Math 562/662 Spring 2022
Homework 1 Drew Armstrong

1. Lexicographic Degree. Given k = (k1,...,k,), £ = (¢1,...,¢,) € N" we say that
k <£ <« there exists j such that k; = ¢; for all i < j, but k; < ¢;.

Given f(21,...,2Zn) = D kenn axx¥ € F[x] we define deg(f) as the lexicographically biggest
element k € N¢ such that ayx # 0. The degree of the zero polynomial is not defined.
(a) For all a,b,c € N" prove that a <b and b < c imply a < c. [Hint: fa=borb=c
then there is nothing to show, so we can assume that a < b and b < c.]
(b) For all a,b,c € N, show that a < b implies a+ ¢ < b+ c. [Hint: It is easier to prove
that a4+ ¢ > b + ¢ implies a > b.]
(c) For all nonzero f(x),g(x) € F[x|, prove that deg(fg) = deg(f) + deg(g). [Hint: If
ax, be € F are the coefficients of f(x), g(x) then em = Yy, p—p, akbe are the coefficients
of f(x)g(x). Let d = deg(f) and e = deg(g) so that k > d implies ax = 0 and £ > e
implies by = 0. Use parts (a) and (b) to show that m > d + e implies ¢y = 0.]

(a): If a=Db or b = c then there is nothing to show. So let us assume that a < b and b < c.
By definition, this means that there exist some j and k satisfying

e a; < bj and a; = b; for all ¢ < j,

e b, < ¢, and b; = ¢; for all i < k.
Now let m = min{j, k}, so that a; = b; = ¢; for all i < m. If m = j = k then we have
am < by < ¢p. If m = j < k then we have a,,, < b, = ¢,. If m = k < j then we have
am = bm < ¢my. In any case, we have a,, < ¢,,. Since a,, < ¢, and a; = ¢; for all © < m we
conclude that a < ¢ (and hence a < c) as desired.

(b): Suppose that a+ ¢ > b + c. By definition, this means that there exists some j such that
aj +cj > bj +c¢;j and a; + ¢; = b; +¢; for all 7 < j. The first condition implies a; > b; and the
second condition implies a; = b; for all 7. Hence a > b as desired.

(c): Let us write f(x) = Y penn akx¥ and g(x) = Y pcnn bex®, with deg(f) = d € N* and
deg(g) = e € N". By definition, this means that

e agq # 0 and ax = 0 for all k > d,
e by # 0 and by =0 for all £ > e.

The product is given by f(x)g(x) = > cnn cmX™, with coefficients
Cm = Z akbe € IF.
k+£=m

Our goal is to show that deg(fg) = d + e. In other words, we want to show that cqie # 0
and that m > d + e implies ¢y, = 0.

For the first condition, we observe that
Cd4e = Z axbe € F.
k+f=d+e

Since ag # 0 and be # 0, the summand agbe is nonzero. But I claim that every other summand
is zero. Indeed, suppose that k + £ = d + e with k # d or £ # e, which implies that k # d



and £ # e. If k > d then by definition of deg(f) we have ax = 0, hence the summand ayby is
zero. And if k < d then from (b) we must have £ > e because

k<d
k+f<d+ ¢ add £ to both sides
d+e<d+ 2 because k +£=d + e
e </ add —d to both sides

In this case we have by = 0, hence the summand ayby is still zero. Since all but one summand
in cqie is zero and the last is nonzero, we conclude that cqie # 0 as desired.

For the second condition we want to show that m > d + e implies ¢, = 0. In this case, every
summand in ¢, has the form aybe for some k, £ with k + £ =m > d + e. We will be done if
we can show that k + £ > d + e implies k > d or £ > e since this implies that at least one
of ax and by is zero, hence axby = 0. In this case every summand ayxby of ¢y, is zero, hence
cm = 0. It is equivalent to prove the contrapositive statement: that k < d and £ < e imply
k+ £ < d+e. So let us suppose that k < d and £ < e. In this case, (b) implies that

kK < d 4 L < e
k+f < d+¢ at d+¢ < d+e [’

and then since k + £ < d + £ < d + e, part (a) implies that k + £ < d + e. O
I think that was a wholesome exercise.

2. Introduction to Permutations. Let S3 be the set of invertible functions from the set
{1,2, 3} to itself. These are called permutations of {1,2,3}.

(a) List all 3! = 6 elements of this set. [I recommend using cycle notation.]

(b) We can think of (S3,0,id) as a group, where o is functional composition and id is the
identity function defined by id(1) = 1, id(2) = 2 and id(3) = 3. Write out the full 6 x 6
group table. Observe that this group is not abelian.

(a): I will list the permutations in one-line notation and in cycle notation:
one-line ‘ 123‘ 213 ‘ 132 ‘ 321 ‘ 231 ‘ 312
cycle | id | (12)] (23) | (13) | (123) | (132)

(b): Here is the group table, where the entry in row o and column 7 is o o 7:

o id  (12)  (13) (23) (123) (132)
id | id (12) (13) (23) (123) (132)
(12) | (12) id  (132) (123) (23) (13)
(13) | (13) (123) id (132) (12) (23)
(23) | (23) (132) (123) id  (13) (12)
(123) | (123) (13) (23) (12) (132) id
(132) | (132) (23) (12) (13) id  (123)

The group is not abelian since, for example, we have (12)0(23) = (132) and (23)0(12) = (123),
but (123) # (132).



3. The Alternating Group. Let (ij) € S, denote the permutation of {1,...,n} that
switches i <» j and sends every other number to itself. Such elements are called transpositions.
Observe that each transposition is equal to its own inverse.

(a) Prove that every element of S, can be expressed as a composition of transpositions.
[Hint: Prove that every cycle is a composition of transpositions. By convention, the
identity permutation is the composition of zero transpositions.]

(b) Let A,, C S,, denote the subset of permutations that can be expressed as a composition
of an even number of transpositions. Prove the following properties:

e ide A,,

e g, T€EA, =007 €E A,,

eoccA,=01teA,.
These properties say that A, is a subgroup of S,,. We call it the alternating subgroup
of Sn, or just the alternating group.

(a): The cycle notation is has the property that it can be viewed as a composition of commuting
cycles. For example, we have

(137)(256)(48) = (137) o (256) o (48) = (48) o (137) o (256) = (562) o (84) o (712) = etc.

We will show that each cycle can be viewed as a composition of (non-commuting) transposi-
tions. For example, we have seen that (123) = (12) o (23). One can similarly check that

(1234) = (12) 0 (23) o (34),
(12335) = (12) 0 (23) 0 (34) o (45),
and, indeed, for any numbers i1, i9,...,ix € {1,2,...,n} we have
(i14i3 - - - ig—1ix) = (i192) o (4293) 0 - - - 0 (ig—1ik).
By combining these two observations, we see that any permutation can be expressed as a

composition of (generally non-commuting) cycles. This composition is not uniqueH

(c): By definition we say that id is a composition of zero transpositions. Since zero is an even
number this says that id € A4,,. If you don’t like that, observe that for any transposition (i)
we have (ij)~! = (ji) = (ij). Hence id = (ij) o (ij) can be expressed as a composition of two
transpositions, and two is even.

Next, suppose that o, 7 € A,, so we can write

0 =810820--:0 S8,

T=tyoty -0l

for some transpositions si,..., Sk, t1,...,ts, where k and ¢ are even. But then we can write
o o7 as a composition of k 4 ¢ transpositions:

O'OT:51OSQO"'OSkOt10t2-~~Ot£,

Since k + £ is even this implies that c o7 € A,,.

Ior example, we could also write

(i1i2i3 e ’L.kflik) - (lek) [0} (ilikfl) O---0 (11’1,2)



Finally, for any o € A,, we will show that o= € Anﬂ If 0 € A, then by definition we can
write

0—:510820"'08k7
where s1,...,s; are transpositions and k is even. But observe that for any transposition
s = (ij) we have s 7! = (ij) = s, which is also a transposition (in fact, the same transposition).
Combining this with the formula (po 7)™t = 7710 p~! gives

0'_1:SI;IO--'OSQ_IOSI_I:SkO--'OSQOsl’

so o1 can also be expressed as a composition of k transpositions. Hence o1 € A,,.

Remark: It is harder to prove that a given permutation can not be expressed as a product of
evenly many transpositions. For example, I will show that the permutation (12) € S3 is not
in As. Suppose for contradiction that we can write

() (12) = (tjoty) o (tzoty) oo (tog_1 o tg)

for some k. From the group table in Problem 2 we see that any two transpositions compose
to give (123) or (132) = (123)~!, thus the condition (*) implies that (12) is a power of (123).
But the power of (123) are

(123)° =id, (123)' = (123), (123)% =(132), (123)3>=1id, and then it repeats.

Since (12) is a not a power of (123) we obtain a contradiction to (x), hence (12) is not in As.
The same argument shows that (13) and (23) are not in As. Hence we find that

As = {id, (123), (132)},

with group table
o ‘ id  (123) (132)

id id  (123) (132)
(123) | (123) (132) id
(132) | (132) id  (123)
By accident, it happens that this group is abelian, and in fact it is isomorphic to the additive
group (Z/3Z,4+,0). This can be seen by observing that the group tables are “the same” up
to renaming of the elements:

We will show later that any two groups of size 3 must be isomorphic.

4. Waring’s Algorithm. Let E O F be a field extension. Suppose that the polynomial
f(z) = 23 + az? + bx + ¢ € F[x] has roots «, 3,7 € E, so that

23+ ax® +bx+c= (x —a)(z — B)(xz — 7).
Use Waring’s algorithm to find a polynomial in F[z] whose roots are a?, 32,72. [Hint: The
coefficients of (z — o?)(x — B%)(z — 7?) are symmetric combinations of a, 3,7, hence we can
express them in terms of the coefficients a, b, ¢, which are in F.]

20f course we already know that o~! € S, exists, and from part (a) we know that ¢~ * can be expressed as

a composition of transpositions. We just want to show that the number of these transpositions is even.



Expanding the right hand side gives

2?4+ az® +br+c= (v —a)(z - B)(r —7)

=z — 61:62 + esx — e3,

where
e1=a+ B+,
e2 = af +ay+ v,
e3 = afy.

And then comparing coefficients gives

€1 = —a,
eo = b,
€3 — —C.

Now consider the polynomial with roots a2, 2, v2:
4 d2? ¥+ = (x—a?)(x— )z —~?),

where a/, b, ¢ are some elements of E. We will show that a/,b, ¢ can be expressed in terms
of a,b, ¢, hence are actually in F. To do this we expand the right hand side to get

B rda? Ve +d =23 — (0 + B2+ 422 + (o282 + oy + B2z — (o?B%?),
and then compare coefficients to get
a' = —(a®+ 52 +47),
W = a28% + a2y? + 522,
e

Since each of these is a symmetric combination of «, 8,y we know that each can be expressed
in terms of the elementary symmetric combinations eq, e2, e3 by Waring’s algorithm.

We begin with a’. Note that a’ and —e? have the same leading term —a?. Expand —e? to get

—(a+B+7)*=-a"—B>—+*=2(aB +ay+BY).
Then subtract to get
a +ef =2(af +ay + 57)
a + et = 2ey
a = —e% + 2es
= —(~a)* +20)
=2b—a?.
Now we compute b'. Observe that b’ and e3 have the same leading term o232, Expand to get
e5 = (af +ay + 37)°
= o282 + 4% 4 5242 + 2% By + 2a6%y + 208792



Then subtract to get
b —e3 = —2(a’By + af*y + afy’)
b —e3 = —2(a+ B +7)(ab)
b — e% = —2eje3
b =e3 — 2epe3
= (0)* = 2(=a)(—¢)
= b% — 2ac.
Finally, we observe that
¢ = —a232?
= —(ap)?

= —eg

In conclusion, we have
23+ (2b — a®)z? + (b® — 2ac)x — & = (z — a?)(x — B*)(xz — ~?).

Example: Consider the polynomial 23 +x2+x+1 with coefficients (a, b, ¢) = (1,1,1). Consider
the factorization

et —1=(x—1)(a3+2°+2+1).
Since z* — 1 has roots +1,+i and = — 1 has root +1, we see that > + 22 4+ 2 + 1 has roots
—1,4i. According to the result of Problem 4, the polynomial z3 + a’z? + ¥z + ¢ with

(a/,b,¢) = (2b—a® b = 2ac,—c*) = (2—-1,1—2,-1) = (1,1, -1)
should have roots (—1)2,4i2, (—i)?, i.e., 1,—1,—1. And, indeed, we have
Bt —r—1=(—1)(z+1)?%

which has the desired roots and multiplicities.



