
Chapter 6

App endix

The �v e previouschapters weredesignedfor a year undergraduatecoursein algebra.
In this appendix, enoughmaterial is addedto form a basic�rst year graduatecourse.
Two of the main goalsare to characterize �nitely generatedabelian groups and to
prove the Jordan canonical form. The style is the sameas before, i.e., everything is
right down to the nub. The organization is mostly a linearly orderedsequenceexcept
for the last two sectionson determinants and dual spaces. These are independent
sectionsaddedon at the end.

SupposeR is a commutativ e ring. An R-module M is said to be cyclic if it can
be generatedby one element, i.e., M � R=I where I is an ideal of R. The basic
theoremof this chapter is that if R is a EuclideandomainandM is a �nitely generated
R-module, then M is the sum of cyclic modules. Thus if M is torsion free, it is a
free R-module. Since Z is a Euclidean domain, �nitely generatedabelian groups
are the sumsof cyclic groups{ oneof the jewels of abstract algebra.

Now supposeF is a �eld and V is a �nitely generatedF -module. If T : V ! V is
a linear transformation, then V becomesan F [x]-module by de�ning vx = T(v). Now
F [x] is a Euclidean domain and so VF [x] is the sum of cyclic modules. This classical
and very powerful technique allows an easyproof of the canonicalforms. There is a
basis for V so that the matrix representing T is in Rational canonical form. If the
characteristic polynomial of T factors into the product of linear polynomials, then
there is a basisfor V so that the matrix representing T is in Jordan canonicalform.
This always holds if F = C. A matrix in Jordan form is a lower triangular matrix
with the eigenvaluesof T displayed on the diagonal,so this is a powerful concept.

In the chapter on matrices, it is stated without proof that the determinant of the
product is the product of the determinants. A proof of this, which dependsupon the
classi�cation of certain typesof alternating multilinear forms, is given in this chapter.
The �nal sectiongivesthe fundamentals of dual spaces.
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The Chinese Remainder Theorem

On page50 in the chapter on rings, the ChineseRemainderTheoremwasproved
for the ring of integers. In this sectionthis classicaltopic is presented in full generality.
Surprisingly, the theorem holds even for non-commutativ e rings.

De�nition SupposeR is a ring and A1; A2; :::; Am are idealsof R. Then the sum
A1 + A2 + � � � + Am is the set of all a1 + a2 + � � � + am with ai 2 A i . The product
A1A2 � � � Am is the set of all �nite sumsof elements a1a2 � � � am with ai 2 A i . Note
that the sumand product of idealsare idealsand A1A2 � � � Am � (A1 \ A2 \ � � � \ Am).

De�nition Ideals A and B of R are said to be comaximal if A + B = R.

Theorem If A and B are idealsof a ring R, then the following are equivalent.

1) A and B are comaximal.
2) 9 a 2 A and b2 B with a + b = 1

�
.

3) � (A) = R=B where � : R ! R=B is the projection.

Theorem If A1; A2; :::; Am and B are ideals of R with A i and B comaximal for
each i , then A1A2 � � � Am and B are comaximal. Thus A1 \ A2 \ � � � \ Am and B
are comaximal.

Pro of Consider� : R ! R=B. Then � (A1A2 � � � Am ) = � (A1)� (A2) � � � � (Am ) =
(R=B)(R=B) � � � (R=B) = R=B.

Chinese Remainder Theorem SupposeA1; A2; :::; An are pairwise comaximal
idealsof R, with each A i 6= R. Then the natural map � : R ! R=A1 � R=A2 � � � � �
R=An is a surjective ring homomorphismwith kernel A1 \ A2 \ � � � \ An .

Pro of There existsai 2 A i and bi 2 A1A2 � � �A i � 1A i +1 � � �An with ai + bi = 1
�
. Note

that � (bi ) = (0; ::; 0; 1
� i ; 0; ::; 0). If (r 1 + A1; r2 + A2; :::; rn + An ) is an element of the

range,it is the imageof r 1b1+ r2b2+ � � �+ rnbn = r1(1�
� a1)+ r2(1

�
� a2)+ � � �+ rn (1

�
� an ).

Theorem If R is commutativ e and A1; A2; :::; An are pairwise comaximal ideals
of R, then A1A2 � � � An = A1 \ A2 \ � � � \ An .

Pro of for n = 2. Show A1 \ A2 � A1A2. 9 a1 2 A1 and a2 2 A2 with a1 + a2 = 1
�
.

If c 2 A1 \ A2, then c = c(a1 + a2) 2 A1A2.
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Prime and Maximal Ideals and UFD s

In the �rst chapter on background material, it was shown that Z is a unique
factorization domain. Hereit will be shown that this property holds for any principle
ideal domain. Later on it will be shown that every Euclidean domain is a principle
ideal domain. Thus every Euclidean domain is a unique factorization domain.

De�nition SupposeR is a commutativ e ring and I � R is an ideal.

I is prime meansI 6= R and if a;b2 R have ab2 I , then a or b2 I .
I is maximal meansI 6= R and there are no idealsproperly betweenI and R.

Theorem 0
�

is a prime ideal of R i� R is
0
�

is a maximal ideal of R i� R is

Theorem SupposeJ � R is an ideal, J 6= R.
J is a prime ideal i� R=J is
J is a maximal ideal i� R=J is

Corollary Maximal idealsare prime.

Pro of Every �eld is a domain.

Theorem If a 2 R is not a unit, then 9 a maximal ideal I of R with a 2 I .

Pro of This is a classicalapplication of the Hausdor� Maximalit y Principle. Con-
sider f J : J is an ideal of R containing a with J 6= Rg. This collection contains a
maximal monotonic collection f Vtgt2 T . The ideal V =

[

t2 T

Vt doesnot contain 1
�

and

thus is not equal to R. Therefore V is equal to someVt and is a maximal ideal
containing a.

Note To properly appreciatethis proof, the student should work the exercisein
group theory at the end of this section(seepage114).

De�nition SupposeR is a domain and a;b 2 R. Then we say a � b i� there
existsa unit u with au = b: Note that � is an equivalencerelation. If a � b, then a
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and b are said to be associates.

Examples If R is a domain, the associatesof 1
�

are the units of R, while the only
associate of 0

�
is 0

�
itself. If n 2 Z is not zero, then its associates are n and � n.

If F is a �eld and g 2 F [x] is a non-zeropolynomial, then the associates of g are
all cg wherec is a non-zeroconstant.

The following theorem is elementary, but it shows how associates �t into the
schemeof things. An element a divides b (ajb) if 9! c 2 R with ac = b.

Theorem SupposeR is a domain and a;b 2 (R � 0
�
). Then the following are

equivalent.

1) a � b.
2) ajb and bja.
3) aR = bR.

Parts 1) and 3) above show there is a bijection from the associate classesof R to
the principal idealsof R. Thus if R is a PID, there is a bijection from the associate
classesof R to the idealsof R: If an element of a domain generatesa non-zeroprime
ideal, it is called a prime element.

De�nition SupposeR is a domain and a 2 R is a non-zeronon-unit.

1) a is irr educibleif it doesnot factor, i.e., a = bc ) b or c is a unit.
2) a is prime if it generatesa prime ideal, i.e., ajbc ) ajb or ajc.

Note If a is a prime and ajc1c2 � � � cn , then ajci for somei . This follows from the
de�nition and induction on n: If each cj is irreducible, then a � ci for some i .

Note If a � b, then a is irreducible (prime) i� b is irreducible (prime). In other
words, if a is irreducible (prime) and u is a unit, then au is irreducible (prime).

Note a is prime ) a is irreducible. This is immediate from the de�nitions.

Theorem Factorization into primes is unique up to order and associates, i.e., if
d = b1b2 � � � bn = c1c2 � � � cm with each bi and each ci prime, then n = m and for some
permutation � of the indices,bi and c� (i ) are associatesfor every i . Note also9 a unit
u and primes p1; p2; : : : ; pt whereno two are associatesand du = ps1

1 ps2
2 � � � pst

t .
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Pro of This follows from the notesabove.

De�nition R is a factorization domain (FD) meansthat R is a domain and if a is
a non-zeronon-unit element of R, then a factors into a �nite product of irreducibles.

De�nition R is a unique factorization domain (UFD) meansR is a FD in which
factorization is unique (up to order and associates).

Theorem If R is a UFD and a is a non-zeronon-unit of R, then a is irreducible
, a is prime. Thus in a UFD, elements factor as the product of primes.

Pro of SupposeR is a UFD, a is an irreducible element of R, and ajbc. If either
b or c is a unit or is zero, then a divides one of them, so supposeeach of b and c is
a non-zeronon-unit element of R. There exists an element d with ad = bc. Each of
b and c factors as the product of irreducibles and the product of theseproducts is
the factorization of bc. It follows from the uniquenessof the factorization of ad = bc,
that one of theseirreducibles is an associate of a, and thus ajb or ajc. Therefore
the element a is a prime.

Theorem SupposeR is a FD. Then the following are equivalent.

1) R is a UFD.
2) Every irreducible element of R is prime, i.e., a irreducible , a is prime.

Pro of We already know 1) ) 2). Part 2) ) 1) becausefactorization into primes
is always unique.

This is a revealing and useful theorem. If R is a FD, then R is a UFD i� each
irreducible element generatesa prime ideal. Fortunately, principal ideal domains
have this property, as seenin the next theorem.

Theorem SupposeR is a PID and a 2 R is non-zeronon-unit. Then the following
are equivalent.

1) aR is a maximal ideal.
2) aR is a prime ideal, i.e., a is a prime element.
3) a is irreducible.

Pro of Every maximal ideal is a prime ideal, so 1) ) 2). Every prime element is
an irreducible element, so 2) ) 3). Now supposea is irreducible and show aR is a
maximal ideal. If I is an ideal containing aR, 9 b 2 R with I = bR. Sinceb divides
a, the element b is a unit or an associate of a: This meansI = R or I = aR.
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Our goal is to prove that a PID is a UFD. Using the two theorems above, it
only remains to show that a PID is a FD. The proof will not require that ideals be
principally generated,but only that they be �nitely generated. This turns out to
be equivalent to the property that any collection of idealshasa \maximal" element.
We shall seebelow that this is a usefulconceptwhich �ts naturally into the study of
unique factorization domains.

Theorem SupposeR is a commutativ e ring. Then the following are equivalent.

1) If I � R is an ideal, 9 a �nite set f a1; a2; :::; ang � R such that I =
a1R + a2R + � � � + anR; i.e., each ideal of R is �nitely generated.

2) Any non-void collection of idealsof R contains an ideal I which is maximal in
the collection. This meansif J is an ideal in the collection with J � I , then
J = I . (The ideal I is maximal only in the sensedescribed. It neednot contain
all the idealsof the collection, nor needit be a maximal ideal of the ring R.)

3) If I 1 � I 2 � I 3 � ::: is a monotonicsequenceof ideals,9 t0 � 1 such that I t = I t0

for all t � t0.

Pro of Suppose1) is true and show 3). The ideal I = I 1 [ I 2 [ : : : is �nitely
generatedand 9 t0 � 1 such that I t0 contains thosegenerators.Thus 3) is true. Now
suppose2) is true and show 1). Let I be an ideal of R, and considerthe collection
of all �nitely generatedideals contained in I . By 2) there is a maximal one, and it
must be I itself, and thus 1) is true. We now have 2)) 1)) 3), so suppose2) is false
and show 3) is false. So there is a collection of idealsof R such that any ideal in the
collection is properly contained in another ideal of the collection. Thus it is possible
to construct a sequenceof ideals I 1 � I 2 � I 3 : : : with each properly contained in
the next, and therefore3) is false. (Actually this construction requiresthe Hausdor�
Maximalit y Principle or someform of the Axiom of Choice,but we slide over that.)

De�nition If R satis�es theseproperties,R is said to be Noetherian, or it is said
to satisfy the ascending chain condition. This property is satis�ed by many of the
classicalrings in mathematics. Having three de�nitions makes this property useful
and easyto use. For example,seethe next theorem.

Theorem A Noetherian domain is a FD. In particular, a PID is a FD.

Pro of Supposethere is a non-zeronon-unit element that doesnot factor as the
�nite product of irreducibles. Considerall idealsdR whered doesnot factor. Since
R is Noetherian, 9 a maximal onecR: The element c must be reducible, i.e., c = ab
whereneither a nor b is a unit. Each of aR and bR properly contains cR, and soeach
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of a and b factors as a �nite product of irreducibles. This givesa �nite factorization
of c into irreducibles,which is a contradiction.

Corollary A PID is a UFD. SoZ is a UFD and if F is a �eld, F [x] is a UFD.

You seethe basic structure of UFDs is quite easy. It takes more work to prove
the following theorems,which are stated hereonly for reference.

Theorem If R is a UFD then R[x1; :::; xn ] is a UFD. Thus if F is a �eld,
F [x1; :::; xn ] is a UFD. (This theoremgoesall the way back to Gauss.)

If R is a PID, then the formal power seriesR[[x1; :::; xn ]] is a UFD. Thus if F
is a �eld, F [[x1; :::; xn ]] is a UFD. (There is a UFD R where R[[x]] is not a UFD.
Seepage566of CommutativeAlgebra by N. Bourbaki.)

Theorem Germsof analytic functions on Cn form a UFD.

Pro of SeeTheorem6.6.2of An Intr oduction to ComplexAnalysis in Several Vari-
ablesby L. H•ormander.

Theorem SupposeR is a commutativ e ring. Then R is Noetherian) R[x1; :::; xn ]
and R[[x1; :::; xn ]] are Noetherian. (This is the famousHilbert Basis Theorem.)

Theorem If R is Noetherianand I � R is a proper ideal, then R=I is Noetherian.
(This follows immediately from the de�nition. This and the previous theorem show
that Noetherian is a ubiquitous property in ring theory.)

Domains With Non-unique Factorizations Next are presented two of the
standard examplesof Noetherian domainsthat are not unique factorization domains.

Exercise Let R = Z(
p

5) = f n + m
p

5 : n; m 2 Zg. Show that R is a subring of
R which is not a UFD. In particular 2 � 2 = (1 �

p
5) � (� 1 �

p
5) are two distinct

irreducible factorizations of 4. Show R is isomorphicto Z[x]=(x2 � 5), where(x2 � 5)
represents the ideal (x2 � 5)Z[x], and R=(2) is isomorphic to Z2[x]=(x2 � [5]) =
Z2[x]=(x2 + [1]); which is not a domain.



114 App endix Chapter 6

Exercise Let R = R[x; y; z]=(x2 � yz). Show x2 � yz is irreducible and thus
prime in R[x; y; z]. If u 2 R[x; y; z], let �u 2 R be the cosetcontaining u. Show R
is not a UFD. In particular �x � �x = �y � �z are two distinct irreducible factorizations
of �x2: Show R=(�x) is isomorphic to R[y; z]=(yz); which is not a domain. An easier
approach is to let f : R [x; y; z] ! R [x; y] be the ring homomorphismde�ned by
f (x) = xy; f (y) = x2, and f (z) = y2. Then S = R[xy; x2; y2] is the image of
f and S is isomorphic to R: Note that xy; x2; and y2 are irreducible in S and
(xy)(xy) = (x2)(y2) are two distinct irreducible factorizations of (xy)2 in S.

Exercise In Group Theory If G is an additive abelian group, a subgroupH
of G is said to be maximal if H 6= G and there are no subgroupsproperly between
H and G. Show that H is maximal i� G=H � Zp for someprime p. For simplicity,
considerthe caseG = Q: Which oneof the following is true?

1) If a 2 Q, then there is a maximal subgroupH of Q which contains a.
2) Q contains no maximal subgroups.

Splitting Short Exact Sequences

SupposeB is an R-module and K is a submodule of B . As de�ned in the chapter
on linear algebra, K is a summand of B provided 9 a submodule L of B with
K + L = B and K \ L = 0

�
. In this casewe write K � L = B. When is K a summand

of B? It turns out that K is a summand of B i� there is a splitting map from
B=K to B. In particular, if B=K is free, K must be a summandof B . This is used
below to show that if R is a PID, then every submodule of Rn is free.

Theorem 1 SupposeR is a ring, B and C are R-modules, and g : B ! C is a
surjective homomorphismwith kernel K . Then the following are equivalent.

1) K is a summandof B .
2) g hasa right inverse,i.e., 9 a homomorphismh : C ! B with g� h = I : C ! C.

(h is called a splitting map.)

Pro of Suppose1) is true, i.e., suppose9 a submodule L of B with K � L = B.
Then (gjL) : L ! C is an isomorphism. If i : L ! B is inclusion, then h de�ned
by h = i � (gjL) � 1 is a right inverseof g. Now suppose2) is true and h : C ! B
is a right inverse of g. Then h is injective, K + h(C) = B and K \ h(C) = 0

�
.

Thus K � h(C) = B.
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De�nition Supposef : A ! B and g : B ! C are R-module homomorphisms.
The statement that 0 ! A

f
! B

g
! C ! 0 is a short exact sequence (s.e.s)means

f is injective, g is surjective and f (A) = ker(g). The canonicalsplit s.e.s. is A !
A � C ! C where f = i 1 and g = � 2: A short exact sequenceis said to split if 9
an isomorphism B �! A � C such that the following diagram commutes.

0 ! A B C ! 0

A � C

�

f g

i1 � 2

- -

Z
Z

Z
Z

ZZ~ �
�

�
�

��>

?

We now restate the previoustheorem in this terminology.

Theorem 1.1 A short exact sequence0 ! A ! B ! C ! 0 splits i� f (A) is
a summandof B , i� B ! C has a splitting map. If C is a free R-module, there is
a splitting map and thus the sequencesplits.

Pro of We know from the previous theorem f (A) is a summandof B i� B ! C
has a splitting map. Showing theseproperties are equivalent to the splitting of the
sequenceis a good exercisein the art of diagram chasing. Now supposeC hasa free
basisT � C, and g : B ! C is surjective. There exists a function h : T ! B such
that g � h(c) = c for each c 2 T. The function h extendsto a homomorphismfrom
C to B which is a right inverseof g.

Theorem 2 If R is a domain, then the following are equivalent.

1) R is a PID.
2) Every submodule of RR is a free R-module of dimension� 1.

This theorem restatesthe ring property of PID as a module property. Although
this theorem is transparent, 1)) 2) is a precursorto the following classicalresult.

Theorem 3 If R is a PID and A � Rn is a submodule, then A is a freeR-module
of dimension� n: Thus subgroupsof Zn are free Z-modulesof dimension� n.

Pro of From the previoustheoremwe know this is true for n = 1. Supposen > 1
and the theorem is true for submodules of Rn� 1. SupposeA � Rn is a submodule.
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Considerthe following short exact sequences,wheref : Rn� 1 ! Rn� 1 � R is inclusion
and g = � : Rn� 1 � R ! R is the projection.

0 � ! Rn� 1 f
� ! Rn� 1 � R �� ! R � ! 0

0 � ! A \ Rn� 1 � ! A � ! � (A) � ! 0

By induction, A \ Rn� 1 is free of dimension� n � 1: If � (A) = 0
�
; then A � Rn� 1.

If � (A) 6= 0
�
; it is free of dimension1 and thus the sequencesplits by Theorem 1.1.

In either case,A is a free submodule of dimension� n.

Exercise Let A � Z2 be the subgroupgeneratedby f (6; 24); (16; 64)g. Show A
is a free Z-module of dimension1. Also show the s.e.s. Z4

� 3� ! Z12 � ! Z3 splits
but Z � 2� ! Z � ! Z2 and Z2

� 2� ! Z4 � ! Z2 do not (seetop of page78).

Euclidean Domains

The ring Z possessesthe Euclidean algorithm and the polynomial ring F [x] has
the division algorithm (pages14 and 45). The concept of Euclidean domain is an
abstraction of theseproperties, and the e�ciency of this abstraction is displayed in
this section. Furthermore the �rst axiom, � (a) � � (ab), is used only in Theorem
2, and is sometimesomitted from the de�nition. Anyway it is possibleto just play
around with matrices and get somedeepresults. If R is a Euclidean domain and M
is a �nitely generatedR-module, then M is the sum of cyclic modules. This is oneof
the great classicaltheoremsof abstract algebra,and you don't have to worry about
it becomingobsolete. Here N will denote the set of all non-negative integers, not
just the set of positive integers.

De�nition A domain R is a Euclidean domain provided 9 � : (R � 0
�
) � ! N such

that if a;b2 (R � 0
�
); then

1) � (a) � � (ab).
2) 9 q; r 2 R such that a = bq+ r with r = 0

�
or � (r ) < � (b).

Examples of Euclidean Domains

Z with � (n) = jnj.
A �eld F with � (a) = 1 8 a 6= 0

�
or with � (a) = 0 8 a 6= 0

�
.

F [x] whereF is a �eld with � (f = a0 + a1x + � � � + anxn ) = deg(f ).
Z[i ] = f a + bi : a;b2 Zg = Gaussianintegerswith � (a + bi) = a2 + b2.
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Theorem 1 If R is a Euclideandomain, then R is a PID and thus a UFD.

Pro of If I is a non-zeroideal, then 9 b2 I � 0
�

satisfying � (b) � � (a) 8 a 2 I � 0
�
.

Then b generatesI becauseif a 2 I � 0
�
, 9 q; r with a = bq+ r . Now r 2 I and

r 6= 0
�

) � (r ) < � (b) which is impossible. Thus r = 0
�

and a 2 bR so I = bR.

Theorem 2 If R is a Euclideandomain and a;b2 R � 0
�
, then

� (1
�
) is the smallest integer in the imageof � .

a is a unit in R i� � (a) = � (1
�
).

a and b are associates ) � (a) = � (b).

Pro of This is a good exercise. However it is unnecessaryfor Theorem3 below.

The following remarkable theoremis the foundation for the resultsof this section.

Theorem 3 If R is a Euclidean domain and (ai;j ) 2 Rn;t is a non-zeromatrix,
then by elementary row and column operations (ai;j ) can be transformed to

0

B
B
B
B
B
B
B
B
B
B
B
@

d1 0 � � � 0
0 d2
...

. . .
dm

0

0 0

1

C
C
C
C
C
C
C
C
C
C
C
A

where each di 6= 0
�
; and di jdi +1 for 1 � i < m. Also d1 generatesthe ideal of R

generatedby the entries of (ai;j ).

Pro of Let I � R be the ideal generatedby the elements of the matrix A = (ai;j ).
If E 2 Rn , then the ideal J generatedby the elements of EA has J � I . If E is
invertible, then J = I . In the samemanner, if E 2 Rt is invertible and J is the ideal
generatedby the elements of AE , then J = I . This meansthat row and column
operations on A do not change the ideal I . SinceR is a PID, there is an element
d1 with I = d1R, and this will turn out to be the d1 displayed in the theorem.

The matrix (ai;j ) has at least one non-zero element d with � (d) a miminum.
However, row and column operations on (ai;j ) may produce elements with smaller
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� values. To consolidatethis approach, considermatrices obtained from (ai;j ) by a
�nite number of row and column operations. Among these, let (bi;j ) be one which
hasan entry d1 6= 0 with � (d1) a minimum. By elementary operations of type 2, the
entry d1 may be moved to the (1; 1) placein the matrix. Then d1 will divide the other
entries in the �rst row, elsewe could obtain an entry with a smaller � value. Thus
by column operations of type 3, the other entries of the �rst row may be madezero.
In a similar manner,by row operations of type 3, the matrix may be changedto the
following form.

0

B
B
B
B
B
B
B
B
B
@

d1 0 � � � 0

0
... cij

0

1

C
C
C
C
C
C
C
C
C
A

Note that d1 divides each ci;j , and thus I = d1R. The proof now follows by induction
on the sizeof the matrix.

This is an example of a theorem that is easy to prove playing around at the
blackboard. Yet it must be a deeptheorem becausethe next two theoremsare easy
consequences.

Theorem 4 SupposeR is a Euclidean domain, B is a �nitely generatedfree R-
module and A � B is a non-zerosubmodule. Then 9 free basesf a1; a2; :::; atg for A
and f b1; b2; :::; bng for B , with t � n, and such that each ai = di bi , whereeach di 6= 0

�
,

and di jdi +1 for 1 � i < t: Thus B=A � R=d1 � R=d2 � � � � � R=dt � Rn� t .

Pro of By Theorem 3 in the section Splitting Short Exact Sequences,A has a
free basisf v1; v2; :::; vtg. Let f w1; w2; :::; wng be a free basisfor B , wheren � t. The
composition

Rt �� ! A �� ! B �� ! Rn

ei � ! vi wi � ! ei

is represented by a matrix (ai;j ) 2 Rn;t wherevi = a1;i w1 + a2;i w2 + � � � + an;i wn . By
the previoustheorem,9 invertible matrixes U 2 Rn and V 2 Rt such that
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U(ai;j )V =

0

B
B
B
B
B
B
B
B
B
@

d1 0 � � � 0
0 d2 0
... 0

. . .
dt

0 � � � 0

1

C
C
C
C
C
C
C
C
C
A

with di jdi +1 . Sincechanging the isomorphismsRt �� ! A and B �� ! Rn corresponds
to changing the basesf v1; v2; :::; vtg and f w1; w2; :::; wng; the theoremfollows.

Theorem 5 If R is a Euclidean domain and M is a �nitely generatedR-module,
then M � R=d1 � R=d2 � � � � � R=dt � Rm whereeach di 6= 0

�
, and di jdi +1 for 1 � i < t.

Pro of By hypothesis9 a �nitely generatedfreemodule B and a surjective homo-
morphism B � ! M � ! 0. Let A be the kernel, so 0 � ! A �� ! B � ! M � ! 0 is
a s.e.s.and B=A � M : The result now follows from the previoustheorem.

The way Theorem5 is stated, someor all of the elements di may be units, and for
such di ; R=di = 0

�
. If we assumethat no di is a unit, then the elements d1; d2; :::; dt are

called invariant factors. They are uniqueup to associates,but we do not bother with
that here. If R = Z and we selectthe di to be positive, they are unique. If R = F [x]
and we selectthe di to be monic, then they are unique. The splitting in Theorem 5
is not the ultimate becausethe modules R=di may split into the sum of other cyclic
modules. To prove this we needthe following Lemma.

Lemma SupposeR is a PID and b and c are non-zeronon-unit elements of R.
Supposeb and c are relatively prime, i.e., there is no prime commonto their prime
factorizations. Then bR and cR are comaximal ideals. (Seep 108 for comaximal.)

Pro of There exists an a 2 R with aR = bR+ cR: Since ajb and ajc, a is a
unit, so R = bR+ cR.

Theorem 6 Suppose R is a PID and d is a non-zero non-unit element of R.
Assumed = ps1

1 ps2
2 � � � pst

t is the prime factorization of d (seebottom of p 110). Then
the natural map R=d �� ! R=ps1

1 � � � � � R=pst
t is an isomorphism of R-modules.

(The elements psi
i are called elementarydivisors of R=d.)

Pro of If i 6= j , psi
i and psj

j are relatively prime. By the Lemma above, they are
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comaximal and thus by the ChineseRemainderTheorem, the natural map is a ring
isomorphism(page108). Sincethe natural map is alsoan R-module homomorphism,
it is an R-module isomorphism.

This theoremcarriesthe splitting asfar as it can go, asseenby the next exercise.

Exercise SupposeR is a PID, p 2 R is a prime element, and s � 1. Then the
R-module R=ps hasno proper submodule which is a summand.

Torsion Submo dules This will give a little more perspective to this section.

De�nition SupposeM is a module over a domain R. An element m 2 M is said
to be a torsion element if 9 r 2 R with r 6= 0

�
and mr = 0

�
. This is the sameas

saying m is dependent. If R = Z, it is the sameassaying m has �nite order. Denote
by T(M ) the set of all torsion elements of M . If T(M ) = 0

�
, we say that M is torsion

free.

Theorem 7 SupposeM is a module over a domainR. Then T(M ) is a submodule
of M and M =T(M ) is torsion free.

Pro of This is a simple exercise.

Theorem 8 Suppose R is a Euclidean domain and M is a �nitely generated
R-module which is torsion free. Then M is a free R-module, i.e., M � Rm .

Pro of This follows immediately from Theorem5.

Theorem 9 Suppose R is a Euclidean domain and M is a �nitely generated
R-module. Then the following s.e.s.splits.

0 � ! T(M ) � ! M � ! M =T(M ) � ! 0

Pro of By Theorem7, M =T(M ) is torsion free. By Theorem8, M =T(M ) is a free
R-module, and thus there is a splitting map. Of coursethis theorem is transparent
anyway, becauseTheorem5 givesa splitting of M into a torsion part and a freepart.



Chapter 6 App endix 121

Note It followsfrom Theorem9 that 9 a freesubmodule V of M such that T(M )�
V = M . The �rst summandT(M ) is unique, but the complementary summandV is
not unique. V dependsupon the splitting map and is uniqueonly up to isomorphism.

To completethis section,here are two more theoremsthat follow from the work
we have done.

Theorem 10 SupposeT is a domain and T � is the multiplicativ e group of units
of T. If G is a �nite subgroupof T � , then G is a cyclic group. Thus if F is a �nite
�eld, the multiplicativ e group F � is cyclic. Thus if p is a prime, (Zp)� is cyclic.

Pro of This is a corollary to Theorem5 with R = Z. The multiplicativ e group G
is isomorphic to an additive group Z=d1 � Z=d2 � � � � � Z=dt whereeach di > 1 and
di jdi +1 for 1 � i < t. Every u in the additive group has the property that udt = 0

�
.

So every g 2 G is a solution to xdt � 1
�

= 0
�
. If t > 1, the equation will have degree

lessthan the number of roots, which is impossible. Thus t = 1 and so G is cyclic.

Exercise For which primesp and q is the group of units (Zp � Zq)� a cyclic group?

We know from Exercise2) on page59 that an invertible matrix over a �eld is the
product of elementary matrices. This result alsoholds for any invertible matrix over
a Euclideandomain.

Theorem 11 SupposeR is a Euclidean domain and A 2 Rn is a matrix with
non-zerodeterminant. Then by elementary row and column operations, A may be
transformed to a diagonalmatrix

0

B
B
B
B
@

d1 0
d2

. . .
0 dn

1

C
C
C
C
A

where each di 6= 0
�

and di jdi +1 for 1 � i < n. Also d1 generatesthe ideal generated
by the entries of A. Furthermore A is invertible i� each di is a unit. Thus if A is
invertible, A is the product of elementary matrices.
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Pro of It follows from Theorem3 that A may be transformedto a diagonalmatrix
with di jdi +1 . Since the determinant of A is not zero, it follows that each di 6= 0

�
.

Furthermore, the matrix A is invertible i� the diagonalmatrix is invertible, which is
true i� each di is a unit. If each di is a unit, then the diagonalmatrix is the product
of elementary matrices of type 1. Therefore if A is invertible, it is the product of
elementary matrices.

Exercise Let R = Z, A =

 
3 11
0 4

!

and D =

 
3 11
1 4

!

. Perform elementary

operations on A and D to obtain diagonalmatrices wherethe �rst diagonal element
divides the seconddiagonal element. Write D as the product of elementary matri-
ces. Find the characteristic polynomials of A and D: Find an elementary matrix B
over Z such that B � 1AB is diagonal. Find an invertible matrix C in R 2 such that
C � 1DC is diagonal. Show C cannot be selectedin Q2.

Jordan Blo cks

In this section, we de�ne the two special types of squarematrices used in the
Rational and Jordan canonical forms. Note that the Jordan block B(q) is the sum
of a scalar matrix and a nilpotent matrix. A Jordan block displays its eigenvalue
on the diagonal, and is more interesting than the companionmatrix C(q). But as
we shall seelater, the Rational canonical form will always exist, while the Jordan
canonical form will exist i� the characteristic polynomial factors as the product of
linear polynomials.

SupposeR is a commutativ e ring, q = a0 + a1x + � � � + an� 1xn� 1 + xn 2 R[x]
is a monic polynomial of degreen � 1, and V is the R[x]-module V = R[x]=q.
V is a torsion module over the ring R[x], but as an R-module, V has a free basis
f 1; x; x2; : : : ; xn� 1g. (Seethe last part of the last theorem on page 46.) Multipli-
cation by x de�nes an R-module endomorphismon V, and C(q) will be the ma-
trix of this endomorphismwith respect to this basis. Let T : V ! V be de�ned
by T(v) = vx: If h(x) 2 R[x], h(T) is the R-module homomorphism given by
multiplication by h(x). The homomorphism from R[x]=q to R[x]=q given by
multiplication by h(x), is zero i� h(x) 2 qR[x]. That is to say q(T) = a0I + a1T+
� � � + Tn is the zero homomorphism, and h(T) is the zero homomorphism i�
h(x) 2 qR[x]: All of this is supposedto make the next theoremtransparent.

Theorem Let V have the free basis f 1; x; x2; :::; xn� 1g. The companionmatrix
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representing T is

C(q) =

0

B
B
B
B
B
B
B
@

0 : : : : : : 0 � a0

1 0 : : : 0 � a1

0 1 0 � a2
...

. . . . . .
...

0 : : : : : : 1 � an� 1

1

C
C
C
C
C
C
C
A

The characteristic polynomial of C(q) is q; and jC(q)j = (� 1)na0. Finally, if h(x) 2
R[x], h(C(q)) is zero i� h(x) 2 qR[x].

Theorem Suppose � 2 R and q(x) = (x � � )n . Let V have the free basis
f 1; (x � � ); (x � � )2; : : : ; (x � � )n� 1g: Then the matrix representing T is

B(q) =

0

B
B
B
B
B
B
B
@

� 0 : : : : : : 0
1 � 0 : : : 0

0 1 �
...

...
. . . . . .

...
0 : : : : : : 1 �

1

C
C
C
C
C
C
C
A

The characteristic polynomial of B(q) is q; and jB(q)j = � n = (� 1)na0. Finally, if
h(x) 2 R[x], h(B(q)) is zero i� h(x) 2 qR[x].

Note For n = 1, C(a0 + x) = B(a0 + x) = (� a0). This is the only casewherea
block matrix may be the zeromatrix.

Note In B(q), if you wish to have the 1s above the diagonal, reversethe order of
the basisfor V.

Jordan Canonical Form

We are �nally ready to prove the Rational and Jordan forms. Using the previous
sections,all that's left to do is to put the piecestogether. (For an overviewof Jordan
form, read �rst the sectionin Chapter 5, page96.)
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Suppose R is a commutativ e ring, V is an R-module, and T : V ! V is an
R-module homomorphism. De�ne a scalar multiplication V � R[x] ! V by
v(a0 + a1x + � � � + ar xr ) = va0 + T(v)a1 + � � � + T r (v)ar .

Theorem 1 Under this scalarmultiplication, V is an R[x]-module.

This is just an observation, but it is one of the great tricks in mathematics.
Questionsabout the transformation T are transferred to questionsabout the module
V over the ring R[x]. And in the caseR is a �eld, R[x] is a Euclideandomain and so
we know almost everything about V as an R[x]-module.

Now in this section,we supposeR is a �eld F , V is a �nitely generatedF -module,
T : V ! V is a linear transformation and V is an F [x]-module with vx = T(v). Our
goal is to selecta basisfor V such that the matrix representing T is in somesimple
form. A submodule of VF [x] is a submodule of VF which is invariant under T. We
know VF [x] is the sum of cyclic modules from Theorems5 and 6 in the section on
Euclidean Domains. SinceV is �nitely generatedas an F -module, the free part of
this decomposition will be zero. In the sectionon Jordan Blocks, a basisis selected
for thesecyclic modules and the matrix representing T is described. This gives the
Rational CanonicalForm and that is all there is to it. If all the eigenvaluesfor T are
in F , we pick another basisfor each of the cyclic modules(seethe secondtheoremin
the sectionon Jordan Blocks). Then the matrix representing T is called the Jordan
CanonicalForm. Now we say all this again with a little more detail.

From Theorem5 in the sectionon EuclideanDomains, it follows that

VF [x] � F [x]=d1 � F [x]=d2 � � � � � F [x]=dt

whereeach di is a monicpolynomial of degree� 1, anddi jdi +1 . Pick f 1; x; x2; : : : ; xm� 1g
as the F -basisfor F [x]=di wherem is the degreeof the polynomial di .

Theorem 2 With respect to this basis,the matrix representing T is

0

B
B
B
B
B
B
B
B
B
@

C(d1)
C(d2)

. . .

C(dt )

1

C
C
C
C
C
C
C
C
C
A
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The characteristic polynomial of T is p = d1d2 � � � dt and p(T) = 0
�
. This is a type

of canonicalform but it doesnot seemto have a name.

Now we apply Theorem 6 to each F [x]=di . This gives VF [x] � F [x]=ps1
1 � � � � �

F [x]=psr
r wherethe pi are irreducible monic polynomials of degreeat least 1. The pi

neednot be distinct. Pick an F -basisfor each F [x]=psi
i as before.

Theorem 3 With respect to this basis,the matrix representing T is

0

B
B
B
B
B
B
B
@

C(ps1
1 )

C(ps2
2 ) 0

0
. . .

C(psr
r )

1

C
C
C
C
C
C
C
A

The characteristic polynomial of T is p = ps1
1 � � � psr

r and p(T) = 0
�
. This is called

the Rational canonical form for T.

Now supposethe characteristic polynomial of T factors in F [x] as the product of
linear polynomials. Thus in the Theoremabove, pi = x � � i and

VF [x] � F [x]=(x � � 1)s1 � � � � � F [x]=(x � � r )sr

is an isomorphismof F [x]-modules. Pick f 1; (x � � i ); (x � � i )2; : : : ; (x � � i )m� 1g as
the F -basisfor F [x]=(x � � i )si wherem is si .

Theorem 4 With respect to this basis, the matrix representing T is

0

B
B
B
B
B
B
B
B
B
B
B
@

B((x � � 1)s1 )
0

B((x � � 2)s2 )

0
. . .

B ((x � � r )sr )

1

C
C
C
C
C
C
C
C
C
C
C
A
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The characteristic polynomial of T is p = (x � � 1)s1 � � � (x � � r )sr and p(T) = 0
�
. This

is called the Jordan canonical form for T: Note that the � i neednot be distinct.

Note A diagonal matrix is in Rational canonical form and in Jordan canonical
form. This is the casewhereeach block is one by one. Of coursea diagonal matrix
is about as canonicalas you can get. Note also that if a matrix is in Jordan form,
its trace is the sum of the eigenvalues and its determinant is the product of the
eigenvalues. Finally, this section is loosely written, so it is important to use the
transposeprinciple to write three other versionsof the last two theorems.

Exercise SupposeF is a �eld of characteristic 0 and T 2 Fn has trace(T i ) = 0
�for 0 < i � n. Show T is nilpotent. Let p 2 F [x] be the characteristic polynomial of

T. The polynomial p may not factor into linears in F [x], and thus T may have no
conjugate in Fn which is in Jordan form. However this exercisecan still be worked
using Jordan form. This is basedon the fact that there existsa �eld �F containing F
as a sub�eld, such that p factors into linears in �F [x]. This fact is not proved in this
book, but it is assumedfor this exercise.So 9 an invertible matrix U 2 �Fn so that
U� 1TU is in Jordan form, and of course,T is nilpotent i� U � 1TU is nilpotent. The
point is that it su�cies to considerthe casewhereT is in Jordan form, and to show
the diagonalelements are all zero.

So supposeT is in Jordan form and trace (T i ) = 0
�

for 1 � i � n. Thus trace
(p(T)) = a0n where a0 is the constant term of p(x). We know p(T) = 0

�
and thus

trace (p(T)) = 0
�
, and thus a0n = 0

�
. Since the �eld has characteristic 0, a0 = 0

�and so 0
�

is an eigenvalue of T. This meansthat one block of T is a strictly lower
triangular matrix. Removing this block leaves a smaller matrix which still satis�es
the hypothesis, and the result follows by induction on the size of T. This exercise
illustrates the power and facility of Jordan form. It alsohasa cute corollary.

Corollary SupposeF is a �eld of characteristic 0, n � 1, and (� 1; � 2; ::; � n ) 2 F n

satis�es � i
1 + � i

2 + � � + � i
n = 0

�
for each 1 � i � n: Then � i = 0

�
for 1 � i � n.

Minimal polynomials To concludethis sectionhereare a few comments on the
minimal polynomial of a linear transformation. This part should be studied only if
you needit. SupposeV is an n-dimensionalvector spaceover a �eld F and T : V ! V
is a linear transformation. As beforewe make V a module over F [x] with T(v) = vx.
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De�nition Ann(VF [x]) is the set of all h 2 F [x] which annihilate V, i.e., which
satisfy Vh = 0

�
. This is a non-zeroideal of F [x] and is thus generatedby a unique

monic polynomial u(x) 2 F (x); Ann(VF [x]) = uF [x]. The polynomial u is called the
minimal polynomial of T: Note that u(T) = 0

�
and if h(x) 2 F [x], h(T) = 0

�
i�

h is a multiple of u in F [x]: If p(x) 2 F [x] is the characteristic polynomial of T,
p(T) = 0

�
and thus p is a multiple of u.

Now we state this again in terms of matrices. Suppose A 2 Fn is a matrix
representing T. Then u(A) = 0

�
and if h(x) 2 F [x], h(A) = 0

�
i� h is a multiple of

u in F [x]. If p(x) 2 F [x] is the characteristic polynomial of A, then p(A) = 0
�

and
thus p is a multiple of u. The polynomial u is also called the minimal polynomial of
A. Note that theseproperties hold for any matrix representing T, and thus similar
matriceshave the sameminimal polynomial. If A is given to start with, usethe linear
transformation T : F n ! F n determinedby A to de�ne the polynomial u.

Now suppose q 2 F [x] is a monic polynomial and C(q) 2 Fn is the compan-
ion matrix de�ned in the section Jordan Blocks. Whenever q(x) = (x � � )n , let
B(q) 2 Fn be the Jordan block matrix also de�ned in that section. Recall that q is
the characteristic polynomial and the minimal polynomial of each of thesematrices.
This together with the rational form and the Jordan form will allow us to understand
the relation of the minimal polynomial to the characteristic polynomial.

Exercise SupposeA i 2 Fn i hasqi asits characteristic polynomial and its minimal

polynomial, and A =

0

B
B
B
B
@

A1 0
A2

. . .
0 Ar

1

C
C
C
C
A

: Find the characteristic polynomial

and the minimal polynomial of A.

Exercise SupposeA 2 Fn .

1) SupposeA is the matrix displayed in Theorem2 above. Find the characteristic
and minimal polynomials of A.

2) SupposeA is the matrix displayed in Theorem3 above. Find the characteristic
and minimal polynomials of A.

3) SupposeA is the matrix displayed in Theorem4 above. Find the characteristic
and minimal polynomials of A.



128 App endix Chapter 6

4) Suppose� 2 F . Show � is a root of the characteristic polynomial of A i� �
is a root of the minimal polynomial of A. Show that if � is a root, its order
in the characteristic polynomial is at least as large as its order in the minimal
polynomial.

5) Suppose �F is a �eld containing F as a sub�eld. Show that the minimal poly-
nomial of A 2 Fn is the sameas the minimal polynomial of A consideredas a
matrix in �Fn . (This funny looking exerciseis a little delicate.)

6) Let F = R and A =

0

B
@

5 � 1 3
0 2 0

� 3 1 � 1

1

C
A . Find the characteristic and minimal

polynomials of A.

Determinan ts

In the chapter on matrices, it is stated without proof that the determinant of the
product is the product of the determinants (seepage63). The purposeof this section
is to give a proof of this. We supposeR is a commutativ e ring, C is an R-module,
n � 2, and B1; B2; : : : ; Bn is a sequenceof R-modules.

De�nition A map f : B1 � B2 � � � � � Bn ! C is R-multilinear meansthat if
1 � i � n, and bj 2 B j for j 6= i , then f j(b1; b2; : : : ; B i ; : : : ; bn ) de�nes an R-linear
map from B i to C.

Theorem The set of all R-multilinear mapsis an R-module.

Pro of From the �rst exercisein Chapter 5, the set of all functions from B1 � B2 �
� � � � Bn to C is an R-module (seepage69). It must be seenthat the R-multilinear
maps form a submodule. It is easyto seethat if f 1 and f 2 are R-multilinear, so is
f 1 + f 2: Also if f is R-multilinear and r 2 R, then (f r ) is R-multilinear.

From hereon, suppose B1 = B2 = � � � = Bn = B.

De�nition

1) f is symmetric means f (b1; : : : ; bn ) = f (b� (1) ; : : : ; b� (n) ) for all
permutations � on f 1; 2; : : : ; ng.

2) f is skew-symmetricif f (b1; : : : ; bn ) = sign(� )f (b� (1) ; : : : ; b� (n) ) for all � .
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3) f is alternating if f (b1; : : : ; bn ) = 0
�

whenever somebi = bj for i 6= j .

Theorem

i) Each of thesethree typesde�nes a submodule of the set of all
R-multilinear maps.

ii) Alternating ) skew-symmetric.
iii) If no element of C hasorder 2, then alternating ( ) skew-symmetric.

Pro of Part i) is immediate. To prove ii), assumef is alternating. It su�cies to
show that f (b1; :::; bn ) = � f (b� (1) ; :::; b� (n) ) where� is a transposition. For simplicity,
assume� = (1; 2). Then 0

�
= f (b1 + b2; b1 + b2; b3; :::; bn ) = f (b1; b2; b3; :::; bn ) +

f (b2; b1; b3; :::; bn ) and the result follows. To prove iii), supposef is skew symmetric
and no element of C hasorder 2, and show f is alternating. Supposefor convenience
that b1 = b2 and show f (b1; b1; b3; : : : ; bn ) = 0

�
. If we let � be the transposition (1; 2),

we get f (b1; b1; b3; : : : ; bn ) = � f (b1; b1; b3; : : : ; bn ), and so 2f (b1; b1; b3; : : : ; bn ) = 0
�
,

and the result follows.

Now we are ready for determinant. SupposeC = R. In this casemultilinear
mapsare usually called multilinear forms. SupposeB is Rn with the canonicalbasis
f e1; e2; : : : ; eng. (We think of a matrix A 2 Rn asn columnvectors,i.e., asan element
of B � B � � � � � B .) First we recall the de�nition of determinant.

SupposeA = (ai;j ) 2 Rn . De�ne d : B � B � � � � � B ! R by d(a1;1e1+ a2;1e2+ � � �+
an;1en ; :::::; a1;n e1 + a2;n e2 + � � � + an;n en ) =

P
all � sign(� )(a� (1) ;1a� (2) ;2 � � � a� (n);n ) = jAj.

The next theorem follows from the sectionon determinants on page61.

Theorem d is an alternating multilinear form with d(e1; e2; : : : ; en ) = 1
�
.

If c 2 R, dc is an alternating multilinear form, becausethe setof alternating forms
is an R-module. It turns out that this is all of them, asseenby the following theorem.

Theorem Supposef : B � B � : : : � B ! R is an alternating multilinear form.
Then f = df (e1; e2; : : : ; en ). This meansf is the multilinear form d times the scalar
f (e1; e2; :::; en ). In other words, if A = (ai;j ) 2 Rn , then f (a1;1e1 + a2;1e2 + � � � +
an;1en ; :::::; a1;n e2 + a2;n e2 + � � � + an;n en ) = jAjf (e1; e2; :::; en ). Thus the set of alter-
nating forms is a free R-module of dimension1, and the determinant is a generator.
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Pro of For n = 2, you can simply write it out. f (a1;1e1 + a2;1e2; a1;2e1 + a2;2e2) =
a1;1a1;2f (e1; e1) + a1;1a2;2f (e1; e2) + a2;1a1;2f (e2; e1) + a2;1a2;2f (e2; e2) = (a1;1a2;2�
a1;2a2;1)f (e1; e2) = jAjf (e1; e2): For the generalcase,f (a1;1e1 + a2;1e2 + � � � +
an;1en ; :::::; a1;n e1 + a2;n e2 + � � � + an;n en ) =

P
ai 1 ;1ai 2 ;2 � � � ai n ;n f (ei 1 ; ei 2 ; :::; ei n ) where

the sum is over all 1 � i 1 � n; 1 � i 2 � n; :::; 1 � i n � n: However, if any i s = i t

for s 6= t, that term is 0 becausef is alternating. Thereforethe sum is

just
P

all � a� (1) ;1a� (2) ;2 � � � a� (n);n f (e� (1) ; e� (2) ; : : : ; e� (n) ) =
P

all � sign(� )a� (1) ;1

a� (2) ;2 � � � a� (n);n f (e1; e2; : : : ; en ) = jAjf (e1; e2; :::; en ).

This incredible classi�cation of these alternating forms makes the proof of the
following theoremeasy. (Seethe third theoremon page63.)

Theorem If C; A 2 Rn , then jCAj = jCjjAj.

Pro of SupposeC 2 Rn . De�ne f : Rn ! R by f (A) = jCAj. In the notation of
the previous theorem, B = Rn and Rn = Rn � Rn � � � � � Rn . If A 2 Rn ; A =
(A1; A2; :::; An ) where A i 2 Rn is column i of A, and f : Rn � � � � � Rn ! R
has f (A1; A2; :::; An) = jCAj. Use the fact that CA = (CA1; CA2; :::; CAn ) to
show that f is an alternating multilinear form. By the previous theorem, f (A) =
jAjf (e1; e2; :::; en ). Sincef (e1; e2; :::; en ) = jCI j = jCj, it follows that jCAj = f (A) =
jAjjCj.

Dual Spaces

The conceptof dual module is basic,not only in algebra,but also in other areas
such as di�erential geometryand topology. If V is a �nitely generatedvector space
over a �eld F , its dual V � is de�ned asV � = HomF (V; F ). V � is isomorphicto V, but
in generalthere is no natural isomorphismfrom V to V � . However there is a natural
isomorphismfrom V to V �� , and so V � is the dual of V and V may be considered
to be the dual of V � . This remarkable fact has many expressionsin mathematics.
For example,a tangent plane to a di�erentiable manifold is a real vector space.The
union of thesespacesis the tangent bundle, while the union of the dual spacesis the
cotangent bundle. Thus the tangent (cotangent) bundle may be consideredto be the
dual of the cotangent (tangent) bundle. The sectionsof the tangent bundle are called
vector �elds while the sectionsof the cotangent bundle are called 1-forms.

In algebraictopology, homologygroups are derived from chain complexes,while
cohomologygroups are derived from the dual chain complexes. The sum of the
cohomologygroups forms a ring, while the sum of the homology groups does not.
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Thus the conceptof dual module hasconsiderablepower. We develop herethe basic
theory of dual modules.

SupposeR is a commutativ e ring and W is an R-module.

De�nition If M is anR-module, let H (M ) bethe R-moduleH (M )=Hom R (M ; W):
If M and N are R-modules and g : M ! N is an R-module homomorphism, let
H (g) : H (N ) ! H (M ) be de�ned by H (g)(f ) = f � g. Note that H (g) is an
R-module homomorphism.

M N

W

f

g

H (g)(f ) = f � g

-

?

Z
Z

Z
Z

Z
Z

ZZ~

Theorem

i) If M 1 and M 2 are R-modules, H (M 1 � M 2) � H (M 1) � H (M 2).

ii) If I : M ! M is the identit y, then H (I ) : H (M ) ! H (M ) is the
identit y.

iii) If M 1
g

� ! M 2
h� ! M 3 areR-module homomorphisms,then H (g)� H (h) =

H (h � g): If f : M 3 ! W is a homomorphism, then
(H (g) � H (h))( f ) = H (h � g)(f ) = f � h � g.

M1 M2 M3

g h

ff � h

W

f � h � g

--

?

P P P P P P P P P P P P P PPq

Z
Z

Z
Z

ZZ~

Note In the languageof the category theory, H is a contravariant functor from
the categoryof R-modulesto itself.
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Theorem If M and N are R-modulesand g : M ! N is an isomorphism,then
H (g) : H (N ) ! H (M ) is an isomorphismwith H (g� 1) = H (g) � 1.

Pro of

I H (N ) = H (I N ) = H (g � g� 1) = H (g� 1) � H (g)

I H (M ) = H (I M ) = H (g� 1 � g) = H (g) � H (g� 1)

Theorem

i) If g : M ! N is a surjective homomorphism,then H (g) : H (N ) ! H (M )
is injective.

ii) If g : M ! N is an injective homomorphismand g(M ) is a summand
of N; then H (g) : H (N ) ! H (M ) is surjective.

iii) If R is a �eld and g : M ! N is a homomorphism,then g is surjective
(injective) i� H (g) is injective (surjective).

Pro of This is a good exercise.

For the remainder of this section, suppose W = RR : In this case H (M ) =
HomR (M ; R) is denotedby H (M ) = M � and H (g) is denotedby H (g) = g� .

Theorem Suppose M has a �nite free basis f v1; :::; vng. De�ne v�
i 2 M � by

v�
i (v1r1 + � � � + vn rn ) = r i . Thus v�

i (vj ) = � i;j . Then v�
1; : : : ; v�

n is a free basis for
M � , called the dual basis. ThereforeM � is free and is isomorphic to M .

Pro of First considerthe caseof Rn = Rn;1, with basisf e1; : : : ; eng whereei =

0

B
B
B
B
B
B
@

0
�
1i

�
0

1

C
C
C
C
C
C
A

.

We know (Rn )� � R1;n , i.e., any homomorphismfrom Rn to R is given by a 1 � n
matrix. Now R1;n is freewith dual basisf e�

1; : : : ; e�
ng wheree�

i = (0; : : : ; 0; 1i ; 0; : : : ; 0).
For the generalcase,let g : Rn �! M be given by g(ei ) = vi . Then g� : M � ! (Rn )�

sendsv�
i to e�

i : Sinceg� is an isomorphism,f v�
1; : : : ; v�

ng is a basisfor M � .

Theorem SupposeM is a free module with a basisf v1; : : : ; vm g and N is a free
module with a basis f w1; : : : ; wng and g : M ! N is the homomorphismgiven by
A = (ai;j ) 2 Rn;m . This meansg(vj ) = a1;j w1 + � � � + an;j wn . Then the matrix of
g� : N � ! M � with respect to the dual bases,is given by A t .
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Pro of Note that g� (w�
i ) is a homomorphismfrom M to R: Evaluation on vj gives

g� (w�
i )(vj ) = (w�

i � g)(vj ) = w�
i (g(vj )) = w�

i (a1;j w1 + � � � + an;j wn) = ai;j . Thus g� (w�
i )

= ai; 1v�
1 + � � � + ai;m v�

m ; and thus g� is represented by A t .

Exercise If U is an R-module, de�ne � U : U� � U ! R by � U (f ; u) = f (u).
Show that � U is R-bilinear. Supposeg : M ! N is an R-module homomorphism,
f 2 N � and v 2 M . Show that � N (f ; g(v)) = � M (g� (f ); v). Now supposeM =
N = Rn and g : Rn ! Rn is represented by a matrix A 2 Rn . Supposef 2 (Rn )�

and v 2 Rn . Use the theorem above to show that � : (Rn )� � Rn ! R has the
property � (f ; Av) = � (A t f ; v). This is with the elements of Rn and (Rn )� written as
column vectors. If the elements of Rn are written ascolumn vectorsand the elements
of (Rn )� are written as row vectors, the formula is � (f ; Av) = � (f A; v). Of course
this is just the matrix product f Av. Dual spacesare confusing, and this exercise
should be worked out completely.

De�nition \Double dual" is a \covariant" functor, i.e., if g : M ! N is
a homomorphism,then g�� : M �� ! N �� . For any module M , de�ne � : M ! M ��

by � (m) : M � ! R is the homomorphismwhich sendsf 2 M � to f (m) 2 R, i.e.,
� (m) is given by evaluation at m: Note that � is a homomorphism.

Theorem If M and N are R-modulesand g : M ! N is a homomorphism,then
the following diagram is commutativ e.

M M ��

N N ��

�

�

g g��

-

-
? ?

Pro of On M ; � is given by � (v) = � M (� ; v): On N; � (u) = � N (� ; u).
The proof follows from the equation � N (f ; g(v)) = � M (g� (f ); v).

Theorem If M is a free R-module with a �nite basis f v1; : : : ; vng, then
� : M ! M �� is an isomorphism.

Pro of f � (v1); : : : ; � (vn )g is the dual basisof f v�
1; : : : ; v�

ng; i.e., � (vi ) = (v�
i )� .
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Note SupposeR is a �eld and C is the categoryof �nitely generatedvector spaces
over R. In the languageof category theory, � is a natural equivalencebetween the
identit y functor and the double dual functor.

Note For �nitely generatedvector spaces,� is usedto identify V and V �� . Under
this identi�cation V � is the dual of V and V is the dual of V � . Also, if f v1; : : : ; vng
is a basisfor V and f v�

i ; : : : ; v�
ng its dual basis,then f v1; : : : ; vng is the dual basis

for f v�
1; : : : ; v�

ng.

In generalthere is no natural way to identify V and V � . However for real inner
product spacesthere is.

Theorem Let R = R and V be an n-dimensional real inner product space.
Then � : V ! V � given by � (v) = (v; � ) is an isomorphism.

Pro of � is injective and V and V � have the samedimension.

Note If � is usedto identify V with V � , then � V : V � � V ! R is just the dot
product V � V ! R.

Note If f v1; : : : ; vng is any orthonormal basisfor V; f � (v1); : : : ; � (vn)g is the dual
basis of f v1; : : : ; vng, that is � (vi ) = v�

i . The isomorphism� : V ! V � de�nes an
inner product on V � , and under this structure, � is an isometry. If f v1; : : : ; vng is
an orthonormal basis for V; f v�

1; : : : ; v�
ng is an orthonormal basis for V � : Also, if U

is another n-dimensional IPS and f : V ! U is an isometry, then f � : U� ! V �

is an isometry and the following diagram commutes.

V V �

U U�

�

�

f f �

-

-
?

6

Exercise Suppose R is a commutativ e ring, T is an in�nite index set, and
for each t 2 T, Rt = R. Show (

M

t2 T

Rt )� is isomorphic to RT =
Y

t2 T

Rt . Now let

T = Z+ ; R = R, and M =
M

t2 T

R t . Show M � is not isomorphic to M .


