MTH 461: Survey of Modern Algebra, Spring 2021 Homework 6

Homework 6

1. Determine whether each map defined is a homomorphism or not. If it is a homomor-
phism, prove it, and also determine whether it is an isomorphism.

(a) The maps ¢1, ¢o, 3 : (R*, x) — GLy(R) given by the following, for each a € R*:

¢1(a)=((1) 2) ¢2(a):(20“ 2) ¢3(a>:<(1) 011)

(b) The map ¢ : (Z,,+) — (C*, x) given by ¢(k (mod n)) = e?™¥/»_ (Here i = v/—1.)
(¢) The map ¢ : C* — GLo(R) given by sending z = a + bi € C* to:

$la+bi) = ( o Z)
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2. A while back on HW 1 you showed that the set Z equipped with the binary operation
a*b=a+b+1 defines a group. Show that this group (Z, *) is isomorphic to the usual
group of integers with addition, (Z, +).

Clowl : {".ncl &n i$o/nor|okism ?:(Z,X)z(zﬁ).
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3. Let ¢ : G — G’ be a group homomorphism. Define
im(¢) ={a' € G':d’ = ¢(a) for some a € G} = G’
This set is called the image of ¢. Sometimes people write im(¢) = ¢(G).

(a) Show that im(¢) is a subgroup of G'.

(b) Prove or provide a counterexample: im(¢) is a normal subgroup of G'.

(&) Lt a=4), L -4 € im (¢)
Thin  a'b = 4@ ¢ (1) = ¢(ab) € m (4)
Ao, € = $le) € ()

wd tor & 24l €im(8) we e (WYL Gl ¢(d7) €imle)
-T‘;NS "M(<(>) 15 a subg(ouy of G{

() mlf) ned ot e & nowal <vbgrep of G
Take wg opovp Q with & hon-nermal cobgroup HCG,
Dk ¢:H—> G by iacusien: d(a)ra fr aeH.
Then  im ()= HC S % ast normal.
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4. Let G and G’ be isomorphic groups. Prove the following statements.

(a) If G is abelian, then G’ is abelian.
(b) If G is cyclic, then G’ is cyclic.
(c¢) Show that Q is not isomorphic to Z.

(A Lt ¢:G— G sd 3626 e isomaphisns.
Let 0‘\: b eq. Th L abelien
¢°(b) = ¢ (PN ¢ )19(w) = (L)
PLbr=¢a) = o'b:va (sne § w1
Thes G is abelian.
(b) Loy o grare G, ie. G =day=Sak: keZf.
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5. (a) Find two non-isomorphic groups of order 4.
(b) Show that A4 and Zs x Ss, although both of order 12, are not isomorphic.
(c) Show that Ss x Z4 and Sy, although both of order 24, are not isomorphic.

(6') zlxzz xnd Zq we ot iSDMOr?\(c
{ 2.x2. Whas as elemony  of oder Y)

(B) Ay has no elements of oder
(o far ve Sowed W g no Subgroup of ocder 6)
On He other hand | & xSy hos elements of
order G, eq. (1, (12n).
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() 33 K 'z,q has elements «Q ader 12
¢.q. (_Uz%}, 1’).
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