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ABSTRACT. A mathematical model is developed to investigate the impact of
Trypanosoma cruzi and Trypanosoma rangeli co-infection and Trypanosoma
rangeli-induced pathogenicity of triatomine bugs on the spread of Chagas dis-
ease. Due to the presence of two parasites, basic reproduction numbers of one
parasite in the absence of the other parasite (R10 and R2) and invasion re-
production numbers of one parasite invading the other parasite (Ri2 and Ra21)
are derived to determine the dynamics of the co-infection system. With a sim-
ple case of two parasites’ independent transmission, we have found that both
parasites go extinct if both R;o < 1 (¢ = 1,2), thus no Chagas disease spread.
Nevertheless, the condition of Rio > 1(¢ = 1,2) is not sufficient to cause
Chagas disease persistence, the invasion reproduction number of Trypanosoma
cruzi invading Trypanosoma rangeli transmission R 12 plays an important role.
Specifically, Chagas disease could go extinct if Ri2 < 1, and uniformly persis-
tent if R12 > 1. Moreover, due to pathogenicity, oscillation pattern of Chagas
disease is observed, which is different from other mechanisms such as matura-
tion delay, seasonality and regular spraying with insecticides for vector control.
In conclusion, we have found that the presence of Trypanosoma rangeli infec-
tion leads to the risk reduction of Chagas disease infection. Our findings are
beneficial to the prevention and control of Chagas disease.
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1. Introduction. Chagas disease is one of the most important zoonotic infections,
caused by the infection with an etiological agent of Trypanosoma cruzi (T. cruzi)
parasite. Humans and animals normally acquire the infection by contacting with
faeces or urine of infected triatomine bugs during/after blood-sucking [9, 30, 37, 49].
Once the protozoan T. cruzi invades into the bloodstream, the infected individuals
initially undergo an acute stage lasting one to two months, and around 5% infections
may display clinical symptoms and infected patients can be treated by drugs such as
benznidazole or nifurtimox [13, 30]. The majority of acute cases can progress into a
chronic stage with a considerably variable duration from 10 to 30 years. During this
stage, most patients never develop clinical symptoms, while a small portion may
suffer from disease induced heart disease and associated complications [13, 30, 49].

In contrast, the impact of Trypanosoma rangeli (T. rangeli) on Chagas disease
is secondary: T. rangeli shares with T. cruzi the large overlaps of geographical
distribution, and the same mammalian hosts and triatomine species, particularly
for example Rhodnius prolizus (R. prolizus) [39]. Despite being considered non-
pathogenic to mammal hosts, T. rangeli is epidemiologically important for Chagas
disease transmission since it may cause false-positive diagnosis of Chagas disease,
and it is pathogenic to triatomine vectors, leading to the reduction of vector repro-
duction and survival [15, 19, 35]. This can alter the triatomine bugs population
dynamics and subsequently alter the Chagas disease spreading process.

Due to the great epidemiological importance of T. cruzi and T. rangeli, and
their co-infection is an important component for predicting and preventing Cha-
gas disease transmission risk. Indeed, there are some biological evidences that
prevalence of these two parasites co-infection at natural contiguous forests and do-
mestic/peridomestic habitats is common for both vertebrate hosts and invertebrate
traitomine bugs, particularly genus Rhodnius which are key vectors for propagating
Chagas disease to humans [14, 17, 18, 20, 35, 48]. Moreover, biological studies of the
effects of T. cruziand T. rangeli co-infection on the fitness of triatomines R. prolizus
and mammals are often reported [3, 4, 5, 6, 35]. Whereas, how to mathematically
model this T. cruzi and T. rangeli co-infection and 7. rangeli-induced pathogenicity
of triatomine bugs and to evaluate their effects in the spread of Chagas disease have
not been investigated to our best knowledge.

Significant progresses, involving 7. cruzi transmission alone, have been made
to model the dynamics and risk of Chagas disease transmission. These modeling
studies have focused on: i). interaction between humans and triatomine vectors by
taking into account different transmission routes and different stages of infection in
human population [29, 46, 47]; ii). host community composition and host movement
behaviors [1, 21, 23, 34, 44]; iii). the design and optimization of control intervention
[7, 22, 26, 27, 28]. In a recent study, we investigated the dynamics of T. rangeli par-
asite relevant populations by considering the mutual interaction among T. rangeli
parasites, competent and quasi-competent hosts, triatomine bugs, and co-feeding
transmission [50]. That study observed the oscillatory behaviors of model solutions
which is caused by the T. rangeli-induced infection for vector population, confirm-
ing the significance of T. rangeli parasites, contrary to the common belief that 7.
rangeli is of only secondary importance for Chagas disease transmission.

Based on our previous work, we aim to develop a mathematical model to describe
the interplay among two parasites of T. cruzi and T. rangeli, vertebrate hosts which
could be humans and wild/domestic animals, and genus Rhodnius traitomine bugs.
We will determine the threshold conditions for the extinction and persistence of T.
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cruzi parasite transmission, clarify the impact of co-infection on the risk of Cha-
gas disease spread, and reveal certain unexpected phenomena such as fluctuation
pattern. These, in turn, would have implications for vector control and prevention
strategies of Chagas disease transmission.

The paper is organized as follows: a model of T. cruzi and T. rangeli co-infection
and T. rangeli-induced pathogenic effects on triatomine bugs is formulated in Sec-
tion 2. A basic result for the extinction of triatomine bug population is provided in
Section 3. Some conditions for the extinction and persistence of Chagas disease are
presented in Section 4. In Section 5, we present the main numerical results with an
emphasis on the effect of co-infection and pathogenicity on Chagas disease spread.
Finally, a discussion and conclusion will end our paper in Section 6.

2. Model formulation. We propose a deterministic SI model describing the Cha-
gas disease’s host and vector interaction on the basis of T. cruzi and T. rangeli
co-infection. Accordingly, both hosts and vectors are divided into susceptible and
infected classes, while depending upon the states of parasite infection. Let S;(t),
L1, Ijs(t) and I;3(t) (j = h,v) be the numbers of host and vector subpopulations
who are susceptible, infected with T. cruzi parasites alone, T. rangeli parasites
alone and both parasites at time ¢, respectively. In the following, indexes 0, 1, 2, 3
indicate the infection of no parasites, single 7. cruzi parasites, single 7. rangeli
parasites, and both T. cruzi and T. rangeli parasites, respectively. .

2.1. Host population transmission dynamics. Since animals infected with ei-
ther parasite are non-pathogenic, and human mortality induced by Chagas proto-
zoan T. cruziis small, in this study we assume that the disease-induced death of
host population is ignored which is the same as the work in [8]. We further assume
that the simultaneous transmission of both T. cruzi and T. rangeli parasites is neg-
ligible in the sense that a susceptible host /vector who is bitten by a dually-infected
vector /host can become infected with either T. cruiz or T. rangeli parasite. While,
an individual who is already infected with one single type of parasites can become
co-infected when it is bitten by its counterpart who infects with the other type of
parasites. For simplicity, we assume that the total number of host population is
constant as Np, which is balanced by the constant recruitment rate A, and the
natural mortality rate py,.

Transmission of T. rangeli is entirely dependent on biting rates as the organism
is transmitted via the salivary route. The transmission of 7. cruzi to hosts does not
really occur via biting but can be dependent on biting as transmission is stercorarial
(via feces), where the vector bites the host, defecates and then infects the wound or
mucous membranes. For simplicity, we assume transmission of both 7. cruzi and
T. rangeli depend on vectors’ biting rate. Thus, to characterize the infection rate
between hosts and vectors, let a be the total number of bites per triatomine bug
per unit time, and bfﬁj (i,7 = 0,1,2,3;k = 1,2) be the transmission probability
of parasite-k per bite received by hosts, who are already infected with parasite-j
received from triatomine bugs who are infected with parasite-i, hence the average
transmission rate of parasite-k per host per vector is 5%, = (b, ;a)/Ny. Hence,
the infection rate of susceptible hosts is given by

(B1LoLu1(8) + By Lus(8))Sn(t) + (B3%0Tu2(t) + B5%0 13 (1)) Sh (1),

and the former term is the influx of host population infected with 7. cruzi parasites
alone and the latter for the host population infected with single T. rangeli parasites.
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Meanwhile the host population with a single parasite infection can become co-
infected when they encounter with the other parasite infected triatomine bugs or co-
infected vectors. Specifically, single T. cruzi or T. rangeli infected host population
become co-infected at rates

(52»11712() ﬁ3a1]v3(t))-rh1(t) and (51~>QIU1() 53%21v3(t))—7h2(t)7

respectively. A schematic diagram of co-infection transmission in the host popula-
tion is illustrated in Figure 1.
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FIGURE 1. (Color online) A schematic diagram of co-
infection transmission in the host population. Here Sy, repre-
sents the subpopulation of susceptible hosts, and Ip;/L,; (i = 1,2, 3)
represents the subpopulation of infected hosts/vectors with sub-
script ¢ denoting the parasite infectious status, respectively. Sub-
script 0—no parasites; l-single 7. cruzi parasites; 2-single T.
rangeli parasites; 3-both T. cruzi and T. rangeli parasites.

2.2. Vector population transmission dynamics. The transmission process of
vector population is similar to that of host population. Let b;’ij (4,7 =0,1,2,3;k =
1,2) be transmission probability of parasite-k per contact, received by triatomine
bugs who are infected with parasite-j sending from hosts who are infected with
parasite-i, thus the average transmission rate of parasite-k per vector per host is

vk = (bfﬁ ;a)/Np. As the statement of host population co-infection transmission,
we can similarly derive the infection rates of each triatomine bugs subpopulation.
For example, the infection rate of susceptible vectors is

(BY L0 In1 () + B5L,0Ins(8))Su (1) + (852,0In2(t) + B30 Ina (1)) Su (1),

and others are similar.
As we mentioned in the introduction, T. rangeli is pathogenic to triatomine bugs
which leads to the reduced fecundity and high mortality of the infected counterparts
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[15, 34]. Accordingly, we denote by 6; € (0,1) the fecundity reduction and &,; (i =
2,3) the corresponding T. rangeli-induced death rates of different triatomine bugs,
respectively, which differ from their natural death rate p,. Following the Ricker-type
function for the reproduction of triatomine vectors [38], the birth rate of susceptible
bugs at time ¢ is defined by:

3 —a( S, (t S Iy (t )
by(t) =7 (Sv(t) + L (t) + Z&ifm-(t)> e ( RAPPR , (1)
i=2

where r is the intrinsic birth rate of triatomine bug, and ¢ is density-dependent
strength measuring the reproduction of bugs. This assumption reflects the ecolog-
ical consideration that the reproduction is linear for the small size of triatomine
population, decreases as a consequence of intraspecific competition, and then drops
significantly at very large triatomine densities due to the limited resources. The
schematic diagram of triatomine bug population transmission is illustrated in Fig-
ure 2.
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FIGURE 2. (Color online) A schematic diagram of co-
infection in the triatomine bug population. Here S, is the
number of susceptible triatomine bugs and I,,;/Ip; (i = 1,2,3) rep-
resents the number of infected triatomine bugs/hosts with sub-
script ¢ denoting the infectious status with parasite-i, respectively.
Subscript 0—no parasites; 1-single T. cruzi parasites; 2—single T.
rangeli parasites; 3-both T. cruzi and T. rangeli parasites.

2.3. Full system of host-vector interaction with two parasites co-infection.
According to the above statements and following the flowcharts of Fig. 1 and Fig. 2,
the model describing the interaction among hosts, triatomine bugs and two types
of parasites is given by the following system of ODEs:
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Lyt = X BMolu(t) (Nh - > Im(ﬂ)
i€{1,3} i€{1,2,3}
— X B L) In(t) — pndna (1),
i€{2,3}
()= X BEoLi(t) (Nh - fhi(t)>
i€{2,3} i€{1,2,3}
— 2 B L) Ina(t) — pnlna(t),
1€{1,3}
L) = X B Li®)In(t) + X B Li(t)Ina(t) — pnlns(t),
i€{2,3} i€{1,3}
Si)=bu(t) = X Blolmi(t)Su(t) = X BiRolni(t)Su(t) — poSu(t),
1€{1,3} 1€{2,3}
I{;l(t) = Z @aOIhZ( ) ( ) Z 61%1[h7( ) vl( ) - .UvIvl(t)v
i€{1,3} i€{2,3}
I{;Q(t) = Z 61—)01}”( ) ( ) Z ;izlhz( )Iv (t) - (61)2 + Uv)lw(t)a
1€{2,3} i€{1,3}
I1')3(t) = Z ﬁz—)l‘[hl( ) vl (t) + Z ﬂgiQIhi(t)Iv?(t) - (51)3 + Nv)IUS(t)v
1€{2,3} 1€{1,3}

(2)
with Sy (t) = Np, — Ini(t) — Ina(t) — Ins(t), and b, (t) is the birth rate of triatomine
bugs given in Eq. (1). All parameter values are assumed to be non-negative, and
the corresponding biological explanations are detailed in Table 1.

Following Theorem 5.2.1 in [40] and similar idea for the boundedness in [50], we
have drawn the following conclusion.

Proposition 1. For any given non-negative initial value xo € R” Y, model (2) has a
unique solution which exists globally and is non-negative and bounded for allt > 0.

3. Extinction of triatomine bug population. Vector-free equilibrium F, =
(0,0,0,0,0,0,0) of system (2) always exists. Linearizing the system at F,, we
obtain the Jacobian matrix as

—Hh 0 0 0 51—>0 0 ﬂgLONh
0 —un O 0 0 BE2 0 Nh, BY2, 0N
0 0 —u, O 0 0 0
J(E,) = 0 0 0 77— r 704 703
0O 0 0 0 1ty 0 0
0 0 0 0 0 —(8v2 + f1v) 0
0O 0 0 0 0 0 (803 + 1)

(3)
This implies that there is a positive eigenvalue if r > pu,, and all real eigenvalues are
negative if r < p,. Denote

Ry =1/ thy, (4)
which is a critical threshold characterizes the extinction and persistence of tri-
atomine bug population.

Theorem 3.1. For system (2) with any initial data xq € RL, E, is globally asymp-
totically stable if R, < 1 and unstable if R, > 1.

Proof. It follows from the Jacobian matrix J(E,) that F, is unstable if R,, > 1 and
locally asymptotically stable if R, < 1.
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TABLE 1. Parameter description and justification

Parameter

Description

Range/Value

Source

Nh

total number of hosts

400

29, 50]

a

number of bites per bug per unit
time

(0.2,33) day~1!

36]

hk
biaj

transmission probability of parasite-
k per contact, from triatomine bugs
who are infected with parasite-i to
hosts who are already infected with
parasite-j

0.00271,0.06]

(29, 44]

hk
Biaj

transmission rate of parasite-k per
host per vector, from triatomine
bugs who are infected with parasite-
i to hosts who are already infect
with parasite-j

(b ;) /N

calculated

vk
biaj

transmission probability of parasite-
k per contact, from hosts who are in-
fected with parasite-i to vectors who
are already infected with parasite-j

0.00026,0.49]

[T, 44]

vk
i—J

transmission rate of parasite-k per
host per vector, from hosts who
are infected with parasite-i to vec-
tors who are already infected with
parasite-j

(abfﬁj)/Nh

calculated

Hh

host mortality rate

[0.000038,0.0025] day T, 44]

vector mortality rate

0.0045, 0.0083

day™ T

1, 44]

the intrinsic birth rate of vectors

0.0274,0.7714

|

day

1, 29, 50]

density-dependency strength mea-
suring the reproduction of bugs

0, 00)

50]

T. rangeli-induced reproduction re-
duction of traitomine bugs who are
infected with parasite-i

[0,1]

assumed

T. rangeli-induced mortality rate of
traitomine bugs who are infected
with parasite-i

(0,0.05] day ™1

2, 50]

Considering the total number of triatomine bug population by

Ny (t) = Sy(t) + L1 (t) + Lo (t) + Iys(t),

we have

Ny(t)=r <Sv(t) + Lo (t) + Z aiIvi(t)> em 7Nt — Z Ovilvi(t) — po No(t)

=2

< (re_"N“(t) — 1y ) Ny (2).

In the case of R, < 1, we have

yielding

N{)(t) < (T - ﬂv)NU(t)a

limsup N, (t) < lim Nv(O)e“”(R“_l)t —0.

t——+oo T t—+too
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That is,

tl}Iﬁloo N,(t)=0< t_l}+moo Sy(t) = tl}gloo L;(t) =0, i=1,2,3,
implying that each triatomine bug subpopulation exponentially decays to zero for
any feasible initial condition in Rl. Subsequently, the limiting system of each
infected host subpopulation Ij; (i = 1,2, 3) satisfies

’ = — . i ) = 1i . —pnt
Ii(t) pndni(t) = lim I (t) = lim Ini(0)e 0.
Accordingly, we obtain F, is globally asymptotically stable if R, < 1. O

4. Extinction and persistence of Chagas disease. We are interested in the
extinction and persistence of Chagas disease, hence R, > 1 is always assumed in
the rest of the paper.

4.1. Basic reproduction numbers and invasion reproduction numbers.
System (2) has a parasite-free equilibrium Ey = (0,0,0,N;5,0,0,0), where N =
%ln R,. Using the next generation matrix method in [10, 11, 45], we have

0 A ,
F= (B 0) and V:dlag(uh’uh’ﬂh’ﬂv’(;U?+,uv75v3+:ufv);

where

ﬂl—)O 0 ﬁgiONh ﬁ1—>0 Ny 0 53—>0N
A= 0 52—>0Nh 55&0]\% , B= 0 ﬂzaoN* 5340
0 0 0 0 0 0

Hence, the threshold of model (2) is defined as the spectral radius of the next
generation matrix FV !, which is

Ro = p(FV 1) = max {Rlo,Rzo}a

*

where

HUh 12z Hh 61}2 =+t

Here R1g and Rog are the T. cruzi and T. rangeli basic reproduction numbers of
system (2) in the absence of the other parasite infection, respectively.

It is worthwhile noting that, though a number of model parameters are involved
in the co-infection model (2), Ro only depends on the dominant parameters which
are used to determine the basic reproduction numbers of one parasite in the absence
of the other parasite, respectively.

For system (2), it involves the interaction of two parasites, thus the ability of
one parasite invading the other parasite transmission may play an important role
to determine its dynamics [16, 33]. To do this, boundary equilibria of only one
parasite presence must be analyzed and summarized below [50].

h1 N N h2 N, N
RIO _ \/ —0+Vh ﬁl%() and RQO _ \/ —04Vh 52~>O .

Proposition 2. For system (2) and Ry > 1, we have:

(i) if Rio > 1, there is an equilibrium Ey = (I},,0,0,5%,1},0,0) indicating T.
cruzi parasite infection alone, where I}, 5%, can be explicitly determined
by the system (2) in the absence of T. rangeli parasite.

(i1) if Roo > 1, there is an equilibrium Ey = (0,17,,0,S5%,0,1,,0) indicating T.
rangeli parasite infection alone, where I},, Sy, and I, are implicitly deter-

v
mined by the system (2) in the absence of T. cruzi parasite.
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We assume that equilibrium F5 exists, or equivalently Rog > 1. Using the next
generation matrix method [10, 11, 45], the vectors for the rate of the appearance of
new infection by T. cruzi parasite and the rate of transition are found as:

(B ol + 53—>01v3)(Nh — (In1 + I}y + In3))
51?211}11;;2 + Bé,‘;zfvgf;;
Bi=0ln1552 + B3=0Ln3 S0 ’
BYL oI Ly + B30 Ins Iy
BE2 IioIny + 8521 LoaIny + pndna
=B oI — 5:?2 1LvsInt + pndns
v 7I aIU aIv = _> Y .
Tna, Iz o, Lua) 52—>1[h2 vl +ﬂ3—>1]h31v1 + prolv1
ﬁQ*}lIhZ vl — 53%1]}13[@1 + (5113 + Mv)IvS

F(In1, Inz, L1, Ly3) =

respectively.
The derivatives of .% and ¥ at (In1, Ips, Lv1, Lu3) = (0,0,0,0) are thus

= D.7(0,0,0,0) = ( 0 F12> and Vi = D¥(0,0,0,0) = (VH 0 )

Far 0 0 Va
where
Flo = <51—>0(Nh . I}s) 3—>0(Nh . I;;Q)) . Py = ( 1—>OS: ﬂgl?osijz) ,
61%2Ih2 ﬁ3~>21h2 B1—>211;2 ﬂg—>211;2
and

Vi = (B2*>1[v2 + ph 0) Vio = (B2ﬂ1[h2 + fo 0 ) '
ﬂ2—>1]:;2 1223 ’ 524)1[}12 61}3 + 1225

Subsequently, invasion reproduction number of Chagas disease intruding 7.
rangeli parasite transmission, denoted by Ri2, is given by the spectral radius of the
non-negative matrix FlVfl, ie.,

_ A+ /A2 —4A
Ria = p(F1V] 1)2\/ - 21 2, (5)

where
Ny, —If
AL = h2* ﬁ w3 + o) + ﬁ I
(v3 + Mv)(ﬂgillm + 1y) (B1L0(8 ) + B3%085% 1 a)
Mh(ﬂzalvz + ftn) (B0t + B0 Pa Tiz)
B30 (Nw — Iis) I
v I*
+ 503 + 1 1n(BE2 I% + pun) (BYL o + BYL2B5% )
Ty 53—)05 2 (bl
+ N s (603 + o) + BEL o B2 T
(6us + o) (B2 Iy + o) (P52 5500521 105)
hi>2122 3—>2I$2
51)3 + Ly HUh ’
and

(51%0 3%2 ﬁB%O 1%2)(61%0 3%2 ﬁ3~>0 1%2)
Ih2(Nh — Ih2) 1355755 )
(5511[;;2 + 1) (603 + f10) /J'h(ﬂgill':Q + pn)
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It is noted that Rq2 is essentially complicated, depending on all parameters of
the co-infection model (2), which will be jointly used to determine the extinction
and persistence of Chagas disease as shown below. The explicit formula of the
invasion reproduction number of T. rangeli parasite Rs; can be similarly derived
by linearizing the system (2) at F7, while we omit the details here.

4.2. Theoretical results. To have some rigorous mathematical results, we start
with a simple case by assuming that transmission of each parasite is independent and
pathogenic effect on triatomine bugs is equal since system (2) is very complicated,
namely

_ _ - m2 __ om2 __ -
0 = Bi%e = Pm1, 1=1,3, =0 = j_>1*[3m27 J=23,

Oy =03 =10, 62y = 03y = Oy,

where the symbol m is either h or v.
Firstly, it can be shown that

ml ml

(6)

3 3
0= {(Ihl,fhg,Ihg,sv,fvl,fw,fv@ ERT | Ini < N, Su(t) + Y L < N:}

i=1 i=1
is positively invariant with respect to system (2). Moreover, under the assumption
(6), R10, Roo and Rq2 can be rewritten as

Ny, By N* Ny, B,aN*
R = Br1iNk Bu1 Y Ry = BraNp Bua N} (7
Lh ph o Oy + iy

Rio = \/ ﬁthh ﬁvlS;Q 51) + Hy + B?;ZI;ZQ ﬁthh ﬁ'ulI;Q
12 = + .

and

8
Ov + o fn Bualfe + o Oy + o pin ®

Remark 1. For system (2) under the assumption (6), we have Ri2 < R1o and
R0 = Roar.

Lemma 4.1. For system (2) under the assumption (6), we have
(i) If Rip < 1, then both lim Ip;(t,x9) =0 and lim L, (t,20) =0 (i = 1,3) for
t—o0 t—o0

Vg € €.
(i) If Roo < 1, then both lim Ip;(t,z9) = 0 and lim L,(t) = 0 (i = 2,3) for
t—o0 t— o0
Vg € Q.

Proof. The summations of I, and I} 5, and of I}, and I, of system (2) yield
{ (In1 + In3)'(t) = Bri(Nn — (In1 + In3)) (L1 + Lv3) — pn(In1 + In3),
(Ivl + Iv3)/(t) = 6'01(511 + Iv2)(lh1 + Ih?)) - 61)[1)3 - Mv(Ivl + Iv?))-

Since € is positively invariant, the above system satisfies

{ (In1 + Ins) (t) < BraNp(Lv1 + Lus) — pn(Ipa + Ins),
(Ivl + IUS),(t> S 5U1N':(Ihl + IhS) - M'U(Ivl + Iv3)a

which is a linear system of differential inequalities with a coefficient matrix of

( —h BmNh)
/Blefj —Hv '

The trace of this matrix is strictly negative, and the determinant is

Hhply — 5h1Nh6'u1N: = ,U/h/’b'u(l - R%O) >0
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because of R1p < 1, which indicates that both eigenvalues of the matrix are negative.
By the comparison principle [41], we have

limsup Ip;(t) = limsup I,;(t) =0, i=1,3,
t—o0 t—o0

for any initial data in 2.
Similarly, for the changes of Ip;(t) (i = 2,3) and I,,;(t) (i = 2,3), we have

{ (In2 + In3)' (t) = Bra(Nn — (In2 + In3))(Lv2 + Iu3) — pn(In2 + In3),
([v2 + Iv3)l(t> = ﬂv2(sv + [1)1)(1}12 + Ih3) - (51) + ,va)(lv2 + 1113)7

which induces a linear system of differential inequalities

(In2 + In3)" < BraNn(Lvz + Lv3) — pin(In2 + In3), 9)
(Iv2 + Iu3) < BuaNji(In2 + In3) — (60 + o) (Lv2 + Iu3),

by positive invariance of Q. The matrix of (9) is

—lh Br2Nn
@UQN;; *(51) + ,U’U) ’
its trace is strictly negative, and the determinant is
pr(0p + o) = BraNuBoa Ny = pin(0y + o) (1 — Rgo) >0

due to Rgp < 1. This indicates that both eigenvalues of above matrix are negative.
By the comparison principle [41], we have
lim sup Ip; (¢, zo) = limsup L,;(t, z9) =0, ©=2,3,
t—o0 t—o0

for any initial data zo € Q. O

Following Lemma 4.1 and Theorems 4 and 6 in [50], we obtain the following
results:

Theorem 4.2. For system (2) under the assumption (6), we have
(i) if Ro = max{Ri0,Ra0} < 1, Ey is globally asymptotically stable in Q, i.e.,
Chagas disease goes extinct.
(ii) if Rao < 1 < Ryo, E1 is globally asymptotically stable in Q, i.e., Chagas
disease remains persistent.
(iii) if R1o < 1 < Rao, E2 can be unstable in U, i.e., Chagas disease goes extinct,
while T. rangeli parasite remains persistent.

Using Theorem 2 in [45], the following result is established.

Proposition 3. When Rog = Ro1 > 1 and R1p > 1 > Ri2, Es is locally asymptot-
ically stable, i.e., Chagas disease cannot invade the T. rangeli parasite transmission.

Following Theorem 4.6 by Thieme [43] and Theorem 2.4 by Zhao [51], we now
establish the condition for coexistence equilibrium and uniform persistence of two
parasites.

Theorem 4.3. When Rog = Ro1 > 1 and Rig > Ri2 > 1, system (2) under as-
sumption (6) admits at least one coezistence equilibrium E* = (f;l,fEQ,IAZS, A:,f{fl,
f;‘z,fjg) and both parasites are uniformly persistent, i.e., there is a constant k > 0
such that each solution ®¢(x9) = (Ip1(t), Ina(t), Ins(t), Su(t), Lv1 (), Iva(t), Lus(t))
starting with an initial data xo = (Ip1(0), In2(0), In3(0), S, (0), I,1(0), I,2(0), I,3(0))
€ Qg satisfies

liminf Ip;(t) > k and liminf I;(¢t) > K, i =1,2,3,

t—o0 t—o00
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where

O = {z € Q: at least one of L1 L2 > 0 for myn € {h,v} or (Ins, Iy3) # (0,0)}
showing the simultaneous presence of two parasites.
Proof. For each © = (Ip1, Ina, Ins, Sv, Lv1, Iue2, Iy3) € Q of system (2), denote

Qo = {z € Q: at least one of L1 1,2 > 0 for m,n € {h,v} or (Ips,L,3) # (0,0)}

and
390 _ Q\QO — {x c Q- (Ihlalvl) = (0,0) or (IhQ,I'UZ) == (070)3
and (Ih371v3) = (070)}7

such that Qy N 9Ny = 0.

It is sufficient to show that system (2) under assumption (6) is uniformly per-
sistent with respect to (20, 9). It is clear that 2 and € are positively invariant
and system (2) is point dissipative.

Let My = {xg € 0Q0 : Pi(xzg) € 09 for t > 0}. Therefore, My = 9Qy. The
boundary equilibria Ey, F1, Es are in My. Let W*(E;) be the stable manifold of
E; for i = 0,1,2. We will show that W*5(E;) N Q¢ = 0 whenever Rip > Rz > 1
and Rop > 1.

Define

e Brni(Nw —3¢) Bur (N} —¢)

a \/ 2Bn1e + pn 2Pu2e + pho

It follows from R1p > 1 that there is an g9 > 0 such that R5, > 1 for € € [0, g].
Let 179 small enough such that

Sy(0) > N — &g for ||zg — Eoll < no.
We claim that lim sup ||®;(z¢) — Eg|| > no for zg € Qo, where ||-| is the Euclidean
t—oo

norm. Supposing not, then by translation, we have ||®;(z¢) — Eg|| < o forallt >0
and hence

Iy () = Bra(Tv1 + Lu3)(Nb — (In1 4 In2 + Ins)) — [Br2(Lvz + Lus) + pin| Ina
> Builot (Nn — (Iny + In2 + In3)) — [Brz(Tv2 + Luvs) + pn | Ini (t)
> Bri(Np — 3€0)Iv1 — (28n2€0 + pin) Ina, (10)
and
Ly (t) = Bor(In1 + In3)Sv — [Bu2(In2 + In3) + o] L
> BotIn1Sy — [Buv2(In2 + Ins) + po] Inn
> Bo1(Ny —€0)In1 — (2Bn2e0 + o) Lo (11)

Combining (10) and (11) yields a planar homogeneous linear system of differential
inequalities with a matrix of

Jo = ((25h2€0 +pn)  Bri(Np —3eo) )
0 Bor(Ny —e0)  —(2Bn2g0 + p1w) ) -

Its determinant is
Br1 (N — 3¢0)Bur (N — Eo))
det(Jy) =(28p2e0 + 2Bn2c0 + ty) | 1 — v
(Jo) =(2Bn2e0 + 1n)(2Bn2e0 + 1 )( 2Bnazo + i) (2Brao T fiw)

=(2Bn2c0 + 1) (2Bn2g0 + 1) (1 — (R59)?) < 0
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because of Ri > 1. Hence, Jy has a positive eigenvalue. By a comparison theorem
[41], we have Ip1(t) and I,1(t) — oo as t — oo, which yields a contradiction to the
boundedness of system (2).

To show W*(E;) N Qo = (. Similarly, define

s_i¢mefa@ﬁﬂmq_%)

0 1n 8y + fo
It follows from Rog > 1 that there is an €7 > 0 such that R§, > 1 for € € [0,e4].
Let 77 small enough such that

S:1+€1 > Sv(O) > 5:1—61, I;1+€1 > Ihl(O) > I;;l—El, I:1+€1 > Ivl(O) > I:l—El
for ||zo — E1|| < m.
We claim that limsup ||®;(zo) — E1|| > m for z9 € Qp. Supposing not, then by
t—o0
translation, we have ||®:(z) — E1|| < m for all ¢ > 0 and hence

(In2 + In3)'(t) = Bra(lvz + L3)(Nn — (Inz 4 In3)) — pin(In2 + Inz)  (12)
> Br2(Np — 2e1)(Lv2 + Luz) — pn(In2 + In3)-
Since S}, + I, = N,;, we have
(Iv2 + L3)'(t) = Bo2(In2 + In3)(Sv + Lv1) — (0 + fo) Loz + Lu3) (13)
> Bua(Ny = 2e1)(In2 + In3) — (60 + o) (Lo2 + Lu3)-
Combining (12) and (13) yields a planar homogeneous linear system of differential
inequalities with a matrix of

I — ( —Wh Br2(Np — 251))
P\ Bua(NE—2e1)  —(0p ) )

The trace of J; is negative, and the determinant is

. Br2(Np — 2¢1)Boa (N — 2¢1)
dett) = ot (1- o)

= (0 + p) (1= (R50)?) <0
because of R5} > 1. Hence, J; has a positive eigenvalue. By a comparison theorem

[41], we have (Ipa + In3)(t), (Iy2 + Ip3)(t) = oo as t — oo, a contradiction.
To show W*(FE3) N Qp = (). Define

—2Br2 0 3Bn1 3B

—F —V, — _ | =26h2 O Brni B
JE N F1 ‘/1 A and A= ﬁvl Bvl _2ﬂv2 0

ﬁvl Bvl _251)2 0

Since s(F; — V1) > 0 if and only if R15 > 1, there is an 9 > 0 such that s(J;) > 0
for € € [0,e2]. We choose xg € Qy and 72 small enough such that
S:2+52 > SU(O) > 532*62, I;:2+52 > IhQ(O) > I;;Q*EQ, I:2+€2 > IUQ(O) > I;2*€2
for ||zo — E2| < na.

We then claim that limsup ||®;(xzo) — E2|| > 72 for the z¢ € €. Suppose not,

t—00
then by translation, we have ||®;(xq) — Ea| < 19 for all ¢ > 0 and hence
I,y (t) > Bri(Np — Iy — 3e2) (Lo1 (t) + Loz (t)) — Bra(Lyy + 262 + pan) Ina (1),
I3(t) > Bri(Ihg — €2)(Tua (t) + Lo (t)) + Bra(lye — 2€2)In1 (t) — unlns(t),
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o1 (t) > Bo1(Sya — €2)(In1 (t) + Inz(t)) — Bua(lhe + 262 + o) L1 (1),
v3(t) > Bur(Iyy — €2)(Tn1(t) + In3(t)) 4 Bua(Iho — 2€2) Lo1 (t) — (00 + po) L3 (t).

Notice that J. has a positive eigenvalue s(J.) associated to a positive eigenvector.
It follows from a comparison theorem that Ip(¢), In3(t), I,1(t), and I,3(t) — oo as
t — 00, a contradiction. Accordingly, system (2) under assumption (6) is uniformly
weak persistent with respect to (Qg, 98).

Since WS(E()) == {Eo}, WS(E1> = {El}, WS(EQ) = {EQ}, and Ma = WS(E0> U
W$(Ey) UWS(Es), {Eo}, {F1} and {E>} are isolated invariant sets and acyclic in
My. By Theorem 4.6 in Thieme [43], system (2) under assumption (6) is uniformly
persistent with respect to (g, 9). Moreover, by Theorem 2.4 in Zhao [51], system
(2) under assumption (6) has an equilibrium E* = (I}, Iy, I5, S5, Iy, 17y, 155) €
Qo and it is easy to check that E* is a positive equilibrium of system (2) under
assumption (6). O

5. Simulation results. In this section, we numerically present the results of 7.
cruzi and T. rangeli co-infection and pathogenic effect on Chagas disease spread.
The model parameter values chosen for simulations are stemmed from Table 1 and
under the assumption (6).

5.1. Impact of transmission rates on basic/invasive reproduction num-
bers. Asshown in Section 4, the basic/invasive reproduction numbers R;o (i = 1, 2)
and Rqo jointly determine the dynamics of the co-infection Chagas disease model
(2). Now we consider how transmission rates between hosts and vectors alter the
variation of R1g, Roo and Ris. Since the transmission rates between hosts and
vectors are proportional to the biting rate a which has a wide range [36], we hence
take the parameter a as an illustration. Figure 3 presents the impact of biting rate
a on the basic/invasive reproduction numbers R1g, Rap and Ri2. It is observed
in Fig. 3 that, as the biting rate a increases, both R1p and Rog increase, while
R12 increases initially, reaches the maximum value and then finally decreases below
unity. This implies that large contact between hosts and vectors can give rise to
the increase of both R1g and Ryg, while inadvertently leads to the decrease of the
invasive reproduction number R12, even below unity.

5.2. Eradication of Chagas disease. Figure 4 presents the comparison of Chagas
disease spread with and without T. rangeli-involved co-infection. Fig. 4(a) and
Fig. 4(b) display that, if T. rangeli parasites are absent, both population sizes of T.
cruzi-infected hosts and triatomine bugs converge to positive, where R1g = 1.1060 >
1, indicating the persistence of Chagas disease. However, if T. rangeli parasites are
taken into account, Fig. 4(c) and Fig. 4(d) show that T. cruzi-infected population
sizes eventually go extinct, where Rqg is the same as 1.1060, Rog = 2.0163 > 1 and
Ri2 = 0.9364 < 1. This reveals that T. cruzi- T. rangeli co-infection can lead to the
eradication of Chagas disease.

This finding provides a theoretically plausible control strategy for Chagas disease
elimination as long as Rog > 1 and Rqg9 > 1 > R1o are satisfied. Moreover, by their
explicit formulae given in Egs. (7), R1o is independent of § and d,,, Rag is decreasing
with respect to §, while irrelevant to 6, whereas R12 is closely related to these two
parameters. Consequently, if there are certain values of  and §, such that Rog > 1
and Ri2 < 1 < Ryp, one can eliminate T. cruzi parasites, confirming pathogenic
effect plays an important role for the control and prevention of Chagas disease.
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FIGURE 3. (Color online) Impact of biting rate per bug per

unit time on basic/invasive reproduction numbers. Here,

a € [1,30], N, = 400, vk, = 0.003, bs2%, = 0.0027, b¥1,, =

0.00032, b32,, = 0.0026, up = 0.0005, p, = 0.005, r = 0.03, o =

0.0009, 8 = 0.01, §,, = 0.006 are used.

5.3. Reduction of Chagas disease risk. We now proceed with the analysis of
Chagas disease risk if T. cruzi-infected populations are established, by examin-
ing the case of Rop > 1, Rig > 1, and additional R12 > 1. In this case, both
T. cruzi and T. rangeli parasites are uniformly persistent, while the dynamical
behavior of this co-existence equilibrium is uncertain. In fact, it can be unsta-
ble. We firstly test the stability of the equilibrium to examine the risk of Cha-
gas disease spread. With the feasible values in Table 1 and three different ini-
tial data ; = (10, 50, 50, 100, 10, 100, 10), 25 = (150, 100, 10, 100, 100, 100, 100) and
x3 = (50,10, 0,200, 10, 200, 0) from the positively invariant set €2, it is observed that
all solutions stabilize at the same level (figure not shown). With this stable state,
the basic reproduction numbers of T. cruzi and T. rangeli and the invasion repro-
duction number of T. cruzi are calculated as R1p = 8.3003 > 1, Rog = 5.1230 > 1,
and Ri2 = 1.5174 > 1, respectively.

Figure 5 shows the risk of Chagas disease in the presence and/or absence of T.
rangeli-involved co-infection. It is noticed that the sizes of T. cruzi-infected host
and triatomine bug populations in the case of co-infection are largely reduced as
shown in Fig. 5(a,c), where red solid lines are below the corresponding blue dashed
ones. Moreover, the population sizes of susceptible triatomine bugs are largely
reduced as well due to the presence of T. rangeli-involved co-infection (see Fig. 5(b)).
These phenomena indicate that involvement of T. rangeli parasite infection leads
to the reduction of Chagas disease risk, further confirming that pathogenic effect
on triatomine bugs plays a key role.

5.4. Oscillation occurrence of Chagas disease. Figure 6 exhibits the sustained
oscillation pattern of T. cruzi-infected total host population when Rqg > 1, Rog > 1
and Ri2 > 1. Fig. 6(a) shows the influence of reproduction reduction 6 on the
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FIGURE 4. (Color online) Impact of T. rangeli presence on
the spread of Chagas disease if Rop > 1 and Rig > 1 > Ri2
are satisfied. (a) and (b) are simulated from the model of T.
cruzi-infection alone, and (¢) and (d) are simulated from the co-
infection model (2). Here, a = 0.8, N, = 400, bpl, = 0.003,
bh2, = 0.0027, YL, = 0.00032, by2,, = 0.0026, u; = 0.0005,
1y = 0.005, r = 0.03, 0 = 0.0009, = 0.01, 6, = 0.006 are used for
the simulations.

solution of T. cruzi-infected host population. It is observed that stronger pathogenic
effect of reproduction reduction (namely, smaller  value) leads to larger oscillation
period and amplitude of Chagas disease. Fig. 6(b) shows the influence of T. rangeli-
induced death rate of triatomine bugs §,, on the behavior of T. cruzi-infected host
population. It is also noticed that as pathogenic effect of T. rangeli-induced death
rate becomes stronger (namely, larger d,), the oscillation period and amplitude
become larger. While, if we enlarge the life span of host population (namely, smaller
Ln), we observe that the oscillation period and amplitude become larger (Fig. 6(c)).
We have to mention that, if triatomine bugs has no T. rangeli-induced pathogenic
effect (i.e., # = 1 and §, = 0), no damped oscillation is observed (figure not shown
here), confirming pathogenic effect plays a critical role for the occurrence of Chagas
disease oscillation pattern.

Despite the oscillation pattern is numerically explored in Fig. 6, it is hard to
analytically identify the threshold condition. In order to have an intuitive view for
the disappearance or occurrence of sustained oscillation, we perform some simula-
tions to numerically identify the bifurcation diagram which is shown in Figure 7.
It is noticed that small # results in the appearance of oscillation since the mini-
mum and maximum values of T. cruzi-infected host population at steady state are
unequal, moreover smaller 6 leads to larger oscillation (Figure 7(a)). Phenome-
non of Fig. 7(b) is unexpected, in which it shows that both small and large values
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FIGURE 5. (Color online) Impact of T. cruzi and T. rangeli
co-infection on the risk of Chagas disease if Roy > 1 and
Rio > Ri2 > 1 are satisfied. (a) Solutions of T. cruzi-infected
hosts with /without co-infection; (b) solutions of susceptible vectors
with/without co-infection; (c) solutions of T. cruzi-infected vectors
with/without co-infection. Model parameters are a = 0.3, N, =
400, bpL, = 0.03, bYL,, = 0.03, bA2%,, = 0.012, b3, = 0.2, up

0.001, p, = 0.005, r = 0.0274, ¢ = 0.001, # = 0.9, §, = 0.03.
Particularly, b4%,, = by2,, = 6, = 0 and § = 1 in the case of no T.

rangeli co-infection.

of T. rangeli-induced death rate can lead to the disappearance of Chagas disease

oscillation.

6. Discussion. Motivated by two epidemiological important parasites of Chagas
disease, we have developed a novel mathematical model to study their potential im-
pact to Chagas disease spread. These two parasites, T. cruzi and T. rangeli, have
a capacity to co-infect their vertebrate mammals and invertebrate triatomine bugs,
while their corresponding pathological diagnosis is different, which attracts our at-
tention. In contrast to T. cruzi, T. rangeli is non-pathogenic to human beings, while
it influences the bugs’ fitness giving rise to a significant reduction of reproduction
and T. rangeli-induced death rate, thus alter the dynamics of triatomine bugs pop-
ulation [35]. In the present study, our aim is to focus on the biological implication
of two parasites coinfection and pathogenic effect on Chagas disease spread.

For the high dimensional system, we have derived certain explicit formulae of
critical thresholds: basic reproduction numbers of triatomine bug population R,
and of parasite population Ry, and invasion reproduction numbers Ri2 and Ro;.
These thresholds jointly determine the dynamics of the Chagas disease transmission
model, thus for the implication of Chagas disease risk reduction. We have found
that, if R, < 1, triatomine bugs population goes to extinction which is simple
(see Theorem 3.1), implying no risk of Chagas disease. Due to the involvement of
a number of model parameters, the dynamics of the developed model (2) is very
complex, we thus have limited to a simple case in the current study that assuming
the transmission of each parasite is independent. With this assumption (6), it is
interesting to notice that, if Ry > 1, Chagas disease can persist in the absence of T.
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FIGURE 6. (Color online) The effect of 0, §, and pj, on the
oscillation pattern of Chagas disease. All simulations run
until the steady state. Apart from the varied parameters in each
subfigure, other associated parameters are fixed as a = 0.6, b'fLO =
0.06, b¥1,, = 0.2, bh2 = 0.05, b3%,, = 0.2, N}, = 400, u, = 0.005,
r =0.0274, 0 = 0.001, 6, = 0.0347, 6§ = 0.1, pp = 0.001.

rangeli infection, while with its presence, it is numerically found that Chagas disease
can change from persistence to extinction if the invasion reproduction number R <
1 (Fig. 4). Consequently, T. rangeli is a good sister trypanosome facilitating the
risk reduction of Chagas disease dissemination.
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FIGURE 7. (Color online) Numerical illustration of bifur-
cation diagram with the variation of § and §,. (a) Maxi-
mum,/minimum sizes of Ij,; at steady state with respect to 6 € [0, 1];
(b) maximum/minimum sizes of Ij; at steady state with respect
to 6, € [0,0.05]. Here, a = 0.6, biL,, = 0.06, b¥1,, = 0.2, bh2 ) =
0.05, b¥%,, = 0.2, N, = 400, up, = 0.001, g, = 0.005, r =
0.0274, ¢ = 0.001 and 4, = 0.0347 for (a), § = 0.1 for (b) are
used.

Though we have found that both parasites can uniformly persistent in the case
of Rog > 1, R1g > 1 and R15 > 1, while the dynamical behavior of Chagas disease
can be completely different. With some reliable biological parameter values from
Table 1, we have obtained that T. cruzi-infected host and triatomine bug popu-
lations either tend to the stable state (Fig. 5) or undergo oscillation phenomenon
(Fig. 6), implying the co-infection model of Chagas disease has a rich dynamical
behavior. Moreover, with the help of T. rangeli involved co-infection, the risk of
Chagas disease infection is reduced since the corresponding sizes at endemic level
are decreased (Fig. 5). Additionally, it is basically common for the occurrence of
oscillation for vector-borne disease transmission since a number of factors such as
maturation time delay, seasonality and annual spraying with insecticides could be
major underlying mechanisms [31, 42, 47]. In this work, we have found another
mechanism that T. rangeli-infected pathogenic effect on triatomine bugs can induce
the occurrence of fluctuation as shown in Fig. 6, where both parameters 6 and ¢,
play an important role. Due to the complexity of model (2), we cannot find the
robust analytical threshold condition for the occurrence of oscillation, but we have
provided the numerical observation of bifurcation diagrams to identify the threshold
condition as shown in Fig. 7. It is interesting and unexpected that neither low or
high value of T. rangeli-infected death rate 6, would stimulate the oscillation of
Chagas disease, which will be left for future investigation.

However, a limitation is that we have ignored the Chagas disease induced death
rate of host population in the formulated model which may not be necessarily cor-
rect. Though the dynamics may have some discrepancy, the numerical simulation
results of basic and invasion reproduction numbers, size of each population at en-
demic equilibrium and/or oscillation state should be close. The solutions from the
developed model should remain a good approximation to Chagas disease transmis-
sion. Another limitation is that for the assumption (6), where we assume that a
dually-infected individual has a mild or weak interaction of the two parasites, and
whether a dually-infected individual can transmit each parasite more or less effi-
ciently than an individual infected with a single parasite have not been taken into
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account. Moreover, how the different pathogenicity on single 7. rangeli-infected
and dually-infected triatomine bugs influence the Chagas disease spread is not fully
studied here. In addition, host predation on bugs is another significant transmission
means of T. cruzi. Moreover, vectors infected T. rangeli can lead to increased prob-
ing and hosts infected with 7. rangeli can lead to increased predation [12, 24, 25, 32].
All these factors will jointly influence the dynamics of Chagas disease transmission.
Nevertheless, due to mathematical challenge, the current model for the co-infection
with T. cruzi and T. rangeli does not include the transmission route of host pre-
dation on vectors. We will address the effects of these important factors in a future
work. In conclusion, this study provides some new insights beneficial to the preven-
tion and control of Chagas disease. In general, with the involvement of sister try-
panosoma 7. rangeli co-infection, the risk of Chagas disease transmission is largely
reduced.
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