigervaluesof T displayed on the diagonal, sothis is a powerful concept.

In the chapter on matrices, it is stated without proof that the determinart of the
product is the product of the determinarts. A proof of this, which dependsupon the
classi cation of certain typesof alternating multilinear forms, is givenin this chapter.
The nal sectiongivesthe fundamenals of dual spaces.
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The Chinese Remainder Theorem

On page50in the chapter on rings, the ChineseRemainder Theoremwas proved
for the ring of integers. In this sectionthis classicaltopic is preseted in full generality.
Surprisingly, the theorem holds even for non-comnutativ e rings.

De nition SupposeR is aring and A; Ay; i Ay areidealsof R. Then the sum
AL+ A + + A isthe setofall a; + a, + + an with & 2 A;. The product
AA, An, is the setof all nite sumsof elemens a;a, an, with & 2 A;. Note
that the sumand product of idealsareidealsand A;A, A, (AN AN\ Ap).

De nition Ideals A and B of R are saidto be comaximal if A+ B = R.

Theorem If A and B areidealsof aring R, then the following are equivalert.

1) A andB are comaximal.
2) 9a2Aandb2 B with a+ b= 1.
3) (A) = R=B where :R! R=B isthe projection.

Theorem If Ai;As Ay, and B are idealsof R with A; and B comaximal for
eadh i, then AjA, A, and B arecomaximal. Thus A;\ A,\ \ A, andB
are comaximal.

Pro of Consider :R! R=B. Then (A;A, Apn)= (A1) (A2 (Ap) =
(R=B)(R=B) (R=B) = R=B.

Chinese Remainder Theorem SupposeAq; Ay; i A, are pairwise comaximal
idealsof R, with ead A; 6 R. Thenthe natural map :R! R=A; R=A,
R=A, is a surjective ring homomorphismwith kernel A;\ A\ \ A,

Pro of Thereexistsa; 2 A; andbh 2 A;A, A {Aisr Apwith g+ b = 1. Note
that (b) = (0;::;0;L;0;::;0). If (ri+ Aq;ro+ Ay iiiirp + Ap) is an elemen of the
range,it istheimageofr b+ ropb+  +rpby, = ry(1 a)+r(1l a))+ +ry(1 a,).

Theorem If R is comnutative and Aq; Ay;:::; A, are pairwise comaximal ideals
of R, then A1A5 A, = Al\ Ag\ \ A,.

Pro of for n = 2. Shov A;1\ A, AjA,. 9a2 Ajanda, 2 A, with ag+a, = 1.
If c2 A1\ Ay then c= cla;+ &) 2 AA,.
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Prime and Maximal Ideals and UFD S

In the rst chapter on badkground material, it was shovn that Z is a unique
factorization domain. Hereit will be showvn that this property holdsfor any principle
ideal domain. Later on it will be shovn that ewery Euclidean domain is a principle
ideal domain. Thus ewvery Euclidean domain is a unique factorization domain.

De nition SupposeR is a comnutativering andl R is anideal.

| isprime meansl 6 R andif a;b2 R have ab2 |, then aorb2l.
| is maximal meansl 6 R and there are no idealsproperly betweenl and R.

Theorem Oisaprimeidealof Ri R is
Oisamaximalidealof Ri R is

Theorem SupposeJ Risanideal,J 6 R.
Jisaprimeideali R=Jis
J isamaximal ideali R=Jis

Corollary Maximal idealsare prime.

Pro of Every eld is a domain.

Theorem If a2 R is not a unit, then 9 a maximal ideal | of R with a2 I.

Pro of  This is a classicalapplication of the Hausdor Maximality Principle. Con-
siderfJ : J is an ideal of R cortaining a with J 6 Rg. This collection cortains a

maximal monotonic collection f V;git. The ideal V = V; doesnot cortain 1 and
t2T
thus is not equalto R. ThereforeV is equalto someV; and is a maximal ideal

cortaining a.

Note To properly appreciatethis proof, the studert should work the exercisein
group theory at the end of this section (seepagel114).

De nition SupposeR is adomainand a;b2 R. Thenwesay a bi there
existsa unit u with au = b: Note that is an equivalencerelation. If a b, then a
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and b are said to be ass@iates

Examples If R is adomain, the assaiatesof 1 are the units of R, while the only
assaiate of 0 is O itself. If n 2 Z is not zero, then its assaiatesare n and n.
If F isa eld and g 2 F[x] is a non-zeropolynomial, then the asseiates of g are
all cg wherec is a non-zeroconstart.

The following theorem is elememary, but it shovs how assaiates t into the
sthemeof things. An elemen a dividesb (ajb) if 91 c2 R with ac=h

Theorem SupposeR is a domainand a;b 2 (R 0). Then the following are
equivaler.

1) a b
2) abandba.
3) aR=bR

Parts 1) and 3) above shaw there is a bijection from the assaiate classef R to
the principal idealsof R. Thusif R is a PID, there is a bijection from the assaiate
classe®f R to the idealsof R: If an elemen of a domain generatesa non-zeroprime
ideal, it is called a prime elemer.

De nition SupposeR is a domainand a 2 R is a hon-zeronon-unit.

1) aisirreducibleif it doesnot factor,i.e., a= bc) borc isaunit.
2) alisprime if it generatesa prime ideal, i.e., ajbc ) ajb or ajc.

Note If aisaprimeandajc;c, ¢, then aj¢ for somei. This follows from the
de nition and induction onn: If ead ¢ isirreducible,then a ¢ for somei.

Note If a b, then ais irreducible (prime) i bis irreducible (prime). In other
words, if a is irreducible (prime) and u is a unit, then au is irreducible (prime).

Note aisprime) aisirreducible. This is immediate from the de nitions.

Theorem Factorization into primes is unique up to order and assiates, i.e., if
d=bb b =c¢cc o, with ead h andead ¢ prime, then n = m and for some
permutation  of the indices,bh and c () are asseiatesfor every i. Note also9 a unit
u and primes p;;po;:::;pc Whereno two are asseiatesand du= p3*p? p.
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Pro of This follows from the notes above.

De nition R is a factorization domain (FD) meansthat R isadomainandif ais
a non-zeronon-unit elemen of R, then a factorsinto a nite product of irreducibles.

De nition R is a unique factorization domain (UFD) meansR is a FD in which
factorization is unique (up to order and assiates).

Theorem If R isa UFD and a is a hon-zeronon-unit of R, then a is irreducible
, aisprime. Thusin a UFD, elemernts factor asthe product of primes.

Pro of SupposeR is a UFD, ais an irreducible elemen of R, and ajbc If either
b or cis a unit or is zero, then a divides one of them, so supposeead of band c is
a non-zeronon-unit elemen of R. There exists an elemen d with ad = bc Ead of
b and c factors as the product of irreducibles and the product of these products is
the factorization of bc It follows from the uniquenessof the factorization of ad = bg
that one of theseirreduciblesis an assiate of a, and thus ajb or ajc. Therefore
the elemen a is a prime.

Theorem SupposeR is a FD. Then the following are equivalert.

1) RisaUFD.
2) Every irreducible elemen of R is prime, i.e., airreducible, ais prime.

Pro of We alreadyknow 1) ) 2). Part 2) ) 1) becausdactorization into primes
is always unique.

This is a revealing and usefultheorem. If RisaFD, thenRisaUFD i eadh
irreducible elemen generatesa prime ideal. Fortunately, principal ideal domains
have this property, as seenin the next theorem.

Theorem SupposeR isaPID anda 2 R is hon-zeronon-unit. Then the following
are equivalent.

1) aR is amaximal ideal.
2) aRisaprimeideal,i.e., ais aprime elemen.
3) aisirreducible.

Pro of Every maximal ideal is a prime ideal, so1) ) 2). Every prime elemet is
an irreducible elemen, so2) ) 3). Now supposea is irreducible and show aR is a
maximal ideal. If | is anideal containing aR, 9 b2 R with | = bR Sinceb divides
a, the elemen bis a unit or an assaiate of a: This meansl = R or | = aR.
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Our goal is to prove that a PID is a UFD. Using the two theoremsabove, it
only remainsto show that a PID is a FD. The proof will not require that ideals be
principally generated,but only that they be nitely generated. This turns out to
be equivalert to the property that any collection of idealshasa \maximal” elemer.
We shall seebelow that this is a useful conceptwhich ts naturally into the study of
unique factorization domains.

Theorem SupposeR is a commutativ e ring. Then the following are equivalert.

1) Ifl Risanideal,9 a nite setfa;;a,;::;;apg R sudthat | =
ayR + asR + + a,R; i.e., eat ideal of R is nitely generated.
2) Any non-wid collection of idealsof R cortains an ideal | which is maximal in
the collection. This meansif J is an ideal in the collectionwith J |, then
J = 1. (Theideal | ismaximalonly in the sensalescrited. It neednot cortain
all the idealsof the collection, nor needit be a maximal ideal of the ring R.)
3) Ifly 1, 13 ::isamonotonicsequencefideals,9t, 1sud that I, = Iy,
forallt to.

Pro of Supposel) is true and shov 3). Theideal | = I,[ I,[ :::is nitely

generatedand9 to 1 sud that I, cortains thosegenerators.Thus 3) is true. Now
suppose?2) is true and shov 1). Let | be an ideal of R, and considerthe collection
of all nitely generatedidealscortained in |. By 2) there is a maximal one, and it
must be | itself, and thus 1) is true. We now have 2)) 1)) 3), sosuppose?) is false
and shaw 3) is false. Sothere is a collection of idealsof R sud that any ideal in the
collection is properly cortained in another ideal of the collection. Thusit is possible
to construct a sequenceof idealsl; 1, I3::: with ead properly cortained in
the next, and therefore3) is false. (Actually this construction requiresthe Hausdor

Maximality Principle or someform of the Axiom of Choice, but we slide over that.)

De nition If R satis es theseproperties, R is saidto be Noetherian, or it is said
to satisfy the as@nding chain condition. This property is satis ed by many of the
classicalrings in mathematics. Having three de nitions makes this property useful
and easyto use. For example,seethe next theorem.

Theorem A Noetheriandomainis a FD. In particular, a PID is a FD.

Pro of Supposethere is a non-zeronon-unit elemen that doesnot factor as the
nite product of irreducibles. Considerall idealsdR whered doesnot factor. Since
R is Noetherian, 9 a maximal onecR: The elemen ¢ must be reducible,i.e.,c= ab
whereneither a nor bis a unit. Ead of aR and bR properly contains cR, and soead
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of a and bfactors asa nite product of irreducibles. This givesa nite factorization
of ¢ into irreducibles, which is a cortradiction.

Corollary A PID isaUFD. SoZisaUFD andif F isa eld, F[x] is a UFD.

You seethe basic structure of UFDS® is quite easy It takes more work to prove
the following theorems,which are stated here only for reference.

Theorem If R is a UFD then R[xy;::;x,] is a UFD. Thus if F is a eld,
F[xq;:5xn] iIsa UFD. (This theoremgoesall the way badk to Gauss.)

If R is a PID, then the formal power seriesR[[x1;:::;X,]] is @ UFD. Thus if F
isa eld, F[[xy;:;Xy]] isa UFD. (Thereis a UFD R whereR][[x]] is not a UFD.
Seepage566 of Commutative Algeba by N. Bourbaki.)

Theorem Germsof analytic functions on C" form a UFD.

Pro of SeeTheorem6.6.20f An Intr oduction to ComplexAnalysisin Seveal Vari-
ablesby L. Hermander.

Theorem SupposeR isacomnutativering. ThenR is Noetherian) R[Xy;:::;Xp]
and R[[xq; :::; Xn]] are Noetherian. (This is the famousHilbert Basis Theorem.)

Theorem If RisNoetherianandl R isaproperideal,then R=I is Noetherian.
(This follows immediately from the de nition. This and the previoustheorem shaw
that Noetherian is a ubiquitous property in ring theory.)

Domains With Non-unique Factorizations Next are presened two of the
standard examplesof Noetherian domainsthat are not unique factorization domains.

Exercise Let R = Z(p 5)=fn+ mp 5:n;m ZpZ_g. Shawv tBa_t R is a subring of
R which is not a UFD. In particular 2 2= (1 5 (1 5) aretwo distinct
irreducible factorizations of 4. Shaw R is isomorphicto Z[x]=(x?> 5), where(x? 5)
represets the ideal (x> 5)Z[x], and R=(2) is isomorphicto Z,[x]=(x> [5]) =
Z,[x]=(x? + [1]); which is not a domain.
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Exercise Let R = R[x;y;z]=(x*> yz). Shov x? yz is irreducible and thus
prime in R[X;y;z]. If u2 R[X;y;Zz], let u 2 R be the cosetcortaining u. Shov R
is not a UFD. In particular x x =y z aretwo distinct irreducible factorizations
of x2: Shov R=(x) is isomorphicto R[y;z]=(yz); which is not a domain. An easier
approad isto let f : R[X;y;z] ! R][x;y] be the ring homomorphismde ned by
f(x) = xy; f(y) = x? and f(z) = y?. Then S = R][xy;x? y?] is the image of
f and S is isomorphicto R: Note that xy; x2; and y? are irreducible in S and
(xy)(xy) = (x?)(y?) aretwo distinct irreducible factorizations of (xy)? in S.

Exercise In Group Theory If G is an additive abelian group, a subgroup H
of G is said to be maximal if H 6 G and there are no subgroupsproperly between
H and G. Show that H is maximali G=H Z, for someprime p. For simplicity,
considerthe caseG = Q: Which one of the following is true?

1) If a2 Q, then there is a maximal subgroupH of Q which cortains a.
2) Q cortains no maximal subgroups.

Splitting Short Exact Sequences

SupposeB is an R-module and K is a submadule of B. As de ned in the chapter
on linear algebra, K is a summand of B provided 9 a submadule L of B with
K+L=BandK\ L = 0. In this casewewrite K L = B. Whenis K a summand
of B? It turns out that K is a summandof B i there is a splitting map from
B=K to B. In particular, if B=K is free, K must be a summandof B. This is used
below to show that if R is a PID, then ewery submadule of R" is free.

Theorem 1 SupposeR is aring, B and C are R-modules,andg: B! Cisa
surjective homomorphismwith kernel K. Then the following are equivalert.

1) K isasummandofB.
2) ghasaright inverse,i.e., 9 ahomomorphismh:C! B withg h=1:C! C.
(h is called a splitting map.)

Pro of Supposel) is true, i.e., suppose9 a submadule L of B with K L = B.
Then (gjL) : L ! C is anisomorphism. If i : L ! B is inclusion, then h de ned
by h=1i (gjL) !is aright inverseof g. Now suppose?2) istrue andh:C ! B
is a right inverseof g. Then h is injective, K + h(C) = B and K \ h(C) = 0.
Thus K h(C) = B.
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De nition Supposef : A! B andg:B ! C are R-module homomorphisms.

The statemert that 0! A!" B1° C! 0 is a short exact sguene (s.e.s)means
f isinjective, g is surjective and f (A) = ker(g). The canonicalsplit s.e.s.is A'!
A C! C wheref =i;andg= ,: A shortexactsequencds said to split if 9
anisomorphism B! A C sud that the following diagram comnutes.

We now restate the previoustheoremin this terminology.

Theorem 1.1 A short exactsequence0! A! B! C! 0 splitsi f(A)is
asummandof B, i B! C hasa spliting map. If C is a free R-module, there is
a splitting map and thus the sequencesplits.

Pro of We know from the previoustheoremf (A) isa summandofBi B! C
has a splitting map. Showving these properties are equivalert to the splitting of the
sequencas a good exercisein the art of diagram chasing. Now supposeC hasa free
basisT C,andg:B ! C issurjective. There existsa function h: T! B sud
that g h(c) = cfor eadr c2 T. The function h extendsto a homomorphismfrom
C to B which is aright inverseof g.

Theorem 2 If R is a domain, then the following are equivalert.

1) RisaPID.
2) Every submaule of Ry is a free R-module of dimension 1.

This theoremrestatesthe ring property of PID asa module property. Although
this theoremis transparert, 1)) 2) is a precursorto the following classicalresult.

Theorem 3 If RisaPID and A R" isasubmalule, then A is a free R-module
of dimension n: Thus subgroupsof Z" are free Z-modules of dimension n.

Pro of From the previoustheoremwe know this is true for n = 1. Supposen > 1
and the theoremis true for submadulesof R" 1. SupposeA R" is a submadule.
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Considerthe following short exactsequencesyheref : R" 11 R" ! Risinclusion
and g= :R" ! R! R isthe projection.

o' RPYI R RIR I O
O! A\R"T 1 Al (A !O

By induction, A\ R" !isfreeof dimension n 1. If (A)=0; thenA R" 1
If (A) 6 O; it is free of dimensionl and thus the sequencesplits by Theorem 1.1.
In either case,A is a free submadule of dimension n.

Exercise Let A Z2 be the subgroupgeneratedby f (6;24); (16;64)g. Shav A
is a free Z-module of dimensionl. Also shawv the s.e.s. Z, 13 Zi, ! Zz splits
but Z ¥z ! Z, and Z, * Z, ! Z, donot (seetop of page78).

Euclidean Domains

The ring Z possessethe Euclidean algorithm and the polynomial ring F[x] has
the division algorithm (pages14 and 45). The conceptof Euclidean domain is an
abstraction of these properties, and the e ciency of this abstraction is displayed in
this section. Furthermore the rst axiom, (a) (ab), is usedonly in Theorem
2, and is sometimesomitted from the de nition. Anyway it is possibleto just play
around with matrices and get somedeepresults. If R is a Euclidean domain and M
isa nitely generatedR-module, then M is the sum of cyclic modules. This is one of
the great classicaltheoremsof abstract algebra, and you don't have to worry about
it becomingobsolete. Here N will denote the set of all hon-negatiwe integers, not
just the set of positive integers.

De nition A domainR is a Euclidean domainprovided9 :(R 0) ! N sud
that if a;b2 (R 0); then
1) (@ (ab.

2) 9qr2R sudthat a=hbg+r withr=0 or (r)< (b).
Examples of Euclidean Domains

Z with (n) = jn;.

A eld Fwith (ag=18a60 orwith (a)=0 8a6 0.

F[x] whereF isa eld with (f = ag+ a;x + + a,x") = dedf).
Z[i]= fa+ bi:a;b2 Zg= Gaussianintegerswith  (a+ bi) = a? + b’



Chapter 6  App endix 117

Theorem 1 If R is a Euclideandomain, then R is a PID and thus a UFD.

Pro of If I isanon-zeroideal,then9 b2 | 0 satisfying (b) (g 8a21 O
Then b generatesl becauseif a2 1 0, 9q;r with a= bg+r. Nowr 2 | and
ré 0) (r)< (b whichisimpossible. Thusr = 0 anda2 bR sol = bR

Theorem 2 If R is a Euclideandomainanda;b2 R 0, then

(1) is the smallestintegerin the image of
aisaunit in R i (@ = (2).
a and b are assaiates ) (@ = (b.

Pro of This is a good exercise. Howeer it is unnecessaryfor Theorem 3 below.
The following remarkable theoremis the foundation for the results of this section.

Theorem 3 If R is a Euclidean domain and (a;; ) 2 R, is a non-zeromatrix,
then by elememary row and column operations (a;; ) can be transformedto

%4 o o !
0 d
O
0
0 0
whereeat d; 6 0; and dijdi+; for 1 i < m. Also d; generatesthe ideal of R

generatedby the ertries of (a;; ).

Pro of Let| R bethe ideal generatedby the elemeits of the matrix A = (a;; ).
If E 2 R,, then the ideal J generatedby the elemens of EA hasJ l. If Eis
invertible, then J = |. In the samemanner,if E 2 R, is invertible and J is the ideal
generatedby the elemens of AE, then J = |. This meansthat row and column
operations on A do not changethe ideal I. SinceR is a PID, there is an elemen
d; with I = d;R, and this will turn out to be the d; displayed in the theorem.

The matrix (a;) has at least one non-zeroelemen d with (d) a miminum.
Howewer, row and column operations on (& ) may produce elemerts with smaller
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values. To consolidatethis approad, considermatrices obtained from (a;; ) by a
nite number of row and column operations. Among these, let (b, ) be one which
hasan ernry d; 6 Owith (d;) a minimum. By elememary operations of type 2, the
ertry d; may be movedto the (1;1) placein the matrix. Then d; will divide the other
ertries in the rst row, elsewe could obtain an entry with a smaller value. Thus
by column operations of type 3, the other enries of the rst row may be made zero.
In a similar manner, by row operations of type 3, the matrix may be changedto the
following form.

Note that d; dividesead c;; , andthus| = d;R. The proof now follows by induction
on the sizeof the matrix.

This is an example of a theorem that is easyto prove playing around at the
blackboard. Yet it must be a deeptheorem becausethe next two theoremsare easy
consequences.

Theorem 4 SupposeR is a Euclideandomain, B is a nitely generatedfree R-
module and A B is a non-zerosubmadule. Then 9 free basesf a;; a,; :::; a;g for A
andfb;b;:i;bhgfor B, with t  n, and sudh that ead & = dilh, whereeadh d; 6 0,
and djd.;, forl i<t ThusB=A R=d, R=0, R=d R" .

Pro of By Theorem 3 in the section Splitting Short Exact SequencesA has a
free basisfvy; v,; ;v g. Let fwy;ws; :;;w,g be a free basisfor B, wheren t. The
composition

is represeted by a matrix (a;;) 2 Ryt wherev; = ag;jw; + apiw, + + aniwy. By
the previoustheorem, 9 invertible matrixesU 2 R, andV 2 R; sud that
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0 1
dy 0
0 do O
U(a. )V =
(a;) d
0 0

with djdi.1. Sincechangingthe isomorphismsR! | A andB ! R" correspnds
to changingthe basesf vi; vo; i1 vig and f wq; wy; s w,g; the theoremfollows.

Theorem 5 If R is a Euclideandomainand M is a nitely generatedR-module,
thenM R=d; R=d R=d R™ whereeah d; 6 0, andd;jdi;; forl i<t.

Pro of By hypothesis9 a nitely generatedfree module B and a surjective homo-
morphismB ! M ! 0. Let A bethekernel,so0 ! A ! B ! M ! 0Ois
a s.e.s.and B=A  M: The result now follows from the previoustheorem.

The way Theorem5 is stated, someor all of the elemetts d; may be units, and for
sud di; R=d = 0. If we assumethat no d; is a unit, then the elemens d;; dy;:::; d; are
calledinvariant factors. They are unique up to assiates, but we do not bother with
that here. If R = Z and we selectthe d; to be positive, they are unique. If R = F[X]
and we selectthe d; to be monic, then they are unique. The splitting in Theorem5
is not the ultimate becausehe modules R=d may split into the sum of other cyclic
modules. To prove this we needthe following Lemma.

Lemma SupposeR is a PID and b and c are non-zeronon-unit elemens of R.
Supposeb and c are relatively prime, i.e., there is no prime commonto their prime
factorizations. Then bR and cR are comaximalideals. (Seep 108for comaximal.)

Pro of There existsana 2 R with aR = bR+ cR: Since ajb and ajc, ais a
unit, so R = bR+ cR.

Theorem 6 SupposeR is a PID and d is a non-zeronon-unit elemen of R.
Assumed = pi'p?  p is the prime factorization of d (seebottom of p 110). Then
the natural map R=d ! R=p! R=g* is an isomorphism of R-modules.
(The elemertts p° are called elementarydivisors of R=d.)

Pro of Ifi 6 j,p" and pjSj are relatively prime. By the Lemma above, they are
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comaximal and thus by the ChineseRemainder Theorem, the natural map is a ring
isomorphism(page 108). Sincethe natural map is alsoan R-module homomorphism,
it is an R-module isomorphism.

This theorem carriesthe splitting asfar asit cango, asseenby the next exercise.

Exercise SupposeR isa PID, p2 R is a prime elemenn, ands 1. Then the
R-module R=p* has no proper submadule which is a summand.

Torsion Submo dules This will give a little more perspective to this section.

De nition SupposeM is a module over a domain R. An elemen m 2 M is said
to be a torsion elementif 9r 2 R with r 6 0 and mr = 0. This is the sameas
saying m is dependen. If R = Z, it is the sameassaing m has nite order. Denote
by T(M) the setof all torsion elemens of M. If T(M) = 0O, we say that M is torsion
free.

Theorem 7  SupposeM isamodule overadomainR. ThenT(M) is asubmalule
of M and M=T(M) is torsion free.

Pro of This is a simple exercise.

Theorem 8 SupposeR is a Euclidean domain and M is a nitely generated
R-module which is torsion free. Then M is a free R-module,i.e., M R™.

Pro of This follows immediately from Theorem5.

Theorem 9 Suppose R is a Euclidean domain and M is a nitely generated
R-module. Then the following s.e.s.splits.

0! T(M) ! M ! M=T(M) ! 0

Pro of By Theorem7, M=T(M) is torsion free. By Theorem8, M=T(M) is a free
R-module, and thus there is a splitting map. Of coursethis theoremis transparert
anyway, becauserheoremb5 givesa splitting of M into a torsion part and a free part.
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Note It followsfrom Theorem9that 9 afreesubmaduleV of M sud that T(M)
V = M. The rst summandT (M) is unique, but the complemetary summandV is
not unique. V dependsupon the splitting map and is unique only up to isomorphism.

To completethis section, here are two more theoremsthat follow from the work
we have done.

Theorem 10 SupposeT is adomainand T is the multiplicativ e group of units
of T. If Gisa nite subgroupof T , then G isacyclicgroup. Thusif F isa nite
eld, the multiplicativ e group F is cyclic. Thusif pisa prime, (Z,) is cyclic.

Pro of This is a corollary to Theorem5 with R = Z. The multiplicativ e group G
is isomorphicto an additive group Z=dy Z=0d, Z=d whereeadh d; > 1 and
dijdi+; for 1 i < t. Every u in the additive group hasthe property that ud, = O.
Soewry g2 G isasolutionto x* 1= 0. If t > 1, the equation will have degree
lessthan the number of roots, which is impossible. Thust = 1 and soG is cyclic.

Exercise For which primesp and qis the group of units (Z, Z4) acyclicgroup?

We know from Exercise2) on page59that an invertible matrix over a eld is the
product of elemerary matrices. This result alsoholds for any invertible matrix over
a Euclideandomain.

Theorem 11 SupposeR is a Euclideandomain and A 2 R, is a matrix with
non-zerodeterminart. Then by elememary row and column operations, A may be
transformedto a diagonal matrix

oOIl oL
Lo g
0 d

n

whereeat d, 6 0 and djjdi.; for 1 i < n. Also d; generatesthe ideal generated
by the ertries of A. Furthermore A is invertible i ead d; is a unit. Thusif A is
invertible, A is the product of elememary matrices.
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Pro of It followsfrom Theorem3that A may betransformedto a diagonalmatrix
with djjdi;;. Sincethe determinart of A is not zero, it follows that ead d; 6 O.
Furthermore, the matrix A is invertible i the diagonal matrix is invertible, which is
true i ead d; isaunit. If ead d; is a unit, then the diagonal matrix is the product
of elemenary matrices of type 1. Thereforeif A is invertible, it is the product of
elemenary matrices.

! !
Exercise LetR=2Z, A= g 141 and D = i 141 . Perform elemerary
operationson A and D to obtain diagonal matriceswherethe rst diagonalelemen
divides the seconddiagonal elemen. Write D as the product of elememary matri-
ces. Find the characteristic polynomials of A and D: Find an elememary matrix B
overZ sucthat B AB isdiagonal. Find aninvertible matrix C in R, sud that

C DC is diagonal. Shov C cannot be selectedin Q.

Jordan Blo cks

In this section, we de ne the two special types of square matrices usedin the
Rational and Jordan canonicalforms. Note that the Jordan block B(q) is the sum
of a scalar matrix and a nilpotent matrix. A Jordan block displays its eigervalue
on the diagonal, and is more interesting than the companionmatrix C(g). But as
we shall seelater, the Rational canonical form will always exist, while the Jordan
canonical form will existi the characteristic polynomial factors as the product of
linear polynomials.

SupposeR is a comnutative ring, g = ag + a;x + +a, X" 1+ x" 2 R[X]
is a monic polynomial of degreen 1, and V is the R[x]-module V = R[x]=g
V is a torsion module over the ring R[x], but as an R-module, V has a free basis

cation by x de nes an R-module endomorphismon V, and C(qg) will be the ma-
trix of this endomorphismwith respect to this basis. Let T: V ! V be de ned
by T(v) = vx: If h(x) 2 R[x], h(T) is the R-module homomorphism given by
multiplication by h(x). The homomorphismfrom R[x]=q to R[x]=q given by
multiplication by h(x), is zeroi h(x) 2 gqR[x]. That isto say q(T) = agl + a,T+

+ T" is the zero homomorphism, and h(T) is the zero homomorphism i
h(x) 2 gR[x]: All of this is supposedto make the next theoremtransparen.

Theorem Let V have the free basisf 1;x; x?;:::;x" 'g. The companionmatrix



Chapter 6  App endix 123

represeting T is

0 1

0 : 0 Qo

1 O 0 a;

C(q): 0 1 0 o
O ::: =:: 1 ay1

The characteristic polynomial of C(q) is g; and jC(q)j = ( 1)"a. Finally, if h(x) 2
R[x], h(C(qg) iszeroi h(x) 2 gR[X].

Theorem Suppose 2 R and q(x) = (X )". Let V have the free basis
f1,(x );(x )%:::;(x )" lgr Thenthe matrix represeting T is

- OO

B(=H 0 1

The characteristic polynomial of B(q) isqg, and jB(q)j= "= ( 1)"ay. Finally, if
h(x) 2 R[x], h(B(q)) is zeroi h(x) 2 gqR[x].

Note Forn=1, C(ag+ X) = B(ag+ x) = ( ap). This is the only casewherea
block matrix may be the zero matrix.

Note In B(q), if you wish to have the 1° above the diagonal, reversethe order of
the basisfor V.

Jordan Canonical Form

We are nally readyto prove the Rational and Jordan forms. Using the previous
sections,all that's left to doisto put the piecestogether. (For an overviewof Jordan
form, read rst the sectionin Chapter 5, page96.)
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Suppose R is a commutative ring, V is an R-module, and T : V ! V is an
R-module homomorphism. De ne a scalar multiplication V  R[x] ! V by
V(@ + ax+ +ax)=va+TWV)a+ +T'(Va.

Theorem 1 Under this scalarmultiplication, V is an R[x]-module.

This is just an obsenation, but it is one of the great tricks in mathematics.
Questionsabout the transformation T are transferredto questionsabout the module
V over the ring R[x]. And in the caseR is a eld, R[x] is a Euclideandomainand so
we know almost everything about V asan R[x]-module.

Now in this section,we supposeR isa eld F, V isa nitely generatedF-module,
T:V ! Visalinear transformation and V is an F[x]-module with vx = T(v). Our
goalis to selecta basisfor V sud that the matrix represeting T is in somesimple
form. A submadule of Vg [, is a submadule of Ve which is invariant under T. We
kKnow Vg is the sum of cyclic modules from Theorems5 and 6 in the sectionon
Euclidean Domains. SinceV is nitely generatedas an F-module, the free part of
this decomposition will be zero. In the sectionon Jordan Blocks, a basisis selected
for thesecyclic modules and the matrix represeting T is descrited. This givesthe
Rational CanonicalForm and that is all there is to it. If all the eigervaluesfor T are
in F, we pick another basisfor ead of the cyclic modules (seethe secondtheoremin
the sectionon Jordan Blocks). Then the matrix represeting T is called the Jordan
Canonical Form. Now we sa all this againwith a little more detail.

From Theorem5 in the sectionon Euclidean Domains, it follows that

Verg FIXI=d  F[x]=d; F[x]=d

whereead d; is amonicpolynomial ofdegree 1, andd;jdi,1. Pick f1;x; x?%;:::;x™ 1g
asthe F-basisfor F[x]=d wherem is the degreeof the polynomial d;.

Theorem 2  With respectto this basis,the matrix represeting T is

C(dy) '

0
é C(dy)

C(d)
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The characteristic polynomial of T isp= did, di and p(T) = 0. This is a type
of canonicalform but it doesnot seemto have a name.

Now we apply Theorem 6 to eah F[x]=d. This givesVg; F[x]=p*
F [x]=@ wherethe p; are irreducible monic polynomials of degreeat least1. The p;

neednot be distinct. Pick an F-basisfor eahh F[x]=" asbefore.

Theorem 3  With respectto this basis,the matrix represeting T is
1

C(p?")
C(px?) 0

c)

The characteristic polynomial of T is p = pi* > and p(T) = 0. This is called
the Rational canonical form for T.

Now supposethe characteristic polynomial of T factorsin F[x] asthe product of

linear polynomials. Thusin the Theoremabove, p; = X i and
Veg  FIXIE(X )™ FIXI=(x )™
is an isomorphismof F[x]-modules. Pick f1; (x i); (X )2 (x )™ g as

the F-basisfor F[x]=(x i) wherem is s;.

Theorem 4  With respectto this basis, the matrix represeting T is

B(x 1)%)

0 1
é B((x 2)%) E

B(x 1)¥)
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The characteristic polynomialof T isp= (x 1) (X ;)* andp(T) = 0. This
is called the Jordan canonical form for T: Note that the ; neednot be distinct.

Note A diagonal matrix is in Rational canonicalform and in Jordan canonical
form. This is the casewhere ead block is one by one. Of coursea diagonal matrix
is about as canonicalasyou can get. Note alsothat if a matrix is in Jordan form,
its trace is the sum of the eigervalues and its determinart is the product of the
eigervalues. Finally, this sectionis loosely written, soit is important to use the
transposeprinciple to write three other versionsof the last two theorems.

Exercise SupposeF is a eld of characteristic0 and T 2 F, hastrace(T') = 0
forO<i n. Shawv T is nilpotert. Let p 2 F[x] be the characteristic polynomial of
T. The polynomial p may not factor into linearsin F[x], and thus T may have no
conjugatein F, which is in Jordan form. Howewer this exercisecan still be worked
using Jordan form. This is basedon the fact that there existsa eld F cortaining F
asa sub eld, sud that p factorsinto linearsin F[x]. This fact is not proved in this
book, but it is assumedfor this exercise.So 9 an invertible matrix U 2 F, sothat
U TU isin Jordan form, and of course,T is nilpotent i U !TU is nilpotent. The
point is that it su cies to considerthe casewhereT is in Jordan form, and to show
the diagonalelemeits are all zero.

So supposeT is in Jordan form and trace (T') = Ofor1 i n. Thus trace
(p(T)) = agn where aq is the constart term of p(x). We know p(T) = 0 and thus
trace (p(T)) = 0, and thus agn = 0. Sincethe eld has characteristic 0, ag = 0
and so 0 is an eigervalue of T. This meansthat one block of T is a strictly lower
triangular matrix. Removing this block leaves a smaller matrix which still satis es
the hypothesis, and the result follows by induction on the size of T. This exercise
illustrates the power and facility of Jordan form. It alsohasa cute corollary.

Corollary SupposeF isa eld of characteristicO,n  1,and( 1; ;i n)2 F"
satises (+ L+ + i =0foreah 1 i n: Then ;=0forl i n.

n

Minimal polynomials To concludethis sectionhereare a few commerns on the
minimal polynomial of a linear transformation. This part should be studied only if
you needit. SupposeV is an n-dimensionalvector spaceovera eld F andT : V! V
is a linear transformation. As beforewe make V a module over F [x] with T(v) = vx.
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De nition Ann(Ve ) is the setof all h 2 F[x] which annihilate V, i.e., which
satisfy Vh = 0. This is a non-zeroideal of F[x] and is thus generatedby a unique
monic polynomial u(x) 2 F(x); Ann(Vg) = uF[x]. The polynomial u is called the
minimal polynomial of T: Note that u(T) = 0 andif h(x) 2 F[x], h(T) = 0 i
h is a multiple of u in F[x]: If p(x) 2 F[x] is the characteristic polynomial of T,
p(T) = 0 and thus p is a multiple of u.

Now we state this again in terms of matrices. Suppose A 2 F, is a matrix
represeting T. Then u(A) = 0 andif h(x) 2 F[x], h(A) = 0i h is a multiple of
uin F[x]. If p(x) 2 F[x] is the characteristic polynomial of A, then p(A) = 0 and
thus p is a multiple of u. The polynomial u is also called the minimal polynomial of
A. Note that theseproperties hold for any matrix represeting T, and thus similar
matrices have the sameminimal polynomial. If A is givento start with, usethe linear
transformation T : F"! F" determinedby A to de ne the polynomial u.

Now supposeq 2 F[x] is a monic polynomial and C(g) 2 F, is the compan-
ion matrix de ned in the section Jordan Blocks. Whenewer g(x) = (X )", let
B(g) 2 F, be the Jordan block matrix alsode ned in that section. Recallthat q is
the characteristic polynomial and the minimal polynomial of eat of these matrices.
This togetherwith the rational form and the Jordan form will allow usto understand
the relation of the minimal polynomial to the characteristic polynomial.

Exercise SupposeA; 2 F,, hasq asits characteristic polynomial and its minimal

0 1
A 0

A
? E . Find the characteristic polynomial

polynomial, and A = a
0 A,
and the minimal polynomial of A.

Exercise SupposeA 2 F,.

1) SupposeA isthe matrix displayedin Theorem2 above. Find the characteristic
and minimal polynomialsof A.

2) SupposeA is the matrix displayedin Theorem3 above. Find the characteristic
and minimal polynomialsof A.

3) SupposeA isthe matrix displayedin Theorem4 above. Find the characteristic
and minimal polynomialsof A.
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4) Suppose 2 F. Shov s aroot of the characteristic polynomial of A i
is a root of the minimal polynomial of A. Shaw that if is a root, its order
in the characteristic polynomial is at least aslarge asits order in the minimal
polynomial.

5) SupposeF is a eld containing F asa sub eld. Shawv that the minimal poly-
nomial of A 2 F, is the sameasthe minimal polynomial of A consideredas a
matrix in F,. (This funny looking exerciseis a little delicate.)

0 1
5 1 3

6) LetF = R andA = % 0 2 0X. Find the characteristic and minimal
3 1 1

polynomials of A.

Determinan ts

In the chapter on matrices, it is stated without proof that the determinart of the
product is the product of the determinarts (seepage63). The purposeof this section
is to give a proof of this. We supposeR is a comnutativ e ring, C is an R-module,

n 2,and By;By;:::;B, isasequencef R-modules.
De nition Amapf :B; B; B, ! C is R-multilinear meansthat if
1 i n,andh 2 Bj forj 6 i, then fj(b;;lp;:::;Bj;:::;by) de nes an R-linear

map from B; to C.

Theorem The set of all R-multilinear mapsis an R-module.

Pro of From the rst exercisen Chapter 5, the setof all functionsfromB; B,

B, to C is an R-module (seepage69). It must be seenthat the R-multilinear
maps form a submadule. It is easyto seethat if f; and f, are R-multilinear, sois
fi+ fyr Alsoif f is R-multilinear andr 2 R, then (f r) is R-multilinear.

From hereon, suppose B; = B, = = B, = B.

De nition

1) f issymmetricmeans f (by;:::;) = f(b@);:::;b ) for all

2) f isskew-symmetriaf f (by;:::;h,) = sign( )f (b @y;:::;b ) forall
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3) f isalternating if f (by;:::;b,) = 0 whenewer somelh = for i6j.

Theorem

i) Ead of thesethree typesde nes a submadule of the set of all
R-multilinear maps.

i) Alternating ) skew-symmetric.

iii) If no elemen of C hasorder 2, then alternating ( ) skew-symmetric.

Pro of Part i) is immediate. To prove ii), assumef is alternating. It su cies to
shov that f (by;::: ) = f(b ;b @) where is atransposition. For simplicity,
assume = (1;2). Then 0 = f (b + byby + byyhs;iisln) = f(bsbybs; i) +
f (bp; by; bs; iii; ) and the result follows. To prove iii), supposef is skew symmetric
and no elemen of C hasorder 2, and show f is alternating. Supposefor corvenience
that b, = b, and shaw f (by; by bs;:::; k) = 0. If welet be the transposition (1; 2),

and the result follows.

Now we are ready for determinart. SupposeC = R. In this casemultilinear
maps are usually called multilinear forms. SupposeB is R" with the canonicalbasis

fe;e;:::;e0. (Wethink ofamatrix A 2 R, asn columnvectors,i.e.,asan elemet
of B B B.) First we recall the de nition of determinar.
SupposeA = (a;) 2 R,. Dened:B B! Rbyd(ape+axe+ +

An;16n; A€t Bn€t Fann€n) = 4 sSign( )(a @@ @2 & (yn) = JA]
The next theorem follows from the sectionon determinarts on page61.
Theorem d is an alternating multilinear form with d(e;;e;:::;€,) = 1.

If c2 R, dcis an alternating multilinear form, becausehe set of alternating forms
isan R-module. It turns out that this is all of them, asseenby the following theorem.

Theorem Supposef :B B ::: B! R isan alternating multilinear form.
Thenf = d (e;&;:::;€,). This meansf is the multilinear form d times the scalar
f (e e;:5€,). In other words, if A = (a;) 2 Rn, then f (a1 + az16 + +
an:1€n; i A€ + agney + + ann€) = JAJf (er; ;5 6y). Thus the set of alter-
nating forms is a free R-module of dimension1, and the determinart is a generator.
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Pro of For n = 2, you cansimply write it out. f (a.1€1 + @.1€;; 81.0€1 + @0€)) =
agpayof (e €1) + agiasf (61 &) + ayianof (&) €1) + ayianof (6, &) = (ar1az»
ar0a01)f (e1; ) = JAjf (e1;e): For the generalcasef (a;.1e; + a1+ +

An1€n; A€ t An€+ + Ay €) = i &;18i,2  a,nf(6,;6,;:6,) where
the sumisoveralll i; n; 1 i, n;:51 iy, n: Howewr, if any is = iy
for s 6 t, that term is O becausd is alternating. Thereforethe sumis

just i a @mad ez amnflegiep;iiiem= i ai Sign()a ;1

a2 amnf(ene;::i &)= jAjf(ene;:ie).

This incredible classi cation of these alternating forms makes the proof of the
following theoremeasy (Seethe third theoremon page63.)

Theorem If C;A 2 Ry, then JCAj = JCJjA].

Pro of SupposeC 2 R,. Dene f : R, ! R by f(A) = jCAj. In the notation of
the previoustheorem,B = R" and R, = R" R" R". If A2 R,A =
(A Az Ap) where Aj 2 R" is columnii of A, and f : R" R"1 R
has f (A1;Az; 5 An) = JCAj. Use the fact that CA = (CA1; CAy; i CA,) to
show that f is an alternating multilinear form. By the previoustheorem, f (A) =
JAJT (er; €500 6y). Sincef (er; e;;::556,) = JClj = JCj, it followsthat jCAj = f (A) =
JAIICJ.

Dual Spaces

The conceptof dual module is basic, not only in algebra, but alsoin other areas
sud asdi erential geometryand topology. If V is a nitely generatedvector space
overa eld F,itsdualV isdenedasV = Homg(V;F). V isisomorphicto V, but
in generalthere is no natural isomorphismfrom V to V . Howewer there is a natural
isomorphismfrom V to V , and soV s the dual of V and V may be considered
to be the dual of V . This remarkable fact has many expressionan mathematics.
For example,a tangert planeto a di erentiable manifold is a real vector space.The
union of thesespacess the tangert bundle, while the union of the dual spacess the
cotangen bundle. Thusthe tangert (cotangern) bundle may be consideredto be the
dual of the cotangert (tangert) bundle. The sectionsof the tangert bundle are called
vector elds while the sectionsof the cotangen bundle are called 1-forms.

In algebraictopology, homology groups are derived from chain complexes,while
cohomologygroups are derived from the dual chain complexes. The sum of the
cohomologygroups forms a ring, while the sum of the homology groups does not.
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Thus the conceptof dual module has considerablepower. We dewelop herethe basic
theory of dual modules.

SupposeR is a comnutativ e ring and W is an R-module.

De nition If M isanR-module, let H (M) bethe R-moduleH (M )=Hom g (M ; W):
If M and N are R-modulesand g : M ! N is an R-module homomorphism, let
H(g) : H(N) ! H(M) bedened by H(g)(f) = f g. Note that H(g) is an
R-module homomorphism.

M —— N
Z

4
y4

H(f) =t §z,
Z

—

W
Theorem

i) If My and M, are R-modules, H(M; M5,) H(M;) H(My).

i) Ifl:M! M istheidentty, then H(l1):H(M)! H(M) isthe
idertit y.

i) M, ¥ M, ] M3 are R-module homomorphismsthen H(g) H(h) =

H(h g): If f:M3z! W isahomomorphism, then
(H(@) HM)(f)=H(h gf)=f h g

Ml J = M2 h = M3
PPpP z

Prpf 1y

f h g PPP

f
Z
Pppzlé V\,;

Note In the languageof the categorytheory, H is a cortravariant functor from
the category of R-modulesto itself.
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Theorem If M and N are R-modulesandg: M ! N is anisomorphism,then
H(g) :H(N)! H(M) isanisomorphismwith H(g !) = H(g) *.
Pro of
lhny = H(Nn)=H(@ g =H(@ " H(9
lhewy = H(Im) =H(@ * 9 =H(9) H(@ "
Theorem

i) Ifg:M ! N isasurjective homomorphismithenH(g) :H(N)! H(M)
is injective.

i) Ifg:M ! N isaninjective homomorphismand g(M) is a summand
of N; then H(g) :H(N)! H(M) is surjective.

i) IfRisaeld andg:M ! N isahomomorphism,then g is surjective
(injective) i H(Q) is injective (surjective).

Pro of This is a good exercise.

For the remainder of this section, supposeW = Rg: In this case H(M) =
Homr (M ;R) is denotedby H(M) = M and H(g) is denotedby H(g) = g .

Theorem Suppose M has a nite free basisfvy;:;;vag. Dene v 2M by

Vv, (viry + + Vpfy) = 1. Thusv;(vj) = ;. Thenvy;:::;v, is a free basis for

M , calledthe dual basis ThereforeM s free and is isomorphicto M. 0 1
0

Pro of First considerthe caseof R" = R,.1, with basisfe;;:::;e,gwhereg = B 1, E

0
We know (R") Rin, i.e., any homomorphismfrom R" to R isgivenby al n
matrix. Now Ry, isfreewith dual basisfe;;:::;e,gwheree = (0;:::;0;1;0;:::;0).
For the generalcase,let g: R"! M begivenby g(e) = vi. Theng : M ! (R")

module with a basisfws;:::;w,gandg: M ! N is the homomorphismgiven by
A = (&) 2 Rym. This meansg(v;) = agjw; + + @nj W,. Then the matrix of
g :N ! M with respectto the dual bases,s given by A'.
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Pro of Note that g (w; ) isahomomorphismfrom M to R: Evaluation onv; gives
g (W)(v) = (W 9)(vi) = wi (9(vj)) = w; (agjwa+  + anjWn) = a;j . Thusg (w;)
= a v, +  + amV,; andthusg is represeted by A'.

Exercise If U is an R-module, dene  : U U! Rby y(f;u) = f(u).
Shawv that | is R-bilinear. Supposeg: M ! N is an R-module homomorphism,
f 2N andv 2 M. Shav that y(f;g(v)) = wm(g (f);v). Now supposeM =
N =R"andg: R"! R" isrepreseted by a matrix A 2 R,. Supposef 2 (R")
andv 2 R". Usethe theorem above to shawv that : (R") R" I R hasthe
property (f;Av) = (A'f;v). This is with the elemeis of R" and (R") written as
column vectors. If the elemens of R" are written ascolumn vectorsand the elemerts
of (R") are written asrow vectors, the formula is (f;Av) = (f A;v). Of course
this is just the matrix product f Av. Dual spacesare confusing, and this exercise
should be worked out completely

De nition \Double dual” is a \covariant" functor, i.e., if g : M ! N is

a homomorphism,theng :M ! N . Forany moduleM,dene :M! M

by (m):M ! R isthe homomorphismwhich sendsf 2 M to f(m) 2 R, i.e,,
(m) is given by ewaluation at m: Note that is a homomorphism.

Theorem If M and N are R-modulesandg:M ! N is a homomorphism,then
the following diagram is commnutativ e.

M ———— M
g g
? ?
N N
Pro of On M; is givenby (v) = wm( ;v): On N; (u) = n( ;u).

The proof follows from the equation y(f;g(v)) = wm (g (f); V).

Theorem If M is a free R-module with a nite basis fvy;:::;v,0, then
M1 M isanisomorphism.

Pro of f (v1);:::; (vn)gisthe dual basisof fvy;:::;v,0; i.e.,, (Vi) = (v) .
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Note SupposeR isa eld and C isthe categoryof nitely generatedvector spaces
over R. In the languageof categorytheory, is a natural equivalencebetweenthe
identit y functor and the double dual functor.

Note For nitely generatedvector spaces, is usedto identify V andV . Under
this identi cation V isthe dual of V andV is the dual of V . Also, if fvy;:::;vhg

In generalthere is no natural way to identify V andV . Howeer for real inner
product spaceshere is.

Theorem Let R = R and V be an n-dimensional real inner product space.
Then :V! V givenby (v)= (v; ) isanisomorphism.

Pro of is injective and V andV have the samedimension.

Note If isusedto iderntify V with V ,then  :V V! R isjust the dot
productV V! R.

Note If fvy;:::;vhgisany orthonormal basisfor V;f (v4);:::; (v,)gisthe dual
basisof fvy;:::;vhg, that is (v;) = v,. The isomorphism :V ! V denesan
inner product on V , and under this structure, is an isometry. If fvy;:::;v,Qis

an orthonormal basisfor V; fv,;;:::;v,g is an orthonormal basisfor V : Also, if U
is another n-dimensionalIPS andf : V! U is anisometry, thenf :U ! V
is an isometry and the following diagram comnutes.

VvV — V
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f f
?

u —— U

Exercise Suppose R is a comprutative ring, T is an in nite \index set, and

foreahht 2 T, R, = R. Shov ( R;) isisomorphicto RT = Ri. Now let
2T 2T

M
T=Z";R=R,andM = R¢. Shav M is not isomorphicto M.

t2T



