MATCHING COMPLEXES, BOUNDED DEGREE GRAPH COMPLEXES AND WEIGHT SPACES OF GL_n-COMPLEXES

DIKRAN B. KARAGUEZIAN, VICTOR REINER^∗, AND MICHELLE L. WACHS^{∗∗}

Abstract. We present a technique for lifting results on the homology of matching complexes of certain types of graphs and hypergraphs to general bounded degree graph complexes. This technique is based on our observation that homological results of Bouc on matching complexes, of Reiner and Roberts on bounded degree graph complexes and of Józefiak and Weyman on Koszul complexes are all equivalent.

1. Introduction

The matching complex of a graph G is the abstract simplicial complex whose vertex set is the set of edges of G and whose faces are sets of edges of G with no two edges meeting at a vertex. The matching complex of the complete graph (known simply as the matching complex) and the matching complex of the complete bipartite graph (known as the chessboard complex) have arisen in a number of contexts in the literature [7] [13] [3] [15] [4] [5] [10] [11] [1]. Closely related complexes have been considered in [9] and [12].

The matching complex admits a natural action of the symmetric group and the chessboard complex admits a natural action of a direct product of symmetric groups. These actions induce representations on the homology of the complexes which have been computed in at least four independent studies: [4] [10] [11] [5]. Bouc [4] was the first to obtain the remarkable result giving the decomposition of the representation of the symmetric group on the homology of the matching complex into irreducibles indexed by self conjugate partitions. Prior to this Józefiak and Weyman [9] produced a similar decomposition of the homology of a Koszul complex of general linear group modules. This

Date: September 2, 1999.

∗ Research supported in part by a Sloan Foundation Fellowship and by a Univ. of Minnesota McKnight/Land Grant Fellowship.

** Research supported in part by NSF grant DMS 9701407. 1

result was recently rediscovered by Sigg [12] who gave a simpler proof. Friedman and Hanlon [5] obtained a result analogous to Bouc’s which decomposes the homology of the chessboard complex into irreducibles.

Reiner and Roberts [11] consider a more general class of subgraphs of a graph G that also forms a simplicial complex, namely the subgraphs of G for which the degree of each graph node is bounded from above by some fixed integer. When that integer is 1 for each node, one gets the matching complex of G. When G is a complete graph or complete bipartite graph there is a natural Young subgroup action on the complex. In [11] the representation of the Young subgroup on the homology is computed. These computations specialize to the Bouc and Friedman-Hanlon decompositions, respectively.

In this paper we show that the more general results of Reiner-Roberts are actually equivalent to the results Bouc and Friedman-Hanlon, respectively. To establish the equivalence of the Bouc result and the Reiner-Roberts result for the complete graph, we observe that the homology modules of the bounded degree graph complexes are weight spaces of the general linear group homology modules considered by Józefiak and Weyman. Thus the Bouc result, the Reiner-Roberts result and the Józefiak-Weyman results are all equivalent. The equivalence of the Friedman-Hanlon result and the Reiner-Roberts result for the complete bipartite graph is established similarly.

The technique that is used to prove the equivalence is abstracted and applied in more general settings. In particular, we apply it to hypergraph versions of the bounded degree graph complexes. We express the representation of the Young subgroup on the homology of the bounded degree hypergraph complex in terms of the representation on the homology of the hypergraph matching complex. This enables us to lift acyclicity results of Björner, Lovaśz, Vrećica and Z̆ivaljević [3] from hypergraph matching complexes to bounded degree hypergraph complexes and from higher dimensional chessboard complexes to bounded degree higher dimensional chessboard complexes. More generally, we lift an acyclicity result of Björner and Eriksson [2] on packing complexes to a bounded degree version of the packing complex.

2. Three homological results

Let γ = (γ_1, . . . , γ_n) be an n-tuple of nonnegative integers. The γ-bounded degree graph complex Δ_γ is defined to be the simplicial complex of all graphs on node set [n] = {1, 2 . . . , n} in which node i has degree γ_i or less. Loops are allowed and contribute 2 to the degree of the node. Multiple edges are not allowed. We may assume without loss of generality that γ is a weakly increasing sequence of positive integers (i.e. partition) since relabeling the nodes and removing nodes with degree bound 0 gives an isomorphic simplicial complex.

Let Σ_n denote the symmetric group on [n]. For γ = 1^{a1} 2^{a2} · · · j^{aj} we let Σ(γ) denote the Young subgroup Σ_{a1} × · · · × Σ_{aj} → Σ_n. The Young subgroup Σ(γ) acts as an automorphism group on Δ_γ by permuting the nodes of like degree bound. When γ = 1^n, the bounded degree graph complex Δ_γ is the matching complex M_n and Σ(γ) is Σ_n. The action of Σ(γ) on Δ_γ induces a representation of Σ(γ) on the reduced simplicial homology H̃_∗(Δ_γ; k), where throughout this paper k is assumed to be a field of characteristic 0.

The Specht module (or irreducible representation) of Σ_n over k indexed by the partition λ ⊢ n, is denoted by S^λ. Given a partition λ ⊢ n, we will say that |λ| = n. The length of λ, denoted ℓ(λ), is the number of parts of λ. Let λ^′ denote the conjugate of the partition λ and let d(λ) denote the size of the main diagonal (or Durfee square) of the Ferrers diagram for λ.

Theorem 2.1 (Bouc [4]). For all p ∈ N, the following isomorphism of Σ_n-modules holds H̃_{p−1}(M_n; k) ∼=_{Σn} ⨁ λ : λ ⊢ n λ = λ^′ d(λ) = |λ| − 2p S^λ.

In order to state the Reiner-Roberts result we need to review the notion of weight space in a GLV ) representation. See [6] for further information on weight spaces. Throughout this paper let V denote an m-dimensional vector space over k. Fix an ordered basis v_1, . . . , v_m of V , so that we can view the general linear group GL(V ) as a group of matrices. For x_1, . . . , x_m ∈ k, let diag(x_1, . . . , x_m) denote the diagonal matrix in GL(V ) with these entries. Given a sequence γ = (γ_1, . . . , γ_m) of nonnegative integers, let x^γ denote the product x^{γ1}_1 · · · x^{γm}_m . Given a polynomial representation U of GL(V ), the weight space of U corresponding to weight γ is denoted by U_γ and is defined to be U_γ = {u ∈ U : diag(x_1, . . . , x_m) · u = x^γ u ∀x_1, . . . , x_n ∈ k}. For example, if U = V^{⊗n} then U_γ is generated by elements of the form v_{i1} ⊗ · · · ⊗ v_{in} where the sequence i_1, . . . , i_n has γ_j occurrences of j for each j ∈ [m].

Now suppose γ is a partition of length n, where n ≤ m. We shall view γ as a weight, i.e. a sequence of m nonnegative integers, by attaching m − n copies of 0. Then the Young subgroup Σ(γ) → Σ_n →

Σ_m → GL(V ) acts on U and preserves U_γ . So the weight space U_γ is a Σ(γ)-module. When γ = 1^n, one has that U_γ is a Σ_n-module.

Recall that the theory of highest weights gives an indexing of irreducible polynomial representations of GL(V ) by partitions with at most m parts. Let V^λ be the irreducible polynomial representation of GL(V ) with highest weight λ if ℓ(λ) ≤ dim V and 0 otherwise.

Theorem 2.2 (Reiner and Roberts [11]). Let γ be a partition and V be a k-vector space where dim V ≥ ℓ(γ). Then for all p ∈ N, the following isomorphism of Σ(γ)-modules holds H̃_{p−1}(Δ_γ ; k) ∼=_{Σ(γ)} ⨁ λ : λ ⊢ |γ| λ = λ^′ d(λ) = |λ| − 2p V^λ_γ .

The weight space V^λ_γ has a nice concrete construction as a space of polytabloids. Let S^λ(γ) be the vector space generated by polytabloids of shape λ and content γ. By shape and content of a polytabloid we are referring to the shape and content of the tableau that indexes it. The content of a tableau is a sequence whose ith entry is the number of i’s appearing in the tableau. The Young subgroup Σ(γ) acts on S^λ(γ) by replacing the entries of a polytabloid. By a basic construction of irreducible GL(V )-modules (cf. [6, §8.1]), the weight space V^λ_γ is isomorphic to the Σ(γ)-module S^λ(γ). Hence the result of Reiner and Roberts can be rewritten as

Theorem 2.3. For all p ∈ N, the following isomorphism of Σ(γ)- modules holds H̃_{p−1}(Δ_γ ; k) ∼=_{Σ(γ)} ⨁ λ : λ ⊢ |γ| λ = λ^′ d(λ) = |λ| − 2p S^λ(γ).

Since S^λ(1^n) = S^λ, Bouc’s Theorem is a special case of the Reiner- Roberts Theorem. Since the column-strict polytabloids of shape λ and content γ form a basis for S^λ(γ) we have the following corollary.

Corollary 2.4. The reduced Betti number β̃_{p−1}(Δ_γ ) is the number of column strict tableau of self-conjugate shape λ and content γ, where λ satisfies d(λ) = |γ| − 2p.

Next we state the result of Józefiak and Weyman [9]. For each p ∈ N form the GL(V ) module

U_p(V ) = ∧^p(Sym^2 V ) ⊗ Sym^∗ V, where ∧^p is the pth exterior power, Sym^p is the pth symmetric power and Sym^∗ := ⊕_p Sym^p is the symmetric algebra. The map δ_p : U_p(V ) → U_{p−1}(V ) defined on generators by δ_p(v_{i1} v_{i2} ∧ · · · ∧ v_{i2p−1} v_{i2p} ⊗ u) = p∑ j=1 (−1)^j v_{i1} v_{i2} ∧ · · · ∧ ^v_{i2j−1} ^v_{i2j} ∧ · · · ∧ v_{i2p−1} v_{i2p} ⊗ uv_{i2j−1} v_{i2j} , where ^ denotes deletion and u ∈ Sym^∗ V , is the differential of the GL(V ) complex U(V ) := · · · → U_p(V ) → U_{p−1}(V ) → . . . . This complex arose in Józefiak-Weyman [9] as the Koszul complex over Sym^∗ V of the ideal generated by Sym^2 V in Sym^∗ V . We refer to it as the JW-complex. The following theorem is stated in [9] and implicitly proved in [8].

Theorem 2.5 (Józefiak-Weyman [9]). For all p ∈ N, the following isomorphism of GL(V )-modules holds H_p(U(V )) ∼=_{GL(V )} ⨁ λ : λ = λ^′ d(λ) = |λ| − 2p V^λ. (2.1)

The Reiner-Roberts Theorem (Theorem 2.2) and the Józefiak-Weyman Theorem (Theorem 2.5) together imply that the homology of the bounded degree graph complex is a weight space of the homology of the JW complex. We give a simple direct proof of this fact in the next section.

3. Equivalence of the results

In this section we will show that the Bouc Theorem, the Reiner- Roberts Theorem and the Józefiak-Weyman Theorem are all equivalent. In addition we show that the Betti number corollary to the Reiner-Roberts Theorem is also equivalent to the other results.

We begin by describing the chain complex of the bounded degree graph complex Δ_γ . Let C_p(Δ_γ ) be the (augmented) (p−1)-chain space (with coefficients in k) of Δ_γ . That is, C_p(Δ_γ) is the k-vector space generated by oriented simplices of dimension p−1. An oriented simplex in C_p(Δ_γ ) is simply a p-tuple of distinct edges. Two oriented simplices are related by

(e_1, e_2, . . . , e_p) = sgn σ (e_{σ(1)}, e_{σ(2)}, . . . , e_{σ(p)}), where σ ∈ Σ_p. The boundary map ∂_p : C_p(Δ_γ ) → C_{p−1}(Δ_γ) is defined on generators by

∂_p(e_1, . . . , e_p) = p∑ j=1 (−1)^j (e_1, . . . , ê_j , . . . , e_p). Since ∂_∗ commutes with the action of the Young subgroup Σ(γ) on C_∗(Δ_γ ), C(Δ_γ ) := · · · → C_p(Δ_γ ) → C_{p−1}(Δ_γ ) → · · · is a complex of Σ(γ)-modules.

Now consider the γ-weight space of the JW complex U(V ). Since δ_p(U_p(V )_γ ) ⊆ U_{p−1}(V )_γ , we have that

U(V )_γ := · · · → U_p(V )_γ → U_{p−1}(V )_γ → · · ·

is a complex of Σ(γ)-modules.

Proposition 3.1. For all p ∈ N, we have that H_p(U(V )) is a polynomial representation of GL(V ).

Proof. This follows from the fact that H_p(U(V )) is a subquotient of U_p(V ) and submodules and quotient modules of polynomial representations are again polynomial.

Theorem 3.2. Let γ be a partition and let V be a k-vector space where dim V ≥ ℓ(γ). Then the following isomorphism of Σ(γ)-complexes holds

C(Δ_γ ) ∼=_{Σ(γ)} U(V )_γ .

(3.1)

Moreover the following isomorphism of Σ(γ)-modules holds for all p ∈ N H̃_{p−1}(Δ_γ ; k) ∼=_{Σ(γ)} H_p(U(V ))_γ .

(3.2)

Proof. Recall that v_1, v_2, . . . , v_m is an ordered basis for V and let ϕ : U_p(V )_γ → C_p(Δ_γ ) be the map defined on generators by ϕ(v_{i1} v_{i2} ∧ · · · ∧ v_{i2p−1} v_{i2p} ⊗ v_{i2p+1} · · · v_{i|γ|} ) = ({i_1, i_2}, . . . , {i_{2p−1}, i_{2p}}). It is easy to see that this is a well defined vector space isomorphism that commutes with the action of Σ(γ). It is also immediate that ϕ commutes with the differentials of the two complexes. Hence (3.1) holds.

It follows that H̃_{p−1}(Δ_γ ; k) ∼=_{Σ(γ)} H_p(U(V )_γ ).

(3.3)

Since U_p(V ) is a polynomial representation of GL(V ), it decomposes into a direct sum of its weight spaces (cf. [6, §8.2]). This implies that the GL(V )-complex U(V ) decomposes into a direct sum of its weight complexes U(V )_γ . Consequently,

H_p(U(V )_γ ) ∼=_{Σ(γ)} H_p(U(V ))_γ .

Combining this with (3.3) yields (3.2).

Corollary 3.3. Let n ≤ dim V . Then H̃_{p−1}(M_n; k) ∼=_{Σn} H_p(U(V ))_{1n} .

Theorem 3.2 and Corollary 3.3 show that the Józefiak-Weyman Theorem implies the Reiner-Roberts Theorem and the Bouc Theorem. To show that Bouc implies Reiner-Roberts we will use Corollary 3.3 and the following proposition.

Proposition 3.4. Let W be a polynomial representation of GL(V ). Then for each partition λ of t, where t ≤ dim V , the multiplicity of the irreducible Σ_t-module S^λ in the 1^t-weight space of W equals the multiplicity of the irreducible GL(V )-module V^λ in W .

Proof. This follows immediately from the semisimplicity of polynomial representations of GL(V ) and the fact that V^λ_{1t} = S^λ

Bouc =⇒ Reiner-Roberts. Let γ be a partition and V a k-vector space such that |γ| ≤ dim V . Since H_p(U(V )) is a polynomial representation of GL(V ), Bouc’s Theorem implies, by Corollary 3.3 and Proposition 3.4, that for any λ ⊢ |γ| the multiplicity of V^λ in H_p(U(V )) is 1 if λ = λ^′ and d(λ) = |λ| − 2p, and is 0 otherwise. This and Theorem 3.1 implies that

H̃_{p−1}(Δ_γ ; k) ∼=_{Σ(γ)} H_p(U(V ))_γ ∼=_{Σ(γ)} ⨁ λ : λ ⊢ |γ| λ = λ^′ d(λ) = |λ| − 2p V^λ_γ ,

whenever dim V ≥ |γ|. The requirement that dim V ≥ |γ| is easily relaxed to dim V ≥ ℓ(γ) because the Σ(γ)-module V^λ_γ is isomorphic to S^λ(γ) for all V such that dim V ≥ ℓ(γ). Hence the Reiner-Roberts Theorem follows from Bouc.

Proposition 3.4 and Bouc’s Theorem yield the coefficient of V^λ in H_p(U(V )) when dim V ≥ |λ|. To obtain all the coefficients, that is to derive the Józefiak-Weyman Theorem from Bouc’s Theorem, one can either use the Weyl construction discussed below or the fact (which we are about to establish) that Corollary 2.4 implies the Józefiak-Weyman Theorem.

Corollary 2.4 =⇒ Józefiak-Weyman. The character of any polynomial representation W of GL(V ) can be expressed as a generating function for the dimensions of the weight spaces. More precisely

char(W ) = ∑ γ dim W_γ x^γ .

Hence Corollary 2.4 implies, via (3.2), that

char(H_p(U(V ))) = ∑ γ β̃_{p−1}(Δ_γ ) x^γ = ∑ λ : λ = λ^′ d(λ) = |λ| − 2p s_λ(x_1, . . . , x_m).

where s_λ is a Schur function and m = dim V . Since s_λ(x_1, . . . , x_m) = charV^λ, we can use the fact that the character of a polynomial representation of GL(V ) determines the representation to conclude that (2.1) holds. Hence the Józefiak-Weyman Theorem follows from the Bouc Theorem.

An alternative way to view the equivalence of Józefiak-Weyman and Bouc is by the Weyl construction which we now recall (cf. [6, §8.3]). Given a Σ_n-module X and a finite dimensional k-vector space V , form the GL(V )-module W (X, V ) = V^{⊗n} ⊗_{k[Σn]} X. This construction is functorial. If ϕ : X → Y is a homomorphism of Σ_nmodules then W (ϕ, V ) : W (X, V ) → W (Y, V ) defined on generators by W (ϕ, V )(v_{i1} ⊗ · · · ⊗ v_{in} ⊗ x) = (v_{i1} ⊗ · · · ⊗ v_{in} ⊗ ϕ(x)) is a well-defined homomorphism of GL(V ) modules. Also a direct sum decomposition X = ⊕X_i determines a direct sum decomposition W (X, V ) = ⊕W (X_i, V ). If λ ⊢ n then W (S^λ, V ) is the irreducible GL(V ) module indexed by λ when ℓ(λ) ≤ dim V and is 0 otherwise.

The Weyl construction applied to the chain complex of M_n yields a GL(V )-complex W (C(M_n), V ) := · · · → W (C_p(M_n), V ) → W (C_{p−1}(M_n), V ) → · · · , which turns out to be the degree n homogeneous piece of the JW complex. Let U^n_p (V ) be the degree n homogeneous component of U_p(V ), i.e., U^n_p (V ) = ∧^p(Sym^2 V ) ⊗ Sym^{n−2p} V.

Since δ_p(U^n_p (V )) ⊆ U^n_{p−1}(V ), we have that U(V ) is a graded GL(V )- complex with nth component equal to U^n(V ) := · · · → U^n_p (V ) → U^n_{p−1} → · · · .

Theorem 3.5. The following isomorphism of GL(V )-complexes holds W (C(M_n), V ) ∼=_{GL(V )} U^n(V )

(3.4) Moreover the following isomorphism of GL(V )-modules holds W (H̃_{p−1}(M_n; k), V ) ∼=_{GL(V )} H_p(U^n(V )).

(3.5) Proof. Recall that v_1, v_2, . . . , v_m is an ordered basis for V . Let ψ : W (C_p(M_n), V ) → U^n_p (V ) be the map defined on generators by ψ (v_{i1} ⊗ · · · ⊗ v_{in} ⊗_{Σn} ({1, 2}, . . . , {2p − 1, 2p})) = v_{i1} v_{i2} ∧ · · · ∧ v_{i2p−1} v_{i2p} ⊗ v_{i2p+1} · · · v_{in} . One can easily see that ψ is a well-defined GL(V )-module isomorphism. To see that ψ ∘ W (∂_p, V ) = δ_p ∘ ψ, observe that v_{i1} ⊗ · · · ⊗ v_{in} ⊗_{Σn} ({1, 2}, . . . , ^{2j − 1, 2j}, . . . , {2p − 1, 2p}) = v_{i1} ⊗ · · · ⊗ v̂_{i2j−1} ⊗ v̂_{i2j} ⊗ · · · ⊗ v_{in} ⊗ v_{i2j−1} ⊗ v_{i2j} ⊗_{Σn} ({1, 2}, . . . , {2p − 3, 2p − 2}). Hence (3.4) holds.

It follows from (3.4) that H_p(U^n(V )) ∼=_{GL(V )} H_p(W (C(M_n), V )). Since k[Σ_n] is semisimple, V^{⊗n} is projective as a right Σ_n-module. Consequently, H_p(W (C(M_n), V )) ∼=_{GL(V )} W (H_p(M_n), V ) which completes the proof of (3.5).

4. Hypergraph complexes Our argument in the previous section that Bouc implies Reiner- Roberts can be abstracted to provide a technique for lifting results on variations of the matching complex to corresponding variations of the bounded degree graph complexes. This technique is applied to hypergraph complexes in this section and to chessboard complexes in the next section.

Theorem 4.1 (Lifting Lemma). Let Λ be a Σ(γ)-simplicial complex and let M be a Σ_t-simplicial complex, where γ ⊢ t. Suppose there exists a polynomial GL_t(k)-complex U whose γ-weight complex U_γ is Σ(γ)- isomorphic to the chain complex C(Λ; k) and whose 1^t-weight complex U_1t is Σ_t-isomorphic to the chain complex C(M; k). Then for all p ∈ N H̃_p(Λ; k) ∼=_{Σ(γ)} ⨁ λ: λ⊢t c_λS^λ(γ) where c_λ is the multiplicity of S^λ in H̃_p(M; k).

Proof. Since the complex U decomposes into a direct sum of its weight complexes, it follows that H̃_{p−1}(Λ; k) ∼=_{Σ(γ)} H_p(U_γ ) ∼=_{Σ(γ)} H_p(U)_γ .

That H_p(U) is a polynomial representation of GL_t(k) follows from the fact that it is a subquotient of polynomial representations. Hence, by Proposition 3.4, the multiplicity of the irreducible representation of GL_t(k) indexed by λ in H_p(U) equals c_λ, the multiplicity of S^λ in H̃_{p−1}(M; k). Consequently by taking γ-weight spaces we have

H̃_{p−1}(Λ; k) ∼=_{Σ(γ)} H_p(U)_γ ∼=_{Σ(γ)} ⨁ λ: λ⊢t c_λS^λ(γ).

Corollary 4.2. Let Δ and M satisfy the hypothesis of Theorem 4.1. Then for all p ∈ N, the Betti number β̃_p(Λ) is equal to the coefficient of x^γ in the Frobenius characteristic of H̃_p(M; k).

Let r ≥ 2. An r-hypergraph on node set [n] is a set of r element multisets on [n]. The multisets are called edges. The degree of a node i is the total number of occurrences of i in the edges of the hypergraph. For γ an n-tuple of nonnegative integers the γ-bounded degree r-hypergraph complex Δ^r_γ is defined to be the simplicial complex of rhypergraphs on [n] for which each node i has degree at most γ_i. Again we can assume without loss of generality that γ is a partition. The Young subgroup Σ(γ) acts as an automorphism group on Δ^r_γ by permuting the hypergraph nodes of like degree bound. When r = 2, the bounded degree hypergraph complex Δ^r_γ is the bounded degree graph complex Δ_γ .

When γ = 1^n, we get the matching complex of the complete rhypergraph complex on node set [n] introduced in [3]. This is the Σ_n-simplicial complex whose faces are set partitions of subsets of [n] into blocks of size r. We will call this the r-matching complex and denote it by M^r_n .

Theorem 4.3. For any partition γ, integer r ≥ 2 and nonnegative integer p, the following isomorphism of Σ(γ)-modules holds H̃_p(Δ^r_γ; k) ∼=_{Σ(γ)} ⨁ λ⊢|γ| c_λS^λ(γ), (4.1)

where c_λ is the multiplicity of S^λ in H̃_p(M^r_{|γ|}; k). Consequently β̃_p(Δ^r_γ ) is equal to the coefficient of x^γ in the Frobenius characteristic of H̃_p(M^r_{|γ|}; k).

Proof. Let V be a |γ|-dimensional k-vector space. Consider the GL(V )- complex (∧^p(S^rV ) ⊗ S^∗V, δ_p) whose differential δ_p : ∧^p(S^rV ) ⊗ S^∗V → ∧^{p−1}(S^rV ) ⊗ S^∗V is defined on generators by

δ_p(u_1 ∧ · · · ∧ u_p ⊗ u) = p∑ i=1 (−1)^i u_1 ∧ · · · ∧ û_i ∧ · · · ∧ u_p ⊗ u · u_i, where u_j ∈ Sym^r V and u ∈ Sym^∗ V . It is easy to check that δ_p is a well-defined differential. The γ weight space of this complex is Σ(γ)- isomorphic to the chain complex of Δ^r_γ . Hence the result follows from the Lifting Lemma and its corollary.

Corollary 4.4. If γ = d^n then the Σ_n-module H̃_p(Δ^r_γ ; k) decomposes into irreducibles as follows H̃_p(Δ^r_γ ; k) ∼=_{Σn} ⨁ λ⊢n ⟨ch(H̃_p(M^r_{nd}; k)), s_λ[h_d]⟩ S^λ,

where ch denotes the Frobenius characteristic, s_λ denotes the Schur function corresponding to λ, ⟨·, ·⟩ denotes the bilinear form on the ring of symmetric functions for which the Schur functions form an orthonormal basis, and f[g] denotes the plethysm of the symmetric functions f and g.

Proof. See [11, Remark 3.4].

In [3] Björner, Lovász, Vrećica and Živaljević show that the matching complex M^r_n is ν^r_n-connected, where

ν^r_n = ⌊ n − 2 2r − 1 ⌋ − 1. Although we suspect that this connectivity result can be lifted to general bounded degree hypergraph complexes Δ^r_γ , our technique only allows us to lift the rational homology version of this result.

Corollary 4.5. The bounded degree hypergraph complex Δ^r_γ is ν^r_{|γ|}- acyclic (over k).

Proof. Let p ≤ ν^r_{|γ|}. Then H̃_p(M^r_{|γ|}; k) = 0 since by [3, Theorem 4.1] M^r_{|γ|} is ν^r_{|γ|}-connected. It follows from (4.1) that H_p(Δ^r_γ ; k) = 0. Hence Δ^r_γ is ν^r_{|γ|}-acyclic.

5. Chessboard Complexes

Next we consider the t-dimensional chessboard complexes introduced in [3]. Let t ≥ 2 and (n_1, . . . , n_t) be a t-tuple of positive integers. An admissible rook configuration on an n_1 × · · · × n_t chessboard is a subset

A of [n_1] × · · · × [n_t] such that for i = 1, . . . , t, each j ∈ [n_i] appears as the ith coordinate of at most one element of A. The collection of admissible rook configurations forms a simplicial complex M_{n1 ,...,nt} called the t-dimensional chessboard complex on an n_1 × · · · × n_t chessboard. The group Σ_{n1} ×· · ·×Σ_{nt} acts on the chessboard complex. When t = 2, an admissible rook configuration corresponds to a placement of nontaking rooks on an n_1 × n_2 chessboard. The 2-dimensional chessboard complex, known simply as the chessboard complex, is also viewed as the matching complex of a complete bipartite graph. The homology of the chessboard complex M_{n1 ,n2} and the representation of Σ_{n1} × Σ_{n2} on it were computed by Friedman and Hanlon [5].

For each i = 1, . . . , t, let γ^{(i)} be a weakly increasing n_i-tuple of positive integers (γ^{(i)}_1 , . . . , γ^{(i)}n_i ) and let γ = (γ^{(1)}, . . . , γ^{(t)}). A γ-rook configuration on an n_1 × · · ·× n_t chessboard is a subset A of [n_1] × · · ·× [n_t] such that for i = 1, . . . , t, each j ∈ [n_i] appears as the ith coordinate of at most γ^{(i)}_j elements of A. The collection of γ-rook configurations on an n_1 × · · · × n_t chessboard forms a simplicial complex Δ_γ that we call the γ-chessboard complex.

Note that Δ_γ can be viewed as a bounded degree multipartite hypergraph complex. That is, Δ_γ is the simplicial complex of all sub-t-hypergraphs of the complete t-partite t-hypergraph K_{n1 ,...,nt} on node set [n_1] ⊎ · · · ⊎ ∪[n_t], in which each node j of part i has degree at most γ^{(i)}_j . The group Σ(γ) := Σ(γ^{(1)}) × · · · × Σ(γ^{(t)}) acts on Δ_γ . The representation of Σ(γ) on the homology of Δ_γ for the t = 2 case was computed by Reiner and Roberts [11]. The t = 2 case of the next theorem equates the Reiner-Roberts result with the Friedman-Hanlon result.

Theorem 5.1. For any sequence of partitions γ = (γ^{(1)}, . . . , γ^{(t)}) and nonnegative integer p, the following isomorphism of Σ(γ)-modules holds

H̃_p(Δ_γ ; k) ∼=_{Σ(γ)} ⨁ λ_1⊢|γ^{(1)}|,...,λ_t⊢|γ^{(t)}| c_{λ1,...,λt} S^{λ1} (γ^{(1)}) ⊗ · · · ⊗ S^{λt} (γ^{(t)}),

where c_{λ1,...,λt} is the multiplicity of the irreducible S^{λ1} ⊗ · · · ⊗ S^{λt} in H̃_p(M_{|γ(1)|,...,|γ(t)|}; k). Proof. The proof is similar to that of Theorem 4.3. For i = 1, . . . , t, let V_i be a |γ^{(i)}|-dimensional vector space. Consider the GL(V_1) × · · · × GL(V_t)-complex (∧^p(⊗^t_{i=1}V_i) ⊗ (⊗^t_{i=1}S^∗V_i), δ_p) whose differential

δ_p : ∧^p(⊗^t_{i=1}V_i) ⊗ (⊗^t_{i=1}S^∗V_i) → ∧^{p−1}(⊗^t_{i=1}V_i) ⊗ (⊗^t_{i=1}S^∗V_i) is defined on generators by δ_p ( (⊗^t_{i=1}v_{i,1} ∧ · · · ∧ ⊗^t_{i=1}v_{i,p}) ⊗ (⊗^t_{i=1}u_i) ) = p∑ j=1 (−1)^j (⊗^t_{i=1}v_{i,1} ∧ · · · ∧ ^⊗^t_{i=1}v_{i,j} ∧ · · · ∧ ⊗^t_{i=1}v_{i,p}) ⊗ (⊗^t_{i=1}u_iv_{i,j} ), where v_{i,h} ∈ V_i and u_i ∈ Sym^∗ V_i. Clearly the γ weight space of this complex is Σ(γ)-isomorphic to the chain complex of Δ_γ. The result now follows from an obvious generalization of the Lifting Lemma.

Given a t-tuple (j_1, . . . , j_t) of positive integers, define v_{j1,...,jt} = min { j^′_1 − 1, ⌊ j^′_1 + j^′_2 − 2 3 ⌋ , . . . , ⌊ j^′_1 + j^′_2 + · · · + j^′_t − t 2t − 1 ⌋} −1, where (j^′_1, . . . , j^′_t) is a weakly increasing rearrangement of (j_1, . . . , j_t).

Corollary 5.2. The γ-chessboard complex Δ_γ is ν_{|γ}(1)_{|,...,|γ}(t)_|-acyclic.

Proof. It follows from [3, Theorem 3.1] that M_{|γ}(1)_{|,...,|γ}(t)_| is ν_{|γ}(1)_{|,...,|γ}(t)_|- acyclic.

Björner and Eriksson generalize and unify connectivity results for the matching complex and chessboard complex by introducing a simplicial complex called a packing complex [2]. Here we consider a bounded degree version of the packing complex which yields a generalization and unification of Theorems 4.3 and 5.1. Let (n_1, . . . , n_t) and (r_1, . . . , r_t) be t-tuples of positive integers where t ≥ 1. A (r_1, . . . , r_t)-hypergraph on node set [n_1] ⊎ · · · ⊎ [n_t] is a collection of multisets on [n_1] ⊎ · · · ⊎ [n_t] such that exactly r_i elements (counting multiplicity) of each multiset are chosen from the ith set [n_i] of the disjoint union for all i = 1, . . . , t. Since an (r_1, . . . , r_t)-hypergraph is just a special type of (r_1 + · · · + r_t)- hypergraph, the definition of node degree from Section 4 applies.

For a t-tuple γ = (γ^{(1)}, . . . , γ^{(t)}), where each γ^{(i)} is a weakly increasing n_i-tuple of positive integers, the γ-bounded degree (r_1, . . . , r_t)- hypergraph complex Δ^{r1,...,rt}_γ is defined to be the simplicial complex of (r_1, . . . , r_t)-hypergraphs for which each node j ∈ [n_i] has degree γ^{(i)}_j or less. The group Σ(γ) := Σ(γ^{(1)}) × · · · × Σ(γ^{(t)}) acts on Δ^{r1,...,rt}_γ . When γ^{(i)} = 1^{ni} for all i, we have the packing complex of Björner and Eriksson [2] which we denote by M^{r1 ,...,rt}_{n1 ,...,nt} . When t = 1 and r_1 ≥ 2, we have the γ-bounded degree r_1-hypergraph complex Δ^{r1}_{γ(1)} of Section 4. When t ≥ 2 and r_i = 1 for all i, we have the γ-chessboard complex Δ_γ .

Theorem 5.3. For any p ∈ N, the following isomorphism of Σ(γ)- modules holds H̃_p(Δ^r1^{,...,r}t_γ ; k) ∼=_{Σ(γ)} ⨁ λ_1⊢|γ^{(1)}|,...,λ_t⊢|γ^{(t)}| c_{λ1,...,λt} S^{λ1} (γ^{(1)}) ⊗ · · · ⊗ S^{λt} (γ^{(t)}), where c_{λ1,...,λt} is the multiplicity of the irreducible S^{λ1} ⊗ · · · ⊗ S^{λt} in H̃_p(M^{r1 ,...,rt} |γ^{(1)}|,...,|γ^{(t)}|; k). Proof. For i = 1, . . . , t, let V_i be a |γ^{(i)}|-dimensional vector space. We apply an obvious generalization of the Lifting Lemma to the GL(V_1) × · · · × GL(V_t)-complex (∧^p(⊗^t_{i=1}S^{ri} V_i) ⊗ (⊗^t_{i=1}S^∗V_i), δ_p) whose differential

δ_p : ∧^p(⊗^t_{i=1}S^{ri} V_i) ⊗ (⊗^t_{i=1}S^∗V_i) → ∧^{p−1}(⊗^t_{i=1}S^{ri} V_i) ⊗ (⊗^t_{i=1}S^∗V_i)

is defined on generators by δ_p ( (⊗^t_{i=1}u_{i,1} ∧ · · · ∧ ⊗^t_{i=1}u_{i,p}) ⊗ (⊗^t_{i=1}u_i) ) = p∑ j=1 (−1)^j (⊗^t_{i=1}u_{i,1} ∧ · · · ∧ ^⊗^t_{i=1}u_{i,j} ∧ · · · ∧ ⊗^t_{i=1}u_{i,p}) ⊗ (⊗^t_{i=1}u_iu_{i,j} ), where u_{i,h} ∈ Sym^{ri} V_i and u_i ∈ Sym^∗ V_i.

We assume without loss of generality that the parameters are ordered so that

|γ^{(1)}| r_1 ≤ · · · ≤ |γ^{(t)}| r_t and |γ^{(i)}| ≤ |γ^{(i+1)}| if |γ^{(i)}| r_i = |γ^{(i+1)}| r_{i+1} . Corollary 5.4. The γ-bounded degree (r_1, . . . , r_t)-hypergraph complex Δ^{(r1,...,rt)} γ is ν-acyclic, where

ν = min_{i≥1} ⌊ |γ^{(1)}| + · · · + |γ^{(i)}| − i − ϵ 2(r_1 + · · · + r_i) − 1 ⌋ − 1,

and ϵ = { 1 if r_i ≥ 2 ∀i 0 otherwise . Proof. We apply the packing complex connectivity result of Björner and Eriksson [2, Theorem 2.1].

Remark. Another application of the lifting technique is given in [14] where the homology representations of bounded degree multigraph and digraph complexes are computed.

6. Acknowledgements

The authors would like to thank Richard Stanley for suggesting the possibility of a connection between Bouc’s result and the work of Józefiak and Weyman. Part of the work on this paper was carried out while the third author was a guest researcher at the Royal Institute of Technology in Stockholm in 1999. The third author would like to thank the Institute and Anders Björner for their hospitality and support.

References

[1] E. Babson, A. Björner, S. Linusson, J. Shareshian and V. Welker Complexes of not i-connected graphs, Topology 38 (1999), 271-299.

[2] A. Björner and H. Eriksson, Packing complexes, preprint, 1999. [3] A. Björner, L. Lovász, S.T. Vrećica and R.T. Z̆ivaljević, Chessboard complexes and matching complexes, J. London Math. Soc. 49 (1994), 25-39.

[4] S. Bouc, Homologie de certains ensembles de 2-sous-groups des groupes symétriques, J. Algebra 150 (1992), 158-186.

[5] J. Friedman and P. Hanlon, On the Betti numbers of chessboard complexes preprint, 1996.

[6] W. Fulton, Young Tableau, London Mathematical Society Student Texts 35, Cambridge University Press, 1997.

[7] P.F. Garst, Cohen-Macaulay complexes and group actions, Ph.D. Thesis, University of Wisconsin-Madison, 1979.

[8] T. Józefiak, P. Pragacz and J. Weyman, Resolutions of determinantal varieties and tensor complexes associated with symmetric and antisymmetric matrices, Astérisque 87-88 (1981), 109-189.

[9] T. Józefiak and J. Weyman, Representation-theoretic interpretation of a formula of D.E. Littlewood, Math. Proc. Cambridge Philos. Soc. 103 (1988) 193-196.

[10] D.B. Karagueuzian, Homology of complexes of degree one graphs, Ph.D.

Thesis, Stanford University, 1994.

[11] V. Reiner and J. Roberts, Resolutions and the homology of matching and chessboard complexes, preprint, 1997.

[12] S. Sigg, Laplacian and homology of free two-step nilpotent Lie algebras, J.

Algebra 185(1996), 144-161.

[13] S.T. Vrećica and R.T. Z̆ivaljević, The colored Tverberg problem and complexes of injective functions, J. Combin. Theory Ser. A 61 (1992), 309-318.

[14] M.L. Wachs, Bounded degree digraph and multigraph complexes, to appear. [15] G.M. Ziegler, Shellability of chessboard complexes, Israel J. Math. 87 (1994), 97-110.

Mathematics Department, University of Wisconsin, Madison WI 53706 E-mail address: dikran@math.wisc.edu

School of Mathematics, University of Minnesota, Minneapolis, MN 55455

E-mail address: reiner@math.umn.edu

Department of Mathematics, University of Miami, Coral Gables, FL 33124 E-mail address: wachs@math.miami.edu