Noncommutative Algebra Fall 2016
Exercises 2 Drew Armstrong

2.1. Let *x : P = O : x be a Galois connection. Prove that for all subsets S C P and T C Q
we have
(VpS)* = NoS* and (VoT)* = ApT™.

2.2. Continuing from 2.1, prove that for all S C P and T C Q we have
VoS* <o (ApS)" and  Vp T <p (AoT)".

2.3. Consider the real line R with the usual topology, and let — : 28 = 2R . o be the
topological closure and interior operators. Let €@ C 28 and € C 2® denote the collections of
open and closed subsets of R, respectively.

(a) Prove that we have an adjunction —: & = € : o.

(b) Find specific examples in which the inequalities of Exercise 2.2 are strict. That is,
find two open sets O1,02 C R such that (O1 N O2)”™ € O7 N O, and two closed sets
C1,Cy C R such that C; UCS C (C1 U Cy)°.

2.4. Let U,V be sets and let % : 2V = 2V : % be an arbitrary Galois connection. Prove that
there exists a unique relation ~ C U x V such that for all S € 2V and T € 2V we have

S*={veV:VseS s~}
T*={ueU:VteTu~t}.

2.5. Let U,V be sets and let L : 2V = 2V : R be an arbitrary adjunction. Prove that there
exists a unique function f : U — 2" such that for all S € 2V and T € 2" we have

L(S) = Uses f(8)7

R(S)={uelU: f(u) CT}.



