MTH 461: Survey of Modern Algebra, Spring 2021 Homework 3

Homework 3

1. Let G be the group of symmetries of a square in the 2-dimensional plane.

(a) Analogous to what we did for the symmetries of an equilateral triangle, write
down all symmetries of the square. What is the order of the group G?

(b) Label the 4 vertices of the square with the numbers 1,2,3,4. Accounting for how
these labels are moved around by each symmetry, write down a subgroup H < .S,
which corresponds to G.

(c) Is H all of S;? Is it contained in the alternating group A4?
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2. Compute the following compositions of permutations.

(a) (1345)(234)
(b) (143)(23)(24)
(c) (1354)100

(o) (v34S)(23Y9) =< H)(‘ >

(LY (M3)(23)H) = (143)(243)
= (14)(23)

(¢) (13 S%\l= (1357 4)(13s4) = (\$)(3u)
(1354)%= (\3s9)YUNGUY = (\4s73)
(st = (sa)(Us3) = e
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3. (a) What is ord(o) for o € S,, equal to a cycle of length [?7 Explain.

(b) Recall that an arbitrary permutation o € S,, can be written as ¢ = 0,090} where
each o; is a cycle and they are all disjoint. Show that

ord(o) = lem(ly, ..., l)

where [; is the length of the cycle o;.

(c) Write down all possible orders of elements in S;.
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4. In lecture we saw that every cycle in S, is a product of transpositions. Use this to
explain how the parity of a cycle is determined by the length of the cycle.
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5. Determine whether each permutation is even or odd.

(a) (14356)
(b) (156)(234)
(c) (17254)(1423)(154632)

60\) (’/Bc,[e oc \meﬁ"(’! 5
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(v) (56102 34)  Sevke godoct
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(o) (1325 (123 (54 6372)

2ven, odd odd
Tho Hae ‘?roéod' s even.
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