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Math 210 E Exam 2
Spring 2013 Friday April 19

This is a closed book test. No electronic devices are allowed. If two students submit exams
in which any solution has been copied, both students will receive a score of zero.
There are 7 pages and 4 problems, worth a total of 30 points.

Problem 1. [5 points] We wish to project the vector b onto the line spanned by &@. The
answer is td for some number ¢:
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(a) Write a true equation involving &, b, and t. [Hint: Dot product.]
AT [T 2 7 _
o ( b-tx) = O

(b) Solve your equation to find ¢.
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Problem 2. [6 points] Consider three data points b)
to find the best-fit line of the form C + Dt = b.
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(a) Express the three equations C + D(-1) =0, C+D(0) =1,C+D(l) =3 as a

single matrix equation A% = b (which, unfortunately, has no solution).

(b) Write down the normal equation A7 Az = ATb (which does have a solution).
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(c) Solve the normal equation to find C and D.

3C+ 0D = 4 _ c =13
oC + 2D
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(d) Draw the data points and the best-fit line.
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Problem 3. [9 points] We wish to solve the linear recurrence Up41 = A¥p, with matrix
2 .8
A= <.4 .6)

(a) I will tell you that the eigenvalues of A are 1 and —.2. Compute the eigenvectors.

X e
°—- RS
O A \ (]

— .m Line (%): Jc(w

and initial condition ¥ = (3,0).

n=1 2-1.%

X Y%
(7&:"‘2 0-27’}02, ‘K o — M ’8 O
'U( ,_éJr,’Z, O yw

—> The Lim <K): JG<3)

(b) Express 7y = (3,0) in terms of eigenvectors.
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(c) Use your answer from part (b) to find an explicit formula for .
— nr / n [ 2
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(d) Draw the phase portrait of the system, and draw your trajectory starting from
B0 = (3,0).

(e) Tell me the limit of ¥, as n — oo
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Problem 4. [10 points] Let A be any matrix with independent columns.

(a) Tell me the matrix P that projects orthogonally onto the column space of A.
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(b) What are the eigenvalues of P? [Hint: One of them is 1.]
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(c) What are the eigenvalues of I — P?
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(d) What are the eigenvalues of 2P — I?
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(e) We know that the matrix from part (a) satisfies P2 = P (you don’t need to show
this). Use this fact to show that (2P — I)? = I.

(2:3-%‘3;> (2P-T) = 4P —2PT -27F +I2

- up-2P -2P + L
(f) Is the matrix 2P — I invertible? If so, tell me its inverse.

Nes . (ap-T)(2P-T )= T
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—) (2¢-1) = 2P-T

(g) [1 bonus point] Describe the function 2P — I geometrically.

I+ per Dems o reflec bon

RCCD S H’VL 'CP\‘AW\V\ SIAO\C’Q’ a{\’ A

E?’< &W\%:gf o @ /’/

>/ '
, /,/\@ (27- D%



