Math 310 Exam 1
Fall 2023 Wed Oct 4

No electronic devices are allowed. No collaboration is allowed. There are 5 pages and each
page is worth 6 points, for a total of 30 points.

Problem 1. Consider three points in space
P: (1? 1?2)7 Q: (37171)’ R: (27374)7
and consider the vectorsu=Q — P = (2,0,-1), v=R— P = (1,2,2).

(a) Compute the cross product u x v and use this to find the equation of the plane
that passes through P, Q) and R.

The cross product is

ij k
uxv=>%et|2 0 —-11]"7
1 2 2
0 -1 2 -1 2 0
ae(® ) a2 ) 2 0)
= (2,-5,4).

Since the plane has normal vector u x v = (2, —5,4) and passes through the point
P = (1,1,2) (for example), the equation of the plane is

(2,-5,4)e(z—1,y—1,2—2)=0
20 —-1)—5(y—1)+4(z—2)=0
20 — 5y +4z—2+5—-8=0

2z — by + 4z = 5.

(b) Compute the area of the triangle PQR. [Hint: This triangle is half of the paral-
lelogram generated by u and v.]

The area of the parallelogram spanned by u and v is
lwx vl = 12, =5, 4)| = V22 + (=5)? + 42 = V45
Hence the area of triangle PQR is v/45/2.

Alternatively, let 8 be the angle between u and v. Using the dot product gives

uev 0
Jueu/vev /5/9
(It’s a right triangle.) Then the area of the parallelogram spanned by u and v is

[uf|[[v] sin @ = V5v9v/1 — cos2 6 = V5v9v1 — 0 = V/45.

Here is a picture of Problem 1{]]

cosl = 0.

you did not need to draw a picture.



Aoxv = ={2,-8,4

=5

Problem 2. Let r : R — R? be the trajectory of a particle in the z,y-plane. Suppose
there is a constant downward acceleration: r”(t) = (0, —6).

(a) If the initial velocity is r'(0) = (1,2) and the initial position is r(0) = (0,0), find
the position at time t.

Integrate once to get the velocity:

) = [0
/Od,t/ _6dt)

Cl, —6t + C2
Substituting t = 0 gives ¢; = 1 and ¢y = 2, hence
r'(t) = (1,2 — 6t).

Integrate again to get the position:

r(t) = [ ¥(0)
/1dt/26t dt

t+03,2t—3t + cyq).
Substituting t = 0 gives ¢s3 = 0 and ¢4 = 0, hence
r(t) = (t, —3t% + 2t).
Here is a picture of the trajectory between t = 0 and ¢t = 1E|

2You did not need to draw a picture.



(b) Set up an integral to calculate the arc length traveled by the particle between
t =0 and ¢t = 1. [This integral is too difficult to evaluate by hand.]

The arc length traveled between t = 0 and t =1 is

1
arc length = / speed dt
0

1
— / ' (1) e
0

:/lmdt
0

(= 2.042 according to my computer).

Problem 3. A cylindrical can with radius r and height h has surface area
A(r,h) = 21r® + 27rh = 27r(r + h).

(a) Use the chain rule to compute the differential dA in terms of dr and dh.

The chain rule tells us that
dA = (0A/0r)dr + (0A/Oh)dh
= (4mr + 27h)dr + 2nrdh.



(b) Suppose you measure the can with a ruler to find that » = 5 cm and h = 10 cm,
hence A = 1507 cm?. If the sensitivity of the ruler is 0.1 cm, estimate the error
in your computed value of A.

The result in part (a) is exactly true for infinitesimal differentials; it is approxi-
mately true for small finite differences:

AA =~ (4mr + 2mh)Ar + 2nrAh.
Substituting r =5, h = 10, Ar = 0.1 and Ah = 0.1 gives
AA =~ (20 + 207)(0.1) + 107(0.1) = 507 (0.1) = 5.

[Remark: The percent error in the computed value of A is 57/1507 = 1/30 = 3.33%.
The percent error in the measurements of r and h was 2% and 1%, respectively. 1
did not ask for the percent error.]

Problem 4. Consider the scalar field f(x,y,2) = 22yz.

(a) Compute the gradient vector field V f.

The gradient vector field is

Vf=(0f/0x,0f/dy,0f/0z)
= (2zyz, 2%z, 2%y).

(b) Note that f(1,2,3) = 12-2.3 = 6. Use part (a) to find the equation of the
tangent plane to the surface 2?yz = 6 at the point (1,2, 3).

The gradient vector Vf(1,2,3) = (12-2-3,12-3,1%2-2) = (12,3,2) to the tangent
plane at (1,2,3). Hence the equation of the tangent plane is
Vf(1,2,3)e{x—1,y—2,2—3
(12,3,2) @ (x — 1,y — 2,2 — 3
12 —1)+3(y—2)+2(»—3)=0
120 4+3y+22—12—-6—-6=0
122 + 3y + 22 = 24.

) =0
) =0

Desmos has recently introduced 3D graphinﬂ and it works really well. Here is a
picture of the surface 22yz = 6 and the tangent plane at (1,2, 3):

3t is currently in Beta. Type [desmos.com/3d|to get there.


desmos.com/3d

Problem 5. The function f(x,y) = —2x3 4 3zy —3>/4 has critical points (0, 0) and (1,2).

(a) Compute the Hessian matrix and its determinant.

We compute the first and second partial derivatives:

fo = —622 + 3y,
y = 3T — 3y%/4,

fow = —12z,

Jay =3,

fya: = 3:

fyy = —3y/2.

Hence the Hessian matrix is

Jze fxy) (_121' 3 )
H = = s
/ (fyw fyy 3 —3y/2
and its determinant is

det(Hf) = (—12x)(—3y/2) — (3)(3) = 18zy — 9.



(b) Use the second derivative test to determine whether each of the two critical points
is a local max, local min or a saddle point.

The critical point (0,0) has det(H f)(0,0) = —9 < 0, hence it is a saddle point.

The critical point (1,2) has det(H f)(1,2) = 36 —9 > 0, hence is either a local
max or min. To determine which, we can examine the sign of f;,(1,2) or fy,(1,2)
(they have the same sign). Since f;,(1,2) = —12(1) < 0 we conclude that (1,2) is
a local maximum. Here is a picture produced by Desmos:




